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“Certains hommes parlent pendant leur sommeil.
1l n’y a guére que les conférenciers pour

parler pendant le sommeil des autres.”
Alfred Capus, 1857-1922






Abstract

The purpose of this work is the study of the well-posedness of the initial value problem
(IVP) associated to two systems: The first one is the Davey-Stewartson, where we prove
global well posedness in some Lorentz spaces and consequently we find self-similar solutions.
The second system is the Degenerated Zakharov, where we prove local well posedness in
the sobolev space H3(R?) improving a result of Linares, Ponce and Saut.
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Introduction

In this thesis we are concerned with the well-posedness of the IVP associated to two
dispersive systems.

The first system is the Davey-Stewartson

j=2 "

100+ 003, u+ 371, 3w = x[u|*u + buds, ¢, "
{ 0z, +moz, o+ 30 s a:%jSO = 0y, (Jul*), (x,t)eR"xRandn=2o0r3, (1)

ff(ﬁi;)) <a< %, n = 2,3, the parameters y, b are

where the exponent « is such that
constants in R* and d and m are real positive.

The Davey-Stewartson systems are 2D generalization of the cubic 1D Schrédinger equa-
tion i0;u+ Au = |u|?*u and model the evolution of weakly nonlinear water waves that travel
predominantly in one direction but which the amplitude is modulated slowly in two hori-
zontal directions.

System (1), n = 2, a = 2, was first derived for Davey and Stewartson [DS] in the
context of water waves, but its analysis did not take account of the effect of surface tension
(or capillarity). This effect was later included by Djordjevic and Redekopp [DR] who have
shown that the parameter m can become negative when capillary effects are important.
Independently, Ablowitz and Haberman [AH] obtained a particular form of (1), n = 2, as
an example of completely integrable model also generalizing the two-dimensional nonlinear
Schrodinger equation.

There has been a lot of work in the literature (see for instance [GS], [H1], [LP1], [OL],

[Oz]) concerning different issues regarding the Davey-Stewartson systems. This ncludes
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solvability of the initial and initial-boundary value problems, blow-up solutions and exis-
tence of periodic solutions.

In [GS], Ghidaglia and Saut studied the existence of solutions of IVP (1), n =2, a = 2.
They classified the system as elliptic-elliptic, elliptic-hyperbolic, hyperbolic-elliptic and
hyperbolic-hyperbolic, according to respective sign of (8, m) : (+, +), (+, —), (—, +), (—, —).
The particular cases (0, x,b,m) = (1,—1,—-2,—1) (elliptic-hyperbolic) and (4, x,b,m) =
(—1,-2,1,1) and (—1,2,—1,1) (hyperbolic-elliptic) are know as DSI, DSII defocusing
and DSII focusing, respectively. For these particular cases, the inverse scattering tech-
niques has led to remarkable issues including: the existence of solitons (Anker and Freeman
[AnFr|, Ablowitz and Fokas [AF], Fokas and Santini [F'S]); solvability of the Cauchy prob-
lem (Beals and Coifman [BC], Fokas and Santini [F'S] and their bibliografy).

For the elliptic-elliptic and hyperbolic-elliptic cases, Ghidaglia and Saut [GS] reduced
the system (1), n = 2, to the nonlinear cubic Schrédinger equation with a nonlocal nonlin-

ear term, i.e.

0+ 602 u+ 2 u = x|ul*u + H(u),

where H(u) = (A~19?|ul?)u. They showed local well-posedness for data in L? H' and H?
using Strichartz estimates (see Theorem 1.7) and the continuity properties of the operator
AL

The remaining cases, elliptic-hyperbolic and hyperbolic-hyperbolic, were treated by
Linares and Ponce [LP1], Hayashi [H1|, [H2], Chihara [Ch], Hayashi and Hirata [HH1],
[HH2], Hayashi and Saut [HS].

In the elliptic-hyperbolic case (§, m) = (1,—1), after a rotation in the x;x9 plane, the

system (1), n = 2, can be written as

idu+Au = (x+ 2)|ul*u— %(Sz Oy | U2’y S:Z O, [u2da’s)u
+75((0,01) + (Ouip2) s (2)
u(x,0) = up(z),



where ¢ is assumed to satisfy the radiation condition

lim QO(JJ,t) = (pl(xlvt)v lim @(x,t) = @2(1‘27t).

Xo—>00 T1—00

In the hyperbolic-hyperbolic case (4, m) = (—1,—1), after a rotation in the x;xo plane,

the system (1), n = 2, can be written as

104U — 20y, Ogyu (X + DulPu =887 0w, |ul?da’y 7 O, [ulPda’s)u

+\/i§((aw1901) + (8902902))u7 (3)
u(z,0) = wup(x).

In these cases LP — L7 time decay estimates of the Schrodinger group e*® (problem
(2)) or 29195 (problem (3)) cannot be applied. The difficulty of problems (2) and (3)
arises from the fact that the nonlinear terms contain derivatives of the unknown function
and that Sf:j Ou,, |ul?dz’; does not decay when |z;| — oo where j # k (j, k = 1,2).

Linares and Ponce [LP1] proved local well-posedness for the IVP (2) under smallness
assumption on data in H™% n H%S m > 12, ¢; = ¢y = 0 (see Chapter 1 for definition
of H™!) and local well-posedness for the IVP (3) under smallness assumption on data in
H%Y ~ H3% ¢, = ¢, = 0. They used smoothing effect of Kato’s type associated to the

—2itdg,

groups e and e %22 respectively. Using pseudo-differential operators Chihara [Ch]

obtained a local result for small data in ug € H™, for m sufficiently large, for the IVP
(2). Also for the IVP (2) Hayashi and Hirata proved local result (see [HH2]) in the usual
Sobolev space H*?? for small data in L? norm and global result (see [HH1]) for small data
in H39 ~ H%3.

Hayashi [H1] showed local well-posedness for small data in H™ A H%' m, [ > 1, to the
IVP (2) and local well-posedness for small data in H**~ H%® § > 1, to the IVP (3). Using
the parabolic regularized equation of the IVP (2), Hayashi [H2] proved local existence and

uniqueness without the smallness conditions on the data which were assumed in previous



works [Ch], [H1], [HH2], [LP1]. In [HS], Hayashi and Saut proved local existence of solutions
in analytic function space to the IVP (2). The global existence of small solutions to (2)
was also given in [HS] when the data are real analytic and satisfy the exponential decay
condition.

Here we will concentrate in the elliptic-elliptic and hyperbolic-elliptic cases.

We can reduce the IVP (1) to the nonlinear Schrodinger equation (see Section 2.1 for

more details)

i0pu + 607w+ 3 05w = x|ul*u + buE(Jul®),
7=2

u(z,0) = up(x),

VreR" teR, (4)

where
E((E) = ]
& +mé& + 37,

Using Strichartz estimates to the Schrodinger equation we deduce some inequalities

ng@) = p()f(9).

that will be the key to run the fixed point
argument and prove well posedness in some weak LP spaces.

Now observe that if u(z,t) satisfies

iy + 602 u+ Yy 02w = x|ul*u + buE(|ul®),
j=2

then also does 3%“u(Bz, 3°t), for all 8 > 0.

Therefore it is natural to ask whether solutions u(z, t) of (1) exist and satisfy, for § > 0:
u(z,t) = ﬁQ/au(ﬂx,52t).
Such solutions are called self-similar solutions of the equation (4). Formally:

Definition 0.1. u(z, t) is said to be a self-similar solution to the Schréidinger equation in
(4) of
u(z,t) = ug(z,t) = BQ/O‘U(/Bx,BQt), YV 5> 0.



Therefore supposing local well posedness and u a self-similar solution we must have
u(z,0) = ug(x,0), V¥ 5 >0,

ie.,
uo(z) = BHuo(Bz).

In other words, ug(x) is homogeneous with degree —2/a and every initial data that
gives a self-similar solution must verify this property. Unfortunately, those functions do
not belong to the usual spaces where strong solutions exists, such as the Sobolev spaces
H*(R™). We shall therefore replace them by other functional spaces that allow homoge-
neous functions.

There are many motivations to find self-similar solutions. One of then is that they can
give a good description of the large time behaviour for solutions of dispersive equations.
For example, Escobedo and Kavian [EK] proved that on R", for 1 < p < 1+ 2/n, solutions
to dyu — Au + |ulP~tu = 0 behave like a self-similar solution as t — co.

The idea of constructing self-similar solutions by solving the initial value problem for
homogeneous data was first used by Giga and Miyakawa [GM], for the Navier Stokes equa-
tion in vorticity form. The idea of [GM] was used latter by Cannone and Planchon [CP],
Planchon [P] (for the Navier-Stokes equation); Kwak [K], Snoussi, Tayachi and Weissler
[STW] (for nonlinear parabolic problems); Kavian and Weissler [KW], Pecher [Pe], Ribaud
and Youssfi [RY2] (for the nonlinear wave equation); Cazenave and Weissler [CW1],[CW2],
Ribaud and Youssfi [RY1], Furioli [F], Cazenave, Vega and Vilela [CVeVi] (for the nonlinear
Schrodinger equation).

In [CP] Canone and Planchon constructed self- similar solutions for the three-dimensional
incompressible Navier stokes equation in Besov spaces. In [P], Planchon proved that the
IVP for semi-linear wave equations is well-posed in the Besov spaces B;p “(R™), where the

nonlinearity is of type u?, with p e N and s, = § — % > % This result allowed to obtain



self-similar solutions.
Kawak [K] proved existence and uniqueness of non-negative solutions to the semilinear

heat equation

ou=Au+ F(u), (z,t)eR" xR, (5)

where F(u) = —Ju[P"'u, in the range 1 < p < 1+ 2/n, with initial data u(z,0) =
alz|72P~D z % 0 for a > 0. It was proved that maximal and minimal solutions are self-

similar with the form
Wa(a,1) = £ Y0 g, (|a|/12),
where g = g, satisfies

r n-—1_, 1 »
— Ya—qg? =0
)g+(p_1)g g’ =0,

g=0, ¢(0)=0, ¢(0)>0, lim TZ/(p_l)g(r) = 0.

7—00

Snoussi, Tayachi, and Weissler [STW] consider the nonlinear heat equation (5) with
F(u) = alulP~'u + f(u), where a € R, p > 1+ (2/n) and [ satisfies certain growth
conditions. In order to treat a more general nonlinear term, they extended the methods
used in [CW1] and proved the existence of global solutions for small initial data with
respect to a norm wich is related to the structure of the equation. Moreover, some of those
global solutions are asymptotic for large time to self-similar solutions of the single power
heat equation, i.e., with f = 0.

The existence of self-similar solutions of the following nonlinear wave equation

2, _ a
{@u Au = y[u|*u (,t) eR" x RT,ye R and a > 0 (6)

u(z,0) = f(z), dwu(z,0) = g(z).
has been first proved by Kavian and Weissler [KW] in the radially symetric case, i.e., for
(f,g) of the form

a+1

f@) = e 2D g(x) = epfa| a1,



They proved the existence of radially symmetric self-similar solutions for subcritical and
critical values of «, i.e. for o < a*(n) where a*(n) is given by

a*(n) = Zt; a*(1) = a*(2) = oo.

Pecher [Pe] considered the Cauchy problem for the semilinear wave equation (6) in three
dimensions and showed the existence of self-similar solutions to homogeneous singular data
of the type

f@) = ele, g(x) = ez,
where ¢; and €, are small. The self-similar solutions were compared to certain weak so-
lutions u € L*(0,00; H"2(R?)),u’ € L*(0,00; L*(R?)) wich existence were already proved
in many early papers. These weak solutions were shown then to behave asymptotically as
t — oo like the self-similar solutions with the same data constructed before in the sense
that their difference tends to zero as t — oo faster than either of them separately.

Finally Ribaud and Youssfi [RY2] improved the study of self-similar solutions to the
equation (6) for all dimension n > 2.

In [CW1] Cazenave and Weissler proved the existence of global solutions, including
self-similar solutions, to the following nonlinear Schrodinger equation (NLS) using norms

analogous to those used in [CP]
idu + Au = vy|lu|u, a>0, yeR, (z,t) e R" x [0, 0). (7)

In [CW2], Cazenave and Weissler proved the existence of a class of self-similar solutions
to the equation (7), with higher regularity than the solutions constructed in [CW1]. The
results are valid for a range of o which differs from, but overlaps with, the range of «
considered in [CW1].

Ribaud and Youssfi [RY1] improved the results in [CW1] and [CW2]. They obtained
new global existence results for the (NLS) equation (7) with small initial data which allowed

to prove that there exists a large class of self-similar solutions.



Furioli [F] improved the result by Ribaud and Youssfi [RY1] on the existence of self-
similar solutions for the nonlinear Schrédinger equations (7) extending of available nonlin-
earities a + 1 to « smaller than 1.

Also Cazenave, Vega and Vilela [CVeVi| studied the global Cauchy problem for the
equation (7). Using a generalization of the Strichartz’s estimates for the Schrodinger equa-
tion (see Theorem 1.7) they showed that, under some restrictions on «, if the initial value
is sufficiently small in some weak LP space then there exists a global solution. This result
provided a common framework to the classical H® solutions and to self-similar solutions.
We follow their ideas in our work. From the condition m > 0 we are allowed to reduce the
Davey-Stewartson system (1) to the Schrodinger equation (4). Now comparing Schrédinger
equations (4) and (7) we observe that we have the nonlocal term buFE(|ul?) to treat. The
main ingredient to do that will be an interpolation theorem and the generalization of the
Strichartz’s estimates for the Schrédinger equation derivated in [CVeVi]. As a consequence,
we prove that the Cauchy problem (4) is globally well posed in the sense of distribution
for n = 2 and 3. The existence of self-similar solutions will then be a direct consequence

of the global well posedness.

The second system is the degenerated Zakharov system

iW(OE+0,E)+AE = nkE,
?n—An = AL(E]P),

E(z,y,2,0) = Eo(v,y,2), VY(v,y,2)eR® t>0, (8)
n(x7y7270) = nO(xvyaz)7
atn(l‘ayazvo) = ”1(957,% Z),

where A = 02 + 05, E is a complex-valued function, and n is a real-valued function.

The system (8) describes the laser propagation when the paraxial approximation is
used and the effect of the group velocity is negligible. We use the term degenerate in the

sense that there is no dispersive term in the space variable z in the first equation.

The IVP (8) is a variant of the following system:
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Fn—An - A(|EP),
E(0) = E, Vi >0, 9)
n(0) = no,
om(0) = ny.

System (9) was introduced in [Z] to describe the long wave Lungmuir turbulence in a
plasma.

In [CC], Colin and Colin posed the question of the well-posedness of the IVP (8). In
[LiPoS], Linares, Ponce and Saut answered this question showing the local well-posedness
result of the IVP system (8) in a suitable Sobolev spaces (see explanations below). The re-
sults proved in [LiPoS] extended previous ones for the Zakharov system (9), where transver-
sal dispersion is taken into account (see [OT], [GTV] and references therein). However,
the system (8) is quite different from the classical Zakharov system (9) since the Cauchy
problem for the periodic data exhibits strong instabilities of the Hadamard type implying
ill-posedness (see [CM]).

Since our result is an improvement of the local well posedness result in [LiPoS] we now
explain with more details their ideas.

At first we reduce the IVP (8) into an IVP associated to a single equation, that is,

{ (OB + aﬁl;éﬁ - %ixy g, V@w)eR t>0 (10)
where
n(t) = N'(t)ng + N(t)ny + Lt N(t —tAL(E®)[*)at,
with
Nt f = (A1) sin((-AL) 1) f, (11)
and

N'(t)f = cos((—AL )2t f, (12)
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where (A )2 f = (€2 + €)' f)~.

Then we consider the integral equivalent formulation of IVP (10), that is,
E(t (t)Eo + J E(t (t"Yno + N(t")yn,)E(t")dt' (13)
f E(t— 1) (J N = )AL (|E(s), )ds> Bt
0

where
EMEy = (eiit@%%%&)@(fb &2, 53)) (14)

is the solution of the linear problem associated to (10).

Observing that the linear equation in (10) is almost a linear Schrédinger equation (but
not quite due to the propagation on the z—direction), [LiPoS] proved similar smoothing

effects for the operator £(t) as those of the Schrédinger propagator.

Using these results for the operator £(t) and properties of the wave operators N(t) and

N'(t), they proved that the integral operator (13) is a contraction in a closed ball of:
C([0,T]: H¥'(RY), j =2,
where

HYH(R?) = {f e HYY(R®), DY?0°f, D?o*f e LA(R%), |a| <2j +1, jeN}, (15)

23(€) = (2mie)* £(€), (16)
DY2f = (|&,|V2f)" and DY = (1&]2 ). (17)

Now we state the theorem proved in [LiPoS]:

Theorem 0.2. For initial data (Ey, no,ny) in H2H(R3) x H*+(R3) x H¥ (R3) and d,n, €

H?(R?), jeN, j =2, there exist T > 0 and a unique solution E of the integral equation
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(13) such that

E e C([0,T] : HY+1(R3)), (18)
Y DB g2, < oo, (19)
la|<2j+1 v
and
1/2 Aa
2 Dy E”L;ngT < . (20)
la|<2j+1

Moreover, for T' € (0,T), the map (Ey,ng,n1) — E(t) from H¥+1(R3) x H¥+(R3) x
H?(R3) into the class defined by (18)-(20) is Lipschitz.
From (18)-(20) one also has that

ne C([0,T] : H¥*H(R?)).
Proof. We refer to [LiPoS] for a proof of this theorem. O

In the present work, we intend to improve Theorem 0.2. To do so, we establish the
following maximal function type estimates for the solution of the linear IVP associated

with the system (10):

€@ Eoll iz, < o(T, 5)| Eol

yzT

HS(R3)7 S > 3/2 (21)

The argument to prove (21) follows the ideas in [KZ], where they obtained a Li-maximal
function estimates for solutions of the linear problem associated to the modified Kadomtsev-

Petviashvili (KP) equation. The estimate (21) improves the following one
||€(t)EOHL%L;’2T < C(l + T)HE0||H4(R3)

obtained in [LiPoS], using just Sobolev embedding.
This estimate enables us to improve Theorem 0.2.
Finally, we stablish a conection between the two problems. To do that, we consider the

Zakharov-Rubenchik system
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(O + vg0:0) + 502 + 5EA ) = (ql]? + Bp + ad)¢,
Oip + poody + ad.|[Y> = 0, (z,t) e R* x R, (22)
0p + =p+ Blp|]* = 0.

P00

where 1 denotes the complex amplitude of the carrying wave whose wave number k& and
frequency w are related by the dispersion relation w = w(k). v, = w'(k) is the group
velocity of the carrying wave. The functions p and ¢ denote the density fluctuation and the
hydrodynamic potential respectively. The parameters ¢ and «, measure the self-interaction
of the carrying wave and the Doppler shift respectively. ¢s = \/m is the sound velocity
and = %{fo) is related to the enthalpy.

According to Zakharov and Kutnetsov [ZK] if we proceed formally from (22), we can
obtain limits system of Zakharov and Davey-Stewartson type. In fact, the two limits

systems are

(0 + vg0:1)) + %02 + =AY = Bpy, 3
2 0 z.1) e R® x R, 23
L e o (1) (29)
and
i00) + F 00+ gAY = dPY + S0, R R
Op — 2Ap = poBARYIZ,
respectively.

This thesis is organized as follows. In the first chapter we describe the notations, define
the functional spaces we will work as well functions, distributions and operators that appear
in the next chapters. Also we give some well known results that will be used along this
work.

Next, in the second chapter, we prove that the Cauchy problem (4) is globally well-posed

in some Lorentz space and find self-similar solutions.

4 ?

Hereafter, we refer to the expression “ well-posedness ” in the following sense:
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Definition 0.3. Let (X;|-|) be a Banach space. We will say that the Cauchy problem (4)

is locally well posed in X if for all ug € X there is T = T(|ugl|) > 0 and a unique solution

u to (4) such that
1. ue C([-T,T]: X) and
2. F: X > C([-T,T]:X), F(up) = u is continuous.
If 1 and 2 hold for any T > 0, we say that (4) is globally well posed in X .

Finally, in the third chapter, we prove that the IVP (8) is locally well-posed in the

Sobolev space H?, improving Theorem 0.2.



Chapter 1

Preliminaries

1.1 Notations

1. We will use the standard multi-index notation. A multi-index § = (f1,...,0,) is a

n-tuple of nonnegative integers. Given = = (21,...,2,) € R" we define the symbols

and the order of 3
1B = 2 Bi.
i=1
For multi-index o = (ay,...,a,) and f = (5, ..., B,) we define
Partial order:
b<asfi<aq Yiel,...,n
and Binomial coefficient
(ﬁ) = (511) e (,8:)

2. For a complex number z with Rez > 0 define

o0
['(z) = f el dt.
0

I'(2) is called the gamma function.

15



16 1. Preliminaries

3. Given f:R™ - C, f will denote the complex conjugate of f.

4. The characteristic function of an interval I < R is defined as

) lifzel
Xi(#) =3 irpgr

1.2 Functional Spaces, the Fourier and Hilbert Trans-
forms

The Lebesgue spaces

Let 1 < p < o0. We define LP(R™) as the set of all measurable functions from R" to C

such that
1/p
I flle := (J |f(x)|pdx> < oo for p < o0,
RTL

and

| flz= := inf{c > 0;| f(x)| < ¢ for almost every x}.
Given 1 < ¢ < oo we define the mixed “space-time” Lebesgue spaces by
LILY := {u: R x R" — C measurable ; [ul| sz < oo},
where
1/q
gz = ([ 1O gantt) i
The Fourier Transform

The Fourier transform of a function f € L'(R™), denoted by f, is defined as:

f(ﬁ) = f(z)e™?™=8dy, for £ e R™,
Rn

where - £ = 21§ + -+ + 2,6,
F(&) = (g f()e*™™¢dz is the inverse of the Fourier transform. Throughout this work,

the symbol " denote the Fourier transform in the space variable.
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An important property of the Fourier transform in the Lebesgue space L? is given in

the following theorem

Theorem 1.1 (Plancherel). Let f € L2 Then f € L? and

1Flz2 = 1f ]2
Proof. We refer to [G] for a proof of this theorem. O
The Schwartz class
The Schwartz class denoted by S(R™), is defined as
SR") = {pe C™(R"); | flup = |+"07 f |1 < o0 for any v, € (N)"}.

The topology in S(R") is that induced by the family of semi-norms {|| - |5}, e n2n-
The next lemma establishes a relationship between the Fourier transform and the func-

tion space S(R™):

Lemma 1.2. The Fourier transform is a homeomorphism from S(R™) onto itself.

Proof. We refer to [G] for a proof of this lemma. O
Finally we list some properties of Fourier Transform in Schwartz class :

(1) For f e S(R"), we can use Fourier Transform to define derivatives as:

(a) derivatives for multiindices

~

°f = ((2mi&)*f) , aeN",
and

(b) fractional derivatives, i.e.,

~

D'f = (@rlE)'f) . leR.
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(2) Let f and g € S(R"). Then we have that f » g € S(R") and

—~

fa=1r=+q

(3) If 7,f(x) = f(x — h) denotes the translation by h € R™, then

—

(nf)(€) = (e72miha) £) ().
The Hilbert Transform

For ¢ € S(R™) we define its Hilbert transform H(p) by

——

H(p)(&) = —isgn(£)$(S)-

It follows direct from the definition that

H(H(p)) = —¢.

(1.2)

(1.3)

(1.4)

By Plancherel we can extend the Hilbert transform as an isometry in L?(R"), i.e.,

[H @)z =l

(1.5)

Using Hilbert transform we can stablish the following relationship between ¢, and D,:

Lemma 1.3. Given ¢ € S(R) we have that

e = DYDY,
where DY* = —2r HDY?.
Proof. By the definition of H we see that

Ho,po =21D, .

In fact

Honp = —isgn(€)2mitp = 2m(€|p = 2nDp.

Now by properties (1.4) and (1.6) we obtain

0.9 = —H(H(2y9)) = —2xH(Dyg) = —2nH(DY?DY¢) = DYDY,

(1.6)
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Tempered Distributions

We say that a linear functional ¥ : S(R™) — C defines a tempered distribution if ¥
is continuous. We denote S’(R") as the set of all tempered distributions. We will use the

symbol (-, ¢) to denote the value of ¥ on ¢ € S(R™).
Examples of Tempered distributions
Given fe LP(R"),1<p<ooand = (f1,...,0,) e N":
1. We associate with f the distribution 7 whose value on ¢ € S(R") is given by
15(6) = (b= | @)l
2. We can define the derivative of f in the distribution sense as:
Pf: SR - C
@21, 8) = (=1)7K[,006),
where 0%¢ = (95} . @fng.
3. Let T e S'(R"). We define the Fourier transform 7" of a tempered distribution 7' by
(T,¢) =(T, ¢y VpeSR").
Also, we have the following extension of lemma 1.2 in S’(R"):
Lemma 1.4. The Fourier transform is a isomorphism from S'(R™) into itself.
Proof. We refer to [LP2] for a proof of this lemma. O

From Lemma 1.4 we can get the following computation related with the fundamental

solution of the evolution Schrodinger equation:

—_— Y 6i\§|2/4t
(e~4m*itlz?) (&) = lim (e~ 4m*(e+i)lzl?) (&) =

e—0t (47Tlt)n/2 . <17)
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The Sobolev spaces
We will also use the fractional Sobolev spaces. Let s € R, then
HYR") = {f e S'(R") : (1+[¢)f(€) e L*(R™)}

with the norm

[l = 1L+ [P F()] e

and its homogeneous version
HY(R™) := {f e S'(R") : [¢]°F(€) € L*(R™)}

with the norm

~

[fllgs = M1EPF(E)] 22 (1.8)

The weighted Sobolev spaces denoted by H™!(R") are defined as follows:

H™ (R") = {f € L*(R"); | flgms = (1 = A)"2(1 + |2 ") f] 12 < o0},

where (1— A)™2f = (1 + [¢2)™2f) .

Analogously we define the weighted homogeneous Sobolev spaces H mL(R™):
H™(R") = {f € L*(R™); | fllgma = (1 = D)™l ]l 12 < o0}.
The Lorentz spaces

The next spaces were introduced by Lorentz ([L1], [L2]) and generalizes the LP spaces:

Definition 1.5. The Lorentz space LP1(R"™),1 < p,q < o0, is defined as follows:

LP(R™) = {f : R" — C measurable ; | f| ran) := (§o (/7 f*(t))"1dt) Ve oo} for g < oo
and

LPP(R"™) = {f : R" — C measurable ; || f| Lr=(mny := sup Aav(A, HYP < o0}

where A>0

F(t) = int{a(r, ) < ),
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a(A f) = p({z e R [f(z)] > A}),

and

= Lebesgue measure.

The function a(A, f) is called distribution function.
In Chapter 2 the LP® spaces will be particularly relevant in our analysis. They are also

called weak LP spaces. For more information about Lorentz spaces we refer to [BeLl.

1.3 Basic Results

Now we present some facts in Lorentz spaces. The next theorem establishes a relation-

ship between Lorentz Spaces LP* and LY spaces:

Theorem 1.6 (Interpolation’s theorem). Given 0 < py < p; < oo, then for all p,q and 0

=104 0 4nd0<6<1 we have :

1
such that py < q < 0, »_ po " m

(LpO,Lpl)gﬂ = qu with ”fH(LpO,L”l)g,q = HfHqu,

where

1

* dt\ s
(LP°, LP")gq = {a Lebesgue measurable; |alpeo, Loy, = (J t0k(t, a)q?) < o0}, q < o0,
0

(L™, LP")g, = {a Lebesque measurable; ||al(zro ro1),, = supt™?k(t,a) < oo}
t>0

and
k(t,a) = inf ([aofre +tlar]rm).
a=ag+ai
Proof. We refer to [BeL] for a proof of this theorem. O

Another relationship between Lorentz Spaces and LP spaces is given by the following

decomposition:
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Let 1 < p; <p < py <oo. Then
LP* = [P 4 [P2, (1.9)

The next theorem is a generalization of the classical Strichartz estimates for the Schrodinger

equation. The proof is based on ideas developed by Keel and Tao [KT].

Theorem 1.7. Consider r,7,q and q such that

- 1 1 2
2<rr<o0, - —-<—,
ron
1 n 1 1
et (5 -5 =1, 1.10
{ rT # 0 if n=2,
n—2_ 1 1 n 1. (1.11)
]. - = < - < 1 - < > 37
S-g) < c<(-n) i o
and 11 11 11
0<—<T,<1—g(7,+——1) if = +-=1,
q q oo oo
nol 1 11 11 (1.12)
——(T,+——1)<—<T,<1 Zf T,+_<1
2 r q T r
Then we have the following inequalities:
t .
R O P (1.13)
0 L Li L,
t ) A
” J e IAR (-, T)dr | agy < L (1.14)
—00 xT
+00 ( A
W(t—T
[ R < el - (1.15)
Proof. We refer to [McV] for a proof of this theorem. O

Now we turn our attention to some inequalities on the Lorentz spaces semi-norm

| - | Lpe (rn+1y that we will use in Chapter 2:
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Lemma 1.8. Let 1 < p,q,r < o0. The following estimates hold:
|1 < gl = fllzee @y < |g]oe@n), (1.16)
If + gliee@ey < 2 (1fpoeeey + |glenen) - (1.17)
Moreover if% + é = %, then
[ fglre@ny < |f Lo @9l Loe @y (1.18)
Proof. The inequality (1.16) follows directly from Definition 1.5.
The property (1.17) follows from Definition 1.5 observing that
A A
pliz, [f(@)] > 53) + n(iz, l9(@)] > 51) = nliz, [(f + 9)(@)] > A}).
For the proof of inequality (1.18) we refer to [O]. O

Remark 1.9. From Inequality (1.17) in Lemma 1.8 we see that || - ||r= is not a norm, but

a quasi-norm, i.e., it only satisfies a quasi-triangular inequality. On the other hand, the

spaces | - |r= are complete with respect to their quasi-norm and they are therefore quasi

Banach spaces. Moreover, for p > 1 it is possible to replace this quasi-norm to a norm

such that || - | pre become Banach. We refer to [G] for more details.

The next result will be important in Section 2.3 to find self-similar solutions:

Proposition 1.10. Let p(z) = |z|™ where 0 < Rep < n. Then e*®¢ is given by the
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explicit formula below for x # 0 and t > 0:

—k
eitA |l’| pZA k7rz/2 @
4t

—m—1 ;
B m + 1)e®*i/2
Flal P Ana(ab) (47) m

4t —a—m—1
f J (1—s)" ( j |S|;—> e T dsdr
T

o\ —k
+ ei|x\2/4t|l_|—n+p(4t)%—p Z Bk(b, a)e—(n+2k)m'/4 (ﬁ)
= 4t

-1 aki/2
ilaf2/4) 1 =t ()5 B le”y " O+ De™”
te |:U| ( t)2 l-‘rl(b?a’) < t ) F(l+2—b)

o0 1 —b—1—1
4t
X J J (1—s) (—i " T;) e~ dsdr,
o Jo x

where a = p/2,b = (n —p)/2,m,l € N such that m +2 > Reb and | +2 > Rea

j?

and

a4+ k)'(k+1-0) b+ k)I'(k+1—a)

A b) = B.(b.a) =
(a,b) Tara—na - 2ba) T(@)D(1 — a)k!
where I' denotes the gamma function.
Proof. We refer to [CW1] for a proof of this proposition. O

In Chapter 3 we will need the following results:

Lemma 1.11 (Leibiniz’ Rule). Let o € N” be a multi-index and f, g € C1*(R™). Then

% (f9) =Y, ()" rolg. (1.19)
[BeN™
BLa

Proof. The identity (1.19) is deduced by repeated aplication of the one dimension Leibiniz

rule
m

k:()

and induction. O]
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Lemma 1.12 (Fractionary Leibiniz rule).
ID2(f9)liz < D frallgles + el fllez 1D glez, x e R. (1.20)
Proof. We refer to [KPV] for a proof of this lemma. O

The next theorem gives a description of the Sobolev space H* without using the Fourier

transform whenever k € Z*.

Theorem 1.13. Ifk is a positive integer, then H*(R™) coincides with the space of functions

[ € L*(R™) whose derivatives (in the distribution sense) 0% f belong to L*(R™) for every

— ~

a € (ZF)" with |a| = o + ... + o, < k, where 0*f(£) = (2mi&)* f(€).
In this case the norms | f| e and 35, o 0% fllz2 are equivalents.

Proof. We refer To [LP2] for a proof of this theorem. O

Theorem 1.14. If s > n/2, then H*(R") is an algebra with respect to the product of

functions. That is, if f, g€ H*(R™), then fge H*(R"™) with

|f9]

e < S

Proof. We refer to [LP2] for a proof of this theorem. O
We also need the following embbeding results:

Theorem 1.15. If s > n/2, then H*(R") is continuously embedded in C°(R™), i.e.,

[l < el f]

HS .
Proof. We refer to [LP2] for a proof of this theorem. O

Theorem 1.16. If s € (0,n/2), then H*(R") is continuously embedded in LP(R™) with

p=2n/(n —2s). Moreover

[flr < [D°fllze < [ f]

Hs»

where D'f = ((27[¢[") f).
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Proof. We refer To [LP2] for a proof of this theorem.. O

Before stating the next result, due to Ginibre and Velo ([GV]), we give some notations.
For any vector space D, we denote by D* its algebraic dual, by £(D, X) the space of
linear maps from D to some other vector space X, and by (1, f)p the pairing between D*

and D (with f € D and ¢ € D*). If X is a Banach space, | -||x will denote the norm in X.

Lemma 1.17. Let ‘H be a Hilbert space, X a Banach space, X* the dual of X, and D
a vector space densely contained in X. Let Ty € L(D,H) and let Ty € L(H,D*) be its
adjoint, defined by

TV, fp={T\f), VfeD, YveH,

where (-, - is the scalar product in H. Then the following three conditions are equivalent.

(1) There exists a, 0 < a < oo such that for all f € D,
[T0f e < all f]x-

(2) R(TY) = {1 (v); YveH} < X*, and there is a , 0 < a < o0, such that for all ve H
[Ty vlxs < allvlla

(3) R(I7Ty) < X* and there exists a, 0 < a < o0, such that for all f € D,

|TFT3 f e < a®[ £l

The constant a is the same in all three parts. If one of (all) those conditions is (are)
satisfied, the operators Ty and T\T extend by continuity to bounded operators from X

to H and from X to X* respectively.

Proof. (1) = (2). Let v € H. Then, for all f e D

(KT, ool = Ko, Tifl < [olls] T fllae < allvllad fllx-
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Similarly we prove (1) = (3). (or (2) = (3).)
(2) = (1). Let f € D. Then, for all v e H

(o, Tif)l = KIYv, ool < |T7olx«[ flx < afolla] fllx

(3) = (1). Let f € D. Then

(L, TLf) =TT, o < [TETf x| fllx < a®| )%
U

Next, we state a result on interpolation of operators in mixed Lebesgue spaces of type
Larr . 1t will be usefull to generate Strichartz estimates to the degenerated Zakharov

z - xy

system in the third chapter .

Theorem 1.18 (Riez-Thorin). Let py # p1 and qo # q1. Let T be a bounded linear operator

from L2LP° to L2L% with norm M, and from L?>LP! to L2L% with norm M. Then T is

zxy zxy zZTry zZTry
bounded from LELQZ to Lng?y with norm My such that
My < My~ MY,
with
1 1-0 66 1 1-6 0
N R N
Proof. We refer to [LP2] for a proof of this theorem. O

In fact, the Riez-Thorin theorem appears in literature of LP spaces but the proof of

Theorem 1.18 is basically the same.

Theorem 1.19 (Hardy-Littlewood-Sobolev). Let 0 < o < n, 1 < p < ¢ < oo, with

Q=

1—1) — 2. Then the Riez potential defined as

dy,

I f(x) = CQJ f(y)

- |.CL’ _ y|(n—a)
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is a bounded linear operator from LP(R™) to LY(R"), i.e.,

HIa(f)”Lq < Cp,oz,n”fHLP-

Proof. We refer to [LP2] for a proof of this theorem.



Chapter 2

Well Posedness for the Davey
Stewartson System on Weak L*

2.1 Introduction

Here we shall study the Cauchy problem for the Davey Stewartson system:
{ 10+ 002 u+ Y5 02 u = x|u|*u + budy, ¢,

il o r,t)eR"xRandn=2or3, (2.1

where u = u(x,t) is a complex-valued function and ¢ = p(z,t) is a real-valued function.

igzg)) <a< %, n = 2,3, the parameters y and b are

The exponent « is such that
constants in R, § and m are real positive and we can consider J, y normalized in such a
way that |0 = |x| = 1.

Solving the second equation in (2.1), we can express ¢ in terms of v and get
Onytp = E([u]?),

where the operator £ = FE,, is defined in Fourier variables by
E/(\f)(f) = 2 ng n Qf
£ +mé; + Zj=3 £

We can therefore reduce (2.1) to the nonlinear Schrodinger equation

(€) = p(&)F(&)- (2.2)

i0pu + 607w+ 3 0% w = x|ul*u + buE(Jul®),
7=2

u(z,0) = up(x).

VzeR" teR, (2.3)

29
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We consider the equation (2.3) in its integral form

u(t) = U(t)uo + z'fo Ut — s)(x|u|u + buE(Ju|*))(s)ds,

where U(t)uy defined as

U(tuo(8) = e " ip(€),

Y(€) = 4n?6€7 + 4r? Zn: &, n=2or3,

=2

is the solution of the linear problem

i0pu+ 603, u+ 3, 02 u =0,
j=2

u(z,0) = up(x).

VreR" teR,

Remark 2.1. Note that

(2.4)

(2.5)

(2.6)

1. U(t) is the unitary group associated to the linear Schridinger equation (2.7) (see, for

example, [LP2] and references therein).

2. It follows directly from Lemma 1.2 that U(t)(S"(R")) < S'(R™).

3. The function a(A, f) in Definition 1.5 has the following invariance with respect to

the group U (t)uo(€) = (e~ i) (£):

Oz()\, U(t + T)QO) = JX{(y,t)eR”xR;Kei<t+7>¢<y>¢)v>)\} (ZE, s)d:vds

= fX{(y,t)eR"xR;|(e—iW(y)¢)V 1sap (7, 8)dads = (A, U(t)p).

The last identity gives us the following result: ¥ ¢ € S'(R"), 1 < p < o0 and 7 € R:

”U(t)SOHLPT’O(]R"‘*'l) = HU(t + T)QOHLpa:(Rn+1).

(2.8)
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In Section 2.2 we prove that the Cauchy problem (2.3) is globally well posed in the
sense of distribution for n = 2 and 3 and in Section 2.3 we find self-similar solutions for

(2.3).
2.2 Global Well Posedness

In this section we prove global well posedness for IVP (2.3) in the subspace Y < S’(R")
where:

a(n+2)

Y ={peSR"):Ult)pe L™z (R},
and

[elly = U@l avpe :

] %(RnJrl)

Observe that by the Identity (2.8), U(t) is an isometry in Y, i.e. [¢|y = |U(t)p|y.

We first state some properties of the operator F, defined in (2.2), that will be usefull
to our main purpose.

The following result was proved by Xiangking (see [X]): given 1 < ¢ < oo, E is strong
(g, q), i.e. it is a bounded operator from L¢(R") to LI(R"), and | E£| < 1. It means that

the following inequality holds for 1 < ¢ < oo:

|E(f)|a@ny < [ flLa@ny- (2.9)

Lemma 2.2. The operator E : L*(R") < S'"(R") — LP(R") < S'(R™) defined in (2.2) is

injective for 1 < p < oo andn > 2.

Proof. By lemma 1.4 and the fact that F is a linear operator is enough to prove that
E/(\f) =0in S'(R") = f =0 Lebesgue-qtp.

E/(\f) =0 in S'(R™) means that

{ (0(€)d) =0 VYoe SR™).
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By lemma 1.2 is enough to prove that

(f:p(€)9) = - f(Op(€)o(§)ds =0 Vo e S(R™). (2.10)

Now we recall the following result: given g € LY(R"), if it is true that

[ s@otar=0 voe s 2.11)

then we must have g = 0 Lebesgue-qtp.
From (2.10) and (2.11) we have p(§)¢(§) = 0 Lebesgue-qtp. Since p(§) = %
1 2T 245=35)

only vanishes in a set of null measure in R, n > 2, we must have ¢(§) = 0 Lebesgue-

qtp. [

Proposition 2.3. Consider F': R? x Ry — C. Then for 1 <p < o0 :

|E(F) ooty = | (PEOFET)) Niwensny < [Fllpoeanss.

Proof. We first observe that the Inequality (2.9) can be extended to the mixed “space-time”

Lebesgue spaces:
I1E(E) g, = 1EE)grs = NEE)eallce < WFNeallee = 1Flpors = 1Fllre,. (2.12)

The Inequality (2.12) and Theorem 1.6 will give us the result.

In fact, fix 1 < p < oo. Take 1 < py, p1<ooand0<9<1suchthat%=1p—;0+l%. By

Theorem 1.6 we have |E(F)| ppn@n+1y = [E(F)|(zro,1e1),,, -

It
F = fo+ fi e LP(R™") + L (R™),
then
E(F) = E(fo) + E(fi) € LP(R™") + L™ (R™),
and

| ECf) ] 2ei@neny < 1Lfjles@nery, 5 =0, 1.
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So

K(t B(F) = inf

Fo|zromny + )| F1|| o1 (rn
- [ £0] oo ey + | F1] Lor )

+F1(

g lnf E P n +tE o1 (Rn
E(F):E(fO)JrE(fl)(H (fo)l Leomrny + tIECf1)l| o1 )

' f D n t P n .
E(F)=El(ljlco)+E(f1)(Hf0HL 0(R™) + ”fl”L 1(R ))

IN

Since E is injective (lemma 2.2), E(F) = E(fo) + E(f1) = F = fo + f1 Lebesgue a.e.

Then
K E(F) < inf (ol + HlAlman) = K(tF).
=fo+f1
Using Theorem 1.6 once more we obtain the result. O]

Observe that from the idea of this proof we could obtain a more general result:

Lemma 2.4. Let A: LP(R") — LY(R") be a linear, bounded and injective operator. Then

A is bounded from LP*(R™) to L (R").
Next we define two operators and derive some properties about them.

1. Denote by G the following integral operator:

G(F)(2,t) = f U(t — 5)F(-, 5)(x)ds. (2.13)

0

where U(t) is the group defined in (2.5).

2. Given f e S(R™) we define the operator T" as follows:

(Tf) (@ t) = (UE)S) ().

Observe that by Strichartz estimates (e.g. Theorem 4.8 in [LP2] with the group U (t)

instead of €"?), if (¢, r) is an admissible pair, i.e., ot =1, we have

T:L*R") — L{L..
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The dual of the operator T is, as usual, denoted by 7™ and given by:
T*: LYL — L*(R™)

(T*F)(z) f R @)t

—a0
Finally we note that the integral operator that appears in the Inequality (1.15) (¢4
replaced by U(t)) is exactly the composition of 7" and T*:
+00

(TT*F)(x, ) — f Ut — 7)F(x, 7)dr. (2.14)

—0

The following properties holds to the operators G and TT™*:

Proposition 2.5. Let 1 < p, r < oo such that

2
p r n+2
and
2 1 2 1 2
(D), 2t D2
n n
Then the following inequalities holds:
|G(F)|pro@niry < | F|poe@nry, (2.15)
HTT*(F)||LTT>(RTL+1) < CHF||LPT>(RTL+1). (216)

Proof. To prove properties (2.15) and (2.16) we need Theorem 1.7 (with U(¢) instead of

e2) and the interpolation theorem. In fact taking r = ¢ and 7 =¢§ =:p in Theorem 1.7,

the hypothesis (1.10) becomes
1 2

p r n+2

and the Inequalities (1.13) and (1.15) becomes respectively

||G(F)||LT(RTL+1) < CHF”Lp(Rn-H), (217)
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and
HTT* (F)||Lr(Rn+1) < CHF||LP(RTL+1). (218)
The restriction % <r< w comes from hypothesis (1.11).
The result follows applying lemma 2.4 to Inequalities (2.17) and (2.18). O

The next theorem is the main result of this chapter. It proves that taking “small”initial

data in the space Y, the integral equation (2.4) has a unique solution in

a(n+2)

B(0,36,) = {feL = ©R""); ||f“L°‘(”2+2)"f(Rn+1) < 301}

This result allows us to prove well posedness of equation (2.3) and to find self-similar

solutions for ¢ > 0 (see next section).

Theorem 2.6. There exists a 6, > 0 such that given ii(:i—i% <a< g’;—;ﬂl and uyg € Y with

a(n+2)

|luglly < 01 then there exists a unique v € B(0,36,) < L~ =2 ©(R"") solution of (2.4)

such that |u| a2 < 307.
L2 P(Rnt)

Proof. Consider the following operator
(Pu)(t) = Ut)uo — iG (x|u|*u + buE([u]"))(t),

G as in (2.13).
We want to use the Picard fixed point theorem to find a solution of © = ®(u) in

a(n+2) 0

B(0,35) c L™ 2 ©(R"™™).

Note that (B(O, 301), || - HLa§n+2) ) is a complete metric space.

7 (R

We must prove that:
(1). ®(B(0,3d,) = B(0,34)

(2). |®(u) — @(v)||La§n2+2) < cfu — vHLa(n;z)y 0<c<l.

“(Rn+1) “(R"+1)7
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To prove (1) take u € B(0, 36;).

By Property (1.17) in Lemma 1.8 it follows that

[P atear,, <2 (U(t)uoﬂLMﬁT

P (R °(Rn+1)

+ iG (x|u|*u + buE(|u|*)) Lmﬁx(w“)) .

'O(R +) < 61.

Using Inequalities (2.15) from Proposition 2.5, (1.17) from Lemma 1.8 and the fact that

By hypothesis |U (¢ )uOH a(nt2)

|x| = 1 we get for the second term

) ¢ @ o n < a(n a(n .
GOt (N s vy < 20 (07 gy 4 BN )
By Property (1.18) from Lemma 1.8 we have

[lu*u] sosa, < [lul “i'(ln+2) :
at) © (Rn+1) L™ 2 F(Rntl)

Applying Proposition 2.3 and Inequality (1.18) we get

B )] sz S Bl P o
< pllul sz g O et

Using that u € B(0,30;) and choosing 0 < 6; « 1 we have
[@(u)] cyre gy < 2¢0; + 4c(301)° + 4e|b|(36,)* T < 30;.
Now we prove (2), i.e., that ® is a contraction in B(0,36;). Take u,v € B(0,3d;):
B(u) — B(v) = IGO(Jol™ — [ul*w) + IG(BWE(o]) — uE(ul").

By Properties (1.17) and (2.15) we get

[®(w) = @)]| atnra,,

(Rn+1)

< 2¢ (|v|a |u|“uH afni2) + 1b]|[vE(|v]*) — uE(Ju]®)|| ams2), )
" (Rn+ L2a+D) * (Rn+1)

< 2 @ - a(n - a(n

S C<U(|U| [ul®)] L3 sy + [[ful*(u U)\\L2(< 2, (Rn+1))

+ 2¢|p| <||E(|U|a)(v —u)| amsz +[w(E(]") = E(Ju[*)] amsz) (Rn+1)> :

L2(a+D) ¢ (R +1) L2(a+D)*
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Applying Inequality (1.18) and Proposition 2.3 we obtain

[9(u) — @(0)] stoe

()

«
< 20 (1ol g g 07 = 0 g g+ IO g g = ot )

2o (1ol 5o

UEN Lkl HPICS SO

bl i g FECRI) = B g )

< 20l st g 1017 = 1t g+ Bl =l )
2l (ol g 0= 0 g Tl 1 = g, )
Now we set
o) = Ju.

It follows by the Mean Value Theorem that

l9(u) = g(v)| < c(a)(Jul*™" = [o]*"Hu —v].

This Property and Lemma 1.8 imply that
[lol® =l cg2a.,

EERRCU

a—1 a-1
< (@) <|||u| u — U|HL@T+22%(R”+1) + [[o[* fu — v||L£n2_+>22x(Rn+1)>

a—1
<c(>QM|mﬂ)mMgu—vhmy%mmg+vayhmwd|—v<ﬂﬁ(wﬂj

By virtue of the last inequality and the hypothesis u, v € B(0,34;) we get

[®(w) = @(V)] atnrar,

“ (Rt

2¢(36,) (2(351)0‘_1||u — ] awsa)

T(Rnﬂ)) +2¢(301)%u — U” ant2)

R+

a a—1
+ 2¢|b|(361) ||u—uLQ(?%WH)+2c|b|(351)( (30" u = 0] atazer (RW)),
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and finally
[9(0) = B0 g, g,y < O er + b0 = ul e,
Again taking 0 < §; <« 1 we get the contraction. m

Remark 2.7. Since Strichartz estimates still holds (up to endpoints) to the unitary group
U(t) defined in (2.5) with § < 0 in (2.6), and since we do not use the endpoints in the
Proposition 2.5, we conclude that Theorem 2.6 holds for the nonelliptic Schrodinger prob-
lem, i.e., the IVP (2.7) with 6 < 0.

The next proposition shows that giving any initial data in Y and assuming the existence
of a solution u to the integral equation (2.4) we have that u is the solution (in the weak
sense) of the differential equation (2.3). We emphasize that Theorem 2.6 provides the

existence of solutions to the equation (2.4) under the assumption of small initial data.

4(n+1)
n(n+2)

solution of (2.4). It follows that t € R — u(t) € S'(R™) is continuous and u(0) = ug. In

Proposition 2.8. Given

<a< 4(7;{1), up €Y and let u € La(n2+2)°°(R"+1) be the

particular, u is a solution of (2.3). Moreover u(ty) € Y V tg € R. In addition, there exist

uy such that ||U(t)uiHLa(n;z)%(RnH) < o0 and U(—=t)u(t) — ug in S'(R™) as t — +oo0.

a(n+2)

Proof. By hypothesis u € L™ 2 ®(R"*1). So by the Inequality (1.18) in Lemma 1.8 and
Proposition 2.3

a(n+2)
lu|u and wE([u[*) € L7 (R,
Now we can use the decomposition in (1.9) and write

ul*u = fi + fa, (2.19)

and

uE(|ul®) = f5 + fa, (2.20)
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where f; € LPi(R™1) for some 1 < p; < ;((Zﬁ; <py<wand1l<ps < ';((Zﬁ)) < py < 0.
Replacing (2.19) and (2.20) in (2.4) we get
u(t) = U(t)ug + ixG(f1)(t) + ixG(f2)(t) + ibG(f3)(t) + ibG(f1)(1). (2.21)

Observe that from the decomposition (2.21) and remark 2.1 we have that u(t) € S"(R™).
Now, if we take ¢ € S(R™) then U(t)¢p € C(R : S(R™)) and also G(¢)(t) € C(R : S(R™)).
By duality we can extend U(t) to S’(R™) and get U(t)¢ € C(R : S’(R")) for ¢ € S"(R").
Using Dominated Convergence Theorem we have G(¢)(t) € C(R : S'(R")) for ¢ €
S'(R™) and by (2.21)
u(t) e C(R: S"(R™)). (2.22)

Letting ¢ — 0 in (2.21) we get u(0) = wuo.
Now we prove that wu(t) satisfies the equation
WUy + Oy ) + Z Up,e; = X|ul"u + buE(Ju|®),
j=2
in S'(R™) for all te R :
Define F'(u) := x|u|*u + buE(|u|*). We must prove that V¢ € S(R")

Z}l}_r}r(l)<u0€ + h})l —u(t)

) = (00 + D) + F)®.0), (229

where (f, g) = §y. /(@)g(a)da.
Note that by (2.19), (2.20) and (2.22) we have

Fu)(t) € C(R, S'(R™)).

Using the integral equation (2.4) and the definition of the operator G in (2.13) we have

the following expression for wu(t)

u(t) = Ut)up + iG(Fu)(t). (2.24)
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Thus

w(t+h)—u(t)  (Ut+h)—U) (GEW(E+R)  G(Fu)()
h - < h )“0 “( no h ) |

Without loss of generality we can suppose h > 0.

Now, taking ¢ € S(R") we have that

<<U(t+h) - U(t)) o, 65 = —Cu, (U(—t—h) ~U(— )> &) —

h —h h—0

— (uo, i(00g ¢, + Z O, ) U (=) ) = (i(00g,¢, + Z O, )U (t)uo, ).

By group Properties and the definition of G and F' we have

HGFu)(t + 1), 6) — 1 (G(Fu)(1),6) =
:—<J Ut —t + hyFu(t))dt', ¢>——<J (t— ) Fu()dt', 6
_ —<U( ) L Ut — ) Fu(t)dt', 6 — E< L Ut — ) Fu(t)dt, &)
_ <<M> L Ut — ) Fu(t)dt, o)+

+ <f U(t —t")Fu(t')dt', ¢y — —<J (t =) Fu(t)dt', ¢)
=— OH Ut —t")Fu(t), (%) oydt' + gﬁ Ut =) Fult'), oydt’.

Next, since F'(u)(t) € C(R, S’ (R")), we can use the Lebesgue dominated convergence

Theorem and the Lebesgue Differentiation Theorem to obtain
1 1
H(GEU)(t+h), d) — +(G(Fu)(t), &)
h—»O f <U t — t FU( ) '((565151 + Z agjgj)¢>dtl + <Fu(t)7 Q§>

= [0 + 3] 80 U~ OOl 00 + (Pl 0

=2

— Gi(00ne + Y ) f Ut — ¢)Fu(t)dt', 8) + (Fu(t), &),

j=2
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Therefore

%<u(t R — ut), &) — (2.25)

Ut +h) = U@t) (GFW)(t+h)  GFu)(t)
o G ) L R e e S RO

<i(6a£1§1 + Z a{fjgj)U(t)Um ¢> - <(6a§1§1 + Z aﬁjﬁj)G(Fu) (t)a ¢> + Z<F(u)7 ¢>

j=2 j=2

From (2.24) and (2.25) we have (2.23).

To prove |u(to) |y < oo, take r = 222 on the Inequality (2.16) of Proposition 2.5.
Then we have |[TT*F| awmi2). < o|F| amez
L~z P (Rnt L2(a+D) (Rn+l)
Hence
+0
Wﬂﬂ[mlﬂ—@F@Mﬂﬂmﬁ%mwg<Fh%ﬁ§(wﬂ) (2.26)

From Inequality (2.26) and Identity (2.8), V to € R we get

+00
0@ [ Ulto = PG| e, <P g,

—0 *(Rn+1) L2(a+D) (Rn+1)

Now taking x(o,;)F instead of F' in the last inequality we have

to
U@) | Ul = Pl sz, ) < VP s,
ie.,
UGN )]t gy < VFL g, (2.27)

Now taking ¢ = ¢, in the integral equation (2.4) and applying U (t) we have
U(t)u(to) = U(t + to)uo + iU ()G (x|u|"u + buE(Ju|*))(to)-

By the Properties (1.17) and (2.8) we obtain

(]R (R'n+1 )

(U@ u(to)] o, 2(HU( Juo| atnrz),,

+ UG (x|u|u + buE([ul*) (o) acp. (Rm))
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Using Inequality (2.27) and the same arguments as in Theorem 2.6 we get

|UU(%WMH%W+U\2<U@%MWWQWHI+CWWW+WEWWDM%ﬂ(WH)
<2V ol s, oy + O g, |+ ARB (] s,
<AV Ol st gy + Al o, o+ Al st BN g
AV O ol stz gy + Al sl A s, Tl et <

Finally, to prove the last statement of the theorem we set
Uy = ug + ZJ U(—7)(x|u|"u + buE(|u|*))(T)dr.
0

It follows from Inequalities (1.17) and (2.26) that:

U(t)us] sy, +anm+mwwm»nmﬂ(wm)<w.

(Rn+1) [ 2(a+1)

2 (1010l s,

“(gre) S

We deduce from the decompositions in (2.19) and (2.20) that

U(=t)u(t) — uy = foo U(—7)(x|u|*u + buE(|u|*))(7)dT — 0 in S'(R™) as t — co.

t

The result for ¢t — —oo is proved similarly.

2.3 Self-similar solutions

In this section we find self-similar solutions to (2.3). Without lost of generality we can

suppose 0 = 1, so our equation becomes:

{ ’iut+Au X|u|°‘u+buE(|u|a), VeeR"'n=23.teR (228)

u(z,0) = up(x).
We already know that a self-similar solution must have an homogeneous initial condition

with degree —2/a. So the idea is to prove that ug(x) = €|z|~%% € Y where 0 < € « 1.
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Then by Theorem 2.6 and Proposition 2.8 we have existence and uniqueness for equation
(2.28) in Y. Since u(z,t) and B¥“u(Bx, B*t) are both solutions, we must have u = ug and
therefore self-similar solutions in Y.

To prove that ug € Y, we consider the homogeneous problem with initial condition

uo(w) = a2

{“‘”A“ =0 VeeR" n=23 teR. (2.29)

u(z,0) = |z|7%,

We know that the solution to the equation (2.29) is given by
u(z,t) = U(t)up(x),
where U(t) = e,
Since ug(z,t) = f¥*u(Bz, 5%), B > 0 is also a solution, we must have
Bu(Ba, 6°t) = U(t)uo(z) = u(z,1).
Taking 8 = 1/4/t we get
u(z,t) =t Vf(z/V1), (2.30)

where f(z) = u(x,1).

By Proposition 1.10 we have that for a > 2/n

- B 2/c; a=4/n
|f(@)] < (1 + |z])~7 where o = { n—2/a: a<4/n (2.31)
Next, we calculate a(A, u) = [{(z,1); |u(z,t)| > A}|.
By (2.30) and (2.31)
a(\ u) <J . d(z,t) < J d(x,t)
{(at);|t—1/ (1+%) |>A} {(2,1);0<t< A= and |z|<tV/2[(tA>)~1/ac _1]}

A
<eAn/ J B[ — () ]t < AT
0

Therefore HU(-)UOHLa(nu),

E(RA+L)

Choosing 0 < ¢ « 1 and taking the initial condition ug(z) = €|z|~%* we conclude the

result.



Chapter 3

On a Degenerate Zakharov System

3.1 Introduction

We consider the initial value problem associated to the degenerate Zakharov system

iW(OE+0,E)+ A E =
on—An =
E(z,y,2,0) =
n(x,y,2,0) =
om(z,y,2,0) =

nk,

A(IEP),

Eo(z,y,2), V(z,9,2)eR® t>0, (3.1)
no(x,y, 2),

nl(xayv Z)

where A = 0% + 85, E' is a complex-valued function, and n is a real-valued function.

The system (3.1) describes the laser propagation when the paraxial approximation is

used and the effect of the group velocity is negligible.

We now state the main result of this chapter:

Theorem 3.1. For initial data (Ey,ng,ny) in H3(R?) x H3(R3) x H*(R®) and d,n, €

H?(R3), there exist T > 0 and a unique solution E of the integral equation (13) such that

EeC([0,T]: H3(R3)), (3.2)

2 (||Dgla/25aE||Lf‘L2

T “xyz

|| <3

> (10w Bl

|| <3

2
yzT

+ ||D;/28QE||LI‘L5W> < o0, (3.3)

T

+Mﬁ%hﬂb)<w, (3.4)

44
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> (I0°Bllzeg, +10°Eliziz, ) < (3.5)
laf<1
D, DBz, < o, (3.6)
|| <3
and
> | D20 B pr2 . < 0. (3.7)
|o|<3

where H3(R?) was defined in (15).

Moreover, there exists a neighborhood V' of (Eq,no,n1) € H3(R?) x H3(R3) x H2(R?)
such that the map F : (Eg,ng,n1) — E(t) from V into the class defined by (3.2)-(3.5) is
smooth.

One also has that

ne C([0,T] : H*(R?)).

Remark 3.2. With the same tools used to prove Theorem 3.1 it is possible to obtain the
local well posedness in the space HI(R3), j = 3, where Hi(R®) was defined in (15). Here

we just prove the local well posedness for j = 3 which is the most difficult case.

To prove Theorem 3.1, we combine smoothing effects and the L2-maximal function
estimate (21) to apply the contraction principle.

It turns out, however, to be a hard task to reach all Sobolev indices s > 3/2 (see
explanation below), and our local well-posedness result is given in H3.

In Section 3.2 we recall the linear estimates proved by Linares, Ponce and Saut ([LiPoS]),
prove the L2 -maximal estimate (21) and also we prove Strichartz estimates in mixed
Lebesgue spaces L%LgLﬁ,y for p and ¢ satisfying a certain condition. Observe that in the
z-direction we have the Lebesgue space with fixed index 2. It happens because we do not
have dispersion in this direction. Unfortunately these Strichartz estimates are not suficient

to reach s > 3/2. In Section 3.3 we establish some estimates involving the nonlinear term

that allow us to simplify the exposition of the proof of the main result. It will also clearly
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appear why we also could not reach the value s = 2 even if the maximal function estimate
(21) attains this value. Finally in Section 3.4 we combine smoothing effects and property
(21) to apply the contraction principle and proof Theorem 3.1.

Throughout this chapter H?,. and L2,, will always be denoted by H® and L*. H}

denotes the Sobolev space H? just in the spatial variable x and so on.

3.2 Linear Estimates

At first we recall the smoothing properties of solutions of the associated linear problems.
We refer the reader to [LiPoS] for more details.

Also, we prove the maximal function estimate (21). We don’t know if this estimate is
sharp or not. In fact, following ideas from kenig and Ziesler [KZ] for the KPI equation, we
show that (21) does not hold for s < 1. Therefore, there is still a gap between 1 and 3/2.

Consider the linear problem:

atE+azE—ZAJ_E:07 3
{ E(z,y,70) = Ey(z,y, 2). V(z,y,2) e R 1 >0, (3.8)
where A = 0% + 0§~
The solution of the linear IVP (3.8) is given by the unitary group £(t) : H® — H? such

that

4

E(t) = E(t)Ey = <€7it(§%+§§+§3)a)(€h£27§3)) . (3.9)

Proposition 3.3. The solution of the linear problem (3.8) satisfies

|DEW) iz iz, < clflz,.. (3.10)
| D12 J E(t — )Gt |z, < c|Glrise . (3.11)

and

16 J Et — 1)) | prz, < clGllyrs, (3.12)
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These estimates hold exchanging x and y. Here DY f = (2n|¢|V2f)V.
Proof. We refer to [LiPoS]| for a proof of this proposition. ]
Now we state and prove the inequality (21). We will need the following lemma:

Lemma 3.4. (Van der Corput)
Let ke Z" and |¢*(x)| = X\ > 0 for any = € [a,b] with ¢ (x) monotonic in the case k = 1.
Then

b
[ e @)al < e Vi e + 17 1)
Proof. We refer to [LP2] for a proof of this lemma. O

The next proposition is the key to the improvement of Theorem 3.1. The main idea is
to use the dispersion in the first two variables (that is where Lemma 3.4 will be important)
and in the third variable where we do not have dispersion, we use Sobolev embedding. As

we already said, we do not know if the estimate (3.13) is sharp or not.

Proposition 3.5. For s > 3/2, and T > 0 we have

€@ Eolrarg, < o(T, s)| El

T HyzT

us, VEq € H®. (3.13)
The same estimate holds exchanging x and y.

The proof of Proposition 3.5 is a direct consequence of the next lemma, as we shall see

later:

Lemma 3.6. For every T > 0 and k = 0, there ezist a constant ¢(T') > 0 and a positive
function Hy r(a) such that
+00
f Hyp()da < o(T)2%, (3.14)
0

and

[ [ [Jeest et wemmsnseny, @)@ ddadsl < B, (.15
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for |t| < T and (x,y,2) € R® where ¢;(&;) = p(2" — 1)), and u denotes a infinitely

differentiable function in R such that p =1 forx>1 and p =0 for x < 0.

Proof. Denote by J(t,z,y, z) the left-hand side in Eq.(3.15). We can rewrite J(¢,x,y, 2)

in the following way:

J(t,z,y,2) = J i(—tef+aty) wl(fl)dglj U5 +uta) wz(ﬁz)d&J ~Hs+28) V3(&3)dEs.

Denoting by
Jy = f ¢P1E g (6)dé

where (&) = (—t& + &),
Jy = Jei(t§§+y£2)¢2(§2)d52a

and
J3 = fei(tfﬁ'z&’)%(@)df&

we have |J| < |Ji|J2| S5
Following Faminskii’s ideas for the Zakharov-Kuznetsov equation (see [Fa]), we consider
the following three cases: For |z| < 1 we use the support of ¢;, j = 1,2, 3 and get | J| < ¢2%".
Next, supose that |z| = max{1,232%¢}. In this case || > 4|¢]t for & in the support of 1y,
and so |¢;(£1)] = |#|/2. Using integration by parts twice we get:
ior s L1
5= [en Gy

Now by the support of 1; and the inequalities |} (&;)| = |#|/2 and ||~ < 1 we have:

] < (T f L g, < ()2t .

fleal<2+1) |flf|2
Then |J| < 2% ¢(T)|z|=2, by the support of 15 and ;.
It remains the case 1 < |z| < 232%|¢|. Observe that in this case ¢ > 2773 > 0 and

t=2 < c|x|722%. Here we use Lemma 3.4 for J; and Jy: Since |p)(&;)| = 2t > 0 then by
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Van der Corput |J;| < ct~%2. Similarly, we have |.J,| < ct~'/2. So by the support of ¥3 we
have |J| < ct712% < ¢Tt722F < 23%|x| 72

Finally we define

Hor(a) = c23k for 0<a<l,
POV o(T)2% a2 for 1= a,

and this function satisfies (3.14) and (3.15). O

Remark 3.7. Observe that Lemma 3.6 still works if we change ¥; by ¥;u(|&;| — 28 + 1),

j=12or3.
Now we turn to the proof of Proposition 3.5:

Proof. Using the same notation as in Lemma 3.6, i.e., 1; = u(2"1 —|&|), j =1,2,3, we

introduce the sequence 1), as follows:

Yo(€1,82,83) = (2 — [&)) (2 — [§2]) (2 — |€3]),
and for £ > 1,

V&1, &2, &) = Yiathsp(€n] — 28 + 1) + rhothsp(|&a] — 28 + 1) + raporbapu(|&s] — 2% + 1).

Observe that >, Py = 1.
Now we define the operator E\kf(é’) = @Z_),iﬂ(f)f(f), where & = (&1, &2, &3).

Then
|Bifllze < 27| fllus, (3.16)
BYf =i/, (3.17)
D EW)BYEy = E(t)Ey, (3.18)

k=0
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and

| €= DBt D . | < 3.19)

e(tiall-D [ [lotr. e aragazy o)

for |t| < T and g € CF(R?).

In fact, by the support of 1y,

|Brf12> =0 F 12
=f f fwk(a,fz,agﬂf(a,sz,fg)Pdad@d&g

2k+1

=[] ontal =2 - i g Pideads,
ok+1

] [ [l -2+ D16 6 s deades

2k+1

j f (6] = 2+ DA€ 6.6 Pderdadss

Therefore

2k+1

6> ok
| Bifl7 = - & |251/11¢2¢3M 6] = 28 + 1) (&1, &, &) Pd€idéadss

k
2k+1 |£2|23

JLk B |25¢1¢2¢3M(|52| — 2k 4 1)|f(§1,52,53)|2d§1d§2d§3

2kﬁ+1 25
], 1:?:%%%%# (160] = 2 + DI (60, €, &) Prdands
2k+1
<[ [ Jrerer el - 2+ 0176 6 g Pdérdendss
2k+1
+| f ) [ o2 o vsmunn(ial = 2+ D176 0 0P drdadey

2k+1

j f j P pae] - 2+ DI (6 & &) Péidéades
= CRSRATCIRS

Then (3.17) follows directly from the definition of Bj.
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To prove inequality (3.18) we use property (3.17) and the property >}, _, Yp=1:

M EW)BLE, = £(t) Y. BIEy = £(t) Y (YnFo)* = EW)(D] tiEy)” =

k=0 k=0 k>0 k=0

By (3.17) we have

|f E(t — 7)B2g(r, )y, 2)dr| =

rT . 2 2 5 v
:J <6z(t77')(§1+§2+£3)ng(7',5)) (x,y,z)dT
-T
rT B 2 ¢2 7 !
:j (ez(t—T)(§1+§2+53)wk(€)§(7',5)) (.f’y’Z)dT
=T
~T !
<J (e(t T)(51+§2+53)w1¢2¢3,u(|§1|—2k+1)( 5)) (,y,z)dr
T

T . 2 2 v
N J (ez(t—r)(gl+£2+§3)¢1¢2¢3M(|§2| — 28+ 1)4(r, 5)) (z,y, z)dr

=T

T \2
J ( Sy s (1€ — 28 + 1)g(7, f)) (z,y, 2)dr

=T

_|_

Finally using the inequality (3.15) (with 1, replaced by 1;u(|;] — 2F 4+ 1)) we obtain
[ B0 0) a2

DRSO gy (M — G Da(6] - 2" + 1)

#g(1,6)]) (x, y, 2)dr

<[ (e
-7
+ J_TT (‘(ei(tﬁ)(g%+§%+£3)¢1¢2¢3M(|§2| — ok 4 1))

“lg(r.8)) (@.y. 2)dr

T 1 2 2
| (ffetst e i) - 2+ 1) |+ o) (@1 2
T

<o (mgmm*Mann%awchﬁT J‘fjm,,%|mww)<>

T
which gives us (3.19).

Now defining

A LN[=T,T]; L*(R?)) — L*(R?), Agg(&1,&2,&3) = JX[—T,T] (T)E(=7)Brg(7, 61,62, 83)dT
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and
X = Li(R; Ly, ([-T, T] x R?)),
we have
Ap: LHRY) = L2([=T,T]; L*(RY)), Ath = £(t) Byh,
and

X* = L2(R; LE ([T, T] x R?)). (3.20)

By (3.19), Young’s inequality and inequality (3.14) we can apply an argument due to

Stein-Tomas and conclude
T
JAZ Aglxn = | j (E(t — 1) B2g(r,€,€,€))dr | xo
-7

T
= (J sup sup | E(t— T)BZQ(T, x,, z)dT|2d:U)1/2

t<T vz J-T

C(J(HkT(|§|) * J_Tff lg(7, &, v, Z)|d7dydz)2(x)dx)1/2
C(J(HkT(|£|) + g(& )HL;W) (Q;)dx)l/Q

< ol | Hualla)de)lglian,. < ()2 lglx Vo e PR,

Therefore by Lemma 1.17 we have
[ Afhlxe < (e(T)2%) 2| k|2, ¥ he LA(R?).
So, by the last inequality and (3.16) we get

|Et) B Eollx+ = |A; BeFolxs < (1) 2272 By Eo| 12 < o(T)22 32| By

(3.21)

Thus by (3.18), Holder’s inequality and (3.21) we obtain

[E@) Eollxs = | ) E@BiEolxs < ), 27" |2 E@) BiEo|lxx < c(€)(); 12" E (1) Bi&ollx)?

k=0 k=0 k=0

< C(E)(Z (T)22ke 2k(s—3/2) ||E HH )1/2 (6 T)||EO|H5(Z 22ke—2k(s—3/2))1/2

k=0 k=0

c(e, T)| Evl

Hs,
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f0<e<2s—3.

From (3.20) and the last inequality we obtain the result. O

Now, following ideas from Kenig and Ziesler for the K-P equation (see[KZ]), we show
that (3.13) does not hold for s < 1. The main idea is to suppose that inequality (3.13)
holds and then to construct a certain function Ey. Then using inequality (3.13) and change

of variables we must have s > 1.
Proposition 3.8. For each s < 1 there exists Ey such that

IE@) Eolray, = o(T,s)| Eol

T HyzT

Hs-

Proof. If (3.13) is true, then we can choose Ey(£) = é(Q%) where k € N and § € CZ such

that

gy |1 oo {EeRYTI<f <2},
©O=10 on {cr%j<1/2}0ice Rl >4y,

So by change of variables

s1) 5 1 SIA 1
ol ~([  QHEPBGOPAOY = (| a2y P ae)?
i<l 2 {i<lel<a)
| I T e e O 1 I GG RS
{z<lél<4} {z=lél=4}
<23k/2+ksc(8).

Next, we calculate £(t)Ey. Again by changing variables we get

(E(t)Eo)(z,y,2) = J eil@sygatartlehr & +62) % Jde

1l
{(3<fl<q}

_o3k ela2 ety a2 e (PREHMG 1 2460) ) ) g
{i<ig<4}

—93k J 6im£6isé(€)df,
{z<lél<4

where & = 2F¢), s = y2R&, + 22F¢; + 1(22E€2 4 22R¢2 + 2R¢s).
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Now, by Taylor’s expansion

[(E(t) Eo)(w,y,2)| = 23k|§{%<\§|<4} eirte’s ( )d§|

23k| S{%<‘§|<4} (cos(x€) + i sin(z€))(cos(s) + isin(s))0(€)dé|
2[4 ey (cos(a8) cos(s) — sin(ad) sin())0(€) k|
2§ ey (1= S5 (@) (1= 5 +r(9)+

—((@€)” = r1(x€))(s — r1(s))10(6) ¢
(2,5,€) + pla, 5,€)]0(E)dg]

AR\

\Y

2% ficgey 11—

where

n(x,s,&) = + % + + * i + s2& + ry(x€)r(s),

N €23k . . '
r(s x&)r(s S ,

and

If we choose 0 < 0 « 1 and take |z| < 027%, y, 2~ §27F t ~ 5272,

then s, x& ~ O(5), 0 < 7(s), 11(s), r(x€), r(zf) « L and 1 —n(x,s,£) > ¢ > 0.

So,
[(E@)Eo)(x,y, 2)| = 2] A 0(&)dg| = 2] A-1dg| = 2’
{3<l¢l<4} {1<|é]<2}
Then,
[(E(t )EO)HLQLTT > (J ( sup |E(t)E0|)2alx)1/2 > 93k k2 — 9Bk/2,
v || <52k 192 2%
Y,z2=02

Finally, we have

¢ PV < [(E(1)Bo) 12z, < |Bolla < 2927 Wk e N,

xHyzT

which implies s > 1.
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Now we establish Strichartz estimates to the linear problem (3.8). Before that, we give
some notations and stablish a lemma that we will need.

We denote by 7% the translation in the third variable, i.e.,

(Tigzﬁsf)(xay7z) = f(:c,y,z - h’)

Given f e L2(R3) we denote by f ®* the Fourier transform of f in the first variable:

~

Friems) = [ e ey e
R
Analogously we define ]? v J? 3 and f T2

Lemma 3.9. Ift # O,% + z% =1 and p' € [1,2], then the group E(t) defined in (3.9) is a

continuous linear operator from Lngy(R?’) to L2LE, (R*) and

[E@)f

Proof. From Theorem 1.1 we have that

IE@) 2z, = |EWflrz = e ™ EHEH D Fl o = | flle = | 2z, (3.22)

Using property (1.2) and equality (1.7) we obtain

(E@)Vf)(2,y,2) = (e MEHETE) [y &5,6))" (2, y, 2)
e~ (gl (e1+63) ]?(51752’53))”112(95,%'))vzg(',',Z)

= (
(e—ztés —zt(51+§2))vm1m *r120 J? x3 (&, &, 53))(35‘7 n )) Vg (" y Z)

e +€3)/41t] R )
= (T e S G e 8@y ) )

= (7" g(w,y,)) " (-, 2),

where
ci(E1+€3) /4]t

4t It fx3(£17§27£3))(1’,y, ),

g(x7y7 ) =
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and #,, ,, is the convolution in the first two variables, i.e.,

(f *2129 g)($, Y, Z) = ) f(l' —T1,Y — T2, Z)g(l'l,l'g, Z)dxldx?-
R

By property (1.3) and Young’s inequality we have

[E@FC 22z, = 1750, C - 2) e,
(€T +€3)/lt]

= HTfi/%r(T *r1a0 f(flu §27€3))('7 " Z)HLELny
= |

€+l
e oo Ty (60,62,8)) (s 2) 2

(€3 +€3)/41t]
4—7rtH” I _t/zﬂf('a )|z HL SC

(3.23)

<l

1
|t|”7— t/Qﬂ‘f(.’ ) )HLZLiy

Interpolation (Theorem 1.18) between (3.22) and (3.23) yields the result. O

Now we are able to prove Strichartz estimates. We notice that our result do not cover

the endpoit (p, q) = (0, 2).

Proposition 3.10. The unitary group {E(t)}1% defined in Equation (3.9) satisfies

IE@) fllzarzre, < ¢ flrz,.. (3.24)
|| £t =gt 0t ugnare, < clolyony (3.25)
R t zHxy
and
| eat-itizs, < clallg s, (3.26)
where
1 1 1 1 2 2 2
—t+—-—=-+—-=1,-=1—--andp= 4, 0e(0,1].
p P q q q p 0

Proof. At first we prove that (3.25) implies (3.26) and that (3.26) implies (3.24). In fact,

if inequality (3.25) holds we use an argument due to P. Tomas and Fubini’s Theorem to
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get

|| et 0, - |
R

_ |
R

W
R

[

et JE ,,,)dt)dtd(my,)

J JEt—t) o tydt)d(z, y, 2) dt.

[

(J E()g(-, - 1)) Jc‘ft’ )y, )
J, &0
9

J

By Holder’s inequality we obtain
|| ettty = [ | Lozl [ &€= 0000500 ug 2 a
R JR R

< | 19®lpu] | 8= 0@t s,

< ||9L3'L2LP'J|J E(-—=1)g)dt'|Larzre, -
2Lz R

Finally, using (3.25) we conclude

|| E®at - 0dtlis,, < cloliy,yy

which implies (3.26).

Now, suppose that (3.26) holds. Using duality we have that
HE(t)fHL%Lngy = sup{| f JB EW f(z,y, 2)w(x,y, 2z, t)d(z,y, 2) dt|; ||wHLg/L2Lp, =1}.
R JR zry
By Holder’s inequality, Fubini’s Theorem and (3.26) we obtain

|J RJS (x,y, 2)w(z,y, 2, t)d(x,y, z) dt| < |J flz,y, 2 J E(—tw(x,y, z, t)dt)d(z,y, 2)|

ﬂf%JJS w(e,y, = i)z,

< o fllez, Nl oo < €l fliz,.

and we have (3.24).
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Therefore the problem is reduced to proof (3.25). Minkowski’s inequality and Lemma

3.9 give

|| 8= 000600 2, < [ 16— O0ate Ol < ¢ [ 1= 1Lal.0)]

where o = —(z% — %)

Theorem 1.19 (Hardy-Littlewood-Sobolev) and the last inequality imply

|| &= 000600 lugrass, = 1 | €= O0ate 0 120 L

<l | 1= 10 g 1

< CHg||L§I'L§Lg;'

Next we establish some estimates associated to solutions of the linear problem

#n+ Ain=0
n(z,0) = no(z) (z,t) e R® x R, (3.27)
omn(z,0) = ny(z),

where A = 02 + 02. The solution of the problem (3.27) can be written as
n(z,t) = N'(t)ng + N(t)nq, (3.28)
where N(t) and N'(t) where defined in (11) and (12).

Lemma 3.11. For f € L*(R?) we have

IN (@) fll2re) < [¢]]f]l2re), (3.29)

IN'(t) | oqesy < 12, (3.30)

and

(=AY N (@) fla < 1] oee. (3.31)
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Proof. We refer to [LiPoS] and references therein for a proof of this lemma. ]

Lemma 3.12.

IN'()noll L2z, < ol m2gs), (3.32)
and
[N rzrz, < Tlnalpes). (3.33)

These estimates hold exchanging x and y.
Proof. We refer to [LiPoS] and references therein for a proof of this lemma. O
Also we need the following result:

Lemma 3.13.
D INM Flz,. < clflmzs) + cltl|ozf e,
|| <3

Proof. Fix |a| = |(on, ag, a3)| = 3. By Theorem 1.1 we have

—

IN@0)* fliz,. = 1| a2l 05 N D) sz,

TYyz

Now we split in two cases. The first one is a := a3 + as = 1,2 or 3. Observe that in this
case we must have a3 < 2. By Young’s inequality we get |z1|*|z2|** < c(|z1| + |22])®

So, using Plancherel once more we have

—

< f (o] + fa2])* 2N () flzz,. < cl(=AL)

N|=

(—AL) T 02N (t) f]| 12

zyz "

IN@)" 1z

TYz

By Lemma 3.11 we obtain

IN(F flliz,. < el(=A1)F 02 flua,. < (@7 + 35702 iz,
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Using that (e — 1) + a3 = 2 and Theorem 1.13 we obtain

IN@)" fl 2

ryz

< | f | 2 (rsy-

The second case is a; + ay = 0. In this case we must have a3 = 3. Then by Lemma

3.11 and Theorem 1.13 we conclude

IN(1)0flzz,. < cIN@®)Of|1z,. < cltllOZflrz,. < cltl|0-flm.
[
3.3 Nonlinear Estimates
In this section we will find estimates for the nonlinear terms in our analysis.
We recall the integral formulation of the IVP (10):
t
E(t) =E(t)Ey + f E{t—tY(N'(tnog + N(t")ny)E(t")dt’
0
t/
+ JS(t — t')(f Nt —s)AL(|E(s)|*)ds)E(t)dt'.
0
We can rewrite this expression as
t t
E(t) =E(t)Ey + f Et =t (EF)(t)dt + J Et =t (EH)(tdt, (3.34)
0 0
where
F(t) = N'(t)no + N(t)n, (3.35)
and
t
H(t) = f Nt —t)AL(E]?)(t)dt'. (3.36)
0

In the next lemma we treat of the nonlinearity H in the Sobolev norm | - ||gs. In the proof

of this lemma will be clear why the Sobolev index s = 2 could not be reached.
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Lemma 3.14.
S 10 Hl s, + | Hlzrg, + | Hlsez, < (337)
lo|<3

< B g + T Y 0,07 Bl pgr2 |0 Ellia1,

|o1|<3
|| <1
+ T S 10,07 Blpra 0%l
<3
i<

Proof. Using the definition of H in (3.36) and the inequality (3.31) we have

|| <3 || <3
<y j AL RO (EPY) iz, (339
lof<3
< TN 0,0 EE) g, + T2 Y 0,0%(BE)(s)| 12, .
lo|<3 || <3
Fix |o| = 3.
Now by Leibini’z Rule (Lemma 1.11) we have
|0:0%(EE)| 12 c |0:(0" EO™ E)| 12
Lzsz \ Lzsz
B1+Ba<a
<c Y (100" E* Bz, + 0" B0,0% Bz, ) -
Br+B2<5a

The idea is to split the sum >}, . _ in three cases depending on the value of |f[. For

|B2| = 0,1 we use Holder’s inequality twice and get

S 00" BB < Y 1007 Eligrs, 10% Bz

zT
B1+B2<a B1+B2<a ’
|52‘€{0,1} |ﬁ2‘€{0,1}
< Z ||539c5’8”}?||L300L2 |0 Elrary,-
|81]<3
|B2|<1

We notice that the previous arguments used to treat the cases |[f2] = 0,1 generated the

new norm s |07 L2 . To treat this new norm it will be essencial the maximal
< yz
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function estimate (3.13). If we tried to treat the case || = 2 using the same arguments
it would appear one more derivative,i.e., Z‘ Bol<2 1052 1207, and our maximal function

estimate would not be enough. So we must use another argument.

For |5 = 2 we use Holder’s inequality and Theorems 1.16 and 1.13 and obtain

N 10" B B < Y 120" Elug

TYz
B1+B2<a B1+B2<a
|B2=2 |B2=2

< Y a0

2,. |

0" E|a,. ] 1z

D3/4aﬁ2E“Liyz ||L2T

B1+pB2<a
|B2|=2

< Y IDUSAIE,,

TYz

DBl g,

2
TYz ||LT

B1+pB2<a
|B2|=2

< | Bl o < TV E e

In the last argument we can see why it was not possible to reach the Sobolev index s = 2.
In fact, the difficult case is 32| = 2 (wich implies |5;| = 0 since we are in the case s = 2).

So, using the last argument we would have the following inequality

3 120 BBz, < 3] 10D Bl

|81]=0 |B1]=0
|B2]=2 |52]=2

D3/4062E“L2

TYz

2,.| Iz < 1Bzl Elas] 2.,

therefore it does not work. At this point it would be usefull if we had Strichartz estimates

with endpoits like

IE@) fllpar» < [ f]z2,

but unfortunately, this is not the case. The Strichartz estimates we got are not usefull.

Finally for |52 = 3, we use again Holder’s inequality and Theorems 1.15 and 1.13 to
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deduce

Y 1@ E)0* Bz, < )} 10:E]y,

B1+B2<a |B2]|=3

0" E|s,. ez

=

~
Il
w

< ) 0B Bl ez, |1z

zyz
|B2|=3

< Y II0*ER,,
|B2]<3

< |IEelzz < T Bl g s

2
LT

i 1§ B2
Analogously we estimate Y, |0"*E0,0 2E||ngcsz.

Bi1+B2<a
Therefore
3 160" (EE) )iz, <cT 3 100" Blogrs |0%Elizsg,  (339)
|laf<3 |B1]<3
|B2|<1
+CTIB g
By similar arguments we obtain
3 10,0 (BE))liae <eT 3 10,8 Blligiz J0% Bligsz,  (3.40)
|of<3 |B1|<3
|Ba]<1

+ T E| Lz s-

Replacing inequalities (3.39) and (3.40) in (3.38) we get the first result.

Now, we use Lemma 3.12, Holder’s inequality and Theorem 1.13 to obtain

T T
Hlizig, < | ING=OAERNOaaz, d <T | [AIEDE) it
0 0
< TPIALEP) sz < T 3 18207 B 152
18l<2
<17 3, (18207 1BP sz, + 1050° 1Bl 2, ..)
15]<2
<72 Y (10.0°1BP] 2., + 10,67 B2, ,)-
|o|<3

Hence the previous arguments can be applied to obtain the result. O
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Lemma 3.15.

2, (B2

zyzT
|o<3

< CHEHL%HS (Tl/an()”HS + CT1/2||TL1 HHQ + CTS/QHaan HHQ) . (341)
and

S 1 EH) iz, <cT| Bl Y 100 Elpgrs 167 El iz

yzT
la[<3 lo1|<3
o] <1
1/2 lo' lo'
+ TP Elgns Y, 10,0 El g2 |0 E]zre., (3.42)
o |<3
loa|<1

b CTIE
Proof. To obtain the estimate (3.41) we use the Lemma 1.11 to yield

[0*(EF)(#)]L:

xyzT

<c Y, |PEPF| . (3.43)
Bi1+B2<a

Fix |o| = 3.

For | ;] = 0,1 we use Holder’s inequality, Theorems 1.15 and 1.13 and the definition of F

in (3.35) to obtain

Y, 07E*F| < Y O™ Elw0®Fleelis <c D [I1Elus|0®Flu2|

Bi1+B2<a v B1+B2<a |B2|€{0,1}
|52|€{O,1} ‘/82‘6{071}
< Elizns Y [10°F| 2
|o1|<3
<dBligm Y, (INOFnols,, + INGF iz ).
\a1\<3

By Lemma 3.11 and Lemma 3.13 we have

2 Haﬁl EaBQF”LiyZT < CHEHL%’H3 Z (”aO‘InOHL%LQ + T1/2||n1HH2 + T3/2||8zn1HH2)

B1+B2<a |1 |<3

B2/€{0,1}

< CHEHL%H3 Z (T1/2Haﬁ2n0HL2 + T1/2Hn1HH2 + T3/2||6zn1”H2).
|B2|<3
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Therefore by Theorem 1.13 we obtain

Z |0% B F)|

xzyzT
B1+p2<a

|82]€{0,1}

< c|Blpgas (T |nollme + T2 na g2 + T2 0 | r2). (3.44)

For |Bs| = 2,3 we use the same arguments, i.e., Holder’s inequality, Lemma 3.11, Lemma
3.13 and Theorem 1.15 to conclude

S |0 EF

xyzT

< > W™ Elpeo®Flizlz <e D 110 Elue0% Fllz] .z

B1+B2<a B1+pP2<a B1+P2<a
‘52‘6{273} ‘52|€{273} ‘62‘6{273}
<c Y o™ Bl (IN'(8)0%no|l 2 + [N ()0%n4]12) ] 12,
|1 |<3
|B2[€{2,3}
<c|E|izm Y, (10%no]rzre + T |0l + T2 01| 1r2)
laz|<3
< CHEHL%:HS Z (T1/2H5a2n0||,;2 + T1/2||n1||H2 + T3/2H827L1HH2)
|2 |<3

By Theorem 1.13 we have

Z |0 Eo% F|

xyzT
B1+B2<a

82]€{2,3}

< C”E”L%HS (T1/2HTL0HH3 + T1/2||n1 HH2 + T?’/QHaznl HHZ) . (345)

From inequalities (3.44) and (3.45) we obtain (3.41).

To prove (3.42) we use the Lemma 1.11 and get

(B2, <c Y [0MES H]| e .

xzyzT
B1+p2<a
Fix |o| = 3.

For | ;] = 0,1 we use Holder’s inequality and Theorems 1.15 and 1.13 to obtain

Y, P EoR | < Y WO El=lo®H|elg <c ) [I1E]ue|0™Hl el g

B1+B2<a B1+B2<a |B21€{0,1}
|B2]€{0,1} 821€{0,1}

< c|Elgms Y, [0°H] 120

|| <3
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Using Lemma 3.14 we have

S 10MEF Ay, < el Bl 3] 1007 Flizi, 107 iz,
B1+pP2<a |a|<3
‘/82‘6{071} ‘012|<1
+ TV Elpgns Y, 10,0 Elpzrz 10°E| 302,
|a1\<3
|a2\$1

+ TNE o
For |B2| = 2,3 we use Holder’s inequality and Theorem 1.15 to get

Y, lomEd*Hlp < > 0" Blw|0®H|:p <c Y, 10" Elu0% Hlrzlps

B1+B2<a e B1+P2<a B1+B2<a
|B21€{2,3} |B2€{2,3} |B2|€{2,3}
<c|E|pgns Y. |0%H|pz 0.
|B21€{2,3}

Again Lemma 3.14 yields to

> 6P Ee*H|

xyzT
B1+Ba<a || <3

|B21€{2,3} B1+P2<a
|B21€{0,1}

+cT1/20||EHL;ﬁH3 Z ||(9y551E||L;oLizT||652EHL§L%

xzT

< TVC|Ellpgms D) 10:0™ B 112 |07 B 21

T HyzT

|orf<3
B1+B2<a
|B2|€{0,1}

T Bl

Lemma 3.16.

t

t
3 ||Da1;/2fS(t—t’)aa(EF)(t’)dt’L%L%yz + 3 ). f E(t — 1) (BF)(¥)dt |1, <
0

<3 | <3 0

< TP Bl g (Inoll s (1 +T) + Imall= (T + T72) + 0. | 2T2) +

+¢ 30 107 Elzre, (T nollus + T2 || 2y + T 0201 | 12 rs)).
[Br]<1

These estimates holds exchanging x and y.
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Proof. Fix |af = 3.

By Lemma 1.11 we have
|D1/2f E(t — V)0 (BE)U)d| 112, + 10, f E(t — )0 (BF)(#)dt | 712, <

(12 [ 800 = 1)@ B )OOz, + 6. [ €600 B RN 13,)
51+52<Oé

Then we split the sum in three cases, depending on the value of |3s].

For |35| = 0 we use Proposition 3.3 to get

1/2 B1 B2 81 B2
(1Y f E(t — 1) (" BOP F)(U)dt |12, + |0 fg ) ESF) ()l 1 12,) <
f31+52<04
|B2|=0
< ) 0" EF|pe,
|B1|=3

Using Holder’s inequality twice, Theorem 1.13 and the properties of the operator N(t)

(Lemma 3.12) we obtain

S 17 EFlge, < 3 10" Bl |Fliaiz,
1B1]=3 |B1]=3
< cT1/2HE||L2TH3(HN’( Jnollzzre, + [N (¢ )anLgL;‘;T)

< T2\ Bl g as (|no] a2 + Tlna | a2).

For | ;] = 1 we use Proposition 3.3 and group properties to get

IID”ZJ E(t — )M EO™F)(t")dt | 1p1z,. + 0: fg t)(0" Eo» F)(#)dt | pr2,) <

51+,32<a
|B2|=

¢ f (It =) Dy*(0" Bo™F)(t)|ng1z,. + | D*E(t — ) D2 (07 EO*F)(¥)| 1z 12, ) dt’
B1+B2<
|B2|=1
T
<c 3| IDPHTESF)(t) iz, db'

B1+P2<a
|B2|=1
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Using Lemma 1.11 and Holder’s inequality we conclude

51+52<Oé

||D1/2J Et — ) (O E™F)(t')dt | 1z 12, + ] 0: J E(t —t) (0" Eo* F)(t')dt | 1pr2,,) <
|Ba|=

<c ), J (IIDy20M E@) |2 107 F (') | el 2, + 107 E(@)|ca | Dy/*0% F(#) || sl 2. ) dt’
B1+P2<a
|B2|=1

<c ) f (1D E() |2, 0% F(t) Lz, + 10" E(X) |, | Dy 20% F(t') |11, ) dt'.
B1+pB2<a 0

|B2|=1

By Theorem 1.15, Theorem 1.16 and Theorem 1.13 we have

t t
> (||D}/2J E(t —t) (MBI F)(t')dt' |z 12, + ||a$j E(t —t) (OB F)(t)dt | pzp2,) <
%Tﬁm 0 0

<c ¥ f IEE) s |0 F (1) et + ¢ f | DA% B(t)| 1, | DY DY26% ()] 1,

|B2|=1 B1+P2<a

|B2]=1
<o 3 1Blugan [ 10ROl dt + 3 [ IB@Oh 10 F@ls, i
\a2\<3 ‘012‘<3

EMWmJGNKW%w%,WNWWMU%Mﬂ

o |<3
Finally using Lemma 3.13 and Lemma 3.11 we obtain
(12 [ 06— 1)@ B ) igas,, + 1o [ €60 BPRY O3, <

ﬂ1+,32<04
|B2|=

¢, E||L°°H3J (10°°no rz,. + [l m2sy + (L1020 | pr2grs)) A

loa|<3

< CHEHL;@HS (THnOHH?’(]R?’) + T||n1||H2(R3) + T2||(9Zn1||H2(R3)).

For | ;] = 2,3 we use Proposition 3.3 to get

(102 [ (0= 1)@ B YO igas,, + 1o [ - )0 BFY Ol 1,)
ﬂ1+,32<04
|B2]€{2,3}
<c Y 0B Flus,
Bi1+B2<a

B2|€{2,3}



3.3. Nonlinear Estimates 69

Using Holder’s inequality twice, Lemma 3.13, Theorem 1.13 and Lemma 3.11 we get

> 10" EO*Flps, <

B1+B2<a
|B2]€{2,3}
<c N 1 Elizng, 0% Flz,
B1+B2<a
|B2]€{2,3}
<c Y, 10" Elzie, (IN'(0)0%no] 12 12, + IN(#)0%n]1212,.)
B1+B2<a
|B2]€{2,3}
<c Y 107 Ellrzrz,, (10%n0] 212 + T2 0| 2asy + T2 0.0 | 2gs))
B1+B2<a
|B2]€{2,3}
(T nolus + TV ||l m2sy + TP |0 m2@s) D) 10" Elrzre,
|B1]<1
m
Lemma 3.17.
Z |D1/2J 8 aoz EH)( )dt HLocLQ + Z ||a Jg )aa(EH)(tl)dt,”L;PLizT <
|o| <3 |o| <3
<o 3 100 Bllag 10 Eliang, + 3 100 Blugua 10 Eligz, )
|1 |<3 |t |<3
2| <1 2| <1
(T T S 0 Bl + | Elugms) + cTIE Ry x (T2 Elpgns + 3 167 Eliars,):
‘012|<]. |O¢2|<l
These estimates holds exchanging x and y.
Proof. By Lemma 1.11 we have
t t
Io. f E(t = ) (RO |zrz, + DY | £ = 010 (BN |7,
0
< Y (. j E(t — (0" B H)(#)dt | 12, + | DY j E(t — )0 BO™ H)(t )t |31z, ).
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For |B5| = 0 we use Proposition 3.3 to obtain

t t
3 (10, [ S =)@ B @) iy, + 1DV | £~ )0 B )W)t |z
0 vt 0

) <
T zyz

Bi1+P2<a

|B2]=0

< 3 (@ EH)()d 1y,

|81]<3
Now using Holder’s inequality twice, Theorem 1.13 and Lemma 3.14 we obtain
(12, f E(t — )" BO* H)(t')at |12, + | DY f E(t — )" BO* H)(t)dt | g2, )

51+62<a

|B2|=0

<c Y, 0" Bl |Hlziz, < TIB|pus( Y 0.0 Elpr2, 10°Elrz1z,
|B1]<3 lo1|<3
|042‘<1
(3.46)
+ 25 10,07 Blig iz 0°Elzz,) + T By o
|o1|<3
|| <1
For || = 1 we use Lemma 1.3, Proposition 3.3 and group properties to get
(12 [ 06— 1)@ B Y Vs, + 100 [ £t = 0" B BN 115, <

/31+52<04
|Ba]=1

T
< Z J (Iet = )DY* (0" Ed” H) ()| g1z, + |DyE(t — ') DY* (0" Eo” H)(t') || 012, )dt!
%Tﬁiéa
A

T
< ¥ J |DY2(0% Bo™ H)(#) 1, '
Bi+B;<a V0
|B2|=1

By Lemma 1.12 we obtain

T
S| 1D o i) )t <

HE.
-+
T
<c Y f 6% B(t) s, | DY20 H(E) g0, dt + Y f |DY20% Bt |12, |05 H(t)] dt
‘Bﬁﬁ‘r_ﬁiéa 0 51+B2<a

|B2]|=1
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Using Theorems 1.15, 1.16 and Theorem 1.13 we get

T
S| D@ B ) (@) 1e, df <

B1+B2<a
|B2|=1

T
< Z HD?’MaﬁlE(tl)”Lgyz ||D3/4D313/2aﬁ2H(t’)||Lgyz dt'

B1+P2<a 0
|B2[=1

TYz

Y W Ty O P I

51+52<0¢

|B2|=

< X [ 1B wlon B,
lon|<3
PP Bl Y 16 H ).,

\a1\<3
Finally by Lemma 3.14 we have

t t
> (1D J E(t —t) (MBI H)(t')dt' | 12, + |0x f E(t —t) (OB H)(t)dl | 1z p2,) <
B1+B2<a 0 0
|B2|=1

<ATNE|zns( D) 10:0°Elpgrz 107 Eli2rs, (3.47)

|o1|<3
laz|<1

+ 25 10,07 Ellpgrz_ 10°Elzre,) + T By ys)-

o |<3
|Oc2|§1

For |B2| = 2,3 we use Proposition 3.3 to get

(12 [ 16— 1)@ B I s, + 100 [ E— )@ BBV 113,)
ﬂ1+,32<04
|B2]€{2,3}
< Z HaﬁlEaﬁzHHLngzT
B1+B2<a

B2]€{2,3}
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Next, we use Holder’s inequality twice and Lemma 3.14 to obtain

¢ ¢
S (D2 [ e ) B e, 13 [ € B ) () paz)
0 0 vzt

B1+B2<a

|B2]€{2,3}
8 B2
< 3 10" Bl 107 Hle (3.49)
B1+B2<
|821€{2,3}
<CT1/2 2 ||851E||L2Lsz Z HamaalEHL%Lf,zT||aa2E”L3:L§OzT
|B1]<1 lon|<3
oz |<1
+ D0 10,0 Ell gz 10°Elizre,, + TV Elfzms)-
|041|<3
|ao|<1

The result follows from inequalyties (3.46), (3.47) and (3.48).

3.4 Proof of Theorem 3.1

We define

Xor ={EeC([0,7]: H*(R?)) : || E|| < a},

where

IE| =B izmoms) + Y, (\D1/2(90‘E||L%yz + HD1/2<9°‘E||L%W> (3.49)
|a<3

+ 2 (10:°Blig iz, + 10,0 Bligiz, ) + 2 (10°Elizeg, +10°Eluzez, )
laf<3 laf<1

(3.50)

and DY* and D;/ ? were defined in section 3.1.

We also define the integral operator on X, r,
W(E)(t) = E(t)Ey + f E(t — ) EW)(N'(#)ng + N(#)ny )’
f E(t—tE{) ( Nt - S)Al(|E|2)(s)ds> dt’ (3.51)

— £ E, +f E(t —U)(EF)(t)dt + J tS(t — ) (EH)()dt,
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where F' and H were defined in (3.35) and (3.36), respectively.

We will show that for appropriate a and 7" the operator ¥(-) defines a contraction on
Xor.

We start by estimating the H*(R3)-norm of ¥(E).

Let E € X, . By Fubini’s Theorem, Minkowski’s inequality, Theorem 1.14 and group

properties we have
T

T
[WE)O) ] < [ Eollus + IELOTCHBJ [E() | rsdt” + EIIL”T@HSJ [ H(E) | st (3.52)
0 0

From Theorem 1.13, Lemma 3.11 and Lemma 3.13 we have

JHF ) gsdt’ < ZJ |0“F (1) | f2dt’ < ZJ (|N'(t") %ol 2 + | N(#)0%ny | 2) dt’

|o| <3 |o]<3
Z J (16°no) 12 + c|ni] m2s) + clt||0-n1| m2rs)) dt’ (3.53)
|| <3

< cT'|no| g3 + cT||ny | g2wsy + cT? 10211 2 (3

Next, from Theorem 1.13 and Holder’s inequality and 3.14 we deduce

[t < 3 [1ea@ea < 3 e,

|o|<3 |a]<3
<Y 0.0 B g p2 |07 Ells2rz, (3.54)
|o1|<3
loz|<1
+ T 3 0,0 B ez 10" B 20,
<3
lst

+ 2Bl .
Therefore
T
J |H ()| gedt’ < o(T*? +T%)|| E||*. (3.55)
0
Finally
1W(E) ()| ms < el Eolus + | EN(T|nol gs + Tlnall gzesy + T2 0-m| 2 rs)) +

+ (T2 + T2 B
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Next, we calculate the norms

D10 lusige 3100 lazaz 2 0 Lz 2 100° - ligiz,,

o<1 |o <3 o<1 o] <3

By simetry is enough to estimate the two first norms.

Using the definition of ¥ in (3.51) and Proposition 3.5 we have

T
D 10V(E) rarz, < D, (€1 Eolzre, +J |E(t =)0 (EF) ()| 2rz,dt’
. :

lof<1 jal<1
T
b |18 = 000 B s, )
0
T
<c 3 (10° Bl + | 10°(EF)E) it
jal<1 ’

T
+J H@‘“(EH)(t')Hszt').
0
By Theorem 1.13 we obtain

3 1V Bizaz, < clBalws +¢ 3 (| 1PERO Nt + | 104 B 1ade).

lal<1 18l<3 VO 0
(3.56)
Using Holder’s inequality and 3.15 we get
T
> [ eEnwlea < ¥ e e, (57

|B1<3 |a|<3

< TV Bz (T2 ol s + T2 a2 + T4 ).
Therefore

T
> J |0°(EF)(t')|p2dt’ < T EN(T?nollzs + T2 || 2 + T2 00| r2). (3.58)
18|<3 V0
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Applying Holder’s inequality and 3.15 we have

ZJ |0°(EH)(t)|z=dt’ < T Y 0% (EH) () |z, , (3.59)

181<3 18]<3
< \Elupmn ) 10,07 Bz, 1% Elizag,
|1 |<3
\a2|<1
+ T B s 2 ||ayaoqEHL;fL2 ||5a2E||L2L;zT
|1 |<3
|ao|<1

+ TP|BIR
So
D f |0 (EH)(¢)| 2dt’ < (T + T*?)|| B||°. (3.60)

| <3

Combining (3.56), (3.58) and (3.60) it follows that

2 10U (E) 2z, < el Bollas + T2NEN (T Inolls + T2l = + T2 021 |1r=) +

T HyzT
|o <1

+ (T +T°2) || B

To calculate the next norm we use the definition of ¥ in (3.51), Lemma 1.3 and Proposition
3.3 to get
t

%, 100U B iz, < X (1D DLEOC Euliziy, +10 | ee—vir@r@yr s,
|| <3

+ |0z J E(t —t)o“(EH)(t /)dt'”LﬁngT)

< 3 (1D Eolye + |2, j E(t = 1) (EF)()d |1z,
lo|<3

t
+ 6. f E(t — )™ (BH)(t)d | p12, ).

0

By propertie (1.5) and Lemmas 3.16 and 3.17 we have
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Z |0:0"V(E) |12 <

|o]<3

< Z | D20 Ey| 2 + cT1/2HE||L$H3((1 + T)|no) s + (T + TY2)|n|| g2+

lor<3
+ T3/2||azn1HH2) +c Z ||851EHL2LZCZT (T1/2||n0||H3 + Tl/QHanHQ + T3/2||azn1||H2)+
|B1]<1
o( Z 10:0 Elpor2 |0 Bl 21z . + 2 10,0 B 12 |0°* B r212,,.) ¥
|a1|<3 |o1|<3
|az|<1 laz|<1
X (T + T2 Z ||5“2E||L%LJZT + HE||L%QH3) + cT|\E||i$H3><
|a2\<1
< (T2l + 3 107 E iz, ).
oz | <1
Finally by definition (3.49) we have
2 100U (E) iz, < D) 1D Eollia + T2 B (o] s (2 + T)+
|a|<3 || <3
+ [n g2 (L + T + TY?) + || 0sm || w2 (T + T%2)) + (3.61)

+ T B2 + (T2 + T + T°7) || B|°.

It remains to calculate the norms | D220 rprz,, and ) | D20 Lzrz,.- Again
|| <3 || <3
by simetry we calculate just the first one.

D IDYR U (E) g1z, < Y D20 Eollnz,. + ) ||D1/2J E(t =)0 (EF)(t)dt'| g1z, +
o] <3 <3 o] <3
+ |y f Y BH) () |12, — (3.62)
|a<3

=|Dy?0%Eo 12, + I+ 11.
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By Lemma 3.16 we have

I <c(TY? + V)| E| g (Inoll s (1 + T) + Tna| gz + T2 0201 | ) + (3.63)

+¢ >0 0" Elrzrz, (Inollas + T sy + T2 02| 2 s -
IB1I<1

By Lemma 3.17 we obtain

<e( D) 100" Elpzrz 0% Eli2nz, + Y, 10,0 Elrgrz [0 Elrzrz,) x

|1 |<3 |t |<3
‘OLQ|<1 ‘OAQ|§1
x (T+TY |0°2 B2, + | Ellrpus) + ¢TI E| 7z s (3.64)
|az| <1
< (TY?|Elgms + Y 10°E|waLz,)-
|a2|$1

From (3.62), (3.63) and (3.64) we get

2, DB ez, < X ID20Eol iz, + I BNl (Inollws (2 + 2T + T°#) 4 (3.65)

TYz
ool <3 | <3

+ (T2 + T+ T |ny gz + (T2 + T + T°?)| 0.1 12) +

+IEIPT + IBIP (L + T2 + T + T°).

Hence, by apropriate choices of a = a(||Eo| s, T") and T' ( T sufficiently small depending
on |no| g, |1 g2 and |0.n4| =), we see that ¥ maps X, r into X, r. Now if E,W € X, r,
t

(V(E) =W (W))(t) = f Et—t"(E-W)F)(tdt' + J Et—t(E—-W)H)(t)dt.

0 0

The same arguments as in (3.52)-(3.55) shows that

T T
[(W(E) = TW)(O)ms < [E - WIIL%H?J [ (@) s’ + | E — WIIL%H?’J [ H (&) s’
0 0

< 1B = Wlle(Tnollms + Tlnilme + T = + (T? + T%?)a?).

To calculate the next norm we use Proposition 3.5 to obtain
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3 10 (U(E) W )lizag,, < [ 18~ )0°(B = WIFNO iz, ot
la|<1
t
+ [ €@ =)o (B = W)H)(t)|121z,.dt
0

< j 6 ((E — W) F)(t') |t
+ L 0% ((E — W)H)(t’)”szt'.

Next we combine the arguments used in (3.56)-(3.59) to conclude

Z Hﬁa(\IJ(E) — \I/(W))HL%L;PZT < CT1/2H‘E — W|||(T1/2Hn()HH3 + T1/2||n1HH2 + T3/2HazanH2)+

la|<1

+ T||E - W||a® + T3 E — W||a®.

Now we calculate the next two norms.

S 0,0 (W(E) = ¥ (W) prse, < O s f E(t =)0 (E = W)F)(E)dt | 12, +
|o|<3 || <3
# 310 [ £ =908 - WO,
lo|<3
and
S DY W(E) — W(W))l iz, < S |DY? j E(t — )0 (B — W)F)(t)dt |z 12, +
|o|<3 || <3
- ||D1/2f€ (B~ WYH)(E)dt |12,
|o| <3

Following the same ideas as in Lemma 3.16 and Lemma 3.17 we conclude that

S (2.0 (U (E) — WW))| g2, + [P0 (W(E) — (W) ]igrz,.) <

|o<3

< TP+ DB = W2+ Dlnollms + (T + T nill + (1% + T%2)| 02101 | ) +

+ |E = W|la®(1 + T*(T + TY?).
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By simetry we obtain the results to the norms ngl |0 - ”LEL?&T’ Z|a|<3 |0, 0% - ||L;>L2 .
and >}, <3 ||D;/2aa “|zz1z,. Finally we can choose a = a(|Eol 3,1 and T' (T sufficiently

small depending on |no zs, |71 2 and [[0:n1] 72) that satisfies
V(X.r) © Xar, (3.66)

and

U is a contraction. (3.67)

It remains to prove E € C([0,T], H?) and the uniqueness in H*. It is enough to prove

the continuity in £ = 0. So Taking a small 7 > 0 we must show that

|E(t) — Eo|lgs — 0, t — 0, (3.68)
|DY20(E(t) — Ey)||2 — 0, t — 0, for each |a| < 3, (3.69)

and
|D,20%(E(t) — Eo)|r2 — 0, t — 0, for each |a| < 3, (3.70)

where t € |0, Tp).

Since FE satisfies the integral equation
t t
E(t)=E()Ey + J Et =t (EF)(t)dt + J Et—t"(EH)(tdt, (3.71)
0 0

we have that
t

E(t)— Ey = E(t)Ey — Ey + j

Et—t)EF)(t)dt' + Jt Et—t)WEH)(dt'.  (3.72)

Then

|E(t) — Bolas < |€(t)Eo — Eolls + f €t — ) (EF)E) st + f €t — ) (EH)(E) st
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By group properties we get
|E()Ey — Eollgs — 0, t — 0.

Using Lemma 3.15 we have the hyphothesis of Dominated Convergence Theorem and
therefore
t t
J &t = ) (EF)(E)|mdt = 3 J |0°(EF)(#)|p2dt — 0, £ — 0.
0 la|<3 V0
Again by Lemma 3.15 and Dominated Convergence Theorem we have
t t
J &Gt — ) (BH)(E) ot = 3 J |0 (EH)(#)| g2t — 0, £ — 0,
0 la|<3 V0
which proves (3.68).

To prove (3.69) we take |a| = 3 and use the expression (3.72) to obtain

t
D20 (B(®) - Eo)lia < | D20 (E(0) B — Bl + [DV70" | £~ ) (EF)(E)it
0

(3.73)
t
+ ||D1/28C“J Et—t)(EH)(tdt| e
0
Using group properties we have
|DY20%(E(t)Ey — Eo)| 12 = |E(t)DY?6“Ey — DY?0°Ey| 2 — 0, t — 0. (3.74)

Now, following the arguments in the proof of Lemma 3.16 we get

t
Dlﬂaaf Et — ) EF)(t)d| 2 < Ty a(|no s (2 + Ty"*) + || 2 (1 + Ty* + To)
0
(3.75)
+ (T + Ty 0.1 | 2.

Again, we can follow the argumentes in the proof of Lemma 3.17 and obtain

t
Dlﬂaaf E(t — ) EH)()dt |12 < T)?a(1 + T)? + Ty). (3.76)
0
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Since we can take Tp as small as we want, the result follows from (3.73)-(3.76).
The proof of propertie (3.70) is similar to (3.69).
To prove the uniqueness we consider W (t) other solution of the integral equation (3.71)

in some interval [0, 77| < [0,77] such that

W e X, 1, with a; > a, (3.77)
and

W e C([0, T1], H*(R?)). (3.78)
From properties (3.77) and (3.78) we have that exists Ty < T3 such that

sup [W(t)] g0 < a.
tE[O,Tg]

Also, using the same arguments as in (3.56), (3.57) and (3.59) we conclude that exists

T3 < 15 such that

2 10°Wllizrz,. < clEol gs + T3 allno] us + |malluz + Ts|2ma ] 12) < a.

|o]<1
Similarly:
There exists Ty < T3 such that
Z HaaW”LﬁL?ﬁzT <a,
la|<1

There exists Ty < T such that

31000 W | pgp2, <a,

|| <3

and there exists Tg < T5 such that

S 100 W lipsz, <o

|| <3
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Therefore we have W e X, 1,. By the uniqueness of the solutions in X, r we must have
W(t) = E(t), te|0,Ts].

Applying again this process with data E(7s), we can extend the solution W to the
interval [0, 7’| and obtain W (t) = E(t), t € [0,T].

We make two observations about this extension to the interval [0, T']:
1. Since [0, T] is a compact set, the process will have only a finite number of iteractions.
2. If there exists T < T such that

{T;} > T,j >, (3.79)

then we must have 7 = 0 (or we could reapply the process and get Ty > T what

would be a contradiction with (3.79)). Since we have

1

Tjpr >
TETWAT) | s

then T' = 0 would imply |W(T})

i3 — 9, j — o0, what is a contradiction.

To prove (3.6) (and by simetry (3.7)) we use the integral equation (3.71), Proposition

3.3 and Lemma 3.15 to obtain

Z HDi/Qa"‘(E)HL;CszT <|Eo|ms + T1/2Haa(EF)(tl)dtlHLisz + T1/2||aa(EH)(tl)dtI”Liyz

lo|<3

T
<||EO||H3 + CHEHL%H3 (T1/2||n0||H3 + CT1/2HT?,1HH2 + CT3/2||aZTl1||H2)+

+ TPE g Y 10:6% Elzr |67 Elizrs,

|a1|<3
o<1
+ CT1/2||EHL1°9H3 Z ”ayaOﬂEHLZCLizT||aa2E||L§szT
|o¢1|<3
|az|<1

Bl g s < oo
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Now we prove the last part of the theorem. We already know that taking a initial data
Wy = (Eo,no,n1) in the set Z = {Wy = (Ey,9,71) € H> x H> x H*> ; d.,ny € H*} and
choosing a satisfying (3.66) and (3.67) we have a unique solution F € X, r of the integral
equation (3.71). So, fixing a initial data Wy € Z, let V' be a neighborhood of Wy in Z and

E(t) the corresponding solution in X, 7.

Define
Hi:  VxX.r = Xor i
((Bo, o, 1), E(t)) — E(t) — Wy, (B)(t) = t ) (3.80)
= E(t) — (E(t)Eo + §, E(t — ) FL(E)(t)d),
where
F(E)=E(F+H),
F = N(t)ng + N'(t)iy, (3.81)
and
H= fN(t — AL (B () at'. (3.82)

Thus H; is smooth, Hy(Wy, E(t)) = 0, and

Dy Hi(Wy, E(t))W (t) = W(t) + Lte(t — t"YDw Fy(t')dt'.
Using the same arguments before it is easy to see that

[Wlle(a, T) < | Dw Hi(Wo, E()W ()| < [[Wl|ev(a, T),

where a and T must satisfies (3.66) and (3.67).

Then Dw Hy(Wy, E(t)) : Xor — Xar is one-to-one and onto. Thus by the implicit

function Theorem exists h : V — X, smooth (V < V) such that
H(Wo,h(Wo)) =0V WO € ‘N/ C V,

and
t

h(Wo) = E(t)Ey + J E(t —t')FL(h(Wy))(t)dt’

0
is a solution of the integral equation (3.71) with data Wy (instead of Wj).



Conclusion

In conclusion, we point out some open problems connected with this work:

- In the second chapter we proved global well-posedness and self-similar solutions to the
Davey-Stewartson system in the elliptic-elliptic case. To the hyperbolic-elliptic case
we could get just the global well posedness (see Remark 2.7). Do we have self-similar

solution in this case?

- Also in the second chapter, we don’t know any results about ill-posedness of the

Davey-Stewartson system.

- In the third chapter there are several questions still unanswered that concerns to:
conservation laws (we only know in L?), ill-posedness, the sobolev indices s #
3,5,7,9,.... The Strichartz estimates (Proposition 3.10) will certainly be usefull

in future works to improve the Sobolev indices.

- There is still a gap between 1 and 3/2 in the propositions 3.5 and 3.8 (maximal

function estimate to the homogeneous Zakharov equation).
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Baixar livros de Literatura

Baixar livros de Literatura de Cordel
Baixar livros de Literatura Infantil
Baixar livros de Matematica

Baixar livros de Medicina

Baixar livros de Medicina Veterinaria
Baixar livros de Meio Ambiente
Baixar livros de Meteorologia
Baixar Monografias e TCC

Baixar livros Multidisciplinar

Baixar livros de Musica

Baixar livros de Psicologia

Baixar livros de Quimica

Baixar livros de Saude Coletiva
Baixar livros de Servico Social
Baixar livros de Sociologia

Baixar livros de Teologia

Baixar livros de Trabalho

Baixar livros de Turismo



http://www.livrosgratis.com.br/cat_28/literatura/1
http://www.livrosgratis.com.br/cat_28/literatura/1
http://www.livrosgratis.com.br/cat_28/literatura/1
http://www.livrosgratis.com.br/cat_28/literatura/1
http://www.livrosgratis.com.br/cat_28/literatura/1
http://www.livrosgratis.com.br/cat_28/literatura/1
http://www.livrosgratis.com.br/cat_28/literatura/1
http://www.livrosgratis.com.br/cat_30/literatura_de_cordel/1
http://www.livrosgratis.com.br/cat_30/literatura_de_cordel/1
http://www.livrosgratis.com.br/cat_30/literatura_de_cordel/1
http://www.livrosgratis.com.br/cat_30/literatura_de_cordel/1
http://www.livrosgratis.com.br/cat_30/literatura_de_cordel/1
http://www.livrosgratis.com.br/cat_30/literatura_de_cordel/1
http://www.livrosgratis.com.br/cat_30/literatura_de_cordel/1
http://www.livrosgratis.com.br/cat_30/literatura_de_cordel/1
http://www.livrosgratis.com.br/cat_30/literatura_de_cordel/1
http://www.livrosgratis.com.br/cat_30/literatura_de_cordel/1
http://www.livrosgratis.com.br/cat_30/literatura_de_cordel/1
http://www.livrosgratis.com.br/cat_29/literatura_infantil/1
http://www.livrosgratis.com.br/cat_29/literatura_infantil/1
http://www.livrosgratis.com.br/cat_29/literatura_infantil/1
http://www.livrosgratis.com.br/cat_29/literatura_infantil/1
http://www.livrosgratis.com.br/cat_29/literatura_infantil/1
http://www.livrosgratis.com.br/cat_29/literatura_infantil/1
http://www.livrosgratis.com.br/cat_29/literatura_infantil/1
http://www.livrosgratis.com.br/cat_29/literatura_infantil/1
http://www.livrosgratis.com.br/cat_29/literatura_infantil/1
http://www.livrosgratis.com.br/cat_32/matematica/1
http://www.livrosgratis.com.br/cat_32/matematica/1
http://www.livrosgratis.com.br/cat_32/matematica/1
http://www.livrosgratis.com.br/cat_32/matematica/1
http://www.livrosgratis.com.br/cat_32/matematica/1
http://www.livrosgratis.com.br/cat_32/matematica/1
http://www.livrosgratis.com.br/cat_32/matematica/1
http://www.livrosgratis.com.br/cat_33/medicina/1
http://www.livrosgratis.com.br/cat_33/medicina/1
http://www.livrosgratis.com.br/cat_33/medicina/1
http://www.livrosgratis.com.br/cat_33/medicina/1
http://www.livrosgratis.com.br/cat_33/medicina/1
http://www.livrosgratis.com.br/cat_33/medicina/1
http://www.livrosgratis.com.br/cat_33/medicina/1
http://www.livrosgratis.com.br/cat_34/medicina_veterinaria/1
http://www.livrosgratis.com.br/cat_34/medicina_veterinaria/1
http://www.livrosgratis.com.br/cat_34/medicina_veterinaria/1
http://www.livrosgratis.com.br/cat_34/medicina_veterinaria/1
http://www.livrosgratis.com.br/cat_34/medicina_veterinaria/1
http://www.livrosgratis.com.br/cat_34/medicina_veterinaria/1
http://www.livrosgratis.com.br/cat_34/medicina_veterinaria/1
http://www.livrosgratis.com.br/cat_34/medicina_veterinaria/1
http://www.livrosgratis.com.br/cat_34/medicina_veterinaria/1
http://www.livrosgratis.com.br/cat_35/meio_ambiente/1
http://www.livrosgratis.com.br/cat_35/meio_ambiente/1
http://www.livrosgratis.com.br/cat_35/meio_ambiente/1
http://www.livrosgratis.com.br/cat_35/meio_ambiente/1
http://www.livrosgratis.com.br/cat_35/meio_ambiente/1
http://www.livrosgratis.com.br/cat_35/meio_ambiente/1
http://www.livrosgratis.com.br/cat_35/meio_ambiente/1
http://www.livrosgratis.com.br/cat_35/meio_ambiente/1
http://www.livrosgratis.com.br/cat_35/meio_ambiente/1
http://www.livrosgratis.com.br/cat_36/meteorologia/1
http://www.livrosgratis.com.br/cat_36/meteorologia/1
http://www.livrosgratis.com.br/cat_36/meteorologia/1
http://www.livrosgratis.com.br/cat_36/meteorologia/1
http://www.livrosgratis.com.br/cat_36/meteorologia/1
http://www.livrosgratis.com.br/cat_36/meteorologia/1
http://www.livrosgratis.com.br/cat_36/meteorologia/1
http://www.livrosgratis.com.br/cat_45/monografias_e_tcc/1
http://www.livrosgratis.com.br/cat_45/monografias_e_tcc/1
http://www.livrosgratis.com.br/cat_45/monografias_e_tcc/1
http://www.livrosgratis.com.br/cat_45/monografias_e_tcc/1
http://www.livrosgratis.com.br/cat_45/monografias_e_tcc/1
http://www.livrosgratis.com.br/cat_45/monografias_e_tcc/1
http://www.livrosgratis.com.br/cat_45/monografias_e_tcc/1
http://www.livrosgratis.com.br/cat_37/multidisciplinar/1
http://www.livrosgratis.com.br/cat_37/multidisciplinar/1
http://www.livrosgratis.com.br/cat_37/multidisciplinar/1
http://www.livrosgratis.com.br/cat_37/multidisciplinar/1
http://www.livrosgratis.com.br/cat_37/multidisciplinar/1
http://www.livrosgratis.com.br/cat_38/musica/1
http://www.livrosgratis.com.br/cat_38/musica/1
http://www.livrosgratis.com.br/cat_38/musica/1
http://www.livrosgratis.com.br/cat_38/musica/1
http://www.livrosgratis.com.br/cat_38/musica/1
http://www.livrosgratis.com.br/cat_38/musica/1
http://www.livrosgratis.com.br/cat_38/musica/1
http://www.livrosgratis.com.br/cat_39/psicologia/1
http://www.livrosgratis.com.br/cat_39/psicologia/1
http://www.livrosgratis.com.br/cat_39/psicologia/1
http://www.livrosgratis.com.br/cat_39/psicologia/1
http://www.livrosgratis.com.br/cat_39/psicologia/1
http://www.livrosgratis.com.br/cat_39/psicologia/1
http://www.livrosgratis.com.br/cat_39/psicologia/1
http://www.livrosgratis.com.br/cat_40/quimica/1
http://www.livrosgratis.com.br/cat_40/quimica/1
http://www.livrosgratis.com.br/cat_40/quimica/1
http://www.livrosgratis.com.br/cat_40/quimica/1
http://www.livrosgratis.com.br/cat_40/quimica/1
http://www.livrosgratis.com.br/cat_40/quimica/1
http://www.livrosgratis.com.br/cat_40/quimica/1
http://www.livrosgratis.com.br/cat_41/saude_coletiva/1
http://www.livrosgratis.com.br/cat_41/saude_coletiva/1
http://www.livrosgratis.com.br/cat_41/saude_coletiva/1
http://www.livrosgratis.com.br/cat_41/saude_coletiva/1
http://www.livrosgratis.com.br/cat_41/saude_coletiva/1
http://www.livrosgratis.com.br/cat_41/saude_coletiva/1
http://www.livrosgratis.com.br/cat_41/saude_coletiva/1
http://www.livrosgratis.com.br/cat_41/saude_coletiva/1
http://www.livrosgratis.com.br/cat_41/saude_coletiva/1
http://www.livrosgratis.com.br/cat_42/servico_social/1
http://www.livrosgratis.com.br/cat_42/servico_social/1
http://www.livrosgratis.com.br/cat_42/servico_social/1
http://www.livrosgratis.com.br/cat_42/servico_social/1
http://www.livrosgratis.com.br/cat_42/servico_social/1
http://www.livrosgratis.com.br/cat_42/servico_social/1
http://www.livrosgratis.com.br/cat_42/servico_social/1
http://www.livrosgratis.com.br/cat_42/servico_social/1
http://www.livrosgratis.com.br/cat_42/servico_social/1
http://www.livrosgratis.com.br/cat_43/sociologia/1
http://www.livrosgratis.com.br/cat_43/sociologia/1
http://www.livrosgratis.com.br/cat_43/sociologia/1
http://www.livrosgratis.com.br/cat_43/sociologia/1
http://www.livrosgratis.com.br/cat_43/sociologia/1
http://www.livrosgratis.com.br/cat_43/sociologia/1
http://www.livrosgratis.com.br/cat_43/sociologia/1
http://www.livrosgratis.com.br/cat_44/teologia/1
http://www.livrosgratis.com.br/cat_44/teologia/1
http://www.livrosgratis.com.br/cat_44/teologia/1
http://www.livrosgratis.com.br/cat_44/teologia/1
http://www.livrosgratis.com.br/cat_44/teologia/1
http://www.livrosgratis.com.br/cat_44/teologia/1
http://www.livrosgratis.com.br/cat_44/teologia/1
http://www.livrosgratis.com.br/cat_46/trabalho/1
http://www.livrosgratis.com.br/cat_46/trabalho/1
http://www.livrosgratis.com.br/cat_46/trabalho/1
http://www.livrosgratis.com.br/cat_46/trabalho/1
http://www.livrosgratis.com.br/cat_46/trabalho/1
http://www.livrosgratis.com.br/cat_46/trabalho/1
http://www.livrosgratis.com.br/cat_46/trabalho/1
http://www.livrosgratis.com.br/cat_47/turismo/1
http://www.livrosgratis.com.br/cat_47/turismo/1
http://www.livrosgratis.com.br/cat_47/turismo/1
http://www.livrosgratis.com.br/cat_47/turismo/1
http://www.livrosgratis.com.br/cat_47/turismo/1
http://www.livrosgratis.com.br/cat_47/turismo/1
http://www.livrosgratis.com.br/cat_47/turismo/1

