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Livros Grátis 
 

http://www.livrosgratis.com.br 
 

Milhares de livros grátis para download. 
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å vyßszyo(x0v��*����&3�����,¯Fe��?��&g�h+ Î | m���Ó@Î�Ô�n «�ßsqs{�uwvixdr¶í�vÀo�vyí�u�r!oer!{��ã m�ÖXÐsÕ�Ë�â0Ë�Ô�n «�ßsqà{eu�v x³r¶qàtgu�r!qào�z�{��ãm�m4�oÇ"Ç"ÊAn�n «�ßsqà{euwv°xdr¨ßsqs{�uwvy{Sx³r å vyßàz�o�r5{_��z
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í5z�td{eqsxdr5o�r§v²xdr&�0t³q���öÀz(v��0vÀq��9z>ë0vÀo�v>v¬� Þ t@�!öyz
ÑsÔ@ÇyÐ0â�¢�É"ÐÃåcÕaÏ�ÇcÐ vÀtdzyuwvÀx0vpí!z�éÖzpu�qàë�z ÖXÐsÕ�Ë�â�Ë�Ô → à�ÕsÔaÏXÐ0â î�â�zyé�zpz¨ë0vÀo��yéFr5u�o�z � ì Þ {�vyx³z²í5z�éFzÞ é å vyßàz�oq�1z9zyßsr�vÀtdzdã³z}í5z�é�ë³qsß¥vÀxdz�o�qàxdr!tgu�q5�0í!v Þ é r!oeo�z}x Þ o�vytgu�r°v å r!oeq5�0í!v���öyzFxdr§u�qàë�zy{!|

ÑsÔ@ÇcÐ�â�¢�É"ÐaåyÕaÏ�ÇcÐ Þ"Þ�ÖXÐsÕ@Ë�â0Ë�Ô → à�Õ0ÔoÏXÐ0â
ÑsÔ@ÇcÐ�â�¢�É"ÐaåyÕaÏ�ÇcÐs�ÒÛçÏcØ��ÜÕ�Ó@Ë�ÐÒé"ÕsÔ�ÉdË�ë×Ë0ÊsÚ�ËÍésØ0Î0Ê0Ú�Ë�ë
Ô0Ë�ÚiÉaÊyÕ�Î�È@ÇÍÈ@ÇÒå�ÇiÆ0èÃÏ�Ê�Î�ÈdÇ�Ô�Þ��ÇcÉoÊ�È�Ð�ð ÕÜÆdÎ�ÕaåiÓ¤£K�dÇ"Ç"Ê�ð$Î�â�Î@ÏXÐaÚcÕ�£,ÖiÐsÕ�Ë�â0Ë�Ô-ð����è@Ë�åcÕ�Ë�ÈÒÕ���è@Ë-Þ?�dÇ"ÇsÊ

ÖXÐ�Ø0Ë�Ô"Ô0Ë�ÈÒÕ���è@Ë-Þ�ÖXÐsÕ@Ë�â0Ë�Ô
ÖXÐÒÕ�Ó@Ëñè0Ô0Ë�ÈoÏ"å�Î�Õ�ËÒËb��è�Ô0Ë�Ú"ÚsÏ�ÇcÐqÞ¥�
ÖXÐÒÕ�Ó@ËÅÈ0Ë�ØoÏXÐõÏiÕaÏ�ÇcÐ�Ç�Ø�£ ÑsÔdÇcÐ0â�¢�ÉsÐaåcÕaÏ�ÇyÐ�ð0Þ

ÑsÔ@ÇcÐ�â�¢�É"ÐaåyÕaÏ�ÇcÐs�ÒÛçÏcØ��ÜÕ�Ó@Ë�ÐÒé"ÕsÔ�ÉdË�ë×Ë0ÊsÚ�ËÍésØ0Î0Ê0Ú�Ë�ë
� qséFë1z�oeu�vytgu�r§tdzyu�vyo Ý:Þ ryã1í!z�é ë1z Þ í!vy{½r%�9í!r(�&'9r5{!ã8vytdzyu�v��('
r!{�xdr²u�qsë1z�{St0öÀz3{�öÀz3tdr5í!r!{e{�áyoeq¥vy{/r!éëdoez�ç�o�vÀé3vy{Ur5é�:½vy{A}yr5ßsß;ã:ë1z�qs{Æz²í!z�éFëdqàß¥vyxdzyo�ìZí!vyë0vy÷/xdr/qst���r5o�qào Þ é u�qàë�z¨ë0vyo�v²í!vyx0v²{�êsé���z�ßàz Ý:Þ ro�r5ëdo�r5{�r5t:u�v u�z9x³z�{(z�{(u�qsë1z�{ Ý:Þ r-zLëdoez�ç�o�vyé3vÀxdz�o>ë1z
xdr!oeq¥vivyt³zyuwvyo°ë0vyo�vLv Ý:Þ r!ßàr-{�êsé���z�ßàzdî  {eu�ru�qàë�z}ì¨íwæ0vyé�vyxdzFz}��&g�h+¦��� &'�õ°�&g����¯�xdz�{eêséz�1z�ßàzdîÅnÖëdoez9í5r!{�{ez3xdr²í�áÀßsí Þ ßszVxdz�{�u�qàë�zy{Sëdo�qàtdí!qàë0vyqs{�xdrÞ é ë³o�z�ç�o�vyé�v(ì²íwædvyé3vÀxdz?&'�¨§¨���%©��õ°�&3�ie��ª��&g�h+2)�î
« \ S UQW�¬[�EI[�HK\KL�UQWYLñ ßàqstdç Þ vyç�r5éE:½vy{A}yr5ßsß�ë�z�{e{ Þ q Þ é�v�{eqstguwvy�9r°r!{�ë1r!í5q¥vyß�ë0vyo�v�oer!ëdoer!{�r5tguwvyopßàqs{�uwvy{5ã Ý:Þ r>ì Þ {�vyx0v3t0vÀ{xdr,�0tdq��&'9r5{9��r!q±uwvy{�tdzÑéFè9x Þ ßsz à@ÏXÆsèoÊ�Ë"àsË�Õ x³zÑr,�9r!éFëdßàz�vytgu�r5o�qszyo!î n u�qsë1z�xdrixdvyxdz�{~x³r Þ é�vßsqà{eu�v³ã m Îon ã�ì Þ éÿu�qsë1z�xdr�xdvyxdz�{�«�eo���4�¥�3® �h�i¨x³r&�0tdqàxdzüqàtdx Þ u�q å vyéFr!tgu�rVí5z�éFz Þ é�v-ßsqà{euwv å vy÷5q¥v³ão�r5ëdo�r5{�r5t:u�vyx0v¨ë�zyo m`n4ã z Þ ë�zyo Þ é�vpßsqs{�uwv³ãÀo�r5ëdo�r5{�r!tgu�vyx0v§ë�zyo O¹Þ OdÊ ãgí!zytd{eu�o Þ êàx0vpë�r5ß¥v½qàtd{�r5o~�!öyzxdr Þ é å vyßsz�o O ãdxdrpu�qàë�z Î ã³t0vz��o�r!tgu�r§xdr Þ é�v(ßsqs{�uwv OdÊ xdrpu�qàë�z m Îbn î�n§{S{eêséz�1z�ßàz�{ m`n r ø@Þ�ù {�öyzz�{
°%+*��)���� ¯��K+*�°�%)±e��?eo�oe�+2)3xdr~ßàqs{eu�vy{!ã�í Þ äezy{°u�qàë�zy{>{�öÀzdã�o�r5{�ë1r!í�u�q å vyéFr!tgu�ryã m Îbn r Î → m Îbn →m Îbn îBÅvyßszyo�r!{¨xdr}u�qàë�z�ßàqs{eu�v~ë�z
xdr5é {�r!o²r!{eí!oeqàu�zy{ Þ {�vytdx³z Þ é�v¶{eqstguwvc�³r}r5{�ë1r!í!qsvyß;ã?í5z�é�z¶éFz�{eu�o�v�vxdr,�0tdq��!öyzÑx0v<í!z�t³{euwvÀt:u�r Ëb�0àsË�Õ |<v�tdzyu�v���öÀz m �Gã~í�ã��/ãK�4ã� bn ìO{�qséFëdßàr!{�éFr!tgu�r Þ é�v�v��do�r å qsv���öÀzë0vyo�v � Þñø~íäÞÍø��ßÞñø��»Þ�ø° äÞ�m`noù"ù"ùsù îñ {¢� Þ t@�&'9r5{ Ô0ËyÆaÇAO�Ë r ÆoËyÆ�P@Ë�Ô Þ {�vyéPz Þ u�o�v<{eqstguwvy�9r¶r!{eë�r5í!q¥vÀßSë0vyo�v ßsqà{eu�vy{!ã Ý:Þ rOìOvyt0áÀßsz�çgv
= {�qstgu�vy�9r Þ {�vyx0v ë0vyo�v<o�r5ëdo�r5{�r!tgu�vyo3í5z�t6ä Þ tgu�zy{�r5é u�r!z�oeq¥vLxdz�{Fí!zyt6ä Þ tgu�z�{5î n {�qàç�tdq��0í�vyx³z�x0vÀ{
� Þ t@�&'9r5{ Ô0Ë�ÆaÇ*O�Ë r ÆdËyÆ�P@Ë�Ô ë�z
xdr!éX{�r5opxdr5{�í!oeqàu�z�{§ë�r5ß¥vy{Zr,�9ëdoer!{�{A'9r5{°í5z�o�oer!{eë�z�t³xdr!tgu�r5{ Þ {�vyt³xdz�v{�qàtguwvy�9r¨xdr§u�r5z�o�qsv(xdz�{�í!z�t"ä Þ tgu�z�{5|

remove value set = {v | bv ∈ set ∧ v 6= value}

member value set = {v | v ∈ set ∧ v = value} 6= ∅

��qstdvyßséFr!tgu�rÀã1v�ßsqàtdç Þ vÀç�r!éE:Zvy{~}Àr!ßàß�u�vyéz�1ì!é qstdí5ß Þ q Þ é3vF{�qstgu�vy�9r(r!{eë�r5í!q¥vÀß�ëdvyo�v~vFxdr&�dtdq��!öyzxdr¨{�r Ý:Þ �!tdí5q¥vy{Zvyoeqàu�éFì5u�qsí!vy{!|
Ú ò



qaûsr,t'u2�
�wvVxoÿzy|{}�	yT{�t ý|vV�zy
vVx�~���y|u*��x�{�{

• m �d²ßï"ï;í�²bn |Æßsqà{euwv(x³r²t"ªdéFr!oez�{�t0vÀu Þ o�vyqà{�xdr Ú � v<{ � î
• m íäïsï`n�Þ ßsqà{eu�v(xdr¨tsª³é�r5o�z�{�t0vÀu Þ o�vÀqs{�vyí5qsé�v>xdr Ú î
• m �Gã�� ï"ï`n�Þ ßàqs{�uwv>xdr¨t"ªdéFr!oez�{�t0vÀu Þ o�vyqà{SêséFë0vyo�r5{!î

³ WYLQW;´µ[ S UQJµEI[�]=W;E·¶¹¸YJñ {-� Þ t@�&'9r5{ ÉsÐÃÏ�ÇcÐ ËçÏXÐsÕ�Ë�ÔdÚ�Ë�åcÕÃÏ�ÇcÐ ãdxdr,�0tdqsxdvy{Ætdz°éFè
x Þ ßsz à@Ï(ÆsèoÊ�Ë"à"Ë�Õ ã³{�öÀz°r%�³r5é�ë³ßsz�{Æxdr/xdr&�0�tdq5�('
r!{���r5qàuwvÀ{ Þ {�vÀtdxdz °��*)º��!-���h�K+¦e������oe���c�+6ã Ý:Þ rSxdr,�0tdr Þ é å vyßsz�o�vÀu�o�v å ì!{Æxdr�xdq å r!o�{�vy{Ær Ý:Þ v��&'9r5{vyß±u�r!oet0vÀu�q å vy{!ã�z�tdx³r~í�vyxdvivyßàu�r!oet0vÀu�q å v¶oer!ëdoer!{�r5tguwv Þ é ë0vyxdo�öyzüxdr å vÀßsz�o²ë0vyo�vüzivyoeç Þ éFr!tgu�züx0v
� Þ t@�!öyzdî ñ {Vxdr&�dtdq��&'9r5{Fx³r�vyéz�0vy{}vÀ{z� Þ t@�('
r!{}ë1z�{�{ Þ r!é x Þ vy{Fvyß±u�r!oet0vÀu�q å vy{!|�vLëdo�qàé�r5qso�vOë0vyo�vßsqà{eu�vy{ å vy÷!qsvy{!ã Ý:Þ r}í!vy{�vyé í!z�é z-ë0vyxdo�öyz m�n ã?r}v-{�r5ç Þ tdx0v�ë0vyo�v-ßsqs{�uwvy{Zt0öyz�� å vy÷!qsvy{!ã Ý:Þ r}í!vy{�vyéí!zyé z}ë0vyxdo�öyz ø�O»Þ OdÊ0ù înÖí�vÀ{�vyéFr!tgu�z}xdr¨ë0vÀxdo�öyz}ì¨o�r!vyßsqà÷�vyx³z(t0v}z�o�xdr5é^u�r,�
u Þ vÀßQr!é Ý:Þ r°vy{�vyß±u�r!oet0vÀu�q å vy{Svyëdvyo�r5í!r!étdz}ëdoez�ç�o�vÀé3v³î
»¼[
½�GI¶�LQ¸YJ
 é ßsqàtdç Þ vÀç�r!td{Ã� Þ tdí!qàz�t0vyqà{!ãßsv��!z�{8rÅoer!ë1r5u�q��('
r!{Q{�öyz�í!z�t³{eu�o Þ êsx³z�{�v�ë0vyoeu�qso`x³r=e��¾jY�h&¾aA¿2�%)V�%� °�¯��°)�&'�*�*)xdr¢� Þ t@�&'9r5{!î ñ { � Þ t��('
r!{ É"ÐÃÏ�ÇcÐ r ÏXÐsÕ�Ë�ÔdÚ�Ë�åcÕÃÏ�ÇcÐ ãUxdzüéFè
x Þ ßsz à@Ï(ÆsèoÊ�Ë"à"Ë�Õ ãU{�öyz¶r,�9r!éFëdßàz�{¨xdr� Þ t@�&'9r5{§o�r5í Þ oe{�q å vy{5îVõ½r,�0tdq��&'9r5{ Ý:Þ r Þ {�vyé o�r5í Þ oe{�öyz�rVí�vÀ{�vyéFr!tgu�z�xdrVëdvyxdo�öÀz Þ { Þ vÀßséFr!tgu�rV{�öyzí�vÀ{�z�{�xdrÀ&'��e�¯Qadc�+9�%)���� ¯���¯�����¯¡î
Á GIWV¶¹E=WYLñ xdr,�0tdq5��öyzLx0vá� Þ t@��öyz ÏXÐsÕ�Ë�Ú�Ë�åcÕaÏ�ÇyÐ ì Þ é r%�9r!éFëdßszix³r Þ é3vOxdr&�0t³q���öÀz Ý
Þ r ��vy÷ Þ {ezLxdrÂ��ÃbÄ���°�%)%)2¿2�%)$°%+*! ±�¯�����eo�*)�ã Ý
Þ rüë1r!o�éFqàu�r¶v�r!{eë�r5í!q��0í�v��!öyzÑxdr¶xdr,�0tdq��&'9r5{~vyß±u�r5o�t0vÀu�q å vy{5ã�í!vyx0v Ý:Þ vÀßo�r5ß¥vyí5qsz�tdvyx0v>í5z�é Þ é�v(r,�9ëdoer!{e{�öyz<��z
z�ßàr�vyt0v «�ç Þ vÀo�x0v�®îÆõ½r&�dtdq��&'9r5{ Þ {�vyt³xdz}ç Þ vyoex0vy{S{�öÀzF{eqséFqsßsvy�o�r5{�v/xdr&�0t³q��('
r!{�ë�zyo�í!vy{�zZx0vZé�vÀu�r5é3á6u�qsí!v³ã"z Ý:Þ r�ë�z
xdrÅ{�r!o�qsß Þ {eu�o�vyxdz�í5z�é�ëdvyo�vyt³xdz���{er�v/xdr&�dtdq��!öyzx0vz� Þ t@�!öyz ÏiÐsÕ�Ë�ÔdÚ�Ë�åcÕaÏ�ÇyÐ í!zyé v}{�r!ç Þ qstgu�r¨xdr,�0tdq5��öyzd|

∅ ∩ X = ∅

({v} ∪X) ∩ Y =

{

{v} ∪ (X ∩ Y )
{er

v ∈ Y

X ∩ Y
{�r

v /∈ Y

n^éFè9x Þ ßsz±Å Î�Õ"É0Ô0Î0Ê Å É�Æ�P@Ë�ÔoÚ ã�x³r&�0tdqàxdz¶t0vy{��0ç Þ o�vy{�{9î|{�r�{9î ó ã?vyëdoer!{er!tguwv¶x Þ vy{²qséFëdßsr5é�r5t0�uwv��('
r!{�xdqà{eu�qstguwvy{�xdr§t"ªdéFr!o�zy{�t0vÀu Þ o�vyqà{�rpr%�9r!éFëdßsq��0í�v>z Þ u�o�vy{�x Þ vÀ{Sí�vyo�vyí5u�r!o�êà{eu�qsí�vÀ{�qséFë1z�oeu�vytgu�r!{x0v²ßsqst³ç Þ vyç�r5é�:Zvy{~}Àr!ßsß+|�xdr5í!ß¥vÀo�v��&'9r5{�xdr�u�qàë�zy{Åx³r½x0vyx³z�{8«�eo���`���3®%�h�%)yUr½xdr/í!ßsvy{�{er!{�x³rZu�qàë�zy{ «K��®%�h�
°,¯1�*)%)2�%)y®î
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Æ \�]^JYL�E=[�EIWYE=JYLñ {¨xdr,�0tdq5�('
r!{¨xdr}u�qsë1z�{px³r�x0vÀxdz�{§ëdoer!{�r5tgu�r!{>tdz�é�è
x Þ ßàz±Å Î�Õ�É0Ô0Î�Ê Å É�Æ�PdË�ÔdÚ o�r å r!ßsvyé v-{�qàt:u�vy�9rÞ {�vyx0v}ë0vyo�vVxdr,�0tdqào Þ é tdz å zFu�qàë�zVxdr¨x0vÀxdz�{�r!é Þ é ëdo�zyç�o�vyé�v³î ñ ßàqstdædv
È0Î�Õ�ÎTÇsÐ@Î�Ô�� Å Î�Õ"É0Ô0Î0ÊÜÛ�ÇsÐ@Î�Ô��QÈ"Ë�Ô@Ç¤�#ÇsÐ@Î�Ô��0à�Éaå"å¼Ç0Ð@Î�Ô�� Å Î�Õ�É0Ô0Î�Ê

xdr,�0tdr Þ é u�qàë�zVx³r²xdvyxdz�{ Ý:Þ r¨í!z
xdq5�dí�vVt"ªdé�r5o�z�{�t0v6u Þ o�vyqs{ Þ {�vytdxdz Þ é�vVo�r!ë³o�r!{er!tguwv���öyz Þ t0áyoeq¥v³î
© é�v(xdr&�dtdq��!öyz}xdr Þ é^u�qsë1zVxdr§x0vyx³z�{Sí!z�t³{�qs{�u�r§r5é Þ é í5z�t6ä Þ tgu�zFx³r§xdr&�0t³q��('
r!{Sx³r²í5z�td{�u�o Þ �u�zyo�r!{°xdr~x0vÀxdz�{!ã�{�r!ëdvyo�vyx³z�{(ë1r!ßszO{�êàéz��zyßszÊÉ¾ËgÉ±îLâ�vyx0vOí!z�td{�u�o Þ u�z�o°xdr~x0vÀxdz�{>ì�qsxdr5tgu�q5�dí�vyxdzOë�zyoo�èÀu Þ ßàzáªdtdqàí!zit³zLr!{�í5z�ë1zLxdzLëdo�zyç�o�vyé�v³ã Ý
Þ r-zixdqs{�u�qàtdç Þ r�xdr~z Þ u�o�z�{>í!z�td{�u�o Þ u�z�oer!{Vxdr3x0vyxdz�{>rë1z�{�{ Þ q0í!z�éFz§r!{eë�r5í!q��0í�v��!öyz Þ é�vp{�r Ý:Þ �5tdí!qsv²x³r�u�qsë1z�{ Ý:Þ r�o�r5ëdo�r5{�r5t:u�vyé z�{�u�qsë1z�{�xdzy{Åëdvyo��yéFr5u�o�z�{xdr5{eu�r²í!zytd{eu�o Þ u�z�o!î
© é t"ªdéFr!o�z�t0vÀu Þ o�vyß�o�r5ëdo�r5{�r5t:u�vyxdz~ë1z�o ÇsÐdÎ�Ô�� Å Î�Õ�É0Ô0Î0Ê ì°z Þ z3t"ªdéFr!oez3÷!r5o�z « ÇsÐdÎ�Ô��QÈ"Ë�Ô@Ç z Þ zF{ Þ í5r!{�{ez�o/xdr¨z Þ u�oez}tsª³é�r5o�zFt0vÀu Þ o�vyß Þ t0áyo�qàz;« ÇsÐ@Î�Ô��0à�Éaåså ®îñ {/z Þ u�o�vy{�x Þ vÀ{Zxdr,�0tdq5�('
r!{�xdr¨u�qsë1z�{SxdzFéFè9x Þ ßsz,Å Î�Õ"É0Ô0Î0Ê Å É�Æ�P@Ë�ÔoÚ uwvÀéz��ì5é í!z
xdq��0í�vyé tsªs�éFr!o�zy{§t0vÀu Þ o�vyqà{!ãQë1z�o�ì5é Þ {�vytdxdz Þ é�v~o�r!ë³o�r!{er!tguwv���öyz;�dqst0áÀo�q¥v9ã8í!zyéÿz�xdêsç�q±u�z~é�vyqà{½{�qàç�tdq��0í�vytgu�rë0vyo�v}v}x³qso�r5qàu�v³|
È0Î�Õ�Îw�aÏXÐdÎ�Ô�� Å Î�Õ�É0Ô0Î0ÊÒÛ��aÏXÐ Å ÇcÐ@Ë��-�aÏXÐ"ÌoÇ�Ô0Ë��aÏXÐ�ÌaÏyâoÏiÕ��aÏXÐ@Î�Ô�� Å Î�Õ"É0Ô0Î0Ê
È0Î�Õ�Îw�aÏXÐQÌaÏcâoÏiÕçÛ�È"Ë�Ô@Ç��?Í�Ð@Ë

© é u�qsë1z�xdr°x0vyxdzy{½ë1z9xdr°{�r5o½ë0vyo�vyéFr5u�oeqs÷!vyxdzdî © éÂ�1z�é r,�9r5é�ëdßàz3xdr Þ é u�qàë�z�xdr>x0vÀxdz�{½ëdvyo�vy�éFr5u�oeqs÷!vyxdzVì¨zVu�qsë1zVßsqà{eu�v³|
È0Î�Õ�ÎÅóoÏ�ÚyÕ�ÎÒÎÍÛÜóoÏ�ÚcÕ�ÎbÎ�ÎbÏoÏ�Î�� óoÏ�ÚcÕ@Î Å Î0Ç*Î@ÎbÏoÏ�ÎçÎEø³óoÏ�ÚyÕ�ÎÒÎ@ù

n Þ u�oez}r,�9r!éFëdßsz}ì¨zVu�qàë�zVxdr Þ é�v}áyo å z�o�r¬�dqàt0áyoeq¥v³|
È0Î�Õ�Îw�aÏXÐQÐsÔ0Ë"ËÒÎÜÛÍó0Ë"Î�Ø�� Å Ç�È0ËìÎ®øK�aÏXÐ�Ð0Ô0Ë"ËÒÎ@ù øK�aÏXÐ�Ð0Ô0Ë"ËÒÎ@ù

© é^u�qsë1zVxdr¨x0vyx³z�{�ë�z
xdrpu�r5o�é3vyqà{�xdr Þ é ëdvyo��yéFr5u�o�zdã³í!z�éFzVz�{er!ç Þ qstgu�r§u�qàë�zVx³r²x³qsí!qàz�t0áyoeqszd|
È0Î�Õ�ÎwÌaÏ�åyÕ�ÐsÔ0Ë"Ë�Ñ�Ëo��O�Î�ÊcÉ@ËìÛ�ÌaÏ"åcÕsó0Ë"Î�ØÒ�ÌaÏ"åcÕ Å Ç�È�Ë�Ñ�Ëb��O�Î0ÊcÉ@Ë®øKÌaÏ"åcÕ�ÐsÔ0ËsË�Ñ�Ëb��O�Î0ÊcÉ@Ëdù ø�ÌaÏ�åcÕ�Ð0Ô0Ë"Ë�Ñ�Ëb��O�Î0ÊcÉdË@ù

© é^u�qsë1zVxdr¨x0vyx³z�{�ë0vyo�vÀé�r�u�o�qà÷�vyx³zVì¨u�vyéz�1ì!é^íwæ0vyé�vyxdz Þ é u�qsë1zVxdr¨x0vyxdz�{Ó�h+y¯/&'!-�*�'jq°%+�Ô
Ú �



qaûsr,t'u2�
�wvVxoÿzy|{}�	yT{�t ý|vV�zy
vVx�~���y|u*��x�{�{
³ HKWYLQL�[
L"E=[�UQ\�]fJ;L
n {�qà{eu�r!é�v²xdr6°,¯1�*)%)2�%)=e��I��&g�h+2)½ì Þ é3v¨í�vÀo�vyí�u�r!oeês{�u�qsí!v²qàé�ë1z�o�uwvytgu�rSxdv²ßàqstdç Þ vyç�r!é�:½vy{A}yr!ßàß;î ñ u�o�vc�å ì5{§xdr(í5ß¥vy{e{�r!{§x³r>u�qàë�z�{5ã Þ é ëdoez�ç�o�vÀé3vyx³z�o�ë�z
xdr(xdr,�0tdqào½{�êàéz�1z�ßsz�{¦)2+�Õº�°� °���� �%�²±o�oe�+2)�ã Ý:Þ r(ë1z9x³ru�r5o�xdq5��r5o�r!tgu�r!{�xdr&�dtdq��&'9r5{/ëdvyo�v(u�qàë�zy{Sxdr¨x0vyxdz�{�xdq���r!oer!tgu�r5{!î
3/r5{eu�o�q��&'9r5{pxdr(í5ß¥vy{e{�r5{§xdr>u�qàë�zy{½ë1z9xdr5é vÀë0vyo�r5í!r5opr!é Þ é u�qsë1z~ë1z�ßsqàé�èyoA�0í5zdã0o�r5ëdo�r5{�r!tgu�vytdxdzÞ é�v-o�r!{�u�oeq���öÀz¶{ez��doerFz¶í!zyt6ä Þ tgu�z¶xdr}ë�zy{�{�ê å r5qs{ å vyßsz�oer!{§xdrVu�qsë1z�{ Ý:Þ r�z-u�qsë1z-ë�z�ßàqséFè�oA�dí!z~ë1z9x³rvy{e{ Þ éFqso5î ô zyopr,�9r!éFëdßàzdã�z�u�qsë1z3xdv�� Þ t@�!öyz å�Î�ÊsåcÙdÇ"Ê�� ãQxdr,�0tdqàx0v3tdz~éFè
x Þ ßsz#Å Î�Õ"É0Ô0Î0Ê Å É�Æ�P@Ë�ÔoÚ ãÅ Î�Õ"É0Ô0Î0ÊÜÎ ⇒ ÙdÇ"ÊA��ÐaÇiÆõÏ�Î0ÊìÎ → Î → Î ãÀr!{eë�r5í!q5�dí�v Ý:Þ r å�Î0ÊsåcÙdÇsÊA� ë�z
xdrÅ{�r5o Þ {�vyxdzpë0vÀo�v�í�vyß��í Þ ß¥vyo�z å vyßsz�oÅxdr Þ é^ë1z�ßsqàt@´�éFqsz§{ez��do�r Ý
Þ vyß Ý:Þ r5o�u�qàë�z°ë0vyo�v°z Ý:Þ vyß`v°o�r!{�u�oeq���öÀzpÅ Î�Õ�É0Ô0Î0ÊÜÎ å vyßàryîô vyo�vLr!tgu�r5tdxdr!o}vioer!{�u�o�q5��öyzÖÅ Î�Õ�É0Ô�Î0ÊÜÎ ãÆëdoer!í!qà{�vyéFz�{(í5z�td{eqsxdr5o�vyoVvix³r&�0tdq5��öyzLxdvií!ß¥vÀ{�{�r3xdru�qàë�zy{¦É|)ZvÀu Þ o�vyßQv�É±|
å�Ê�Î�ÚsÚ Å Î�Õ�É0Ô0Î0ÊÜÎÍÑ�Ó@Ë�Ô�ËÏ0Ë�Ô@ÇäÞ"ÞuÎ
ÚiÉÃåEÞ"ÞáÎ → Î
Î�ÈsÈ Þ"ÞáÎ → Î → Î
ÆsÉaÊ®Þ"ÞáÎ → Î → Î

 {eu�v<í5ß¥vy{e{�r-r!{eë�r5í!q��0í�v Ý:Þ r�ë0vyo�vL{�vÀu�qà{A��vy÷5r!o}vLo�r5{eu�oeq��!öyzÖÅ Î�Õ�É0Ô0Î0ÊÜÎ ì-tdr5í!r!{e{�áyoeqsz Ý:Þ r�æ0v"ä�vyéqséFëdßàr!éFr!tguwv��&'9r5{8ë0vÀo�vSz�{Q{�êàéz�1z�ßsz�{ Ï0Ë�Ô@Ç ã ÚcÉaå ã Î�È"È ã6r Æ0ÉoÊ ëdvyo�v�zSu�qàë�z Î î  {euwvÀ{�qàé�ë³ßsr!éFr!tgu�v��('
r!{��z�oeé3vyéÎv9&'��)��4×��õ°�&3�Vx0v>í!ßsvy{�{er§xdr½u�qsë1z�{�r½{�öyzVxdr,�0tdqàx0vy{SvÀu�o�v å ì5{SxdrÀe�� °,¯1�����baA¿2�%)¦e��Ø&'��)��4×��õ°�&3�*)ºÔnXéFè9x Þ ßsz_Å Î�Õ�É0Ô0Î�Ê Å É�Æ�PdË�ÔdÚ qstdí5ß Þ q�x Þ vy{Vx³r!í!ßsvyo�v��('
r!{Vxdr-qàtd{eu��ytdí!qsvy{(x0vií5ß¥vy{e{�r±Å Î�Õ�É�Ô0Î0Ê |Þ é�vVë0vyo�v}v}qséFëdßsr5é�r5tguwv��!öyz Þ t0áÀo�q¥vu« Ç0Ð@Î�Ô�� Å Î�Õ�É0Ô0Î�Ê �r²z Þ u�o�vFë0vÀo�v}vFqàé�ë³ßsr!éFr!tgu�v���öyz��dqst0áÀo�q¥v« �aÏXÐ@Î�Ô�� Å Î�Õ�É�Ô0Î0Ê �î ô z�oeu�vytgu�zdãdv¢� Þ t���öyz å�Î0Ê0åcÙdÇ"ÊA� ë1z
xdr§{�r5o Þ {�vyx0v}í!zyé z�{Su�qàë�z�{
ÙdÇ"Ê���ÐoÇiÆõÏ�Î0ÊTÇsÐ@Î�Ô�� Å Î�Õ�É�Ô0Î0Ê → ÇsÐ@Î�Ô�� Å Î�Õ"É0Ô0Î0Ê → Ç0Ð@Î�Ô�� Å Î�Õ�É0Ô0Î�ÊìË
ÙdÇ"ÊA��ÐoÇiÆõÏ�Î�Êw�aÏXÐ@Î�Ô�� Å Î�Õ�É�Ô0Î0Ê → �aÏiÐ@Î�Ô�� Å Î�Õ�É0Ô0Î�Ê → �aÏXÐ@Î�Ô�� Å Î�Õ�É�Ô0Î0Ê

ñ ßàç Þ td{Sz Þ u�o�zy{Sr,�9r!éFëdßszy{Sxdr§í!ßsvy{�{er!{�xdr§u�qàë�z�{���o�r Ý:Þ r5tgu�r!éFr!tgu�r Þ {�vyxdz�{�r5é ëdoez�ç�o�vÀé3vy{q:½vy{ �
}yr5ßsßQ{�öyzd|
• �Q�ìÎ |ÅnÃz�ë�r5o�v��!öyz}xdr¨qsç Þ vyßsx0vÀxdr¢« Û"Û �r!{�uwá}xdr&�0t³qsx0vVë0vyo�vVz}u�qsë1z Î4ï
• Í�Ô"È2Î |

ñ o�r!{�u�oeq���öÀz �Q�ÒÎ u�r!é xdr({�r5o¨{�vÀu�qs{A��r5qàu�v³ã8rVv~zyë�r5o�v��!öyz-xdrVéFr!tdz�o ��z Þ ��qsç Þ vyß�«4Ù Û xdr å r²r!{�uwvyo�xdr,�0tdqsxdv}ëdvyo�v}zVu�qsë1z Î î
•

Å É�Æ·Î |�np{S{�r5ç Þ qstgu�r!{/{�êsé���z�ßàz�{�xdr å r5é r!{eu�vyo�xdr&�dtdqsxdzy{!|
Ú øA÷dù | Þ"Þ Î → Î → Î
Ú ø Ûsù | Þ"Þ Î → Î → Î
Ú ø�Ü"ù | Þ"Þ Î → Î → Î
Ú Ð@Ë�â0Î�Õ@Ë | Þ"Þ Î → Î

Ú �



ÆaÇ�È�ÉaÊ�Ë Å Î�Õ�É0Ô�Î0Ê Å É�ÆQP@Ë�ÔdÚ�Ó@Ë�Ô0Ë
å�Ê�Î�ÚsÚ Å Î�Õ�É0Ô0Î0ÊÜÎÍÑ�Ó@Ë�Ô�ËÏ0Ë�Ô@ÇäÞ"ÞuÎ
ÚiÉÃåEÞ"ÞáÎ → Î
Î�ÈsÈ Þ"ÞáÎ → Î → Î
ÆsÉaÊ®Þ"ÞáÎ → Î → Î

È0Î�Õ�ÎTÇsÐ@Î�Ô�� Å Î�Õ"É0Ô0Î0ÊÜÛ�ÇsÐ@Î�Ô��QÈ"Ë�Ô@Ç¤�#ÇsÐ@Î�Ô��0à�Éaå"å¼Ç0Ð@Î�Ô�� Å Î�Õ�É0Ô0Î�Ê
ÏXÐaÚcÕ@Î�Ðaå�Ë Å Î�Õ"É0Ô0Î0Ê¼ÇsÐ@Î�Ô�� Å Î�Õ"É0Ô0Î0ÊÍÑ�ÓdË�Ô0ËÏ0Ë�Ô@ÇÅÛ¼ÇsÐ@Î�Ô��QÈ"Ë�ÔdÇ
ÚiÉÃå¼�ÒÛ¼ÇsÐdÎ�Ô��0à�ÉÃå"åw�
Î�ÈsÈ�ÇsÐdÎ�Ô��QÈ"Ë�Ô@ÇwOìÛ�O
Î�ÈsÈÂø`Ç0Ð@Î�Ô��0à�Éaå"å�O.��ùÝO�íÜÛ¼ÇsÐdÎ�Ô��0à�ÉÃå"åEø~Î�È"È�O.��O�í@ù
ÆsÉaÊÞÇsÐdÎ�Ô��QÈ"Ë�Ô@ÇwOìÛ�ÇsÐ@Î�Ô��QÈ"Ë�Ô@Ç
ÆsÉaÊ>ø`Ç0Ð@Î�Ô��0à�Éaå"å�O.��ùÝO�íÜÛÜÎ�ÈsÈ�O�í®ø�ÆsÉaÊTO	�ßO�í@ù
��qàç Þ o�v¢{9î {
|Æõ Þ vy{�qséFëdßàr!éFr!tguwv��&'9r5{�xdr¨t"ªdéFr!o�zy{/tdvÀu Þ o�vyqs{ «�ëdo�qàé�r5qso�v>ë0vyo�u�ri

Ú ÎAPaÚ | Þ"Þ Î → Î
Ú ÚsÏcâ�Ð"É"Æ | Þ"Þ Î → Î
Ú Ø"Ô@ÇiÆõÖiÐsÕ�Ë�â0Ë�Ô | Þ"Þ ÖXÐsÕ�Ë�â�Ë�Ô → Î

â�ß¥vÀ{�{�r5{§xdr(u�qàë�zy{½í!zyé ézª³ßàu�qàëdßszy{Zë0vÀo��yéFr5u�o�z�{Zt0öyz ��vy÷5r!é ëdvyoeu�r(xdz-ë0vyx³o�öyz
:Zvy{~}Àr!ßsß � �~x0v~ßàqst0�ç Þ vÀç�r!é¶ã�ë1z�o�ì5éPxdq å r!oe{�z�{�í!z�éFëdqsßsvyxdz�oer!{VrOqstgu�r5o�ëdoer5uwvÀxdz�o�r5{�ë1r!oeé�q±u�r5é z�{er ÞbÞ {ezÑí!zyé�z Þ é�vr,�
u�r!td{�öyz3x0vVßàqstdç Þ vyç�r!é¶ã
í!z�éFz}zFí5z�éFëdqsßsvyxdz�oÓà :½â r¨z}qstgu�r5o�ëdoer5uwvÀxdz�o*: Þ ç�{!î
© é��1z�éÊr,�9r!éFëdßàz°xdr/í!è
xdqàç�z Ý:Þ r Þ {�v²í!ßsvy{�{er!{�í5z�éÎézªdß±u�qsë³ßsz�{�ëdvyo��yéFr5u�o�z�{ÆìZvÀá&3Õ(¯/&4+*��� °��,e��â ������)¾§¨+*� !#�oe�+*�°�%)Iãä+*���oe�&²°%+2)�ãdqàtdí!ß Þ {�v(t0v¢�dq5�dßsqàzyu�r5í�v>xdzFí!zyé�ëdqàß¥vyx³z�oÓà¬:pâ½î

åw[	]^[ S E=æ S ½.\KWYL"ç%G S ½�\KJ S WY\�L
19rÆí!ßsvy{�{er!{QxdrUu�qsë1z�{`{�öÀz Þ {�vyx0vÀ{�ëdvyo�v�oer!{eu�o�qàtdç�qso8z�{Që�zy{�{�ê å r5qs{ å vyßsz�oer!{ Ý:Þ rÆí5r!oeu�vy{ å vyo�qsá å r!qà{`xdrUu�qàë�z�{ë1z9xdr5é vy{�{ Þ éFqso�r!é u�qàë�zy{/ë1z�ßàqséFè�oA�0í5z�{!ã
e����h����e�©��õ°�&3�*)V§ ¯Q�õ°�&4+*����&()°{�öyz Þ {�vyx0vy{Zë0vyo�vFoer!{eu�o�qàtdç�qsovy{Së1z�{�{eê å r!qs{Sqàtd{eu��ytdí5q¥vy{ Ý:Þ r Þ é ëdo�z�çyo�vyé�vyxdz�o�ë�z
xdr§xdr5í!ßsvyo�vyo�ë0vyo�v Þ é�v(í!r5oeu�v}í5ß¥vy{e{�r§xdr§u�qsë1z�{!înbí!è
xdqsçyzp{�r5ç Þ qstgu�r�ì Þ éç��o�vyçyé�r5t:u�z½x0v�.�q��dßàqszyu�r!í�v�xdrq��o�vÀtd{A��z�oeé3vÀxdz�o�r5{VèOzyt0áyxdqàí!z�{5ã Ý:Þ rSxdr&�dtdrí!ßsvy{�{er!{�xdr§u�qàë�zy{Sí!z�é é�ªdßàu�qsëdßàz�{�ë0vÀo��yéFr5u�o�z�{ Ý:Þ r���vy÷5r!é Þ {ez�x³r²x³r!ë1r!tdx@�5tdí!qsvy{*� Þ tdí!qàz�t0vyqà{!î±|

å�Ê�Î�ÚsÚ ÌoÇyÐ@Î�ÈÅÆ ⇒ ÌaÇcÐ@Î�È0à�Õ�Î�Õ�Ë·Ú>ø�Æ_Þ"Þ°Û → Ûsù��6Æ → Ú�Ñ�Ó@Ë�Ô0Ë
Úi�



qaûsr,t'u2�
�wvVxoÿzy|{}�	yT{�t ý|vV�zy
vVx�~���y|u*��x�{�{
È0Î�Õ�Îw�aÏXÐdÎ�Ô�� Å Î�Õ�É0Ô0Î0ÊÒÛ��aÏXÐ Å ÇcÐ@Ë��-�aÏXÐ"ÌoÇ�Ô0Ë��aÏXÐ�ÌaÏyâoÏiÕ��aÏXÐ@Î�Ô�� Å Î�Õ"É0Ô0Î0Ê
È0Î�Õ�Îw�aÏXÐQÌaÏcâoÏiÕçÛ�È"Ë�Ô@Ç��?Í�Ð@Ë
ÏXÐaÚcÕ@Î�Ðaå�Ë Å Î�Õ"É0Ô0Î0Ê��aÏXÐdÎ�Ô�� Å Î�Õ�É0Ô0Î0ÊÜÑ�Ó@Ë�Ô0ËÏ0Ë�Ô@ÇÅÛ��aÏXÐ Å ÇcÐ@Ë
ÚiÉÃåÝ�aÏiÐ Å ÇcÐ@ËìÛ��aÏXÐ"ÌaÇ�Ô0Ë�Í�Ð@Ëw�aÏXÐ Å ÇcÐ@Ë
ÚiÉÃå øK�ÃÏXÐ"ÌoÇ�Ô�Ë�È"Ë�Ô@ÇñÔoù�Û��aÏXÐsÌoÇ�Ô0Ë�Í�Ð@ËÅÔ
ÚiÉÃå øK�ÃÏXÐ"ÌoÇ�Ô�Ë�Í�Ð@ËÅÔoù�Û��aÏXÐ"ÌaÇ�Ô0Ë�È"Ë�Ô@ÇÄø%ÚiÉÃå�Ôaù
Î�ÈsÈ��aÏiÐ Å ÇcÐ@ËÜÔ ÛÜÔ
Î�ÈsÈÜÔ �aÏXÐ Å ÇcÐ@ËìÛÜÔ
Î�ÈsÈÂøK�ÃÏXÐ"ÌoÇ�Ô�Ë�È"Ë�Ô@ÇñÔ���ù øK�aÏXÐsÌoÇ�Ô0ËÜÈìÔ0í@ù�Û��aÏXÐsÌoÇ�Ô0ËÜÈäø~Î�È"ÈìÔ�� Ô0í@ù
Î�ÈsÈÂøK�ÃÏXÐ"ÌoÇ�Ô�ËìÈÅÔ���ù øK�aÏiÐ"ÌoÇ�Ô0Ë�È"Ë�Ô@ÇÍÔ0í@ù�Û��aÏXÐsÌoÇ�Ô0ËÜÈäø~Î�È"ÈìÔ�� Ô0í@ù
Î�ÈsÈÂøK�ÃÏXÐ"ÌoÇ�Ô�Ë�ñÔ���ù øK�aÏiÐ"ÌoÇ�Ô0Ë�ÅÔ0í@ù�Ûw�ÃÏXÐ"ÌoÇ�Ô�Ë�ÈsË�Ô@ÇÄø%ÚiÉaå>ø~Î�È"ÈìÔ�� Ô0í@ù"ù
ÆsÉaÊ¼�aÏiÐ Å ÇcÐ@ËÜÔÒÛ��aÏiÐ Å ÇcÐ@Ë
ÆsÉaÊ�Ô �aÏXÐ Å ÇcÐ@ËìÛ��aÏXÐ Å ÇyÐ@Ë
ÆsÉaÊ>øK�ÃÏXÐ"ÌoÇ�Ô�Ë�È"Ë�Ô@ÇñÔ���ù Ô0íÜÛ��aÏXÐsÌoÇ�Ô0Ë�È"Ë�ÔdÇÄø ÆsÉoÊñÔ���Ô�í@ù
ÆsÉaÊ>øK�ÃÏXÐ"ÌoÇ�Ô�Ë�Í�Ð@ËÅÔ���ù Ô0í ÛÜÎ�È"ÈìÔ0í øK�aÏiÐ"ÌoÇ�Ô0Ë�ÈsË�Ô@ÇÄø�ÆsÉoÊñÔ�� Ô0í@ù"ù

Õ���è@ËÍÙdÇ"Ê���ÐoÇiÆõÏ�Î0ÊìÎÍÛ�m Îbn
å�Î0ÊsåyÙdÇ"ÊA�¹Þ"Þ Å Î�Õ�É�Ô0Î0ÊÜÎ ⇒ ÙoÇ"ÊA��ÐoÇcÆõÏ�Î0ÊìÎ → Î → Î
å�Î0ÊsåyÙdÇ"ÊA��m`n�ÍÛ�Ï0Ë�Ô@Ç
å�Î0ÊsåyÙdÇ"ÊA�ßø%å�Ç�Ë�Ø�Þ�Ô0Ë@ÚcÕaù��ÒÛÜÎ�È"Èäø�ÆsÉaÊìå�Ç�Ë�Ø��où ø ÆsÉoÊ��®ø%å�Î�ÊsåcÙdÇ"Ê��2Ô0Ë�ÚcÕ��où"ù
��qsç Þ o�v¢{9î ó |Æõ Þ vy{/qséFëdßàr!éFr!tguwv��&'9r5{�xdr²t"ªdéFr!o�zy{St0vÀu Þ o�vyqà{ «�{�r5ç Þ tdxdv�ë0vyo�u�rX�î

â0Ë�Õ»Þ"Þ Æ Ú
è"É0Õ»Þ"Þ Ú → Æßø,ù

n u�r!o�éFz ø�Æ*Þ"Þ�Û → Ûsù ì Þ é3v¨vytdzÀuwv��!öyz¨xdrØé*&'��eoÔ  ßàrSr!{�ë1r!í5q5�0í!v Ý:Þ rZv å vÀo�q¥á å r!ß Æ t0öÀz¨o�r!ë³o�r!{er!tguwvÞ é u�qàë�zdã�é3vy{°{�qàé Þ é í!zytd{eu�o Þ u�z�oVxdr3u�qsë1z�{ Ý:Þ r~u~�!é Þ é ë0vÀo��yéFr5u�o�züx³r¥é*&'��e Û «�zNé*&'��e�xdru�qàë�zy{ �îñ xdr!ë1r!t³x@�!tdí5q¥v_� Þ tdí5qsz�t0vÀßd« Æ → Ú 8o�r!{�u�oeqstdç�rÆvÀ{Që�z�{e{�ê å r!qà{Qqstd{�u �yt³í!q¥vÀ{`x0vSí!ßsvy{�{er ÌoÇyÐ@Î�È0à�Õ@Î�Õ�Ëvyz~oer Ý:Þ r5o�r!o Ý:Þ rÀãQë0vyo�v�í�vyx0v~í5z�td{�u�o Þ u�z�opx³r(u�qsë1z�{ Æ ã8xdr å v~r,�9qà{eu�qàoptdz~é�áy�9qséFz Þ é3v3qàtd{eu��ytdí5q¥v³îõ½r å qàxdz�v3r5{euwv~oer!{�u�o�q5��öyz³ã`vy{p{er!ç Þ qstgu�r5{pqstd{�u �yt³í!q¥vÀ{½t0öyz3ë�z
xdr!oeq¥vyé {er!opxdr5í!ßsvyo�vyxdvy{pë1r!ßsz�ëdo�zyç�o�vy�é�vyxdz�o5|
ÌoÇyÐ@Î�È0à�Õ@Î�Õ�Ë·ÖXÐsÕÜÌQ�0à�Õ@Î�Õ�Ë�ÌoÇyÐ@Î�È
ÌoÇcÐ@Î�È0à�Õ�Î�Õ@Ëìà�ÕsÔoÏXÐ0âÜÌQ��à�Õ�Î�Õ�Ë�ÌoÇcÐ@Î�È

{ �



ñ ë1r!{�vyo�xdr Ý
Þ r°r5{euwvÀ{/z Þ u�o�vy{�ë�z
xdr!oeq¥vyé¶|
ÌaÇcÐ@Î�È0à�Õ�Î�Õ�Ë¨ÖXÐ0Õ¤m`n

ÌoÇcÐ@Î�È0à�Õ�Î�Õ@Ëìà�ÕsÔoÏXÐ0âÜÌQ��à�Õ�Î�Õ�Ë�ÌoÇcÐ@Î�È

� {eu�zØz
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) :: (r\l)⇒ { l :: α|r } → Lab l → α
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) :: (r\l)⇒ { l :: α|r } → Lab l → {r}
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) :: (r\l⇒ Lab l → α→ {r} → { l :: α|r }

n {�qà{eu�r5é3v¶xdr #Qr5q äer!t�ì3{�r5é�r5ßsæ0vÀt:u�ryã�r5é vyßsç Þ td{(vy{eë�r5í5u�z�{!ãUvÀzi{�qà{eu�r5é3v¶ëdo�zyë�z�{�u�zOtdr!{�u�r~xdz
í Þ �éFr!tgu�zd|
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© é ëdoer!xdqàí�vyxdz
¯1�s°%é2)²ì Þ {�vyxdzFë0vyo�vVr%�³ë³o�r!{e{�vyoZvFv Þ {~�5tdí!qsvVxdr¨í�vyéFë�zy{Sxdr Þ é o�r5ç�qs{�u�oezdî
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í Þ é�r5t:u�z Þ {�v}z}ëdo�r5xdqsí!vyxdzÖ��Ãb�K����e*)�î
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© é {eqs{eu�r!é�vü{�r5é�r5ßsæ0vÀt:u�r~vyzüvytgu�r5o�qszyo>ì3ë³o�z�ë1z�{eu�zië1z�o�#Qr5q äer!t�r!é >|{�ò2@;ã�xdq5��r5o�qst³xdzüxdzivytgu�r!oeqsz�ovyz-ë1r!oeé�q±u�qso Ý:Þ rVxdz�qà{pí�vÀé�ë1z�{pxdqà{eu�qstgu�z�{Zxdz-éFr!{�éFz-o�r5ç�qs{�u�oez3u�r5tdæ0vyé z-é�r5{�éFz-tdz�éFryî #Qr!q äer5téFz�{eu�o�z Þ í!z�éFz&r!{�u�r�{eqs{�u�r!é�v�ë�z
xdr {�r5o Þ {�vyxdz=ë0vyo�v=í5z9xdq��0í�vÀo¶éFè
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r!{(ë1z�ßsqàé�èyoA�0í!vy{§xdrFßsqst³ç Þ vyç�r5td{¨xdr3ë³o�z�ç�o�vyé�v���öyz{�öÀz�vÀ{Vz�ë�r5o�v��&'9r5{Fvyo�q±u�éFì5u�qàí�vy{°xdz���n¬3K�*3 ñ )°ã Ý:Þ r�ë1z9xdr5é vy{e{ Þ éFqso>xdq å r!o�{ez�{Vu�qàë�z�{>t Þ é�ì5o�q��í!zy{!î×#Qqstdç Þ vyç�r!t³{3r!{�uwvÀu�qsí!vyé�r5tgu�rüu�qsë0vyxdvy{3éFz9x³r!o�tdvy{3r5é ç�r5o�vyßZë�r5o�éFqàu�r!é vyßsç Þ é3v^��z�oeé3v<xdrë1z�ßsqàé�z�o³�0{�éFzdîb#Qqstdç Þ vyç�r5td{�z�oeqsr5t:u�vyx0vy{�v>z��
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 {euwvÀ{ ��z�o�é�vy{3x³rLë�z�ßàqséFz�oA�d{�éFz�{�öyz�z�oeu�z�ç�z�tdvyqs{Fr!tgu�oerL{�qprüé Þ qàu�vy{ å r!÷5r!{¶{�öyz Þ {�vyx0vy{~vyzéFr!{�éFz�u�r!éFë�z³ã�í!z�éFzdã�ë1z�oFr,�9r!éFëdßàzdãSr!é ßsqàtdç Þ vÀç�r!td{Fz�oeqsr!tgu�vyx0vy{�v�z��
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xdz�{ «�ë�zyßsqséFz�o³�0{�éFz±�oe�Ä4$h+i°X�înÎë1z�ßàqséFz�oA�0{eé�z¥�oe�Ä4$h+i°²ë1r!o�éFqàu�r Ý:Þ r Þ éX{�êàéz�1z�ßsz�ë�z�{e{�v-vy{e{ Þ éFqsoZxdq å r!oe{�z�{pu�qsë1z�{!î²nÊí!z�ts�ä Þ tgu�z�xdrVu�qsë1z�{ Ý:Þ r}r!{�u�r!{²{�êàéz�1z�ßsz�{Zë�z
xdr5éÿvy{e{ Þ éFqso§ìVé Þ qàuwvÀ{ å r5÷!r!{°xdr5u�r!oeé�qàt0vyxdz-tdz�ëdoez6äer5u�zx0v<ßsqst³ç Þ vyç�r5éOãÅí!zyé�z�z�{�ßàqàu�r!o�vÀqs{Vt Þ éFì!o�qàí!z�{�rOzyë�r5o�v��&'9r5{~vyoeqàu�éFì5u�qsí!vy{Vr!é â z Þ Q v å v³ãSr¶r!éz Þ u�o�vy{Vßàqstdç Þ vyç�r5td{Vë�z
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.�zgv�ë0vyo�u�rÅx0vy{?ßsqàtdç Þ vyçyr!td{Q{ez��do�r5í�vyoeo�r5çgv½vyßàç Þ td{?xdrÅ{�r Þ {�{eêséz�1z�ßàz�{!ã Þ { Þ vyßàé�r5t:u�rÅvy{�zyë�r5o�v��&'9r5{vyoeqàu�éFì5u�qsí!vy{�r¨z�{�z�ë1r!o�vyxdz�oer!{�xdr¨í!z�éFë0vyo�v���öÀzdî
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)½öyz°ì�{ Þ oeëdo�r5{�v³ã9ë�z�o�uwvytgu�zdã Ý
Þ rZu�r5è�o�qàí!z�{Æxdr/ßsqàtdç Þ vÀç�r!éÖxdrZë³o�z�ç�o�vyé�v���öyz§u~�!éÊéFz�{eu�o�vyxdz Þ éqstgu�r!o�r5{�{er3r!é ë0vÀoeu�qàí Þ ßsvyo§tdr5{eu�r3vy{�{ Þ tgu�zdî¶nE1
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:½vy{A}yr5ßsß½ë1r!oeé�q±u�r Ý:Þ rizÑëdoez�ç�o�vyé3vÀxdz�o}xdr&�dt0vÑ{�êàéz��zyßsz�{}{�z��do�r5í�vyoeo�r!ç�vyxdz�{Êe����h����e����h���%)¥e��

°%+*�h����Ãb�K+6ã Ý:Þ r�{�öyzN!-k���+ºe�+2)�r!{eë�r5í!q5�dí�vyxdzy{°r5é Þ é3v�°,¯1�*)%)2�ie��#�3&g�h+2)�î ñ í!ßsvy{�{er�xdr}u�qàë�zy{²ìFë0vy�o�vÀé�r�u�o�qà÷�vyxdv�ë1z�o Þ é�v å vyoeq¥á å r5ßUxdr}u�qsë1zdã?z}������×�!-���3�°+_eo��°,¯1�*)%)2��ã?r�{er!o å r~í!zyé�z�r!{eë�r5í!q��0í�v��!öyzxdz(u�qsë1z(xdrp{eêséz�1z�ßszy{�{ez��do�r5í�vyoeo�r5çgvyxdz�{5ã Ý:Þ r§ë1z9xdr5é r5t:u�öyzV{�r5oSxdr!í5ß¥vyo�vyxdz�{�ë�r5ßsz Þ { Þ áyoeqsz}vÀu�o�v å ì5{xdr,&'��)��4×��õ°�&3�*)ªe���°,¯1�*)%)2��îÅâ�vyx0v(qst³{eu �Àtdí!qsv(í!z�oeo�r!{eë�zytdxdr¬=V{�z��³o�r!í!vyo�ç�v(xdz}í!z�t6ä Þ t:u�z}xdr§{�êàéz��zyßsz�{r!{eë�r5í!q��0í�vyx³z�{Ztdv}í5ß¥vy{e{�r¨xdr§u�qàë�zy{!ãdë0vÀo�v Þ é å vyßàz�o�r!{eë�r5í!ê��0í!zFxdzFë0vyo��Àé�r�u�o�zVxdvFí5ß¥vy{e{�ryî
��vy÷,�¼{�r3t³r!í!r5{�{�áyo�qsvivOxdr5í!ßsvyo�v��!öyz¶xdr Þ é�vOí5ß¥vy{e{�rFxdr�u�qsë1z�{²r!é :½vy{A}yr5ßsß�vytgu�r!{°xdr3{er���vy÷5r!o°v{�z��do�r5í�vyoeçgvpxdz�{U{eêséz�1z�ßszy{�í5z�o�oer!{�ë1z�tdx³r!tgu�r5{Åë1z�o Ý
Þ r�zpu�qàë�zpx³r�{�z��³o�r!í!vyo�ç�vpë�r5o�éFqàu�qàx0vZr5é¨:Zvy{~}Àr!ßàßì²vV{�z��doer!í!vyo�çgv}xdrÀ!,¯���e�+i�oÕ���� �K+6în {er!ç Þ qàtgu�rSr,�9r5é�ëdßàz¨é�z�{�u�o�v§vpxdr!í5ß¥vyo�v���öyz¨x0vpí5ß¥vy{e{�r �Q� rSxdr Þ é�vpqst³{eu �Àtdí!qsv½x0v§í!ßsvy{�{er «�ë0vyo�vz å vyßsz�o�xdz�ëdvyo��yéFr5u�o�z,Å Î�Õ Å É�Æ �|
å�Ê�Î�ÚsÚÝ�Q�ÒÎÍÑ�Ó@Ë�Ô0Ë
øAÛsÛdù®Þ"ÞuÎ → Î → �oÇ"Ç"Ê
ø%��Ûdù®Þ"ÞuÎ → Î → �oÇ"Ç"Ê

Ëo��É@Î�Ê��»Þ"Þ9�Q�ÒÎ ⇒ Î → Î → Î → �oÇ"Ç"Ê
Ëo��É@Î�Ê�������ÏÜÛÂø��ÜÛ"Û��oùut
täø��ÜÛ"Û�Ïoù
È0Î�Õ�Î Å Î�Õ Å É�Æ·Û Å Î�Õ�È"Ë�Ô@Ç¤� Å Î�Õ�à�Éaå"å Å Î�Õ Å É�Æ
ÏXÐaÚcÕ@Î�Ðaå�Ë��Q� Å Î�Õ Å É�ÆçÑ�Ó@Ë�Ô0ËÅ Î�Õ�È"Ë�Ô@ÇÅÛ"Û Å Î�Õ¹È"Ë�Ô@ÇÅÛ�ÐsÔ�É@ËÅ Î�Õ�à�Éaå"å Ð	��Û"Û Å Î�Õ�à�Éaå"å Ð@íÜÛ�Ð	��Û"ÛÍÐ@íÜÛ"Û�ÍÛ�¢0Î0ÊsÚ�Ë
Ð	����ÛÍÐ@íÜÛ�ÐoÇyÕßø Ð	��Û"ÛÍÐ@í@ùñ í5ß¥vy{e{�r �Q� r!{�ë1r!í5q5�0í!v Ý:Þ r(z-ëdoez�ç�o�vÀé3vyx³z�o�xdr å r�vÀ{�{ Þ é�qào Ý:Þ rVz�{½{�êsé���z�ßàz�{�« Û"Û Zr
« ��Û Zr5{eu�öyz{�z��do�r5í�vyoeo�r!ç�vyxdz�{�r Ý:Þ riz�{}u�qàë�zy{�x0vÀ{3{�z��do�r5í�vyoeçgvy{3ë³o�r!í5qs{�vyé {�r!o�qstd{�u �yt³í!q¥vÀ{�xdr Î → Î → �oÇ"Ç"Ê îâ�z�é r5{eu�vy{Ooer!{�u�o�q5�('
r!{5ã§z=í5z�éFëdqsßsvyxdz�o~ë1z
xdrLqst���r5o�qào-z&u�qsë1z Ý
Þ r���z�qpvytdzyu�vyxdz=ë0vyo�v&v¥� Þ t@�!öyz

Ëo��ÉdÎ0Ê�� î  {e{�r3u�qsë1z�ì3ë1z�ßsqàé�è�o³�0í!z³ã`ë�zyo�ì!é vÀëdo�r5{�r!tgu�v Þ é�vÂ�°�%)���� &¾adc�+9|>r5ßsr}{�èOë�z
xdr�vy{�{ Þ éFqso¨zu�qàë�z Î → Î → Î → �dÇ"ÇsÊ ë0vyo�v å vyßàz�o�r5{Uxdr Î uwvÀqs{ Ý:Þ r/r,�9qs{�uwvyéÖz�{Æ{�êàéz��zyßsz�{�í!z�oeo�r!{eë�zytdxdr!tgu�r!{�v �Q�ÒÎtdz�í!zyt:u�r,�
u�z³î  é ë0vyo�u�qàí Þ ßsvyo!ãr5ßsrUë1z9xdrÆvÀ{�{ Þ é�qàoQz å vyßàz�o	Å Î�Õ Å É�Æ → Å Î�Õ Å É�Æ → Å Î�Õ Å É�Æ → �oÇ"Ç"Ê îâ�ß¥vy{e{�r5{Zë1z9x³r!é {er!o�o�r5ß¥vyí5qsz�t0vÀx0vy{�r5t:u�o�r²{�qQí5z�é�zV{ Þ ë1r!o�í5ß¥vy{e{�r5{½r§{ Þ ��í5ß¥vy{e{�r!{5|
å�Ê�Î�ÚsÚÝ�Q�ÒÎ ⇒ Å É�Æ·Î�Ñ�ÓdË�Ô0Ë
øA÷oùÄÞ"ÞáÎ → Î → Î
ø�ÜsùÄÞ"ÞáÎ → Î → Î
ø Û0ùÄÞ"ÞáÎ → Î → Î

)Zr5{eu�rFí!vy{�z³ã?u�r!éFz�{ Ý:Þ r}ë0vyo�v Ý
Þ r Þ é u�qàë�z Î {�r�ä�v�í5z�td{eqsxdr5o�vyxdz Þ é r!ßàr!éFr!tgu�z�x0v-í!ßsvy{�{¦Å É�Æ ã?ìëdoer!í!qà{�z Ý:Þ r§æ0vä�v Þ é3v({ez��doer!í�vÀo�çgv(í5z�o�oer!{�ë1z�tdx³r!tgu�r¨ë0vyo�v(z({�êàéz�1z�ßsz�{8« ÷/ãäÜbãäÛ �ãdé�vy{�u�vyéz�1ì!éÝ:Þ r²æ0v"ä�v}vy{�{�z��³o�r!í!vyo�ç�vy{�í!z�oeo�r!{eë�zytdxdr!tgu�r!{pv �Q�ÒÎwvn {�qà{eu�r5é3v¶xdr3{ez��doer!í�vÀo�çgv¶ëdo�z�ë1z�{�u�züë1r!ßàz^19qà{eu�r!é�vüâ��Îvyë³o�r!{er!tguwv Þ é3v å qs{�öÀzivyß±u�r!oet0vÀu�q å v³ã
�0vy{er�vyxdvüt0vO{ Þ ë1z�{�q5��öyzix³r Ý:Þ r3zOëdo�zyç�o�vyé�vyxdzyo²tdöyzüxdr å r5o�q¥v¶u�r!o Ý:Þ r3xdr5í!ßsvyo�vyo Þ é�vOí5ß¥vy{e{�rFxdr
ó �



19qstgu�vy�9r
u�qàë�zy{^«�qàt å r!tgu�vytdxdz Þ é tdz�éFrüë0vÀo�v�v�í5ß¥vy{e{�ryã/xdr5í!qsx³qstdxdz Ý
Þ vyqs{~{�öyz�z�{~éFì5u�z9x³z�{3riu�qsë1z�{3xdzy{éFr!{�éFz�{��{�z�éFr!tgu�r¨ë0vÀo�vV{�z��³o�r!í!vyo�oer!çgvÀo/{eêséz�1z�ßàz�{!îñ z�qàt å ì!{/xdqà{�{�z³ãdz�19qs{�u�r!é�vFâ�� ë1r!oeé�q±u�r Ý:Þ r²z}ëdo�z�çyo�vyé�vyxdz�o�xdr&�0tdvFz�ë1r!o�v��('
r!{S{ez��doer!í�vÀo�o�r%�çgvyxdvy{pv3éFr!x³qsx0v Ý
Þ r���z�o/tdr!í5r!{�{�áyo�qàzdã Þ {�vytdxdzÖ�3&g�h+2)^�%�%)��3� &'�s±�&3e�+2)
«�°%+*��)�������&'�.��e9�3® �h�%)c/tdz~ß Þ çgvyoxdr¨í!ßsvy{�{er!{�xdr¨u�qàë�z�{5î
© é u�qsë1z/oer!{�u�o�qàtdç�qàxdzZì Þ é u�qsë1z/ëdvyo�vyéFr5u�o�qà÷�vyxdz�ä Þ tgu�vyé�r5tgu�rÅí!z�é Þ é í5z�t6ä Þ tgu�z½xdrÅo�r5{eu�oeq��&'9r5{{�z��do�rÅvy{ å vyo�qsá å r!qà{Qxdr!{�u�rÀî  {eu�r�í5z�t6ä Þ tgu�z/o�r5{eu�o�qst³ç�rUz�{Qu�qàë�z�{Qëdvyo�vSz�{ Ý:Þ vyqà{Qr!{eu�vy{ å vÀo�q¥á å r!qs{Që1z
xdr!é{�r5o�qstd{�uwvytdí5q¥vyxdvy{!ãdtdv6��zyo�é�v(xdr¨r,�9qsç��5tdí!qsvy{S{�z��do�r²vVr,�9qs{�u��5tdí!qsv}x³r²í5r!o�u�z�{�{�êàéz�1z�ßsz�{�tdz}í!z�tgu�r%�
u�zz�tdx³r²zVu�qsë1zV{�r!o�áFqàtd{eu�vytdí5q¥vyxdz³î
© {�vytdxdz}u�qàë�z�{Soer!{�u�o�qàtdç�qàxdz�{!ãdv6� Þ t@��öyz Ëo��ÉdÎ0Ê�� u�r5o�qsv(zF{er!ç Þ qstgu�r§u�qàë�z³|

Ëo��É@Î�Ê��»Þ"ÞuÝ�ø~Û"ÛdùÍÎ → Î → �dÇ"ÇsÊ�æäïáÎ → Î → Î → �dÇ"Ç"Ê

 {eu�rFu�qsë1z¶{eqsç�t³q5�0í!v Ý
Þ r3v � Þ t@�!öyz Ëo��É@Î0Êb� ë1z
xdr}{�r!o Þ {�vyx0v�í!z�éÿëdvyo��yéFr5u�o�z�{§x³rFu�qsë1z Î xdr!{exdrÝ:Þ r²r!é Þ é í!z�tgu�r%�
u�zFz�tdxdr²vVz�ë1r!o�v���öyz}xdr¨qsç Þ vyßsxdvyxdr¢« ÛsÛ �r!{�u�r�ä�vFxdr,�0tdqàx0vFëdvyo�vVzVu�qàë�z Î î
 {eu�r3í�vyëdê±u Þ ßàzivyë³o�r!{er!tguwv Þ é3vu�do�r å r-xdr5{�í!oeq��!öyzixdzi{eqs{�u�r!é�vOx³r3u�qàë�z�{²xdz 1
qs{eu�r!é�viâ��§ã�tdzÝ:Þ vyßQz}{�qà{eu�r!é�v}x³r²oer!ç�qà{eu�o�z}ëdo�zyë�z�{�u�z}tdr5{eu�r²xdz
í Þ éFr!tgu�z¢��zyq��0vy{�r!vyxdzdî

j±î�� x#ýV@Àÿ�õ#y-ñ
Æ [	¶h´µJYL
n¨1
qs{eu�r!é�vFâ�� Þ {�v�vV{�r5ç Þ qàt:u�r°ßàqstdç Þ vyç�r5é¢�¼tsª³í!ßsr5z>xdr§u�r!o�éFz�{5|

BÅvÀo�q¥á å r!qs{Sx³r¨u�r!oeé�z�{�«�z Þ {�êsé���z�ßàz�{ 
x ∈ Xô oez�ç�o�vÀé3vy{
p ∈ P ::= e | leto x = e in p �9ëdoer!{�{A'9r5{
e ∈ E ::= x | λx. e | e e′ | let x = e in e′ñ {�qàtguwvy�9rpßàq å o�rZxdrpí!zyt:u�r,�
u�z}xdr5{�í5o�qàu�vVvyí!qàé3v²ìyã0�0vy{�qàí�vyéFr!tgu�ryãdv(ßàqstdç Þ vyç�r5éß°%+*�%��Ä4ã{zß>|{��:ã@�³ã

{ � @�r!{eu�r!tdx³qsx0v¶í!z�é v�í!zytd{eu�o Þ �!öyz Ê�Ë�ÕdÇ ã Ý:Þ rFqstgu�oez9x Þ ÷Vxdr&�dtdq��&'9r5{°{ez��do�r5í�vyoeo�r5çgvyx0vy{²tdz�r!{eí!z�ë1zé�vyqs{�r,�
u�r5o�tdz²xdz¨ëdo�zyç�o�vyé�v6«#u�z
xdz�{Uz�{U{eêséz�1z�ßszy{�{�z��do�r5í�vyoeo�r!ç�vyxdz�{U{�öyz¨xdr&�0t³qsxdz�{Ut³z²r5{�í5z�ë�z¨é�vyqs{r,�
u�r!o�t³z�xdzFëdoez�ç�o�vÀé3v�®î

Æ \�]^JYL�[}|$~K���A�
�Sqsë1z�{Srpé*&'��e*)²{�öÀzFr%�9ëdo�r5{�{�zy{ Þ {�vytdxdz�vF{er!ç Þ qstgu�r¨ßsqàtdç Þ vÀç�r!é¶|

ó ò



o ûqp�t'uiþzx�~ØyTr�s

7¨qàtdxd{
K ∈ Kind ::= ? |K → KBÅvyo�qsá å r!qà{Sxdr§u�qsë1z�{
α, β, γ ∈ Vâ�z�t6ä Þ tgu�zy{Zxdr å vyoeq¥á å r5qs{Sxdr§u�qàë�zy{
V, ᾱ, β̄, γ̄ ⊆ Vâ�z�td{eu�o Þ u�z�o�r5{Zx³r¨u�qsë1z�{
C ∈ C �9ëdoer!{e{~'
r!{½x³r¨u�qsë1z}{�qséFëdßàr!{
τ ∈ T ::= α | C | τ1 τ2â�z�t6ä Þ tgu�zy{Zxdr¨oer!{eu�o�q5�('
r!{
κ ∈ K ::= {c1, . . . , cn} n ≥ 03/r5{eu�oeq��&'9r5{
c ::= x : τ�Sqsë1z�{
σ ∈ J ::= ∀ᾱ.κ.τ

��OQ�/PaT¢TXOUJZ��pQ[sTz[���GNd�YeU
© éÒé*&'��e ì Þ é�v¶ë³o�z�ëdoeqsr5x0vyxdrFxdr3r%�9ëdo�r5{�{~'
r!{Vx³rFu�qsë1zO{eqséFëdßsr5{!î�n�é*&'��e�x³r å vyo�qsá å r!qà{°x³rFu�qsë1zxdr�í!zytd{eu�o Þ u�z�o�r5{�xdr�u�qàë�zLì�x0vÀxdzdãÅo�r!{eë�r5í5u�q å vyéFr!tgu�rÀã�ë1r!ß¥vÀ{¢� Þ t@�('
r!{

kindV : V → Kind
r

kindC : C→ Kind
î  {�uwvy{/� Þ t��('
r!{Æqstdx Þ ÷!r5é¨��vyéFêsßsqsvy{�xdr å vÀo�q¥á å r!qs{Ux³r�u�qsë1z§r�xdr�í!z�t³{eu�o Þ u�zyo�r!{5ãqst³xdr,�³vyx0vÀ{/ë1z�o=é*&'��e8|

V
k = {α ∈ V | kindV(α) = k}

C
k = {C ∈ C | kindC(C) = k}

© é êàtdxdqàí!rS{ Þ ë�r5o�qszyo
k
ì Þ {�vyxdz²ë0vyo�v¨qàxdr!tgu�q5�0í!vyoUzÀé*&'��eVxdr å vyo�qsá å r!qà{UxdrSu�qàë�z¨r�í!z�t³{eu�o Þ u�zyo�r!{5|

αk ∈ V
k

Ck ∈ C
k

n�é*&'��eOxdr²r,�9ëdo�r5{�{A'9r5{§xdr°u�qsë1z�{eqséFëdßsr5{Zì²x0vyxdz3ë�r5ß¥v6� Þ t@��öÀz3ë0vyoeí!qsvyß
kindT : T → Kind

ãxdr,�0tdqsxdv}í5z�éFzd|

kindT(τ) =

{

k
{er

τ = αk
z Þ

τ = Ck

k
{er

τ = τ1τ2

ã
kindT(τ1) = k′ → k

r
kindT(τ2) = k′

â�z�td{eqsxdr5o�vyoer!éFz�{>{ez�é�r5tgu�r~r%�³ë³o�r!{e{~'
r!{}xdrFu�qsë1z Ý:Þ r���z�o�r5é Õ���! §¨+*� !#�oeo�*)�ã�qà{eu�ziìyãUv Ý
Þ r!ß¥vÀ{Ý:Þ r§u��5é Þ é�é*&'��e-xdr,�0tdqsx³zdî ô z�oSqà{�{ezdãdz}í!z�t"ä Þ tgu�z
T
{�è}qào�á(qst³í!ß Þ qso�r%�9ëdo�r5{�{~'
r!{ �1r!é>��z�oeé3vÀx0vy{!îô zyo/x³r&�0tdq5��öyz³ãdz?é*&'��e-xdr§u�qàë�zy{�{�qàé�ëdßàr!{Sì

?
îâ�z�éFz/z Þ { Þ vyß+ã6v�{eqstguwvc�³rUqàt����³vSì Þ {�vÀx0v/ëdvyo�v�r%�³ë³o�r!{e{~'
r!{�xdr�u�qàë�z Ý:Þ rÆr!t å z�ß å r!é z�í!z�t³{eu�o Þ u�zyoxdr§u�qàë�zVx³r¬� Þ t@�('
r!{�«

→
®|

τ1 → τ2 ≡ ((→) τ1) τ2r}v-tdzyu�v���öyz
[τ ]

{�r!o�á Þ {�vyxdv¶ë0vÀo�v~r,�9ëdoer!{e{�vyo°v-vyëdßàqsí�v���öyz~x³z¶í5z�td{�u�o Þ u�z�o§xdrVßàqs{�uwvy{z« Ý:Þ r}ë�zy{�{ Þ q
?→ ?

�vyzVu�qsë1z
τ
|

[τ ] ≡ ([ ]) τ

ó �



19qstgu�vy�9r
nÎí5z�t6ä Þ tgu�z-xdr å vyo�qsá å r!qà{pxdr>u�qsë1z3xdr Þ é3v3r%�9ëdo�r5{�{�öÀz¶x³r>u�qàë�z~{eqséFëdßsr5{Zì>x0vyxdz-ë1r!ßsv�� Þ t@�!öyz

tv : T→ P(V)
ã0xdr&�dtdqsx0vVí5z�é�z³|

tv(τ) =











{α}
{�r

τ = α

∅
{�r

τ = C

V1 ∪ V2

{er
τ = τ1τ2

ã
V1 = tv(τ1)

r
V2 = tv(τ2)��vÀéz��ì5é Þ {�vÀé�z�{�v¨r,�9ëdo�r5{�{�öyz

tv(X)
ë0vÀo�v¨xdr!tdzÀuwvyo�v¬��vÀé�êàßsq¥vZxdr å vyoeq¥á å r5qs{Æxdr Þ éÎí!z�t"ä Þ tgu�z

X ⊆ T
xdr¨r,�9ëdoer!{�{A'9r5{½xdr§u�qsë1zd|

tv(X) =
⋃

{tv(τ) | τ ∈ X}

x [sT&ViNyOrj�G[sT
 �9ëdo�r5{�{~'
r!{Fí!zyé vá��z�oeé3v

x : τ
xdr!t³zyuwvyé �°�%)���� &¾aA¿2�%)�ãUo�r5ëdo�r5{�r5t:u�vyx0vy{Vu�vyéz�1ì!é ë�z�o å vyo�qsá å r!qà{í!zyé vz��z�o�é�v

c
ã
c′
ã0r�u�íÀîñ å vyo�qsá å r!ß

κ
r�r,�9ëdoer!{�{A'9r5{Æí!z�éÖv ��z�o�é�v

{x1 : τ1, . . . , xn : τn}
ã�ë0vÀo�vZu�z9xdz

n ≥ 0
ã�xdr5tdzyuwvÀé

°%+*�10 ¯��h�K+2)fe��ª�°�%)��3� &¾aA¿2�%)�înÃí5z�t6ä Þ tgu�z}xdr å vyoeq¥á å r5qs{Sxdrpu�qsë1z(r!é Þ é3v(oer!{�u�o�q5��öyzVì§xdvyxdz}ë�r5ß¥v�� Þ t@��öyz
tv : K→ P(V)

ãz�tdx³r
tv(x : τ) = tv(τ)

îVnÊí!z�t"ä Þ tgu�z�xdr å vyo�qsá å r!qà{½ì}v Þ t³q¥öyz-xdzy{pí!z�t"ä Þ tgu�z�{¨xdr å vyoeq¥á å r5qs{½x³ru�qàë�zVx³r²í!vyx0v}o�r5{eu�oeq��!öyzd|

tv(κ) =
⋃

1≤i≤n

tv(τi)
ëdvyo�v

κ = {x1 : τ1, . . . , xn : τn}
ã0r

n ≥ 0

��OQ�/PaT
© é�v°r%�9ëdo�r5{�{�öÀz

∀ᾱ. κ . τ
xdr5tdzyu�v Þ é ��&g�h+6î41
r

κ 6= ∅
ã9xdqà÷!r5é�z�{ Ý:Þ rpì Þ é��3&g�h+,�°�%)��3� &'�s±�&3e�+6ã9í!vy{�zí!zyt:u�o�áyoeqszdã:xdqà÷!r5é�z�{ Ý:Þ rZì Þ é �3&g�h+f&'���°�%)��3� &'�K+6î419r

ᾱ = ∅
ã
x³qs÷!r5é�zy{ Ý:Þ rZì Þ éû�3&g�h+^!-+*�.+*!-�*�¾jq°%+6ãí�vÀ{�züí5z�tgu�o�áyo�qàzü{�r5o�á Þ é u�qsë1z�ë�zyßsqséFè�o³�0í!zdî ô vyo�vO{eqséFëdßsq��0í�vyopvO{�qàtguwvy�9ryã Þ {�vyéFz�{°vy{²{�r!ç Þ qstgu�r5{v��doer å q¥v��('
r!{!|

• ∀ᾱ.τ
Ý:Þ vÀtdxdz

κ = ∅
Á

• κ . τ
Ý:Þ vytdx³z

ᾱ = ∅
Á

• τ
Ý:Þ vyt³xdz

κ = ᾱ = ∅
î

n í!z�t"ä Þ tgu�z~xdr å vyo�qsá å r!qà{½ßsq å o�r!{/xdr Þ é u�qsë1z
σ
ì(x0vyxdz3ë�r5ß¥v6� Þ t@��öÀz

tv : J → P(V)
ã1xdr&�0t³qsx0ví!zyé�zd|

tv(∀ᾱ.κ.τ) = (tv(κ) ∪ tv(τ))− ᾱâ�z�éFz�tdz�í�vy{ez�x³r°u�qàë�zy{S{�qséFëdßàr!{!ãdu�vyéz�1ì!é Þ {�vyéFz�{ZvFtdzÀuwv��!öyz
tv(X)

ë0vyo�vFxdr5tdzyu�vyoZzFí!zyt0�ä Þ tgu�zFxdr å vyo�qsá å r!qà{Sßsq å oer!{Sxdr Þ é í!z�t6ä Þ t:u�z�x³r¨u�qsë1z�{!|
ó �



o ûqp�t'uiþzx�~ØyTr�s

tv(X) =
⋃

{tv(σ) | σ ∈ X}
ã0ë0vyo�v

X ⊆ J

j±î�í x�%��}ù	ÿzý�ÿ&%±ýþ÷ôøÀñù
© é�vV{ Þ �³{eu�q±u Þ q5��öyz

S
ì Þ é3v�� Þ t���öyzFxdr å vyo�qsá å r!qà{Sxdr§u�qsë1zVë0vyo�vFr%�9ëdo�r5{�{~'
r!{Zxdr§u�qàë�zV{eqséFëdßsr5{!îÆní!zyt6ä Þ tgu�z¨xdrSu�z
x0vy{ÆvÀ{U{ Þ �d{�u�q±u Þ q5�('
r!{Uì�xdr!t³zyuwvyx³z²ë1z�o

S
rZv§{ Þ �d{eu�qàu Þ q��!öyz§qsxdr5tgu�qsxdvyxdrSìSxdr5tdzyuwvÀx0vë1z�o

id
î

 {�í!oer å r!éFz�{
dom(S)

ë0vyo�v-o�r!ë³o�r!{er!tguwvÀo°z-í5z�t6ä Þ tgu�z¶xdr å vyoeq¥á å r5qs{§ë0vyo�v�vy{ Ý:Þ vyqs{¨v~qàé3vÀç�r!é{�z��
S
ì²x³q5��r!oer!tgu�r¨x0vVqàé3vyçyr!é¾x0vF{ Þ �d{�u�qàu Þ q��!öyz}qsxdr5tgu�qsxdvyxdry|

dom(S) = {α | S(α) 6= α}ñ u�o�v å ì!{Uxdr5{eu�r�xdz
í Þ éFr!tgu�z³ãyí!zytd{�qàxdr!o�vyo�r5é�z�{�vyë1r!t0vy{�{ Þ �³{eu�q±u Þ q5�('
r!{�ë0vyo�vZvy{ Ý:Þ vÀqs{�z½í!z�t6ä Þ t:u�z
dom(S)

ì-�0tdq±u�z6«�{ Þ �³{eu�q±u Þ q5�('
r!{\�0tdq±uwvy{��ã6r Ý:Þ r�ëdo�r5{�r!o å vyéÖz¦é*&'��e°x0vÀ{ å vyo�qsá å r!qà{!ã6q;î ryî
S(αk) ∈ T

kë0vyo�v Ý
Þ vyß Ý:Þ r5o¦é*&'��e
k
î

��z
x0vi{ Þ �d{eu�qàu Þ q��!öyz
S
ë�z
xdr3{er!oVr5{eu�r5tdxdqàx0vië0vyo�v Þ é æ³z�é�zyé�z�o³�0{�éFzü{ez��doer~r,�9ëdoer!{�{A'9r5{}xdru�qàë�zV{eqséFëdßsr5{ Þ {�vÀtdxdzFzFzyë�r5o�vyxdzyo

(
�

)∗
ã0x³r&�0tdqàxdz}í!z�éFzd|

S∗(α) = S(α)

S∗(C) = C

S∗(τ1τ2) = S∗(τ1) S∗(τ2)ô z�oÆo�vy÷('
r!{Æxdr�{�qàé�ë³ßsqsí5qsx0vÀxdryãÀr!{�í5o�r å r!oer!éFz�{
S(τ)

vyz¨qst å ì!{Åxdr
S∗(τ)

ã:r
Sτ

vyz¨qst å ì!{Åxdr
S(τ)

înÃu�r5o�éFz
[α 7→ τ ]

x³r!tdzyu�v�vV{ Þ �d{eu�qàu Þ q��!öyz}xdr&�0t³qsx0v}í!z�éFzd|

[α 7→ τ ](β) =

{

τ
{�r

α = β

β
{�r

α 6= β
1 Þ �d{�u�q±u Þ q5�('
r!{Åë�z
xdr!éÎ{er!o�r5{eu�r!tdxdqàx0vy{�ë0vyo�v²ædz�éFz�éFz�oA�0{eé�zy{U{�z��doer½oer!{eu�o�q5�('
r!{ «

Sδ
�ã
í!z�t6ä Þ t0�u�zy{Vxdr-o�r5{eu�oeq��&'9r5{u«

Sκ
°r~u�qàë�z�{>o�r!{�u�oeqstdç�qàxdz�{
«

S(κ.τ)
®ãÆq;î ryî�vÀëdßsqàí�vytdx³zLvL{ Þ �d{�u�q±u Þ q5��öyz vií!vyx0vå vyo�qsá å r!ßUx³r}u�qsë1z Ý
Þ r�vÀë0vyo�r5í!rFí!z�éFz�{ Þ �9u�r!oeé�z³î ñ r%�9u�r!td{�öyzüx³r Þ é3v-{ Þ �d{eu�qàu Þ q���öÀz¶ëdvyo�v Þ é�v

� Þ t@�!öyzFxdr¨í!z�t6ä Þ t:u�z�{�xdr§u�qàë�z�{Sëdvyo�vVí!zyt6ä Þ tgu�z�{�xdr§u�qsë1z�{Sì¨xdr&�0t³qsx0vVí!zyé�zd|
S(X) =

⋃

{Sτ | τ ∈ X}z�tdx³r
X
ì Þ é í5z�t6ä Þ tgu�z�xdr§u�qsë1z�{!î

© é�v({ Þ �³{eu�q±u Þ q5��öyz(u�vyéz�1ì!é^ë�z
xdrp{er!o�r!{�u�r!t³xdqsx0vVë0vÀo�v Þ é�v(z�ë1r!o�v���öyzV{ez��do�r§u�qsë1z�{�ë1z�ßsqàé�è�o �
�0í5z�{!ã�é�vy{Sì°ë³o�r!í5qs{ezFu�r!o�í Þ qàx0vyxdz}ë0vÀo�v}r å qàu�vyo/v}í!vyë³u Þ o�v}xdr å vÀo�q¥á å r!qs{SßàqsçgvÀx0vy{!î ñ vyë³ßsqsí!v���öÀzVxdrÞ é�vV{ Þ �d{�u�q±u Þ q5��öyz

S
v Þ é^u�qsë1z

σ
ì²x³qàuwv ¯/&'�2�°�^e��z°������3¯����3{er

tv(Sσ) = tv(S(tv(σ))
îñ

� Þ t@��öyz
tv
u�vyéz�1ì!é ë1z9x³rÅ{er!o�r!{�u�r!t³xdqsx0v/ë0vyo�v/{ Þ �d{eu�qàu Þ q��&'9r5{!ãyí5z�t���z�oeé�rÆv/xdr&�dtdq��!öyz½v��0vyq��9zd|

tv(S) = dom(S) ∪ {tv(S(α)) | α ∈ dom(S)}
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© é�v²{ Þ �d{�u�qàu Þ q��!öyz²ë�z
xdr/{�r!oÅr!{eë�r5í!q��0í�vyxdv°ë1z�o Þ éÊí!z�t6ä Þ t:u�z>xdr/ë0vyoer!{ «

α 7→ τ
®î ô vyo�v

n ≥ 1rSë0vyo�v
αi 6= αj

ãgí!z�é
1 ≤ i < j ≤ n

ã9vpt³zyuwv��!öyz
[α1 7→ τ1, . . . , αn 7→ τn]

xdr5tdzyuwv¨v§{ Þ �d{eu�qàu Þ q���öÀz
S
u�vyß Ý:Þ ry|

S(α) =

{

τi

{er
α = αi

α
í!vy{�zFí!z�tgu�o�áyoeqsz

j±îNj ��ýþù&�n� üªñÓö�õ�óÞú�� xiýþù	ÿzñ�� õ k��
»¼[
½�GI¶�LQ¸YJ ]fJYH�\�´µCV¶a�=½.W
n 19qà{eu�r!é�vDâ��§ã�í!zyé�z&z Þ u�o�z�{¶{�qà{eu�r!é�vy{�xdr<u�qsë1z�{ �0vy{er�vyx³z�{ütdz={�qà{eu�r!é�v=xdr�õpvyé�vy{ ��èOqàßstdr5o!ãt0öyz�ë�r5o�éFqàu�rüvÑv��d{�u�o�v���öyz�ë�z�ßàqséFè�oA�dí�v³|iëdvyo��yéFr5u�o�z�{�xdrá� Þ t��('
r!{~t0öÀzÑë�z
xdr5é vy{e{ Þ éFqsoFu�qàë�z�{ë1z�ßsqàé�è�o³�0í!zy{!î6)/z¶r5tguwvytgu�z³ã�ë1z�o§{�r5o��dvy{�r!vyxdz�uwvyéz�1ì!é tdz�{�qs{�u�r5é3v-xdr-èOqsßàtdr!o ��è{M
í5o�z��#uÀ> ó � @+ã?z
19qà{eu�r5é3vZâ��Ñë1r!oeé�q±u�rÅvf�°� °�¯��%)ºc�+Y�h+y¯/&'!-�*�'jq°��p> ó �*@+î  é z Þ u�o�vy{�ë0vyßsv å o�vy{!ã6z�1
qs{eu�r!é�v½â���ë�r5o�éFqàu�rÝ:Þ r~z
í!z�oeo~�5tdí!qsvy{>oer!í Þ o�{�q å vy{(xdr Þ é3v;� Þ t@��öyzivy{�{ Þ é3vÀéOã�t³zií!z�oeë�züx0vá� Þ t@�!öyzdã�u�qsë1z�{>xdqà{eu�qstgu�z�{t0öyz Þ t³q5�0í!á å r!qà{!îñ qàt���r!oA�!tdí5q¥v}xdr¨u�qsë1z�{�t0v}ëdo�r5{�r5t@��v3x³r>o�r5í Þ oe{�öyz�ë�zyßsqséFè�o³�0í�v���z�qQéFz�{�u�o�vÀx0vF{er!o/r Ý:Þ q å vÀßsr!tgu�rvyz�ëdoez��dßsr5é3v-xdr}{er!éFq�� Þ tdq5�0í!v���öÀzÊ> Ú � ã Ú {d@+ã Ý:Þ rFë1z�o§{ Þ v å r5÷���z�q�xdr!éFz�td{�u�o�vÀxdzO{er!o¨qst³xdr!í5qsxdê å r!ß>�{ Ú @+î�)Zz¨r5t:u�vytgu�zdãgr%�9qs{eu�r!éÖ{�r!éFq���vyßsçyz�o�q±u�éFz�{Që0vyo�v¨z§ë³o�z��dßàr!é�vp> Ú {9ã ó �A@ Ý:Þ rSu�r5o�éFqst0vÀéÃr5éÖu�z9xdzy{z�{¨í�vÀ{�z�{²r!é Ý:Þ r Þ é�v�{ez�ß Þ ��öyz¶r,�9qs{�u�r}r Þ é u�qàë�z å áyßàqsxdz-ë1z9x³rF{er!o²qst���r5o�qàxdz-ë0vyo�v Þ é�v � Þ t@�!öyzë1z�ßsqàé�è�o³�0í!zy��o�r5í Þ oe{�q å v-r�r!é Þ é�vüvyéFëdß¥v�í!ßsvy{�{er~xdr�í�vy{ez�{(r!é Ý:Þ r~{ez�ß Þ �('
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xdr¨{�r5o/vÀu�oeq�� Þ êàxdz}v Þ é�v6� Þ t@��öyz}ë1z�ßsqàé�èyoA�0í5z���oer!í Þ o�{�q å v��î
³ J S UQ[.¬ÓUQJYLÞEI[�UQ\�]ØWw�Y[z´
© é¹°%+*�h�K��Ãb��+ie����3&g���i±���!

Γ ⊆ X× J
ì Þ é�v>oer!ß¥v���öyzVr5t:u�o�r å vyo�qsá å r!qà{�xdrpu�r!o�éFzVrpu�qsë1z�{!îÅâ�z�éFzuwvÀß;ã�r!ßsr�ë�z
xdrF{�r5o å qs{eu�züí5z�é�z Þ é í!z�t"ä Þ tgu�zixdr})�¯d�h+2)�&¾aA¿2�%)-e��i�3&g�h+ Ý:Þ rFu�r5é v
��z�o�é�v

x : σ
ãz�tdx³r

x
ì Þ é3v å vyoeq¥á å r5ß�xdr~u�r!o�éFz�«�z Þ {�êàéz��zyßsz"§r

σ
ì Þ é u�qsë1zdî © é í!z�tgu�r,�
u�z xdr~u�qsë0vyçyr!éo�r5ëdo�r5{�r5t:u�v Þ é�v(qst0��z�o�é�v���öÀz>{�r5td{�ê å r5ß�v(í5z�tgu�r%�9u�z�{ez��doer Þ é í!zyt:u�r,�
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u�z�xdzFëdoez�ç�o�vÀé3v³înXí5z�t6ä Þ tgu�z

Γ(x) = {σ | x : σ ∈ Γ}
oer!ëdoer!{er!tguwv zLí!z�t"ä Þ tgu�z xdr~u�qàë�zy{(vy{e{�z
í!q¥vÀxdz�{Vvyz{�êàéz�1z�ßsz

x
tdzFí!z�tgu�r%�
u�z

Γ
îâ�z�éFz3z 1
qs{eu�r!é�v~â��Äë1r!o�éFqàu�r²v�{�z��do�r5í�vyoeçgv3xdr°{�êsé���z�ßàz�{!ã Þ éXí5z�tgu�r%�9u�z-xdr°u�qsë0vÀç�r!é ë1z9x³rqst³í!ß Þ qsoÅé3vyqà{�xdr Þ é3v({ Þ ë�zy{�q��!öyzVë0vyo�v Þ é¾x0vyxdz}{�êàéz�1z�ßszdî © é^{�êàéz��zyßsz

x
ì§{�z��do�r5í�vyoeo�r!ç�vyxdzVr!éÞ éXí!z�tgu�r,�
u�z-xdr>ëdo�z�çyo�vyé�v�{er>u�q å r!o½é3vyqà{Zx³r Þ é�v�{ Þ ë�z�{eq��!öyz~í!zyo�o�r5{�ë1z�tdxdr5tgu�r}tdz~í5z�tgu�r,�
u�z-xdru�qàë0vyç�r5éOã9q;î ryî

|Γ(x)| ≥ 2
î

�?JYHb�`UQ\K½.W E=[�LQJ��=¶�[
½.WV¶F�YW
)Zr5éXu�z9x³z�{Zzy{p{ Þ �1í!zyt6ä Þ tgu�z�{½xdr

X× J
o�r5ëdo�r5{�r!tgu�vyé í5z�tgu�r,�
u�z�{ å áyßsqàxdz�{5ã�é�vy{Zvyë�r5t0vy{½v Ý:Þ r!ßàr!{Ý:Þ r~{�vÀu�qà{A��vy÷5r!é vüë1z�ßsê±u�qàí�v~xdr�{�z��doer!í!vyo�çgvOxdz^19qà{eu�r!é�viâ��§ã Ý:Þ r�xdqs÷ Ý:Þ r3u�qsë1z�{¨xdr~{ Þ ë�z�{eq��&'9r5{

ó��
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∀ᾱ. κ. τ
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∀ᾱ′.κ′. τ ′
ã�í!zyé
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Sτ = Sτ ′ dom(S) ⊆ (ᾱ ∪ tv(τ))− tv(Γ) Γ |=S′ Sκ

Γ ∪ {x : ∀ᾱ.κ.τ ′} |=S′◦S x : τ
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�
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SATmuitos
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Γ |=S ∅
(SAT∅)

Γ |=S x : τ Γ |=S κ

Γ |=S {x : τ} ∪ κ
(SATmuitos)
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x : α→ Int ±¡�¬ ¨a�
S1 = {α 7→ Int}

�
S2 = {α 7→ Bool}

S1(α→ Int) = S1(Int→ Int) dom(S) ⊆ {α}
Γ |=S1

∅
(SAT∅)

Γ ∪ {x : Int→ Int} |=S1
x : α→ Int

(SAT1)

S2(α→ Int) = S2(Bool→ Int) dom(S) ⊆ {α}
Γ |=S2

∅
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Γ ∪ {x : Bool→ Int} |=S2
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Γ ∪ {x1 : I→ B} |=S x1 : α→ β
(1)
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S([γ]→ [γ]) = S(α→ β)

S(Int→ Int) = S(γ → γ)
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Γ ∪ {x1 : Int→ Int} |=S x1 : γ → γ
(1)

Γ |=S ∅
(∅)

Γ |=S {x1 : γ → γ}
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Γ ∪ {x : ∀ᾱ.κ.τ ′} |=S′◦S x : τ
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|Γ(x)| ≥ 2 τ =
∨

{τ ′ | ∀ᾱ.κ.τ ′ ∈ Γ(x)} ᾱ = tv(τ)

Γ ` x : ∀ᾱ.{x : τ}.τ
(VARmuitos)

Γ(x) = {σ}
Γ ` x : σ

(VAR1)

Γ ` x : ∀ᾱ.κ.τ dom(S) ⊆ ᾱ Γ |=S κ
Γ ` x : Sκ. Sτ

(INST)

Γ ` e1 : κ1.τ1 σ1 = ∀ᾱ.κ1.τ1 ᾱ = tv(κ1.τ1)− tv(Γ)
Γx ∪ {x : σ1} ` e2 : κ2.τ2

Γ ` let x = e1 in e2 : κ2.τ2
(LET)

Γ, {u : τ ′} ` e : κ.τ
Γ ` λu.e : κ.τ ′ → τ

(ABS)

Γ ` e1 : κ1.τ2 → τ1 Γ ` e2 : κ2.τ2 Γ |=S (κ1 ∪ κ2)
Γ ` e1e2 : S(κ1 ∪ κ2.τ2)

(APPL)

Γ ` e1 : κ1.τ1 σ1 = ∀ᾱ.κ1.τ1 ᾱ = tv(κ1.τ1)− tv(Γ)
Γ ∪ {x : σ1} ` p : κ2.τ2

Γ ` leto x = e1 in p : S(κ2.τ2)
(LETO)
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�Do QT[�b:U.x�a}[ gi[�UEQ.giS7j?x�afX:[ gi[<M�S7UJQ.gia�U
4�õ�� ø���6ÿ��Ïø$ö0�²õTù=ü��4û�ø����.ú�ö�) ø²öBü&þE÷2ø^,Tú�ùiú�öBû�ôBüý÷2ø²ø$û'ü'�ÏøÃó�õ.ùiú�ö¬ú�ôtú�öW÷�ú'þiùiü&ùiøÏó4ø$ô¬øz!
ø�+�ú�ôOõ6ÿT÷�ô¬õ$ö÷�üýó�õ$ö�ùiú"�©ø$þ=ü&óiÿ�&ø����.ú�ö�)Tû'õ��²õ*�²õ6öW÷�ô�ø�õÃú�,Tú��Ïó�ýõ²øÃöBú��6ÿ=ü&ô�
 ú�öW÷�ú'þiùiú
• � û ø��²ó�õ b?d�Y�e�O�f ) û�õ�� � ø�&õ6ô v ) ø�û�ô¬ú'ö¬û'ú�þE÷2ø$ù=õDø�ÿ���ôBú��6üýöB÷�ôBõ�

a p�� · · · j �Tb?d�Y�e�O�f ← ��j · · · o �

•
� ��ô¬ú��6ü&öW÷�ôBõ�û�õ���õ²û ø��Ïó�õ b?d�Y�e�Ogf ô¬ú��Ïõ � ü&ùiõ5
 a p�� · · · j�� b?d�Y�e�Ogf j · · · o �

ò\ö¬ú��6ÿiü&þE÷¬ú"!mÿ=þ��(�$õz�²õ6öB÷¬ô�ø�õ6ÿ=÷¬ô¬õÃú�,Tú��Ïó�ýõ�

p Y5Z^{|rT] pl� aXb?d�Y�e�O�f j RTR o U�a p#� b?d�Y�e�O�f ← b`d�Y�e�Ogft��f j�|b`d�Y�e�O�k

←
f^� j � b?d�Y�e�Olm o

I6I
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� öB÷�ø !mÿiþ����$õYø$û�ú'üý÷2øOû�õ��ÏõOó4ø$ô 8 �²ú'÷�ôBõ��.ÿiø�'�Jÿiú'ô � ø�ýõ6ô�ùiúZô¬ú��$ü&öB÷¬ô¬õ��JÿiúZó�õ6öBö¬ÿ4øtõ6ödû ø��²ó�õ$ö b`d�Y�e�Ogfú b?d�Y�e�Olm )�ú2�Jÿiú�þ���õDó�õ$ö¬ö¬ÿiøDõDû ø��²ó�õ b?d�Y�e�O�k )�ú ô¬ú�÷�õ6ôBþ4ø©õ��²ú�ö��²õDôBú��6üýöB÷�ôBõ©û'õ�� õ � ø�ýõ6ôtùiõû ø��Ïó�õ b?d�Y�e�Ogf ø$û�ôBú�öBû�ü&ù=õ ùiú � )�û'õ��Áõ � ø�&õ6ô�ùiõ!û ø��²ó�õ b?d�Y5e�O�k ü'�6ÿ4ø��ø � Ä ú©ö¬ú���õ!û ø��²ó�õ
b?d�Y5e�Olm �

� öB÷2øOö¬üýþE÷2ø^,Tú ÷�ú��^ÿ��ÏøOôBú�öW÷�ô¬ü��(�$õ5
�ú��^ÿ��Ïø�ú�,TóiôBú�öBö��$õYùiú¡�©ø$þ=ü&óiÿ�&ø��(��õ�ùiú�ô¬ú��6ü&öW÷�ô¬õ$ö a p3� . . . o )ùiÿ4ø�öDõ6ó�ú�ô�ø����.ú�öDþ���õ ó�õ.ùiú�� ÿ=ö�ø$ôDõ��Ïú'ö��²õ þiõ��²ú ù=úuû ø��²ó�õ�� @ õ6ô©ú-,=ú��Ïó5&õ�)Oø$ö©ö¬ú��$ÿiü&þE÷�ú'öú�,TóiôBú�öBö��.ú�ö:ö��$õ²ü&þ � ��&üýù4ø$ö�

a p�� ��P�_T_=¢�\ p O¤£ �¦¥ ��P5_T_=§ j ]?\^rT]`Z�YsU�f=�T� j�� ��P5_l_=¢�\ p O oa p�� ��P�_T_=¢�\ p O¤£ �¦¥ ��P5_T_=§ j ��P�_T_=¢�\ p O¨U ¥ ��P�_T_�k�§ oa p�� ����P5_T_=¢�\ p O¤£ ��¥ ��P5_T_^§ j ��P5_T_=¢?\ p O©U ¥ ��P5_T_�k�§ oò ô�ø�+��$õÏóiø$ô�øÃú�öW÷2ø©ôBú�öB÷¬ô¬ü��(�$õ*�x�Jÿiú�õ©ÿ=ö¬õ©ù=ú�ùiÿiø$öYõ$ÿª�Ïø$ü&ö�õ6ó�ú�ô¬ø����.ú�ötö¬õ� iô¬ú�õ��²ú�ö	�Ïõ²û ø��²ó�õú�� ÿ��©ø/�²ú�ö	�©ø ú-,=ó=ô¬ú�öBö��$õ©ùiú"�©ø$þ=ü&óiÿ�&ø��(��õ ùiú�ô¬ú��6ü&öW÷�ô¬õ�öBú�ô��5


•
ø��2 ��'�$ÿ4ø5)4ó�õ6ô��Jÿiú�õDô¬ú'ö¬ÿ�É÷2ø$ùiõÏùiú�ó�ú�þ=ùiú�ô��©ù4ø©õ6ôBùiú�� ú��«�Jÿiú¶ø$ö:õ$ó�ú'ô�ø����Tú'ö:ö¬ú'ô��$õ�!mú�üý÷�ø$ö Fõ6ÿ

•
ôBú�ùiÿ=þiù4ø$þE÷�ú�
eöBú�ÿ��©ø õ$ô¬ùiú���ùiú�ú�,Tú�û'ÿ��(��õ¬�Âú�öBû�õ��&iü&ùiø5)iö¬õ��Ïú'þJ÷¬ú�ø � ý÷�ü��©ø�õ6ó�ú'ô�ø����$õ�ö¬ú'ô��öBü'�6þiüv�4û ø�þJ÷¬ú�)ióiø$ô�ø�û ø�ù4ø²û�ø��²ó�õ��

 �|P�V7a�g X:awgi[<M�S7UJQ.gia}�|P � S7a
® ú ó�ú�ô	�ÏüÉ÷�üýô��²õ6ö � ø�&õ6ôBú�ö ,&+�n$+2 ùiú¶ô¬ú��$ü&öB÷¬ô¬õ�)�ùiú � ú��²õ6örû'õ6þiöBü&ùiú'ô�ø$ôrû'õ��²õ©ô¬ú'óiô¬ú'ö¬ú'þJ÷�ø$ôÂõ � ø�ýõ6ôOùiúÿ�� ô¬ú��$ü&öB÷¬ô¬õ¯�Jÿiú þ��$õäó�õ6öBö¬ÿiürû�ø��²ó�õ6ö��qò°'�6ÿ��Ïø$öÏóiô¬õ6ó�õ6öW÷2ø$öHöBÿ��6ú�ôBú�� õäÿ=ö¬õ�ùiõ � ø�&õ6ô Ó } ~ Ó )�Jÿiú²ô¬ú�ó=ô¬ú�öBú�þE÷2ø!õ � ø�ýõ6ôÂùiúÃ÷�ü&ó�õ �T34%<# ú��

 ø$ö ® ú�'�)dó4ø$ô¬øÀôBú�óiôBú�öBú�þE÷2ø$ô�õ!ôBú��6üýöB÷¬ô¬õ � ø�+�üýõ�� « ú�öW÷2øóiôBõ6ó�õ$öB÷2ø�ÿiö¬ø$ô¬ú��Ïõ$öYø�öBü&þE÷2ø^,Tú Ó a o Ó ó4ø�ô�øÃô¬ú�ó=ô¬ú�öBú�þE÷2ø�ôYõÃô¬ú��6ü&öW÷�ôBõ � ø�+'ü&õ��� ö¬ø$þiùiõ Ó a o Ó ):ó�õ.ùiú��²õ6ö�ùiú��4þiü&ôÀø�û�õ6þ=öB÷�ôBÿ��(��õ ùiú ô¬ú��6ü&öW÷�ôBõ�û'õ��²õ�ÿ5�©ø�ø� iôBú � ü ø��(�$õ�� @ õ$ôú�,Tú��Ïó�ýõ�)4ø�ú�,TóiôBú�öBö��$õ
a�b?d�Y5e�OgftU � f j b?d�Y�e�O�ksU � k oó�õTùiúÂöBú�ô � ü&öB÷�ø�û�õ��²õÃÿ��©ø�ø� iô¬ú � ü&ø��(��õ²óiø$ô�ø5

aXa o � �|b?d�Y�e�OgftU � f j �|b?d�Y�e�O�ksU � k o R

± ]:b:j�k�[�Uä`?a g=g=[�U.p�a�b:XY[�beQT[�U³²�Uäa p�[LgiP�j?k�[�UäXY[~gi[<M�S7UJQ.g=a
� ö¬üýöB÷�ú��©øYùiú�ô¬ú��6ü&öW÷�ôBõ6öRùiú

 ø$ö ® ú��=ùiüýö¬ó�õ6þiü' =ü'&ü�+ ø�ó4ø$ô¬ø:õróiôBõ��6ô¬ø��©ø�ùiõ6ôdÿ��©ø !mÿiþ��(��õÂùiú�óiôBõ^$Bú����$õó4ø$ô¬ø�û�ø$ù4ø¶û�ø��Ïó�õ�ùiú:ÿ��fôBú��6üýöB÷�ôBõ�)Jõ6þiùiúYõ þiõ��²útù4ø´!mÿiþ5�(�$õ2�tõ þiõ��Ïútùiõ¶û�ø��²ó�õ�� ® ú:õ�÷�ü&ó�õ�ùiõû ø��Ïó�õ2�
τ
)iúrö¬úÂõ¶û ø��²ó�õx!mõ6ü?ùiú'û�&ø$ô�ø$ù=õ ú�� ÿ�� û'õ6þiöW÷�ô¬ÿT÷�õ6ô�ù=úrù4ø$ùiõ$ö�ó4ø$ô¬ø õ ÷�ü&ó�õ¶ù=úrù4ø$ùiõ$ö0µg)ú�þE÷��$õÏõ�÷¬ü&ó�õ�ù4øz!mÿ=þ��(�$õÃùiú�óiôBõ^$Bú����$õ*�

T→ τ
�

w:ú��Ïø$þiú'ü&ô¬ø�öBú��²ú��&4ø$þE÷�ú�)Tÿ��Ïø´!mÿ=þ��(�$õ�ùiúYø�÷�ÿ4ø�&ü'+�ø��(��õ�ù=úYôBú��6üýöB÷�ôBõ�ó�õ.ùiú�ôBü ø�ö¬ú�ô�ø$ÿ=÷¬õ��©ø�÷�ü&û�ø^�
�²ú�þE÷�úrû'ô¬ü&ø$ù4ø�óiø$ô�ø¶û�ø$ù4ø û�ø��Ïó�õ�� @ õ6ô	����)iø¶ú'ö¬û�õ�'&4ø ùiõ¶þiõ��²ú:ù4øx!mÿ=þ��(�$õ�þ��$õ2���� � ü&ø5
Ró�õTùiú'ô¬ü&ø
I$z



� ó�ú�ô�ø����.ú�öOùiú�ô¬ú��6ü&öW÷�ô¬õ$ö

= ; © B

� � D C

§ ü��6ÿiô¬ø I � � 
 ò�'�$ÿiþiö�ö����2 �õ�&õ6ö � þiüýû�õ.ùiú��
ö¬ú'ô b�¶l��O5P�Q5Y ) rT��O5P�Q5YT·�b õ6ÿ _�Y�Q5·�b )ió�õ$ôeú-,=ú��Ïó5&õ��¡¸rÿ4ø�'�Jÿiú�ôZú�öBû�õ��&4ø�÷¬ú�ôBü ø�û'õ��²õ¶û�õ$þiö¬ú��.ÿ A þiû'ü øÿ��Ïø�ó�õ�ýÿiü'���$õ�ø$üýþiù4ø/�Ïø$ü&õ6ôeùiõÃú�öBó4ø���õÏùiú�þiõ��²ú�ö�ùiúG!mÿiþ5���.ú�ö��òtýü&þ��6ÿiø��6ú�� ® ÷2ø$þ=ù4ø$ô¬ù · ¹ ÿiö�øYõ:ö����2 �õ�&õ�¹�ó4ø$ô¬øYùiüýöB÷�üýþ��6ÿiüýô�õ:ú'ö¬ó4ø��'õÂùiú�þ=õ��Ïú'ö|ù=ú�!mÿiþ����Tú'öùiõOú�öBó4ø��'õ:ùiú�þiõ��²ú ù4ø$ö<!mÿiþ5���.ú�ö�ùiú�óiô¬õ=$Bú��(��õ�
døOú-,Tóiô¬ú'ö¬ö���õ�¹ b ùiú�þ=õ$÷2øOøOóiô¬õ^$Bú��(�$õOöBõ� iô¬úZõOû ø��²ó�õ
b � 4�õ��Æü&öBö¬õ�)�ø$ö�!mÿiþ����Tú'ö:ùiú�óiô¬õ=$Bú��(��õ©þ��$õÏó�õ�&ÿiú���õ©ú'ö¬ó4ø��'õDùiú�þiõ��²ú�öOù4ø$ö !mÿiþ����.ú�öYùiú��iþiü&ù4ø�öó�ú�&õÃóiôBõ��6ô¬ø��©ø�ùiõ6ô��� ö¬ø$ô¬ú��Ïõ6ö:ú�öB÷�øHü&ù��'ü øÏþ=õHö¬ü&öW÷�ú��©ø©ù=ú ô¬ú��6ü&öW÷�ô¬õ$ö:óiôBõ6ó�õ$öB÷�õHóiø$ô�ø©öBú�ó4ø�ô�ø$ôrõHú'ö¬ó4ø���õ�ùiú þiõ��Ïú'öù4ø$ö3!mÿiþ5���.ú�öOùiú"�©ø�þiü&óiÿ5 ø����$õ ùiú�ô¬ú��6ü&öW÷�ôBõ6ö�ù4ø$ö3!mÿiþ����Tú'öYù=ú��4þiüýù4ø$öOó�ú�&õ�ó=ô¬õ��6ô¬ø��Ïø$ùiõ6ô�

•
¹ ]?\»º�Y|O�\lZ�P^º��?\ 
�!mÿ=þ��(�$õ²ùiú�óiôBõ^$Bú����$õÏóiø$ô�ø�õÃû ø��²ó�õ ]?\»º�Y�O�\lZ�P^ºl�`\ )�ùiú��iþiü&ù4øÃû�õ��Ïõ�


¹ ]?\»º�Y|O�\lZ�P^º��?\ya�]?\=º�Y�O�\lZ�P^ºl�?\ j RlR o UJ]?\»º?Y�O�\lZ�P�ºl�?\

•
¹ ��]?\»º?Y�O�\lZ�P�ºl�?\ 
¼!mÿiþ����$õÃùiú�ú�,.÷�ú'þiö���õ©ó4ø$ô¬ø�õ²û�ø��²ó�õ ]?\»º?Y�O�\lZ�P�ºl�?\ )�ù=ú��4þiüýù4øÃû�õ��²õ�

¹ ��]?\=º�Y�O�\lZ�P^ºl�?\ � p Uya p�� ��]`\»º�Y�O�\�Z�P^ºl�?\ ← �yo

•
¹ � ]?\»º?Y�O�\lZ�P�ºl�?\ 
¼!mÿiþ����$õÃùiú�ô¬ú'öB÷�ôBü'���$õÃó4ø$ô�ø�õ²û ø��²ó�õ�þiõ��²ú�ùiõ.û ø��²ó�õ�)=ùiú��4þiüýù4ø²û'õ��²õ�


½ �5þiõ��Ïú'ùiõTû�ø��²ó�õ�ô ¾À¿�ôNÁ|�>þiõ��²ú�ùiõ.û ø��²ó�õ¬Â
« ��õx&4ø � ú�ô���ÿ��©øG!mÿiþ����$õ�ú�ö¬ó�ú�û����4û�ø�ó4ø�ô�ø¶ø�ø�÷¬ÿ4ø�&ü�+ ø����$õÂùiútô¬ú��6ü&öW÷�ô¬õ$ö�� @ õ6ô����V)Tø"!mÿ=þ��(�$õ�ùiúYø�÷�ÿ��ø�ýü'+ ø��(�$õ�ó�õTùiútö¬ú'ô�û'õ6þiöB÷¬ô¬ÿ��ýù4ø¶ø�÷�ô�ø � ��ö�ùiø�û�õ��Ïó�õ6ö¬ü��(�$õ�ù4ø�ö�!mÿiþ����Tú'ö�ùiútô¬ú'öB÷¬ô¬ü'���$õ¶útùiúYú�,.÷�ú'þiö��$õ5


a p�� b?d�Y�e�O ← �yo U ¹ �|b?d�Y�e�O � R ¹ � b?d�Y�e�O
ò:ó�ú�ö¬ø$ôOùiú�öW÷2øÃö¬õ�ýÿ��(��õ�ú � üý÷�ø$ôOø�ó�õ�ýÿiü'���$õ ùiõÃú'ö¬ó4ø��'õÏù=ú�þ=õ��Ïú'öOùiú�!mÿiþ����Tú'ö�)4ú�&ø�ô¬ú�ù=ÿ�+�õ²ú'ö¬ó4ø���õùiú�þiõ��²ú�öÃùiúÀö����2 �õ�&õ6ö�
Dõ6öÃö����2 �õ�&õ6öN¹`)�¹ � ú�¹ � ù=ú � ú�� ö¬ú�ô²ô¬ú'ö¬ú'ô � ø$ùiõ6ö�� @ õ6ô����V)eø$ü&þ=ù4ø�&��� ÿiüÉ÷�õ6ö:ö��'�N �õ�ýõ6ö:ù=ü&ö¬ó�õ6þ�� � ú'ü&öÂÿiö¬ø$þiùiõ�û�õ.ùiüv�4û ø����$õ � þiüýû�õ.ùiú��¶ò����6ÿiô¬ø I � � �²õ6öB÷¬ô�øHø���6ÿiþiöÂùiõ$öö����2 �õ�&õ6ö�ùiü&öBó�õ6þ5� � ú'ü&ö��® úDû'õ6þiö¬üýùiú�ô¬ø$ô��²õ6ö�ø$öx!mÿ=þ����.ú�ö ù=ú¬�Ïø$þiü&ó=ÿ� ø����$õÀùiú©ôBú��6üýöB÷�ôBõ6ö¶û'õ��²õ õ6ó�ú�ô¬ø����.ú�ö�óiô¬ü��ÏüÉ÷�ü � ø$ö�)ó�õTùiú��Ïõ$ö�ùiú��4þ=ü&ôÃõ¸öBü'�6þ=ü��4û�ø$ùiõµùiúÀÿ��Ïø ú-,Tóiô¬ú'ö¬ö���õ ùiúÀû ø$ö¬ø��²ú�þE÷�õ ùiú�ó4ø$ùiô��$õ ùiú�û ø��²ó�õ$ö�ùiúô¬ú��6ü&öW÷�ôBõuúDùiúHÿ��Ïø ú-,=ó=ô¬ú�öBö��$õ ùiú��Ïø$þiüýóiÿ�&ø��(�$õÀùiúDôBú��6üýöB÷¬ô¬õ6ö�ø�÷�ô�ø � ��ö�ù4ø$ö¶ô¬ú��$ô�ø$ö ù=úHô¬ú�ú'ö¬û'ô¬üý÷�ø
�P

ú
�M



I6�
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case er of {. . . } 7→ e �P e

case er of {f = p, ∆, . . . } 7→ e �P (λp.e)(#f (er)),ö¬ú
case er of {∆, . . . } �P e

{e|} �M e

{e |+f← ef , ∆} �M # + f (ef) {e |∆}

{e | −f , ∆} �M #− f {e |∆}

{e | f← ef , ∆} �M # + f (ef) (#− f {e |∆})@ õ6ôW÷2ø$þE÷¬õ�)ró4ø$ô¬ø øäùiú��4þiü��(�$õ�ùiõ�ö¬ü&öW÷�ú��©øäùiúµ÷�üýó�õ$ö�)� iø$öB÷�ø�û'õ6þiö¬üýùiú�ô¬ø$ô��²õ6öÀø$ö�!mÿiþ����Tú'ö�ùiú
�Ïø$þiü&ó=ÿ� ø����$õ ùiú�ôBú��6üýöB÷�ôBõ��
ïÃ�	Ã ±²�'�L���O³ � �H�0����´µ�¶�
� öB÷�øDö¬ú����$õ�ùiú�öBû�ôBú � úÏø$örú-,.÷�ú�þ=ö��.ú�ö�óiô¬õ$ó�õ6öW÷2ø$ö:ó4ø$ô�ø��Jÿiú�õ ® ü&öW÷�ú��Ïø�4 y ö¬ÿió�õ6ôW÷�ú�ó�õ�&ü��Ïõ6ô.�4ö��²õùiú�ô¬ú��6ü&öW÷�ôBõ��
�Do p:g=[�UTU.k�[�UäX:[hQ=[Lgi_va�U
ò � þiü&û�øx� ÿiùiø$þ�� ø�ú�,Tü'�6üýù4ø�þ4ø¶ö¬üýþE÷2ø^,Tú:ù=ú:ú�,TóiôBú�öBö��.ú�öOùiúY÷¬ú�ô	�Ïõ6öÄ�rø�ü&þiû�&ÿiö��$õ�ù=õ ô¬ú��6ü&öW÷�ô¬õ � ø�+�üýõa o ú�ù4ø$öOõ6ó�ú�ô¬ø����.ú�öOùiú�ô¬ú��6ü&öW÷�ôBõ�óiô¬ü��ÏüÉ÷�ü � ø$ö�


Í ø$ô¬ü'� � ú�üýö�ùiúÂ÷�ú'ô��²õ6ö � ö	�'�2 �õ�&õ$ö � x ∈ X« õ��²ú�öOùiú�û�ø��Ïó�õ6ö f ∈ F@ ô¬õ��6ô¬ø��Ïø$ö
p ∈ P ::= e | leto x = e in p� ,=ó=ô¬ú�öBö��.ú�ö
e ∈ E ::= x | λx. e | e e′ | let x = e in e′ |

{} |#f |# + f |#− f

 QTS5p�aqgi[<M�S7UJQ.g=a
ò�õ�ü&þ � �'ö!ùiú û'õTùiüv�4û ø�ôHô¬ú��$ü&öB÷¬ô¬õ6öHû'õ��²õ�û'õ6þiöW÷�ô¬ÿT÷�õ6ôBú�ö�ùiú ù4ø$ùiõ6ö�û'õ�� �

�
É÷�üýó�&õ6öÏó4ø$ô 8 �Ïú�÷�ôBõ6ö�)ø$û'ô¬ú�öBû�ú'þJ÷�ø$ô¬ú��Ïõ$ö�ÿ�� ÷�ü&ó�õHóiôBü'�²üý÷�ü � õDù=ú²ôBú��6üýöB÷¬ô¬õÀø$õ�ö¬üýöB÷�ú��©øDù=úÃ÷¬ü&ó�õ6ö�� � öÂ÷�üýó�õ$öÂö¬ü'�²ó�ýú�örö��$õú�öW÷�ú'þiùiü&ù=õ6ö�) û�õ��Ïõ�öBú�öBú��6ÿiú�
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{f1, . . . , fn}
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ç
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α
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1◦S1, S2◦S2, V ∪ {α

′})

Þ-ß(Ý
Ù
Þ
Ù(Ú^àâá.ã�áâäåÙ

æ
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α′ /∈ V,

S′
1 = [α′ 7→ τ1], S′

2 = [α′ 7→ τ2]
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4�õ��²õ � ü&öB÷¬õ�ø$þE÷�ú'ô¬ü&õ$ô��²ú�þE÷�ú�)6ó4ø$ô¬ø��.ÿ=ú�õ�öBü&öW÷�ú��Ïø:ùiú�÷¬ü&ó�õ6öRöBÿió�õ$ôB÷�úOø�ö�÷�ô%$�ö õ6ó�ú�ô¬ø����.ú�ö óiôBü'�²üý÷¬ü � ø$öùiúÏô¬ú��$ü&öB÷¬ô¬õ � óiôBõ^$Bú����$õ�)Rú-,T÷¬ú�þiö��$õµú©ôBú�öW÷�ô¬ü��(�$õ � )�ú�&úÏùiú � úDö¬ú'ô û ø$óiø�+©ùiúÏú�,TóiôBú�ö¬ö¬ø$ô�õ6ö�ö¬ú��$ÿiü&þE÷�ú'öóiôBú�ùiüýû ø$ùiõ$ötõ$ÿÀôBú�öW÷�ô¬ü����.ú�öOö¬õ� iô¬ú � ø$ô¬ü'� � ú�üýö�ùiúÂ÷�üýó�õ6ö�

� �Oò � ø$ôBüÇ� � ú��ö��²ó�õ.ùiúÂö¬ú'ôOü&þiöW÷2ø$þiû'ü ø$ùiøÃóiø$ô�ø ÷�üýó�õ$ö�ô¬ú��$ü&öB÷¬ô¬õ'&
ù � � ö:÷¬ü&ó�õ6ö:ôBú��6üýöB÷�ôBõDó4ø$ô¬øDõ6ö��Jÿ4ø$üýöÂø � ø$ôBüÇ� � ú��ó�õTùiú¶ö¬ú�ôÂüýþiöB÷�ø$þiû'ü ø$ù4øÏùiú � ú�� üýþiû�ýÿiü&ôtû�ú'ôB÷¬õ6öû�ø��Ïó�õ6ö(&
Ê � � ö ÷�üýó�õ$ö�ô¬ú��$ü&öB÷¬ô¬õµó4ø�ô�øµõ6ö/�Jÿ4ø$üýöÏø � ø$ôBüÇ� � ú��ó�õ.ùiúHöBú�ôÃü&þiöW÷2ø$þ=û�ü ø�ù4øuþ��$õ ó�õTùiú�� üýþiû�ýÿiü&ôû'ú�ôB÷¬õ6öOû ø��²ó�õ6ö�&
Ë � � ör÷�üýó�õ$örô¬ú��6ü&öW÷�ô¬õ©ó4ø$ô�øHõ6ö��.ÿiø$ü&öÂùiÿiø$ö � ø$ô¬ü'� � ú�üýöró�õ.ùiú�� ö¬ú'ô�ü&þiöW÷2ø$þiû'ü ø$ùiø$ö:ùiú � ú��ë÷�ú�ôÂõ$ö
�²ú�ö	�Ïõ6öZû ø��Ïó�õ6ö�).û�õ�� ú-,Tû�ú����$õ�ùiúYÿ���û'ú�ôW÷�õ û�ø��Ïó�õ�)T�Jÿiúrùiú � úrú'öB÷�ø$ô�û'õ6þE÷�ü&ù=õ ø$ó�ú�þ4ø�ö�ú��ÿ�� ùiõ6öOô¬ú��6ü&öW÷�ô¬õ$ö��

z �



7*) 8":<; ¡  =: ¡?>�+.£@>@A@BDC?BFE � ¢GB ;IH=�<  ¢GBJA|¡ ; ¡?K �<  + ; Bæ£<B � �<  +�¡ ¢r£ ¤:¦
�°�Ïø-,iþiüýû ø�ô¬ú�öW÷�ôBü'�(��õ�ó�õTù=útöBú�ôZÿiö�ø�ù4ø�ó4ø�ô�ø�ú�,Tóiô¬ú'ö¬ö¬ø$ô�ú'öB÷2ø�öeóiôBõ6óiôBü&ú�ùiø$ùiú�ö�� ò¥ô¬ú�öW÷�ôBü'�(��õ ÿ ý �âÿ û � ÿ
��ú�öBû�ô¬üÉ÷2ø�û�õ��Ïõ�


�|b?d�Y5e�O#hTh
τfld → τsrc → τtgt

� öB÷�øÏô¬ú'öB÷¬ô¬ü'���$õ²ö��²ó�õ.ùiú�ö¬ú�ôtö�ø�÷�ü&ö.!mú�üÉ÷2ø�ö¬ú
τsrc

!mõ$ô�ÿ��Æô¬ú��6ü&öW÷�ô¬õ*�Jÿiú�þ��$õ²ó�õ6öBö¬ÿiü�õ²û ø��²ó�õ b?d�Y�e�Oú
τtgt

!mõ6ô:ÿ�� ô¬ú��6ü&öW÷�ôBõ¬�Jÿiú ÷�ú�� õ$ö��²ú�ö��²õ6öYû ø��²ó�õ$ö��Jÿiú
τsrc

ó�õ6ô	��� û�õ�� õHø$û'ô��'ö¬û�ü��Ïõ©ùiú ÿ��û ø��Ïó�õÃû &4ø��Ïø$ùiõ b?d�Y�e�O û'õ�� ÷�üýó�õ
τfld

�
¸rÿ4ø$þiùiõ�ÿ��Ïø � ø$ô¬ü'� � ú�4ùiú�÷¬ü&ó�õ�ø$ó4ø$ôBú�û�úOû'õ��Ïõ τsrc

õ6ÿ
τtgt

)Jú� ørö���ó�õTùiú�öBú�ô�ü&þ=öB÷2ø�þiû�ü&ø$ù4øró4ø$ô¬øÿ�� ÷¬ü&ó�õ�ô¬ú��6ü&öW÷�ô¬õ5� y ø$üýö � ø$ô¬ü'� � ú�üýö�ö��$õ²û &4ø��Ïø$ù4ø$ö n�� þ ú/. n ÿ ú ýx� ÿGþ ÿ î ú ý � þ�� ��Yö¬ø$þiùiõ�ørôBú�öB÷¬ô¬ü��(�$õ ÿ ý �âÿ û � ÿ )6ø�öRõ6ó�ú�ô�ø����.ú�öF ���ö¬ü&û�ø$öRùiú�ô¬ú��$ü&öB÷¬ô¬õ:÷0$�� õ6öRöBú��6ÿiüýþE÷�ú�ö|÷�ü&ó�õ6ö�)$ó4ø$ô¬øÿ���ùiø$ùiõÃû ø��²ó�õ b 

•
¹ b hlh aX�|bnhTh

τ → α→ β o R
β → τòwô¬ú�öW÷�ôBü'�(��õ�!
ø�+�û�õ��«�Jÿiú

β
ö��©ó�õ6öBö�øDöBú�ô:üýþiöB÷�ø$þiû'ü ø$ù4ø²ó4ø$ô¬ø²÷�üýó�õ$ö:ô¬ú��6ü&öW÷�ôBõ¬�Jÿiú ó�õ6ö¬öBÿiú��ÿ�� û ø��²ó�õÀû &4ø��Ïø$ùiõ b û'õ�� ÷�üýó�õ

τ
� � ôBú�ö¬ÿ5ý÷2ø�ùiõ�ù4ø !mÿ=þ��(�$õV�Ãÿ�� � ø�&õ6ô:ùiú²÷¬ü&ó�õ τ

� õ÷¬ü&ó�õ�ùiõÏû�ø��²ó�õ b � �
•
¹ �|bnhTh aJ�|bnhTh

τ → α→ β o R
τ → α→ βò ô¬ú'öB÷¬ô¬ü'���$õ�!
ø�+�û�õ�� �.ÿ=ú ø$ö � ø$ôBüÇ� � ú'ü&ö α
ú

β
ö�� ó�õ$ö¬ö�ø�� ö¬ú�ôÃüýþiöB÷�ø$þiû�ü&ø$ù4ø$ö�óiø$ô�øµ÷�üýó�õ6öôBú��6üýöB÷�ôBõ

τα

ú
τβ

)��.ÿ=úrùiü�!mú'ô¬ú���ø�ó�ú'þ4ø$ö0�Jÿ4ø$þE÷¬õ N óiô¬ú'ö¬ú'þ�� ø ùiõ¶û ø��²ó�õ b )=û�õ�� ÷¬ü&ó�õ
τ
)��Jÿiúùiú � ú�ú�öW÷2ø$ôOóiôBú�ö¬ú'þE÷�ú�ú�� τβ

)4ó�õ6ô���� þ���õÏú��
τα

�

•
¹ � bnhTh aJ�|bnhTh

τ → α→ β o R
β → αò ô¬ú'öB÷¬ô¬ü'���$õ�!
ø�+�û�õ�� �.ÿ=ú ø$ö � ø$ôBüÇ� � ú'ü&ö α
ú

β
ö�� ó�õ$ö¬ö�ø�� ö¬ú�ôÃüýþiöB÷�ø$þiû�ü&ø$ù4ø$ö�óiø$ô�øµ÷�üýó�õ6öôBú��6üýöB÷�ôBõ"�.ÿ=úYùiüv!mú�ôBú��}ø$ó�ú�þiø$ö��Jÿ4ø�þJ÷¬õ N óiôBú�ö¬ú'þ�� ø�ùiõ�û�ø��²ó�õ b )Jú°�Jÿiú β

ùiú � út÷�ú�ô�õ�û ø��²ó�õú'þ��Jÿ4ø$þE÷�õ
α
ùiú � ú�õ��²üý÷��v� &õ��

# [�UEQ.giS7j?k�[�U�XY[ gi[<M�S7UEQTg=afb:[<M�PRQ=S5�|P�U
4�õ��²õ � üýöB÷¬õÏø�û�ü'�Ïø5)=øÃôBú�öW÷�ô¬ü��(�$õ +f :: τ → α→ β

û�õ.ùiüv�4û ø�õ6öOô¬ú� ø$û'ü&õ6þiø��Ïú'þE÷�õ6ö�

• α

ö	�Ïó�õ.ùiúÂö¬ú'ôtüýþiöB÷�ø$þiû'ü ø$ù4ø�ó4ø�ô�ø ÷�üýó�õ6ö�ôBú��6üýöB÷¬ô¬õ/�Jÿiú�þ��$õÃó�õ$ö¬ö¬ÿ=ú��ÆõÃû ø��²ó�õ²ù=ú�þ=õ��Ïú
f
&

• β
ö	� ó�õTùiúYö¬ú'ô�ü&þiöW÷2ø$þ=û�ü ø�ù4ø�óiø$ô�ø�÷¬ü&ó�õ6öZô¬ú��$ü&öB÷¬ô¬õx�.ÿ=úró�õ$ö¬ö¬ÿ=ú�� õ¶û ø��Ïó�õ¶ùiú:þiõ��²ú

f
úY÷¬ü&ó�õ

τ
&

•
õ$ö�÷¬ü&ó�õ6öÂô¬ú��6ü&öW÷�ôBõÀóiø$ô�øHõ6ö"�Jÿ4ø$üýö

α
ú

β
!mõ6ô¬ú��ëü&þiöW÷2ø$þ=û�ü ø�ùiõ6öÂö��Àó�õTùiú��ëùiüv!mú�ô¬üýô��Jÿ4ø$þE÷�õ NóiôBú�öBú�þ���øÏùiõÃû ø��Ïó�õ

f
�

® úrõ�û'õ��²óiü'&ø$ùiõ6ô�ó�ú�ô��²üý÷¬ü&ô¡�Jÿiúrõ�óiôBõ��6ô¬ø��©ø�ùiõ6ôeø$þiõ$÷¬ú:ùiú��4þiü'���Tú'ö�û�õ�� ô¬ú'öB÷¬ô¬ü'���Tú'ö�ùiõ ÷¬ü&ó�õ
+f ::

. . .
)�÷¬õ6ô¬þiø^�5öBúx! �$û'ü'dø$þiõ$÷�ø$ôtÿ��©øÃùiú��4þiü'���$õDû'õ�� ÿ��Æ÷�ü&ó�õ*�©ø$üýöOô¬ú�öW÷�ôBüý÷�ü � õ��.ÿ=ú õÏ÷¬ü&ó�õ©ü&þ�!mú�ô¬üýùiõ²ú

z ù



® ü&öW÷�ú��Ïø�ùiúÂ÷�üýó�õ6ö
�JÿiúÂô¬ú'öB÷¬ô¬ü&þ5�6úÂÿ�� óiø$ô�1��²ú'÷¬ô¬õ ù=ú�!mõ6ô��ÏøN�JÿiúÂú�ýúÂö���ó�õ6ö¬ö¬ø�ö¬ú�ô�ôBú��6üýöB÷¬ô¬õ6ö3�JÿiúÂó�õ6ö¬öBÿiú�� ÿ�� û'ú�ôB÷¬õû�õ$þ^$BÿiþE÷�õ²ùiú�û ø��²ó�õ6ö��2�|ø$ô�ø/!
ø�+�$-�âýõ�)5 4ø�öB÷2ø�õ²óiô¬õ��6ô�ø��Ïø$ùiõ$ô�ø$û'ô¬ú�öBû�ú'þJ÷�ø$ôrø�ö�ô¬ú�öW÷�ôBü'���.ú�ö

+f1 :: τ1 → α1 → β

+f2 :: τ2 → α2 → α1���
+fn :: τn → αn → αn−1õ6þiù=ú

fi :: τi

ö���õ©õ6ötû ø��²ó�õ6ö��.ÿ=ú¶õ²ó4ø$ô�1��Ïú�÷�ô¬õ²û�õ$ô¬ô¬ú'ö¬ó�õ6þiùiú'þE÷�ú43 � ø$ô¬ü'� � ú� β ùiú � ú¶÷¬ú�ô�)�ú {αi}��ÿ���û'õ6þ^$BÿiþE÷�õ²ùiú � ø$ô¬ü'� � ú�üýö�þiõ � ø$ö���|õ6ôOú-,=ú��Ïó5&õ�)iõÃ÷�üýó�õ�üýþ5!mú�ôBü&ùiõ�óiø$ô�øÃø�ö¬ú��6ÿiü&þE÷¬ú"!mÿ=þ��(�$õ*�
∀α.α→ (α, α)



b�rT]`Z65yU }752875 ~

��ø�ô�ø�ô¬ú�öW÷�ôBü&þ��6üå�â&øÏùiúz!mõ6ô��Ïø��JÿiúÃö��Àó�õ$ö¬ö�ø�ö¬ú'ô�ÿ=ö�ø$ù4ø�û�õ��ëô¬ú��6ü&öW÷�ô¬õ$öG�.ÿ=ú²ó�õ6öBö¬ÿ4ø��Ûÿ5�ëû ø��²ó�õû�õ���þiõ��²ú b û�õ�� ÷�üýó�õ/�Jÿ4ø���Jÿiú�ô�)4ó�õ.ùiú��²õ6öOø$þ=õ$÷ �^�  ø¶û'õ���õÃö¬ú��6ÿiüýþJ÷¬úÂ÷�ü&ó�õ�

∀α.β1.β2.{+f :: β1 → β2 → α}.α→ (α, α)

4�õ��²õ�)Jó�õ6ô	����)Jó�õ.ùiúOõ�ó=ô¬õ��6ô¬ø��Ïø$ùiõ6ô þ4ø"�²ú�ö��Ïø�ö¬üý÷¬ÿ4ø����$õ¶ø�û�ô¬ú'ö¬û'ú�þE÷2ø$ôeÿ��Ïø�ôBú�öB÷¬ô¬ü��(�$õ*û ÿ î	�:9� ú n�� 3 � ø$ô¬ü'� � ú� α ; òæô¬ú�öBó�õ$öB÷2øG�� � ü ø���ÿ=ö�ø$ô ÿ��Ïørú�öW÷�ô¬ø�÷����6ü ø:öBü'�²ü'&ø$ô�)�ø$û�ôBú�öBû�ú�þE÷�ø$þiùiõ�ørô¬ú'öB÷�ôBü'���$õ
+f :: β1 → α→ β2

)iû�õ�� � ø�ô¬üÇ� � ú�ü&ö�þ=õ � ø$ö β1

ú
β2

�ò ø$þiõ$÷�ø��(�$õÃùiõ�÷¬ü&ó�õ�ùiú
func

öBú�ôBü ø5

∀αβ1β2.{+f :: β1 → α→ β2}.α→ (α, α)

« õ$÷¬úOõx�JÿiúYø$û�õ$þJ÷¬ú�û'ú°�Jÿ4ø$þ=ùiõ�üýþiöB÷�ø$þiû'ü ø��²õ6ö ø � ø$ô¬ü'� � ú� α þ4ø�ö�ø$þ=õ$÷2ø����Tú'ö�ùiú�÷�ü&ó�õG�²õ6öB÷¬ô�ø$ù4ø�öø$û'ü'�Ïø5
�óiôBü'�²ú�üýô�ø��²ú�þE÷�ú�) ö¬ÿió�õ6þ�&4ø��.ÿ=ú ü&þiöW÷2ø$þ=û�ü ø��Ïõ6ö
α
ó4ø$ô�ø

{f : Int}
þiø©óiô¬ü��Ïú'ü&ô¬øÏø$þ=õ$÷2ø����$õùiúÂ÷�üýó�õ5


∀β1β2.[α 7→ {f : Int}]{+f :: β1 → β2 → α}.α→ (α, α) =

∀β1β2.{+f :: β1 → β2 → {f : Int}}.{f : Int} → ({f : Int}, {f : Int})û�õ��Ïõ�ø$öHüýþiöB÷�1$þiû'ü ø$öDù=ú
β2

ö	��ó�õ.ùiú�� ùiü�!mú'ô¬ü&ô©ùiú
{f : Int}

ó�ú� øäø$ÿiö%$�þiû'ü øäùiõäû�ø��Ïó�õ
f
)rø,iþiüýû ø ó�õ6öBö�� � ú��öBÿ� iöW÷�üý÷¬ÿiü'���$õuó4ø�ô�ø β2

�
[β2 7→ {}]

��wYú��Ïõ.ùiõ!ö¬ú��²ú��&4ø$þE÷�ú�)�ø<,iþiüýû ø ó�õ6ö¬ö	� � ú�ö¬ÿ5 iöB÷¬üý÷�ÿ=ü'�(��õ²óiø$ô�ø
β1

�
[β1 7→ Int]

� § ø�+�ú'þiùiõ²ø$öOùiÿ4ø$öOöBÿ� iöB÷¬üý÷¬ÿiü'���Tú'ö�)4û &iú��Eø��²õ6ötø$õ�÷�ü&ó�õ�

{+f :: Int→ {} → {f : Int}}.{f : Int} → ({f : Int}, {f : Int})

4�õ��²õÏø�ôBú�öB÷¬ô¬ü��(�$õÃú�öW÷ �Ãô¬ú'ö¬õ� � üýù4ø5)ió�õ.ùiú��²õ6ö�õ��²üý÷��v�â&ø5)Eô¬ú'ö¬ÿ�É÷2ø$þ=ùiõÃþiõ²÷¬ü&ó�õ�

{f : Int} → ({f : Int}, {f : Int})

�
z Ê
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® úÂ÷�ú'þJ÷�ø$ô��²õ6ö¼!
ø�+�ú�ôOø/�²ú�ö	�©ø¶üýþiöB÷�ø$þiû'ü ø����$õ�þ4ø ö¬ú��6ÿiþiùiøÏø$þ=õ$÷2ø����$õ�ùiúr÷¬ü&ó�õ�)=öBÿ� iöB÷¬üý÷¬ÿiü&þiù=õ

αó�õ6ô
{g : Int}

)4ó�õ6ô�ú�,Tú��Ïó�ýõ�)=÷¬ú�ô¬ú��Ïõ$ötõÃöBú��6ÿiüýþE÷�úÂ÷�üýó�õ�û'õ��ÏõÃôBú�ö¬ÿ5ý÷2ø�ùiõ�

∀β1β2.{+f :: β1 → {g : Int} → β2}.{g : Int} → ({g : Int}, {g : Int})

4�õ��²õ¸þiõ¸û ø$öBõ ø$þE÷¬ú�ô¬üýõ6ô�)Zó�õTùiú��Ïõ$ö²ÿ=ö�ø$ôÏø ôBú�&ø��(�$õ ú�þE÷¬ô¬ú õ ÷�üýó�õ ôBú��6üýöB÷�ôBõ
{g : Int}

ú ø
� ø$ô¬ü'� � ú� β2

ó4ø$ô¬ø�ú�ö¬ó�ú�û'ü ø�ýü'+�ø$ô0�Ïø$ü&ö�õ�÷¬ü&ó�õ�)5�Jÿiú�ö¬úÂ÷�õ$ô¬þ4ø5


∀β1.{+f :: β1 → {g : Int} → {g : Int, f : β1} }.{g : Int} → ({g : Int}, {g : Int})

w:ü�!mú'ô¬ú'þJ÷¬ú��²ú�þE÷�ú�ùiõ�û�ø$ö¬õÃø�þJ÷¬ú�ôBü&õ6ô�)=þ��$õ/�:ó�õ6öBö�� � ú��ù=ú�ùiÿ�+'ü&ô�ÿ5�©ø¶öBÿ� iöW÷�üý÷¬ÿiü'���$õ�ó4ø$ô¬ø β1

)ió�õ6ü&ö
�Jÿ4ø���.ÿ=ú�ôOö¬ÿ� =öB÷�üÉ÷�ÿiü��(�$õÃöBú�ô¬ü&ø � ��&ü&ùiø5�4�õ��²õ�÷¬õTùiø$ö�ø$ö � ø$ô¬ü'� � ú�üýö ùiú�÷�üýó�õG�Jÿiútø$ó4ø�ô¬ú�û'ú��}ùiõ"&ø$ùiõÂùiüýô¬ú�üÉ÷�õÂùiõÂ÷¬ü&ó�õ�$��G!mõ$ô�ø�� ü&þiöW÷2ø$þ=û�üv�ø$ù4ø�ö�)Eþ��$õ"&��Âû'õ��ÏõÂù=ú�û�üýùiü&ô �.ÿiø�i÷�üýó�õ�ø � ø$ôBüÇ� � ú� β1

ó�õ.ùiúOø$ö¬öBÿ��²ü&ô��=�|õ6ôW÷2ø$þE÷¬õ�)EõÂ÷�ü&ó�õÂô¬ú'ö¬ÿ�É÷2ø$þE÷¬ú
��ø��2 ����6ÿiõ����ø$ô¬ørô¬ú��Ïõ � ú'ô ú�öW÷2øG&ü��ÏüÉ÷2ø����$õ�))ú�ó�ú�ô��²üý÷¬ü&ôÏ�Jÿiú�õÂóiôBõ��6ô�ø��©ø$ù=õ6ô|ó�õ6öBö�øÂú�,TóiôBú�ö¬ö¬ø$ô�ü&þ5!mõ$ô��Ïø����.ú�öþiú��Eø�÷�ü � ø$öOø$ô� =üý÷�ô¬ø$ô¬ü&ø��²ú�þE÷�ú�)TüýþJ÷¬ô¬õ.ùiÿ�+'ü'�²õ6ö�ø�ô¬ú'öB÷�ôBü'���$õÃþiú��Eø�÷�ü � ø

−f :: α

�Jÿiú�ö¬ü��6þiü��iû ø/�Jÿiú
α
ö��²ó�õ.ùiúÂö¬ú'ôOü&þiöW÷2ø$þiû'ü ø$ùiø ó4ø$ô�ø�ÿ���÷�ü&ó�õ�ô¬ú��6ü&öW÷�ôBõ*�Jÿiú�þ���õÏó�õ6ö¬öBÿiü�õÃû ø��²ó�õ

f
� �|õ.ùiú��²õ6öOú�þE÷¬ú�þiùiú'ôYú'öB÷�ø²ôBú�öB÷¬ô¬ü��(�$õÃû�õ��ÏõÃÿ��Ïø � ú�ôBö��$õ ÿ%> ú ý �âÿ û � ú �:� ù4ø�ôBú�öB÷¬ô¬ü��(�$õ �|b 


−f :: α ≡ ∃β1β2.+f :: β1 → α→ β2

�Yö¬ø$þiùiõ²ú�öW÷2øÃô¬ú�öW÷�ôBü'�(��õ�)iõ²ö¬ú��$ÿiþiùiõÃ÷�üýó�õÃø$þ=õ$÷2ø$ù=õ²öBú�÷¬õ6ô¬þiø
∀α.{−f :: α}.α→ (α, α)

ú � üÉ÷2ø$þiù=õÏø�ö¬ö¬ü��Æø/�Ïú'þ��(��õ?3�ö � ø$ôBüÇ� � ú'ü&ö β1

ú
β2

� ® ÿ� iöW÷�üý÷¬ÿiü&þ=ùiõ
α
ó�õ6ô
{g : Int}

ô¬ú'ö¬ÿ�É÷2ø�ú���

{−f :: {g : Int}}.{g : Int} → ({g : Int}, {g : Int})

�Jÿiú�ó�õ.ùiúÂö¬ú'ôOö¬ü'�²ó�ýü��4û�ø$ùiõ ó4ø�ô�ø5

{g : Int} → ({g : Int}, {g : Int})

�Jÿiú�þ��$õz��ø��2 ����6ÿiõ��
� öB÷�ú'ö¶ùiõ$ü&öÂ÷�üýó�õ6öÂù=úÏôBú�öB÷¬ô¬ü��(�$õ �

+f
ú
−f � ö��$õ ø�ô�óiô¬õ$ó�õ6öW÷2ø�ó4ø$ô¬ø!ø�ö¬üýþJ÷�ø^,TúÏù=úÏôBú�öB÷¬ô¬ü����.ú�öùiõ ® ü&öB÷¬ú��Ïø 4 y �|ò óiôBü'�²ú�ü&ô¬øÀôBú�öW÷�ô¬ü��(�$õV�Dû &4ø��Ïø$ù4øÀô¬ú'öB÷�ôBü'���$õuó�õ6ö¬üÉ÷�ü � ø5)dõ6ÿ ôBú�öW÷�ô¬ü��(�$õ ÿ ý �%ÿ û � ÿ )ú�þ5�.ÿiø$þE÷�õ¬�Jÿiú�ø�ö¬ú��6ÿiþiùiø���û &4ø��Ïø$ù4ø�ô¬ú'öB÷¬ô¬ü'���$õÃþiú��6ø�÷�ü � ø�)=õ6ÿÀô¬ú'öB÷�ôBü'���$õ ��@ ú �%ÿ �

z�Ë



A þ5!mú�ô%$�þiû'ü øÃùiúÂ÷�üýó�õ6ö
� U.S7beQTP o [ X:[¥Q=S5p�a�U�XYaCB�S7UEQ=[�_vPÀLED `?aZ_ gi[�UEQ.giS7j?k�[�U�XY[~gi[<M�S7UJQ.g=a
ò ö¬ü&þE÷�ø^,TúÏùiú²÷�üýó�õ6ö�ùiõ ® ü&öW÷�ú��©øV4 y )�û�õ��Áõ!ø$û�ô	��ö¬û'ü'�²õ!ù=õ6ö¶ùiõ$ü&öÂ÷�üýó�õ6ö�ùiú²ô¬ú'öB÷¬ô¬ü'���$õ þ=õ � õ6ö�) ��²õ6öB÷¬ô�ø$ù4øÃø� iø$üv,Tõ�


F úüû �^ý
K ∈ Kind ::= ? |K → KÍ ø$ô¬ü'� � ú�üýö�ùiúÂ÷�üýó�õ α, β, γ ∈ V4�õ6þ^$BÿiþE÷¬õ6öOùiú � ø�ô¬üÇ� � ú�ü&ö V, ᾱ, β̄, γ̄ ⊆ V4�õ6þiöW÷�ô¬ÿT÷�õ6ôBú�ötùiúÂ÷�ü&ó�õ6ö
C ∈ C� ,=ó=ô¬ú�öBö��.ú�öYùiúÂ÷�ü&ó�õ�ö¬ü��Ïó5&ú�ö
τ ∈ T ::= α | C | τ1 τ2 |

{f1 : τ1, . . . , fn : τn} n ≥ 04�õ6þ^$BÿiþE÷¬õ6öOùiú�ô¬ú�öW÷�ôBü'���.ú�ö
κ ∈ K ::= {c1, . . . , cn} n ≥ 0{ ú'öB÷¬ô¬ü'���Tú'ö
c ::= x : τ |

�|b
: τ | � b : τy ü&ó�õ6ö

σ ∈ J ::= ∀ᾱ.κ.τ

# [<M g=PZUäXY[ QTS5prP¡M�[�_ prP g=P}aGB�S7UEQ=[�_vP LED `�aZ_ gi[�UEQ.giS7j?k�[�U�X:[hgi[<M�S7UJQ.g=a
òy���6ÿ=ô�ø�H�� Ê �²õ6öW÷�ô�ø2�Jÿ4ø�÷�ô¬õÃþiõ � ø$öOô¬ú��6ô�ø�ötù=úr÷�ü&óiø��6ú�� �

PROJ
)
EXT

)
REST

ú
REC � �Jÿiú�ö��$õø$û'ô¬ú�öBû�ú'þJ÷�ø$ù4ø$ö:ø$õ ® ü&öW÷�ú��©øz4 y óiø$ô�ø�ù4ø$ô�öBÿió�õ6ôB÷¬ú�ø�ó�õ�&ü��Ïõ$ô	�4ö	�Ïõ�ùiú�ô¬ú��$ü&öB÷¬ô¬õ��

B�PRQTS7UJI2P2K�S�L:S7VWS7XNMZXY[\X:[~g=[�UJQ.giS7j�k�[�U�XY[~gi[<M�S7UEQTg=a
ò:öBö¬ü�� û'õ��ÏõDø©ö¬üýþJ÷�ø^,Tú ùiú�û'õ6þ^$BÿiþE÷�õ$örùiú ôBú�öB÷¬ô¬ü����.ú�ö�!mõ6ü|ø�É÷�ú�ô¬ø$ù4ø©óiø$ô�ø©üýþiû�ýÿiü&ôYø$örôBú�öW÷�ô¬ü����.ú�öYùiúô¬ú��6ü&öW÷�ôBõ�)�þiõ � ø�ö²ôBú��6ô¬ø$öÃùiúHö�ø�÷�ü&ö.!
ø�+�ü� iü'ýü&ù4ø�ùiúÏó=ô¬ú�û'ü&ö¬ø���ö¬ú'ô²ø$ùiü&û'ü&õ6þiø$ù4ø$ö óiø$ô�øu÷�ô¬ø�÷2ø�ôÃø$ö�þiõ � ø$öô¬ú'öB÷¬ô¬ü'���Tú'ö��µòYö þiõ � ø$ö ô¬ú��6ô�ø�ö�) SATestende

ú
SATomite

) ö��$õ ø�óiô¬ú'ö¬ú�þE÷�ø$ù4ø$ö°$BÿiþE÷�ø��Ïú'þE÷�úDû'õ�� ø�öô¬ú��6ô�ø�ötõ$ô¬ü'�$ü&þ4ø$üýöeþiøz���$ÿiô�ø�H�� Ë �ò ôBú��6ô¬ø
SATomite

ö¬ü��Ïó5&ú�ö	�Ïú'þE÷�ú�ùiü'+Ä�Jÿiú�ÿ5�©øOô¬ú'öB÷�ôBü'���$õ ��@ ú �âÿ
−f : τ

ö��:ó�õ.ùiúeöBú�ôdö�ø�÷¬ü&ö.!mú�üý÷�øö¬ú
τ
!mõ6ô�ÿ��0÷¬ü&ó�õ!ôBú��6üýöB÷¬ô¬õ �JÿiúDþ��$õ û'õ6þE÷�����ÿ��Ïø!û ø��Ïó�õ ùiú©þiõ��²ú

f
)Rú�þ5�.ÿiø$þE÷�õ��JÿiúHø ôBú��6ô¬ø

SATestende

ô¬ú��Jÿiú'ô°�Jÿiú�)4ó4ø$ô¬ø*�Jÿiú�ÿ��Ïø�ô¬ú�öW÷�ôBü'�(��õ
+f : τ

ö¬ú%$¬øÃö�ø�÷�ü&ö.!mú�üÉ÷2ø5)
τ
óiôBú�û'ü&ö�ø ÷¬ú�ôtø2!mõ6ô��Ïø

τf → τs → τt

)iõ$þiùiú
τs

ú
ττ

ö��$õÃô¬ú��6ü&öW÷�ô¬õ$ö�û�õ���õz�Ïú'ö��²õ û�õ6þ=$BÿiþE÷�õÃùiú�û ø��²ó�õ6ö�)Tû�õ�� øÃú-,Tû�ú����$õùiõÃû ø��Ïó�õÃùiú�þiõ��²ú
f
úÂ÷�ü&ó�õ

τf

)��Jÿiú�ùiú � ú�ú�öW÷2ø$ôOóiôBú�ö¬ú'þE÷�ú¶ú�� τt

ó�õ6ô�����þ��$õÃú��
τs

�

ïÃ�5¯ ¼�½PO����|¾O½�¿��'� ���Á����´RQ¶�
# [�U	S.giS7j?k�[�U�XY[ gi[<M�S7U	STg=af[~U.]NLrU	STSTS=]YS7j?k�[�U�p:giS7bY`?S5pUM�S7U
4�õ��²õ � ü��Ïõ$ö�þiõÏû�ø$ó��É÷�ÿ�ýõÏø�þJ÷¬ú�ôBü&õ6ô�)iõÏó=ô¬õ.û�ú�öBö¬õÏùiú�üýþ5!mú�ô%$�þiû'ü ø�ùiú�÷�üýó�õ6ö�ù=õ ® üýöB÷¬ú��Ïø�4 y ô¬ú��Jÿiú'ôõÀû(��ýû�ÿ�ýõÀù=úÏÿ��Ïø ý��'��ý � ú � � ú�VXW �4!`þ úüû � ú ! �:� ó4ø�ô�ø�û ø$ù4øÀû�õ6þ=$BÿiþE÷�õ ù=úÏôBú�öB÷¬ô¬ü����.ú�ö"�JÿiúDø$óiø$ô¬ú'û�ú²þiõû�õ$þJ÷¬ú�,.÷�õHù=ú¶÷�üýó4ø��6ú��V� � öB÷2ø�örö¬ÿ� =öB÷�üÉ÷�ÿiü����.ú�ö�)��Jÿ4ø$þiù=õ�!mú�üý÷�ø$ö:þ=õ6öY÷¬ü&ó�õ6ö:ôBú�öB÷¬ô¬üýþ��6ü&ù=õ6öYû'õ6ô¬ôBú�öBó�õ6þl�ùiú'þJ÷¬ú�ö�)|ôBú�ö¬ÿ5ý÷2ø�þ4ø��6ú'þiú�ô¬ø�&ü�+ ø����$õ����ýþiü'�ÏøÏù=õ6öÂ÷�ü&ó�õ6ö��Jÿiú²ó�õTùiú�� öBú�ô�ùiú�ôBü � ø$ùiõ$ö�ù=õ6öG�Ïú'ö��²õ6ö�)ô¬ú'ö¬ó�ú�û�÷�ü � ø��²ú�þE÷¬ú���°�Ïø ó=ô¬õ6óiôBü&ú'ù4ø$ùiúÀü'�²ó�õ$ôB÷2ø�þJ÷¬úHùiúÀö¬ÿ� iöW÷�üÉ÷�ÿiü����.ú�ö²óiô¬üýþiû�üýó4ø$ü&ö�)��Jÿiú!ó�õ.ùiúÀö¬ú'ôÏùiú'ô¬ü � ø�ù4ø¸ù4ø�öô¬ú��6ô�ø�ö

SATmuitas

ú
SAT∅

)l���Jÿiú:ø¶ö¬ÿ5 iöB÷¬üý÷�ÿ=ü'�(��õ�óiôBü&þiû'ü&ó4ø��ù=ú:ÿ��Ïø�ÿiþ=üÇ�$õ�ùiú:ù=õ6ü&öZû�õ6þ=$BÿiþE÷�õ6öeùiú
z H



7*) 8":<; ¡  =: ¡?>�+.£@>@A@BDC?BFE � ¢GB ;IH=�<  ¢GBJA|¡ ; ¡?K �<  + ; Bæ£<B � �<  +�¡ ¢r£ ¤:¦

|Γ(x)| ≥ 2 τ =
∨

{τ ′ | ∀ᾱ.κ.τ ′ ∈ Γ(x)} ᾱ = tv(τ)

Γ ` x : ∀ᾱ.{x : τ}.τ
(VARmany)

Γ(x) = {σ}
Γ ` x : σ

(VAR1)

Γ ` x : ∀ᾱ.κ.τ dom(S) ⊆ ᾱ ΓS |= κ
Γ ` x : Sκ. Sτ

(INST)

Γ ` e1 : κ1.τ1 σ1 = ∀ᾱ.κ1.τ1 ᾱ = tv(κ1.τ1)− tv(Γ)
Γx ∪ {x : σ1} ` e2 : κ2.τ2

Γ ` let x = e1 in e2 : κ2.τ2
(LET)

Γ, {u : τ ′} ` e : κ.τ
Γ ` λu.e : κ.τ ′ → τ

(ABS)

Γ ` e1 : κ1.τ2 → τ1 Γ ` e2 : κ2.τ2 ΓS |= (κ1 ∪ κ2)
Γ ` e1e2 : S(κ1 ∪ κ2.τ2)

(APPL)

Γ ` e1 : κ1.τ1 σ1 = ∀ᾱ.κ1.τ1 ᾱ = tv(κ1.τ1)− tv(Γ)
Γ ∪ {x : σ1} ` p : κ2.τ2

Γ ` leto x = e1 in p : κ2.τ2
(LETO)

Γ ` {} : {}
(REC)

Γ ` #f : {+f : α1 → α2 → α3}. α3 → α1

(PROJ)

Γ ` # + f : {+f : α1 → α2 → α3}. α1 → α2 → α3
(EXT)

Γ ` #− f : {+f : α1 → α2 → α3}. α3 → α2
(REST)

§ ü'�6ÿ=ô�ø4H�� Ê 
 ® üýöB÷�ú��©ø ù=ú�÷¬ü&ó�õ6ö�ùiõ ® üýöB÷�ú��©ø*4 y û�õ���ó�õ�ýü'�²õ6ô	�4ö	�Ïõ�ùiú�ô¬ú��6ü&öW÷�ô¬õ5�

z6z



A þ5!mú�ô%$�þiû'ü øÃùiúÂ÷�üýó�õ6ö

Sτs = {f1 : τ1, . . . , fn : τn}
ó4ø$ô�ø

n ≥ 0
Sτt = {f1 : τ1, . . . , fn : τn, f : Sτf}

f 6= fi,
ó4ø$ô�ø

1 ≤ i ≤ n

Γ |=S +f : τf → τs → τt

(SATestende)

Sτ = {f1 : τ1, . . . , fn : τn}
ó4ø�ô�ø

n ≥ 0
f 6= fi

ó4ø$ô¬ø
1 ≤ i ≤ n

Γ |=S −f : τ
(SATomite)

Sτ = Sτ ′ dom(S) ⊆ (ᾱ ∪ tv(τ))− tv(Γ) Γ |=S′ Sκ

Γ ∪ {x : ∀ᾱ.κ.τ ′} |=S′◦S x : τ
(SAT1)

Γ |=S ∅
(SAT∅)

Γ |=S x : τ Γ |=S κ

Γ |=S {x : τ} ∪ κ
(SATmuitas)

§ ü'�$ÿiô�øYH�� Ë 
 { ú��6ô¬ø$öOùiú�ö�ø�÷¬ü&ö.!
ø�+�ü� iü'ýü&ù4ø$ù=úYû'õ���ô¬ú'öB÷¬ô¬ü'���Tú'öOùiú�ô¬ú��$ü&öB÷¬ô¬õ��
ô¬ú'öB÷¬ô¬ü'���Tú'ö ó�õ.ùiú�öBú�ô�û ø�ýû�ÿ�&ø$ù4ørû'õ��qõ6ö öBú��6ÿ=ü&þE÷�ú'öZóiø$ö¬öBõ6ö�
Rû'õ��²óiÿ=÷2ø=�5ö¬ú�)Eóiô¬ü��Ïú'ü&ôBõ�)6øÂö¬ÿ5 iöB÷¬üý÷�ÿ=ü'�(��õóiôBü&þiû'ü&ó4ø�|ùiõÀóiô¬ü��Ïú'ü&ô¬õ©û�õ6þ^$Bÿ=þJ÷¬õ'&@!
ø�+��5öBúÃú�öB÷�øÀöBÿ� iöW÷�üý÷¬ÿiü'���$õ�þiõÀö¬ú��$ÿiþiùiõÀû�õ6þ=$BÿiþE÷�õÀú²û�ø�&û'ÿ� ø=�5ö¬úø�ö¬ÿ� =öB÷�üÉ÷�ÿiü��(�$õÃóiôBü&þiû'ü&ó4ø�?ùiõÃö¬ú��6ÿiþiù=õÏû'õ6þ^$BÿiþE÷�õ5)��.ÿ=ú�)4û�õ��Ïó�õ6öB÷�ø û�õ���øÃó=ô¬ü'�²ú�üýô�ø¶öBÿ� iöW÷�üý÷¬ÿiü'���$õ�)
!mõ6ô	�©ø$ô���ø�ö¬ÿ� iöW÷�üÉ÷�ÿiü��(�$õÃóiôBü&þiû'ü&ó4ø��ù4øÃÿiþiüÇ��õ�ùiõ6öOû�õ6þ=$BÿiþE÷�õ6ö��§ õ6ô��Ïø�'�²ú�þE÷¬ú�)dö¬ú

Sκ,Γ
ôBú�óiôBú�ö¬ú'þE÷2ø ø ö¬ÿ5 iöB÷¬üý÷�ÿ=ü'�(��õuóiô¬üýþiû�üýó4ø��ùiõuû'õ6þ^$BÿiþE÷¬õuùiúDôBú�öB÷¬ô¬ü����.ú�ö

κú��
Γ
)4ú'þE÷ �$õ�


Sκ∪κ′,Γ = SSκ,Γ(κ′),Γ · Sκ,Γ

�°�Ïørû�õ6þ=ö¬ú��Jÿ'$'þiû�ü&øÂùiú�öW÷2øÂóiô¬õ$óiô¬üýú�ù4ø$ù=ú0�3�Jÿiú�ó�õ.ùiú��Ïõ6ö�ÿiö�ø$ô�ùiõ6ü&öRø�'�6õ$ô¬üý÷��Ïõ$ödù=ü&öB÷¬ü&þE÷�õ$ö�ó4ø$ô¬øû ø�&û�ÿ5 ø$ô¶øuö¬ÿ� iöW÷�üÉ÷�ÿiü��(�$õµóiôBü&þiû'ü&ó4ø�eùiõ$ö�û�õ6þ^$Bÿ=þJ÷¬õ6ö�ùiúHôBú�öB÷¬ô¬ü����.ú�ö ùiúHôBú��6üýöB÷¬ô¬õµú�øuö¬ÿ5 iöB÷¬üý÷�ÿ=ü'�(��õóiôBü&þiû'ü&ó4ø��ùiõ²û�õ6þ^$Bÿ=þJ÷¬õÏù=ú�ôBú�öW÷�ô¬ü����.ú�öOþiõ6ô	�©ø�ü&ö���°�Ïø©ùiú��4þiü'���$õ��Ïø$ü&ö�!mõ6ô	�©ø�dùiõDó=ô¬õ� �ýú��ÏøÏùiõHû���&û'ÿ�&õÏù4ø©öBÿ� iöB÷¬üý÷¬ÿiü'���$õDóiôBü&þiû'ü&ó4ø��ó4ø�ô�øDÿ��û�õ$þ^$BÿiþE÷�õÏùiú�ôBú�öW÷�ô¬ü����.ú�ötùiú�ô¬ú��$ü&öB÷¬ô¬õ²ö¬ú'ô��*!mú'üý÷�øÃþ=õ©óiô	�»,Tü��ÏõÃû ø�ó��ý÷¬ÿ�&õ�)=õ6þiùiú�÷2ø��N g����ö¬ú'ô��©ø�óiô¬ú-�ö¬ú'þE÷2ø$ùiõ²ÿ��Æø�'�6õ6ôBüý÷��Ïõ�ó4ø$ô�ø�û'õ��Ïó=ÿ=÷ �^�  ø5�

zE�
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]Ï��º ^ �`_ ½H�'Ñ�ÒÃ�O� �Á�'�O³ ���
4�õ��²õ � ü'�²õ6ö�þiõ û�ø$ó��É÷�ÿ�ýõaH�)Jÿ��}÷¬ü&ó�õ¶ô¬ú��6ü&öW÷�ôBõx�Yÿ��fû�õ6þ^$Bÿ=þJ÷¬õ ùiúYû ø��²ó�õ$öeú��À�JÿiúYû ø$ùiø¶û ø��²ó�õô¬ú'óiô¬ú'ö¬ú'þJ÷�ø²ÿ5�©ø ø�ö¬ö¬õ.û�ü&ø��(��õ�ú�þE÷�ôBúÂÿ��Sû ��@¬ÿ � ÿb� � @c!d� úÂÿ�� � ú !d� � ÿb� � @c!d� )Tõ6þ=ùiúÂû ø$ùiø þiõ��²ú
� ø$öBö¬õ.û�ü ø�ùiõ�ø�ø$ó�ú'þ4ø$öHÿ�� û ø��²ó�õ5� � öB÷�øäùiú��4þ=ü'�(��õ³� !mõ$ô��Ïø�&ü�+ ø$ù4ø¸ø�÷�ô¬ø � ��ö�ùiõ�û'õ6þiû�ú'üý÷¬õäùiú��� ûfe � û ��� ýx� ÿ4� � @c!d� ý 

g Ö	hi�IÑ��j5ølknm/opm �°� ��� ûfe � û �q� � ÿ�� � @c!d� ý �Hÿ5� û�õ$þ^$BÿiþE÷�õ �4þ=üý÷�õ

R ⊆ F × T
) õ6þiù=ú

F
�Dõû�õ$þ^$BÿiþE÷�õÀùiú�þiõ��²ú�ö�ùiúÃû�ø��Ïó�õ6örú

T
�Ãõ�û�õ$þ^$BÿiþE÷�õÀùiú ÷�üýó�õ$öÂö¬ü'�²ó�ýú�ö�)��.ÿ=ú²ö¬ø�÷�üýö	!
ø�+ÃøHöBú��6ÿiüýþE÷�úû�õ$þiùiü'���$õ�
 öBú

{(f, τ), (f, τ ′)} ⊆ R
ú�þE÷��$õ

τ = τ ′{ ú'óiô¬ú'ö¬ú'þJ÷�ø��²õ6ö�õ�û�õ6þ=$BÿiþE÷�õÃùiúrû'õ6þ^$BÿiþE÷�õ$ö�ùiúrû ø��Ïó�õ6ö�ó�õ6ô
R
ú:ÿiö�ø��²õ6ö�ø2�²ú'÷�ø^� � ø$ôBüÇ� � ú� R )ó�õ6ö¬öBü � ú�'�²ú�þE÷�ú�üýþiùiú�,=ø$ùiø5)ió4ø$ô¬ø�ô¬ú�ó=ô¬ú�öBú�þE÷2ø�ô:û�õ$þ^$BÿiþE÷�õ6öOùiú�û�ø��Ïó�õ6ö��

� ôBú� ø�û�ü&õ$þ4ø��²ú�þE÷�õ�ú'þJ÷¬ô¬úÂ÷�üýó�õ$ö�ô¬ú��6ü&öW÷�ô¬õÃúÂû'õ6þ^$BÿiþE÷�õ$ötù=ú�û�ø��²ó�õ6ö3�Âù=ú��4þiüýùiõÃó�ú� ø l-� ûpVXW � � ÿ
þ�ÿq!`þ�ÿ ý ÿ û � � VXW � ú�ó�õ6ô�öBÿ4øÃü&þ � ú'ô¬ö�ø�
g Ö	hi�IÑ��j5ørknmtsum ò©!mÿiþ��(��õ²ù=ú�ôBú�óiôBú�öBú�þE÷2ø����$õ [[ ]] : T→ R

��ùiú��iþiü&ù4ø�û'õ��Ïõ5

[[{f1 : τ1, . . . , fn : τn}]] = {(f1, τ1), . . . , (fn, τn)}õ6þiùiú

1 ≤ i < j ≤ n
ü'�²ó�&üýû øx�Jÿiú

fi 6= fjò\ö¬ÿ4øÃü&þ � ú'ô¬ö¬ø5) [[ ]]−1 : R→ T
)���ÿ��Ïø/!mÿ=þ��(�$õÃüýþ^$Bú'÷¬ü � ø ùiú��iþiü&ù4øÃû�õ��Ïõ�


[[{(f1, τ1), . . . , (fn, τn)}]]−1 = {f1 : τ1, . . . , fn : τn}õ$þiùiú
1 ≤ i < j ≤ n

ü��Ïó5&ü&û�øN�Jÿiú
fi 6= fjg Ö	hi�IÑ��j5øRknmtvum 4�ø�ù4ø�û'õ6þ^$BÿiþE÷¬õ¶ùiútû ø��²ó�õ�÷¬ú��}ÿ��}û'õ6þ^$BÿiþE÷¬õ¶ùiúOþiõ��²ú�öZùiútû ø��²ó�õ�û'õ6ô¬ôBú�öBó�õ6þl�ùiú'þJ÷¬ú�)?�Jÿiú"��ù4ø$ùiõ²ó�ú� øN!mÿiþ5�(�$õ

fnames : R→ P(F)
)4ùiú��iþiü&ù4øÃû�õ��Ïõ�


fnames(R) = {f | (f, τ) ∈ R
ó4ø$ô�ø²ø���6ÿ��

τ}�|õ6ôÏú�û'õ6þiõ��²ü øµùiú!ú�ö¬óiø���õ�)�ÿiö�ø$ôBú��²õ6öÏø ø� iôBú � ü ø��(�$õ fn(R)
ó4ø�ô�ø¸ôBú�óiôBú�öBú�þE÷2ø$ôDø ú-,=ó=ô¬ú�öBö��$õ

fnames(R)
�.ÿiø$þiùiõ²þiú�û'ú�öBö��$ôBü&õ��

z6Ç
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g Ö	hi�IÑ��j5ø<knm}|{m w:õ6üýö û�õ6þ^$Bÿ=þJ÷¬õ6ö�ùiúOû ø��²ó�õ6ö R1

ú
R2

ó�õ.ùiú�� ÷�ú�ô�û�ø��Ïó�õ6öRû'õ��võ"�²ú�ö��²õÂþiõ��²ú��ò !mÿiþ����$õ
cortypes : R×R → P(T × T)

)Ï�Jÿ4ø$þ=ùiõ ø�ó�&üýû ø$ù4øHø
R1

ú
R2

þiõ6ö�ù��HõÀû�õ6þ^$Bÿ=þJ÷¬õùiú�ó4ø$ô¬ú'ö:ùiú�÷�üýó�õ6ö �Jÿiú û'õ6ô¬ôBú�ö¬ó�õ6þiù=ú���)�ôBú�ö¬ó�ú�û�÷�ü � ø��Ïú'þJ÷¬ú�)?ø$õ6öY÷¬ü&ó�õ6öOùiú¶û�ø��²ó�õ6öYû�õ�� õ��Ïú'ö��²õþiõ��²úÂú��
R1

ú
R2

� § õ6ô	�©ø�'�²ú�þE÷�ú�

cortypes(R1, R2) = {(τ1, τ2) | (f, τ1) ∈ R1

ú
(f, τ2) ∈ R2

)4ó4ø$ô¬øÃø�'�6ÿ5�
f}

w:ü'+'ú��²õ6ö �.ÿ=ú¶ùiõ6üýöOû�õ6þ^$Bÿ=þJ÷¬õ6ötùiú¶û�ø��Ïó�õ6ö�÷�$��Æö¬ú'ÿiö:û�ø��Ïó�õ6öOû�õ$ô¬ô¬ú'ö¬ó�õ6þiùiú'þE÷�ú�ö:ú��Jÿiü � ø�ýú�þE÷�ú'öö¬ú õ6ö²÷¬ü&ó�õ6ö²ùiõ6ö©û�ø��²ó�õ6öÏû�õ6ôBô¬ú'ö¬ó�õ6þiùiú'þJ÷¬ú�öHö��$õ ü��6ÿ4ø$üýö�� § õ6ô��Ïø�'�²ú�þE÷¬ú�)Zö¬ú ÷¬õ��©ø�ô��²õ6ö
∆T =

{(τ, τ) | τ ∈ T}
)=÷¬ú��²õ6ö�


cortypes(R1, R2) ⊆ ∆Tõ6þiùiú
∆T = {(τ, τ) | τ ∈ T}

� öB÷2ø�ö�!mÿiþ����Tú'ö:ó�õ6ö¬öBÿiú�� ø���6ÿ��Ïø$öOóiô¬õ6ó=ô¬ü&ú'ù4ø$ùiú'öYüýþE÷�ú�ôBú�öBö�ø$þE÷�ú'ö�)É�Jÿiú�ö��$õ��Ïõ$öB÷�ô¬ø$ù4ø$ötþiõ6öYö¬ú-�
�6ÿiüýþE÷�ú�ö�ýú��Ïø$ö�

~ Ö�× Ô�knmt�nm fnames(∅) = ∅ �
� ÿ�@�� û ý � þ � VXW � �

fnames(∅) = {f | (f, τ) ∈ ∅
)ióiø$ô�øÃø���6ÿ��

τ}

= ∅

~ Ö�× Ô�knmtknm R1 ⊆ R2

ý ÿ�ÿ ý ��@¬ÿ û �âÿ ý ÿ
fnames(R1) ⊆ fnames(R2)

ÿ
cortypes(R1, R2) ⊆ ∆T �

� ÿ�@�� û ý � þ � VXW � � �|ø$ô�øµõ ö¬ú'þJ÷¬ü&ùiõ ú'ö��Jÿiú�ôBù4ø^�>ùiü&ôBú�üý÷�ø5)Zö¬ÿió�õ��²õ6ö/�Jÿiú R1 ⊆ R2

ú�)Zó�õ6ô/&=ü&ó`�$÷�ú'ö¬ú�)
�Jÿiú

fnames(R1) 6⊆ fnames(R2)
� « ú�öW÷�úµû ø�ö¬õ ÷�ú'ô��&ø��Ïõ$öÏÿ�� û ø��Ïó�õ û�õ�� þiõ��Ïú

f
÷2ø� �Jÿiú

f ∈ fnames(R1)
ó�õ6ô	���

f /∈ fnames(R2)
�· ø$ö�)|öBúÏüýöB÷�õ�� � ú'ô¬ù4ø$ù=ú�)�ú'þE÷ �$õÀùiú � ú¬&4ø � ú�ô¶ÿ5�ëû ø��²ó�õ

(f, τ)
�.ÿ=ú©ø$óiø$ô¬ú'û�úÃú��

R1

ó�õ6ô	���þ��$õÃú��
R2

)4úÂó�õ6ôB÷�ø$þE÷�õ
R1 6⊆ R2

)iõ��Jÿiú�û'õ6þE÷�ô�ø�ùiü&ôBü ø þiõ6öBö�øÃö¬ÿió�õ6öBü'�(��õ���|õ6ôÃõ6ÿT÷�ô¬õ�&ø$ùiõ�)�ö¬ú
R1 ⊆ R2

�Ïø$ö
cortypes(R1, R2) 6⊆ ∆T

)eú'þJ÷��$õ ùiú � úV&4ø � ú�ôÃû ø��²ó�õ6ö
(f, τ1) ∈ R1

ú
(f, τ2) ∈ R2

÷2ø$üýö0�Jÿiú
τ1 6= τ2

�Ä4�õ��ÏõÃú�öW÷2ø��²õ6öOö¬ÿ=ó�õ6þ=ùiõ��Jÿiú
R1 ⊆ R2

)4ú�û'õ��²õ
(f, τ1) ∈ R1

)=ú'þE÷ �$õ�ùiú � úÂöBú�ô�õ û�ø$ö¬õ/�Jÿiú (f, τ1) ∈ R2

�2�|ú�&ø¶û�õ$þiùiü'���$õ ú'þiû�õ6þE÷¬ô�ø$ù4ø þiø¶ùiú��iþiü'���$õz � � )=÷¬ú�ô��&ø��²õ6ö0�Jÿiú τ1 = τ2

)iõz�.ÿ=úx��ÿ��Ïø�û�õ6þE÷�ô¬ø$ùiü��(�$õ����ø$ô¬øOøOü��Ïó5&ü&û�ø��(��õeüýþ � ú�ôBö�ø5)�ö¬ÿió�õ��²õ6öÉ�Jÿiú fnames(R1) ⊆ fnames(R2)
ú��Jÿiú

cortypes(R1, R2) ⊆
∆T

� ® ú
R1 6⊆ R2

).ú�þE÷ ��õ¶ùiú � ú�&4ø � ú�ô�ÿ5� û�ø��²ó�õ
(f, τ) ∈ R1

÷2ø���Jÿiú
(f, τ) /∈ R2

� « ú�öW÷�úrû�ø$ö¬õ�)ÿ��Ïø¶ùiúrù=ÿ4ø$ö�û'õ6þiùiü����.ú�ö�ùiú � úÂöBú�ô � ú�ô¬ùiø$ùiú�
�õ6ÿHþ��$õ2&�� û�ø��Ïó�õ6öeû�õ�� þiõ��²ú
f
ú��

R2

)=õ6ÿDú-,Tü&öB÷¬úÿ�� û ø��Ïó�õÏû'õ�� þiõ��²ú
f
ú��

R2

û'ÿ^$BõÏ÷¬ü&ó�õÏþ��$õ¬�
τ
� « õDó=ô¬ü'�²ú�üýô¬õ�û�ø$ö¬õ�)�û�õ6þE÷¬ô�ø$ùiüýô��&ø��Ïõ$öOøÏö¬ÿl�ó�õ6ö¬ü��(�$õ²ùiúN�Jÿiú

fnames(R1) ⊆ fnames(R2)
)�ú�þ��Jÿ4ø$þE÷¬õ��Jÿiú¶þiõÏö¬ú��6ÿiþiùiõ©û ø$öBõ�)�û'õ6þE÷�ô¬ø$ùiü&ô	� ø��²õ6öø�ö¬ÿió�õ6öBü'�(��õÏùiú"�Jÿiú

cortypes(R1, R2) ⊆ ∆T
�

~ Ö�× Ô�knm���m fnames(R1 ∪ R2) = fnames(R1) ∪ fnames(R2) �
� Ä



wYú��4þiü����.ú�öOú"&ú��©ø$ö
� ÿ�@�� û ý � þ � VXW � �
fnames(R1 ∪ R2) = {f | (f, τ) ∈ R1 ∪R2

)ió4ø�ô�ø²ø�'�6ÿ5�
τ}

= {f | (f, τ) ∈ R1

)4ó4ø$ô¬øÃø�'�6ÿ5�
τ} ∪ {f | (f, τ) ∈ R2

)4ó4ø$ô¬ø²ø�'�6ÿ��
τ}

= fnames(R1) ∪ fnames(R2)

~ Ö�× Ô�knmt�nm fnames(R1 ∩ R2) ⊆ fnames(R1) ∩ fnames(R2) �� ÿ�@�� û ý � þ � VXW � �
fnames(R1 ∩R2) = {f | (f, τ) ∈ R1 ∩R2

)4ó4ø�ô�øÃø�'�$ÿ��
τ}

=







f | (f, τ1) ∈ R1

)4óiø$ô�øÃø���6ÿ��
τ1

) ø$þ=ù
(f, τ2) ∈ R3,

ó4ø�ô�ø²ø�'�6ÿ5�
τ2,

ø$þiù
τ1 = τ2







⊆ {f | (f, τ1) ∈ R1

)4óiø$ô�øÃø���6ÿ��
τ1

) ø$þ=ù
(f, τ2) ∈ R3,

ó4ø$ô¬øÃø�'�6ÿ5�
τ2}

⊆ {f | (f, τ1) ∈ R1

)4óiø$ô�øÃø���6ÿ��
τ1} ∩ {f | (f, τ2) ∈ R2

)4ó4ø$ô¬øÃø�'�6ÿ5�
τ2}

⊆ fnames(R1) ∩ fnames(R2)

~ Ö�× Ô�knmt�nm fnames � @�� û ���q� û�ú � � ����@iþ�ÿ ý !�ÿ ú �q� �
⊆ �� ÿ�@�� û ý � þ � VXW � � �|ø$ô�ø��Jÿ4ø$üýö��Jÿiú�ô²ùiõ6üýö�û�õ6þ=$BÿiþE÷�õ6ö X
ú

Y
)Zö¬ú

X ⊆ Y
)Zú�þE÷ ��õ

Y = X ∪ Y
ú

� ü&û'ú�� � ú�ôBö�ø5� « õ²û ø�ö¬õ²ùiú�û�õ6þ^$Bÿ=þJ÷¬õ6öOùiú�û ø��²ó�õ6ö�) R1 ⊆ R2

ö¬ú�ú�ö¬õ��²ú�þE÷¬ú�öBú
R1 ∪ R2 = R2

��|ú�&õ*&ú��Ïø z � � )=÷¬ú��²õ6ö3�Jÿiú
fnames(R2) = fnames(R1 ∪ R2)

= fnames(R1) ∪ fnames(R2)õz�Jÿiú�öBü'�6þ=ü��4û�ø2�.ÿ=ú
fnames(R1) ⊆ fnames(R2)

�
~ Ö�× Ô<knm/o��{m`� ÿ R1 ⊆ R2

ÿ
(f, τ) ∈ R2 � ÿ û � W � (f, τ) /∈ R1

ý ÿGÿ ý ��@¬ÿ û �%ÿ ý ÿ
f /∈ fnames(R1) �� ÿ�@�� û ý � þ � VXW � � ® ÿ=ó�õ6þ5&4ø5)�ó�õ$ôG&iü&ó`�$÷�ú'ö¬ú�)I�Jÿiú R1 ⊆ R2

)I�Jÿiú
(f, τ) ∈ R2

úz�.ÿ=ú
(f, τ) /∈ R1

�
® ÿió�õ6þ�&iøÃ÷�ø��2 `��� �Jÿiú

f ∈ fnames(R1)
�

« ú'öB÷�úÂû�ø$ö¬õ5)iùiú � ú�ú�,Tü&öW÷�ü&ôeÿ��f÷�ü&ó�õ
τ ′
÷2ø�`�Jÿiú

(f, τ ′) ∈ R1

�Ä4�õ��²õ
R1 ⊆ R2

)=ú�þE÷��$õ
(f, τ ′) ∈

R2

���|ú� øµùiú��4þiü'���$õ z � � )eöBú (f, τ) ∈ R2

ú
(f, τ ′) ∈ R2

ú�þE÷ �$õ
τ = τ ′

)eõ �Jÿiú�ö¬ü��6þiü��iû ø��Jÿiú
(f, τ) = (f, τ ′) ∈ R1

)=õ��Jÿiú�ó�õ6ô�ö¬ÿ4ø � ú�+x��ÿ��Ïø�û�õ6þE÷¬ô�ø$ùiü��(�$õ5��|õ6ô¶õ6ÿ=÷�ôBõ� ø$ù=õ�)�öBÿió�õ$þ�&4ø��Jÿiú
R1 ⊆ R2

)F�Jÿiú
(f, τ) ∈ R2

ú��Jÿiú
f /∈ fnames(R1)

)F�©ø�ö
�Jÿiú

(f, τ) ∈ R1

���dú� øÃùiú��4þiü'���$õ z � Ê )4û�õ��²õ
(f, τ) ∈ R1

)�ú'þE÷ �$õ
f ∈ fnames(R1)

)4õ*�.ÿ=úx��ÿ��Ïøû�õ$þJ÷¬ô�ø$ù=ü'�(��õ��
~ Ö�× Ô�knm/opopm�� ÿ fnames(R1) ∩ fnames(R2) = ∅

ÿ û � W �
R1 ∩R2 = ∅ �

� �
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� ÿ�@�� û ý � þ � VXW � � ® ÿ=ó�õ6þ5&4ø2�Jÿiú fnames(R1) ∩ fnames(R2) = ∅

úG�Jÿiú
R1 ∩R2 6= ∅

� y ú�ôBü ø�� ùiú
&4ø � ú'ô�)�þiú�öW÷�ú�û�ø$ö¬õ5) f ú τ

÷�ø$ü&ö<�Jÿiú
(f, τ) ∈ R1

ú
(f, τ) ∈ R2

� � þE÷ ��õ�)�÷¬ú��²õ6öÏ�.ÿ=ú
f ∈ fnames(R1)ú

f ∈ fnames(R2)
ú�)Oó�õ6ôB÷�ø$þE÷�õ�)

fnames(R1) ∩ fnames(R2) 6= ∅
)�õ��Jÿiú û�õ6þE÷�ô¬ø$ùiüýô¬ü ø þiõ6öBö�øö¬ÿ=ó�õ6öBü'���$õ��

~ Ö�× Ô�knm/o�sum�� ÿ R1 ⊆ R3 � R2 ⊆ R3

ÿ
R1 ∩ R2 = ∅ � ÿ û � W � fnames(R1) ∩ fnames(R2) = ∅ �� ÿ�@�� û ý � þ � VXW � � ® ÿ=ó�õ6þ5&4øV�Jÿiú R1 ⊆ R3

)
R2 ⊆ R3

ú
R1 ∩ R2 = ∅

)I�Ïø$öx�Jÿiú
fnames(R1) ∩

fnames(R2) 6= ∅
�Fw:ú � ú��À&iø � ú�ô f

)
τ
ú

τ ′ ÷2ø$üýö��.ÿ=ú (f, τ) ∈ R1

ú
(f, τ ′) ∈ R2

� A öB÷�õ�ü'�²ó�ýü&û ø �Jÿiú
{(f, τ), (f, τ ′)} ⊆ R3

)�õ��JÿiúÃö¬ü'�$þiü��4û�ø5)Ló�ú�&øDùiú��4þ=ü'�(��õ z � � )<�.ÿ=ú τ = τ ′
�24�õ��Ïõ

(f, τ) ∈ R1

ú
(f, τ) = (f, τ ′) ∈ R2

).ú�þE÷��$õ
(f, τ) ∈ R1 ∩R2

).õ2�Jÿiú:ü��Ïó�ýü&û�ø"�Jÿiú
R1 ∩R2 6= ∅

).û�õ6þE÷¬ô�ø$ùiü�+�ú'þiùiõþiõ6öBö�øz&iü&ó`�$÷¬ú�ö¬ú��
~ Ö�× Ô�knm/o�vum fnames(R1)− fnames(R2) ⊆ fnames(R1 −R2) �� ÿ�@�� û ý � þ � VXW � � ® ú�öBÿió�õ$ô��²õ6ö/�Jÿiú f ∈ fnames(R1) − fnames(R2)

)Zú'þE÷ �$õ
f ∈ fnames(R1)�Ïø$ö

f /∈ fnames(R2)
�U�|ú� ø©ù=ú��4þiü��(�$õ z � Ê )?ùiú � ú2&iø � ú�ôrÿ5� τ

÷2ø�I�Jÿiú
(f, τ) ∈ R1

ú þ��$õ©ó�õTù=ú
&4ø � ú'ô�ÿ�� τ ′

÷�ø���Jÿiú
(f, τ ′) ∈ R2

��4�õ��Ïõ
(f, τ) ∈ R1

�Ïø$ö
(f, τ) /∈ R2

)Jú�þE÷��$õ
(f, τ) ∈ R1−R2ú

f ∈ fnames(R1 − R2)
�

~ Ö�× ÔYknmo	|{mi� ÿ cortypes(R1, R2) ⊆ ∆T
ÿ û � W �

fnames(R1−R2) = fnames(R1)−fnames(R2) �� ÿ�@�� û ý � þ � VXW � � �dú�&õ°&ú��©ø z � � Ê ) fnames(R1−R2) ⊇ fnames(R1)−fnames(R2)
� ® ÿió�õ6þ�&iø��Ïõ$ö

�Jÿiú
cortypes(R1, R2) ⊆ ∆T

)Tú°�Jÿiú
fnames(R1−R2) 6= fnames(R1)− fnames(R2)

��w:ú � úrö¬ú'ôõÃû ø$öBõ�)4ú�þE÷��$õ�)��Jÿiú
fnames(R1 − R2) ⊃ fnames(R1)− fnames(R2)

�A öB÷¬õ ü'�²ó�&üýû ø��JÿiúYùiú � ú�&4ø � ú'ô�ÿ�� f
÷2ø���.ÿ=ú

f ∈ fnames(R1−R2)
ú°�Jÿiú

f /∈ fnames(R1)−
fnames(R2)

�Rò^óiôBü'�²ú�üýô�ø�ó=ô¬õ6ó�õ6ö¬ü��(�$õ�ü'�²ó�&üýû ø"�JÿiúÂùiú � úG&4ø � ú'ôtÿ5� τ
÷2ø�g�.ÿ=ú

(f, τ) ∈ R1−R2

)õ*�.ÿ=ú�öBü'�6þiüv�4û ø2�Jÿiú
(f, τ) ∈ R1

ú´�Jÿiú
(f, τ) /∈ R2

�¼4�õ��²õ
(f, τ) ∈ R1

)�ø�ö¬ú��$ÿiþiù4ø²óiô¬õ6ó�õ6öBü'�(��õü'�²ó�ýü&û ø´�Jÿiú�ù=ú � ú´&4ø � ú'ôYÿ5� τ ′
÷2ø�É�Jÿiú

(f, τ ′) ∈ R2

� · ø$ö�) û�õ��Ïõ
(f, τ) /∈ R2

)4ú�þE÷ ��õ
τ 6= τ ′

�y ú'ô��&ø��Ïõ$öLú�þE÷ ��õ �Jÿiú
(f, τ) ∈ R1

ú��.ÿ=ú
(f, τ ′) ∈ R2

)Åü��Ïó�ýü&û�ø$þiùiõÄ�Jÿiú
(τ, τ ′) ∈ cortypes(R1, R2)

�· ø$ö�)4û�õ��²õ
cortypes(R1, R2) ⊆ ∆T

)4ú'þJ÷��$õ
τ = τ ′

)4õz�Jÿiú�ö¬ú�ôBü ø�ÿ��Ïø û�õ6þE÷¬ô�ø$ùiü��(�$õ5�
~ Ö�× Ô�knm/o��nm�� ÿ R1

ÿ
R2

ý W �4��� ûfe � û ��� ý�� ÿ-� � @c!d� ý � ÿ û � W � R1∪R2 � � @C��� ûfe � û �q� � ÿ-� � @c!d� ý
ý ÿ/ÿ ý ��@¬ÿ û �âÿ ý ÿ

cortypes(R1, R2) ⊆ ∆T �� ÿ�@�� û ý � þ � VXW � � ® ÿ=ó�õ6þ5&4ø3�.ÿ=ú R1

)
R2

ú
R1∪R2

ö��$õOû'õ6þ^$BÿiþE÷�õ$ö�ùiú�û ø��²ó�õ$ö�)»�Ïø$öÉ�Jÿiú
cortypes(R1, R2) 6⊆

∆T
�¡wYú � ú�� &4ø � ú'ô�)4ú�þE÷��$õ�) f ) τ ú τ ′

÷2ø$üýö¼�Jÿiú
(f, τ) ∈ R1

)
(f, τ ′) ∈ R2

)=ú
τ 6= τ ′

� « ú'öB÷�ú�û�ø$ö¬õ�)
{(f, τ), (f, τ ′)} ⊆ R1 ∪ R2

��4�õ��²õ
R1 ∪ R2

ùiú � ú²ö¬ú�ô�ÿ��ëû'õ6þ^$BÿiþE÷¬õ!ùiúÃû�ø��Ïó�õ6ö�)dú'þE÷ �$õ�)�ó�ú�&øùiú��4þiü'���$õ z � � )i÷�ú��Ïõ6ö3�Jÿiú τ = τ ′
)iõ*�.ÿ=ú�û'õ6þE÷�ô¬ø$ùiü'+�ø/&iüýóg�$÷¬ú�öBú���|õ6ô�õ$ÿ=÷�ôBõ &ø$ùiõ�)�ö¬ú�ö¬ÿió�õ6ô	�Ïõ6ö��.ÿ=ú

R1

ú
R2

ö��$õ�û�õ6þ=$BÿiþE÷�õ6ö�ùiú û�ø��Ïó�õ6öLú��Jÿiú
cortypes(R1, R2) ⊆

∆T
)5�©ø$ö��Jÿiú

R1 ∪R2

þ���õ/�rÿ�� û�õ6þ^$Bÿ=þJ÷¬õ�ùiúÂû ø��Ïó�õ6ö�)Tú�þE÷ ��õ�ùiú � ú��i&4ø � ú�ô f
)
τ
ú

τ ′
÷�ø$ü&ö��Jÿiú

{(f, τ), (f, τ ′)} ⊆ R1 ∪R2

)=ú°�Jÿiú
τ 6= τ ′

�¡4�õ��²õ
R1

ú
R2

ö��$õ û'õ6þ^$BÿiþE÷¬õ6ö�ùiúYû ø��²ó�õ$ö�).þ��$õ ó�õTù=úö¬ú'ôOõÏû�ø$ö¬õz�Jÿiú
{(f, τ), (f, τ ′)} ⊆ R1

õ6ÿ��Jÿiú
{(f, τ), (f, τ ′)} ⊆ R2

�
® ÿió�õ6þ�&4ø��Ïõ6ö�ú'þE÷ �$õ�)4öBú��Æó�ú�ôBù4ø²ù=ú´�$ú�þiú'ô�ø�ýü&ù4ø$ù=ú�)5�Jÿiú

(f, τ) ∈ R1

ú"�Jÿiú
(f, τ ′) ∈ R2

��|ú� ø¸ù=ú��4þiü��(�$õ z � Ë )
(τ, τ ′) ∈ cortypes(R1, R2)

� � þE÷�ôBú'÷�ø$þE÷�õ�)�û'õ��²õ
cortypes(R1, R2) ⊆

∆T
)4ú'þE÷ �$õ

τ = τ ′
)4õz�Jÿiú"��ÿ��ÏøÃû'õ6þE÷�ô¬ø$ùiü'���$õ��

� ù



� ó�ú'ô�ø����Tú'ötöBõ� iôBú�û'õ6þ^$BÿiþE÷¬õ6öOùiú�û ø��²ó�õ$ö
~ Ö�× Ô"knmo�knm2� ÿ R1

ÿ
R2

ý W ����� ûfe � û ��� ý�� ÿc� � @c!d� ý � ÿ û � W � R1−R2 � � @���� ûfe � û �q� � ÿN� � @c!d� ý �� ÿ�@�� û ý � þ � VXW � � ® ú {(f, τ), (f, τ ′)} ⊆ R1 − R2

)�ú'þE÷ �$õ
{(f, τ), (f, τ ′)} ⊆ R1

�b�|ú�&øDùiú��iþiü'���$õz � � )�÷¬ú�ô��&ø��²õ6öz�.ÿ=ú τ = τ ′
� « õ � ø��Ïú'þJ÷¬ú�)�ó�ú�&ø ùiú��4þiü��(�$õ z � � )�÷�ú'ô�� ø��Ïõ6öz�Jÿiú R1 − R2

� ÿ��û�õ$þ^$BÿiþE÷�õ²ùiú�û ø��²ó�õ6ö��
]Ï��6 �f´µ������ÑeÒ²�O� �{Q��H��� ¿�Q�½rðLÎ�½Ã�{Q�� �H��¿���³ ´RQ¶�
y ô0$�ö�õ6ó�ú�ô¬ø����.ú�ö�ó4ø$ôBû�ü&ø$ü&öÂöBõ� iô¬ú²û�õ$þ^$BÿiþE÷�õ6ö�ùiú²û ø��Ïó�õ6öÂö¬ú'ô��$õ!ÿiö�ø�ù4ø$ö�ó4ø$ô¬øÀùiú��4þiüýô�õ�óiôBõ� �ýú��ÏøùiõDû���&û'ÿ�&õÏù4øDö¬ÿ5 iöB÷¬üý÷�ÿ=ü'�(��õ©óiôBü&þiû'ü&ó4ø�dùiú ÿ5� û'õ6þ^$BÿiþE÷¬õHùiú ô¬ú'öB÷¬ô¬ü'���Tú'örùiú ôBú��6üýöB÷¬ô¬õ�
Oø©õ$ó�ú'ô�ø����$õùiú�û�õ$þiû ø�÷¬ú�þ4ø��(�$õ ùiú�û�õ6þ=$BÿiþE÷�õ6öÃùiú�û ø��Ïó�õ6ö �

⊕ � &Oø õ6ó�ú�ô¬ø��(��õ ù=úÀù=ü�!mú�ôBú�þ���øµùiú�û�õ6þ^$Bÿ=þJ÷¬õ6öÃùiúû ø��Ïó�õ6ö �
	 � &4ú�ø�õ6ó�ú�ô¬ø��(��õ²ù=ú�ôBú��²õ����$õÃùiú�û ø��²ó�õ6ö�)iù=ú��4þiüýù4ø$ötø�ö¬ú��6ÿiü&ô�
g Ö	hi�IÑ��j5ø<knm/o��xm�� õ6ó�ú�ô¬ø$ùiõ6ô ùiúOû'õ6þ^$BÿiþE÷�õ$öZù=útû�ø��²ó�õ6ö ⊕ : R×R→ R

�tÿ5�võ6ó�ú�ô�ø�ùiõ6ô ó4ø$ô%�û�ü&ø�4ùiú��4þiü&ù=õ¶ó4ø$ô¬ø�ó4ø�ô¬ú�öZùiúYû�õ6þ^$Bÿ=þJ÷¬õ6ö�ù=úYû�ø��Ïó�õ6öZû�ÿ^$Bõ$öeû'õ6þ^$BÿiþE÷�õ$ö�ùiúYþiõ��²ú�öZû�õ6ôBô¬ú�öBó�õ$þiùiú�þE÷¬ú�öö���õÏùiüýöÓ$BÿiþE÷¬õ6ö�� � öBú�ÿÀô¬ú'ö¬ÿ�É÷2ø$ùiõz��ö¬ü��Ïó5&ú�ö	�Ïú'þE÷�ú�ø�ÿiþiü'�$õÃùiõ6öOùiõ6üýö�û�õ6þ^$Bÿ=þJ÷¬õ6ö�� § õ6ô	�©ø���Ïú'þE÷�ú�

R1 ⊕ R2 = R1 ∪ R2

ö¬ú
fnames(R1) ∩ fnames(R2) = ∅

g Ö	hi�IÑ��j5ø�knm/o��um0� õ$ó�ú'ô�ø$ùiõ$ô�ùiú�ùiü�!mú'ô¬ú'þ�� ø ùiúÂû'õ6þ^$BÿiþE÷¬õ6öOùiúÂû ø��²ó�õ6ö
	 : R×R→ R

�Âÿ5�õ6ó�ú�ô¬ø$ùiõ6ôOó4ø$ôBû�ü&ø��ùiú��iþiü&ùiõ²ó4ø$ô¬øÏó4ø�ô¬ú�ötùiú�û�õ6þ=$BÿiþE÷�õ6ötùiú¶û�ø��²ó�õ6öOõ6þ=ùiú�õ²ö¬ú��6ÿiþiù=õ©û�õ$þ^$BÿiþE÷�õÏùiúû ø��Ïó�õ���ÿ��ëöBÿ� �û'õ6þ^$BÿiþE÷¬õ!ùiõ�óiôBü'�²ú�üýô¬õ�� � ôBú�öBÿ�ý÷�ø$ùiõ�ù4øHõ6ó�ú�ô�ø��(�$õ��²øDùiüv!mú�ô¬ú'þ�� øHû'õ�� ÿ�� ùiúû�õ$þ^$BÿiþE÷�õ6öOùiõ$ötù=õ6ü&ö�û'õ6þ^$BÿiþE÷�õ$ö�� § õ$ô��Ïø�'�²ú�þE÷�ú�

R1 	 R2 = R1 − R2

ö¬ú
R2 ⊆ R1g Ö	hi�IÑ��j5ørknm/oJ�nm ò õ$ó�ú'ô�ø����$õÃùiú�ô¬ú��²õl�(�$õ�ùiú�û�ø��Ïó�õ6ö
(/) : R× F→ R

�Âùiú��4þiü&ùiø²û'õ��Ïõ5

R/F = {(f, τ) | (f, τ) ∈ R

ú
f /∈ F}ò���6ÿ��Ïø$ö�ù4ø$öOóiôBõ6óiôBü&ú�ùiø$ùiú�öOùiú'öB÷�ø$öYõ$ó�ú'ô�ø����Tú'ötö��$õÃùiú��²õ6þiöW÷�ô¬ø$ù4ø$öOþiõ6öOöBú��6ÿiüýþE÷�ú�ö &ú��©ø�ö�


~ Ö�× Ô�knmtsd�{m�� ÿ R1 	R2 � � ÿ � û�ú � � � ÿ û � W � R1 	 R2 = R1/fnames(R2) �� ÿ�@�� û ý � þ � VXW � � ® ú R1	R2

�tù=ú��4þiüýùiõ�).ú�þE÷ ��õ�÷�ú��Ïõ$ö�)Jó�ú� ø�ùiú��iþiü'���$õ z � � ª )l�Jÿiú R2 ⊆ R1

ú �Jÿiú
R1 	R2 = R1 − R2

���|õ$ôB÷2ø�þJ÷¬õ�)i÷�ú��Ïõ$ö�

R1 −R2 = {(f, τ) | (f, τ) ∈ R1

ú
(f, τ) /∈ R2}· ø$ö�)Lû�õ��²õ

R2 ⊆ R1

)�÷�ú��Ïõ$öYó�ú�ýõ�&ú��©ø z � � Ä �Jÿiú�ø²óiô¬õ6ó�õ6öBü'�(��õ (f, τ) ∈ R1

ú
(f, τ) /∈ R2ö���õ üýþJ÷¬ú�ôBû ø��2 =üÇ� � ú'ü&öHû�õ�� ø$ö�óiôBõ6ó�õ$ö¬ü'���Tú'ö

(f, τ) ∈ R1

ú
f /∈ fnames(R2)

� § ø�+�ú'þiùiõ�ú�öW÷2øö¬ÿ5 iöB÷¬üý÷�ÿ=ü'�(��õ²ú�ÿiö¬ø$þiùiõÏø�ùiú��iþiü'���$õ z � � Ç )4øÃú�,Tóiô¬ú'ö¬ö��$õDø$û'ü'�Ïø ö¬úÂ÷�õ$ô¬þ4ø5

R1 −R2 = {(f, τ) | (f, τ) ∈ R1

ú
f /∈ fnames(R2)}

= R1/fnames(R2)

� Ê



wx)f¤�B >�y(z@>{+ÏB   A�¡ : £�¢GC?B  
~ Ö�× Ô�knmtsuopm fnames(R/F ) = fnames(R)− F �� ÿ�@�� û ý � þ � VXW � � �dú� ø�ötù=ú��4þiü����.ú�ö z � Ê ú z � � Ç )=÷�ú��Ïõ6ö�


fnames(R/F ) = {f | (f, τ) ∈ R/F
)ió4ø$ô¬ø²ø�'�6ÿ��

τ}

= {f | (f, τ) ∈ {(f ′, τ ′) | (f ′, τ ′) ∈ R
ú

f ′ /∈ F}
)ió4ø$ô¬øÃø�'�6ÿ5�

τ}

= {f ′ | (f ′, τ ′) ∈ R
ú

f ′ /∈ F}

= {f ′ | (f ′, τ ′) ∈ R} − F

= fnames(R)− F

~ Ö�× Ô�knmtspsum�� ��� ûfe � û ���Y� ��� ú � � � @ � ú � ÿ û � ú �	�|� ÿ � ÿ ⊕ �� ÿ�@�� û ý � þ � VXW � � �dú�&õzýú��Ïø z ��Hl)=÷�ú��Ïõ6ö�

fnames(R) ∩ fnames(∅) = fnames(R) ∩ ∅ = ∅�|ú� ø�ùiú��4þiü'���$õ z � � � )=÷�ú��Ïõ$ö�


R ⊕ ∅ = R ∪ ∅ = R = ∅ ∪ R = ∅ ⊕ R

~ Ö�× Ô�knmtspvum�  ��!�ÿ�þ � VXW �
⊕ � ����@ � � � � ú � � �� ÿ�@�� û ý � þ � VXW � � �dú� øtùiú��iþiü'���$õ z � � � )�ö¬ú R1⊕R2

��ùiú��4þiü&ù=õ�)$ú'þJ÷��$õ
fnames(R1)∩fnames(R2) =

∅
ú

R1 ⊕ R2 = R1 ∪ R2

�N4�õ��²õ
∩
ö��$õ
∪
õ$ó�ú'ô�ø����Tú'öÂû�õ�� ÿT÷2ø�÷¬ü � ø$ö�)�÷�ú��Ïõ6ö��.ÿ=ú fnames(R2) ∩

fnames(R1) = ∅
ú"�Jÿiú

R1 ⊕ R2 = R2 ∪R1 = R2 ⊕R1

�
~ Ö�× Ô�knmts'|�m�� ÿ R1 	R2 � � ÿ � û�ú � ��ÿ û � W � fnames(R1 	 R2) = fnames(R1)− fnames(R2) �� ÿ�@�� û ý � þ � VXW � � ® ú R1 	R2

�Âùiú��iþiü&ùiõ²ú�þE÷��$õ
R2 ⊆ R1

)=ú
fnames(R1 	 R2) = fnames(R1 − R2)

= {f | (f, τ) ∈ R1 − R2

)4óiø$ô�øÃø���6ÿ��
τ}

= {f | (f, τ) ∈ R1

ú
(f, τ) /∈ R2,

ó4ø�ô�øÃø�'�$ÿ��
τ}�|ú�&õNýú��Ïø z � � Ä ).öBú R2 ⊆ R1

)
(f, τ) ∈ R1

ú
(f, τ) /∈ R2

)Tú'þE÷ �$õ
f /∈ fnames(R2)

�2�dõ6ôB÷�ø$þE÷�õ�

fnames(R1 	 R2) = {f | (f, τ) ∈ R1

ú
(f, τ) /∈ R2,

ó4ø$ô�øÃø���6ÿ��
τ}

= {f | (f, τ) ∈ R1

)ió4ø$ô¬øÃø�'�6ÿ5�
τ
)4ú

f /∈ fnames(R2)}

= {f | f ∈ fnames(R1)
ú

f /∈ fnames(R2)}

= fnames(R1)− fnames(R2)

��Ë



� ó�ú'ô�ø����Tú'ötöBõ� iôBú�û'õ6þ^$BÿiþE÷¬õ6öOùiú�û ø��²ó�õ$ö
~ Ö�× Ô�knmtsp�um�� ÿ R1 ⊕R2 � � ÿ � û�ú � ��ÿ û � W � fnames(R1 ⊕ R2) = fnames(R1) ∪ fnames(R2)� ÿ�@�� û ý � þ � VXW � � ® ú R1 ⊕R2

�Âùiú��iþiü&ùiõ²ú�þE÷��$õ�

fnames(R1 ⊕ R2) = fnames(R1 ∪ R2)

= fnames(R1) ∪ fnames(R2)
� ó�õ$ô z � � �

~ Ö�× Ô�knmtspkum�� ��!�ÿ�þ �|� �^þ ⊕ � �^ý ý ��� ú � � ú �:�
� ÿ�@�� û ý � þ � VXW � � �dú� øµùiú��4þiü��(�$õ z � � � )�ö¬ú (R1 ⊕ R2) ⊕ R3

ú�öB÷�� ù=ú��4þiüýùiõ�)�ú�þE÷��$õ ø�ö�ö¬ú��$ÿiü&þE÷�ú'öû�õ$þiùiü'���Tú'öOùiú � ú��Æö¬ú'ô � ú�ôBù4ø$ùiú'ö�

fnames(R1) ∩ fnames(R2) = ∅

)ió4ø�ô�øz�.ÿ=ú
R1 ⊕ R2

ö¬úâ$¬ø²ùiú��4þiüýùiõ�)iú
fnames(R1 ⊕R2) ∩ fnames(R3) = ∅

)ió4ø�ô�øz�.ÿ=ú
(R1 ⊕R2)⊕ R3

ö¬ú%$¬øÃùiú��4þiü&ù=õ��
�|ú�&õ*&ú��Ïø z � ù H�)=÷¬ú��²õ6ö�


∅ = fnames(R1 ⊕ R2) ∩ fnames(R3)

= (fnames(R1) ∪ fnames(R2)) ∩ fnames(R3)

= (fnames(R1) ∩ fnames(R3)) ∪ (fnames(R2) ∩ fnames(R3))

4�õ��²õ
X ∪ Y = ∅

ü��Ïó5&ü&û�øN�Jÿiú
X = ∅

ú
Y = ∅

)=÷�ú��Ïõ$ö�

fnames(R1) ∩ fnames(R3) = ∅

fnames(R2) ∩ fnames(R3) = ∅

�|õ6ôW÷2ø$þE÷¬õ�)
R2 ⊕ R3

��ùiú��4þiüýùiõ��
® ÿ� iöW÷�üÉ÷�ÿiüýþiùiõ

fnames(X)
ó�õ6ô

fn(X)
)i÷�ú��Ïõ$ö�


fn(R1) ∩ fn(R2 ⊕ R3) = fn(R1) ∩ (fn(R2) ∪ fn(R3))

= (fn(R1) ∩ fn(R2)) ∪ (fn(R1) ∩ fn(R3))

= ∅ ∪ ∅ = ∅

�|õ6ôW÷2ø$þE÷¬õ�)
R1 ⊕ (R2 ⊕ R3)

��ùiú��4þiü&ù=õ���|õ.ùiú��²õ6öYû�õ6þiû�&ÿiüýô��.ÿ=ú�)?öBú
(R1 ⊕ R2) ⊕ R3

�¶ù=ú��4þiüýùiõ�)�ú�þE÷ ��õ
R1 ⊕ (R2 ⊕ R3)

÷2ø��2 g��� �ùiú��4þiü&ù=õ���|õ6ô:õ6ÿ=÷�ôBõ� ø$ù=õ�)�öBÿió�õ6þ�&4ø��Jÿiú
R1 ⊕ (R2 ⊕ R3)

ö¬úâ$¬øDùiú��iþiü&ùiõ5�¡�|ú�&øDùiú��iþiü'���$õ z � � � ú ó�ú�ýõ&ú��©ø z � ù Hl)iõÃö¬ú��$ÿiü&þE÷�ú�ùiú � ú�ö¬ú'ô � ú�ô¬ùiø$ùiú�

• fnames(R2) ∩ fnames(R3) = ∅

&
• fnames(R1) ∩ (fnames(R2) ∪ fnames(R3)) = ∅

�
� H



wx)f¤�B >�y(z@>{+ÏB   A�¡ : £�¢GC?B  
w:ú

fnames(R1) ∩ (fnames(R2) ∪ fnames(R3)) = ∅
ó�õ.ùiú��²õ6öÀùiú�ù=ÿ�+�üýôV�Jÿiú

fnames(R1) ∩
fnames(R2) = ∅

ú
fnames(R1) ∩ fnames(R3) = ∅

ú�)4ó�õ6ôW÷2ø$þE÷¬õ�)��Jÿiú
R1 ⊕ R2

��ùiú��4þiü&ù=õ��y ø��2 g��� ÷�ú��Ïõ$ö�

(fnames(R1) ∪ fnames(R2)) ∩ fnames(R3) =
(fnames(R1) ∩ fnames(R3)) ∪ (fnames(R2) ∩ fnames(R3)) = ∅�|õ.ùiú��²õ6öRû'õ6þiû�&ÿiüýô�)$ú'þE÷ �$õ�)��.ÿ=ú�ö¬ú

R1⊕(R2⊕R3)
��ùiú��4þiü&ù=õ�)6ú�þE÷��$õ

(R1⊕R2)⊕R3

÷�ø��2 `���
���

® ú��$ÿiü'�²õ6ö�)=ú�þE÷ �$õ5)4û�õ��Æø�ùiú��Ïõ$þiöB÷¬ô�ø����$õÃù4ø²ü��6ÿ4ø�ýù4ø$ùiú�


R1 ⊕ (R2 ⊕ R3) = R1 ⊕ (R2 ∪R3)

= R1 ∪ (R2 ∪R3)

= (R1 ∪ R2) ∪R3

= (R1 ⊕ R2) ∪R3

(R1 ⊕ R2)⊕R3

~ Ö�× Ô�knmts��xm�� ��� ûfe � û ���Y� ��� ú � � � @ � ú � ÿ û � ú �	�|� ÿ�¢ � ú þ�ÿ ú � ��� ÿ 	 �� ÿ�@�� û ý � þ � VXW � � 4�õ��²õ ∅ ⊆ R
)=óiø$ô�øN�Jÿ4ø�'�Jÿiú�ô

R
)iú�þE÷ ��õ

R	∅
ú�öW÷ ��ùiú��4þiü&ù=õ ó4ø$ô¬ø2�.ÿiø�'�Jÿiú'ô

Rú"��ü'�6ÿ4ø�Lø5

R	 ∅ = R− ∅ = R

~ Ö�× Ô�knmtsp�um�� ÿ R1 ⊕R2

ÿ ý � . � ÿ � û�ú � � � ÿ û � W � (R1 ⊕ R2)	R2 = R1 �� ÿ�@�� û ý � þ � VXW � � ® ú R1 ⊕R2

ú�öW÷ �Ãùiú��4þ=ü&ùiõ�)=ú�þE÷ �$õ5)4ó�ú� ø�ùiú��iþiü'���$õ z � � � )=÷�ú��Ïõ$ö�

fnames(R1) ∩ fnames(R2) = ∅

ú
R1 ⊕R2 = R1 ∪ R2

4�õ��²õ
R2 ⊆ R1 ∪ R2 ⊆ R1 ⊕ R2

) ú�þE÷��$õ�)�ó�ú� øÃùiú��4þ=ü'�(��õ z � � ª ) (R1 ⊕ R2)	 R2

��ùiú��4þiüýùiõú"��ü'�6ÿ4ø�Lø5

(R1 ⊕R2)	 R2 = (R1 ⊕ R2)− R2

= (R1 ∪ R2)− R2

= (R1 − R2) ∪ (R2 −R2)

= R1 − R2

= R1 − (R1 ∩R2)

�$z



� ó�ú'ô�ø����Tú'ötöBõ� iôBú�û'õ6þ^$BÿiþE÷¬õ6öOùiú�û ø��²ó�õ$ö
�|ú�&õ*&ú��Ïø z � ��� )=÷¬ú��²õ6ö3�Jÿiú R1 ∩ R2 = ∅

ú�)4ó�õ6ôB÷�ø$þE÷�õ�)��Jÿiú�

(R1 ⊕R2)	 R2 = R1

~ Ö�× Ô�knmtsp�um�� ÿ R1 	R2 � � ÿ � û�ú � � � ÿ û � W � (R1 	 R2)⊕R2 = R1 �� ÿ�@�� û ý � þ � VXW � � ® ú R1 	R2

�Âùiú��iþiü&ùiõ5)4ú�þE÷ �$õ5)4ó�ú� ø ùiú��4þiü'���$õ z � � ª )=÷�ú��Ïõ$ö�

R2 ⊆ R1

ú
R1 	R2 = R1 − R2�|ú�&õ*&ú��Ïø z � ù Ë )=÷¬ú��²õ6ö�


fnames(R1 	 R2) ∩ fnames(R2) = fnames(R1 − R2) ∩ fnames(R2)

= (fnames(R1)− fnames(R2)) ∩ fnames(R2)

= (fnames(R1) ∩ fnames(R2))− fnames(R2)

= ∅

�|õ6ôW÷2ø$þE÷¬õ�)4ó�ú� ø�ùiú��4þiü'���$õ z � � � ) (R1 	R2)⊕ R2

��ù=ú��4þiüýùiõÃú"��ü��6ÿ4ø�?ø5

(R1 	 R2)⊕R2 = (R1 	R2) ∪ R2

= (R1 −R2) ∪ R2

= R1 ∪R2�|õ6ô	����)4û�õ��²õ
R2 ⊆ R1

)iú�þE÷��$õ�

(R1 	R2)⊕ R2 = R1

~ Ö�× Ô�knmtvd�{m (R1 	 R2)	R3 = R1 	 (R2 ⊕ R3) �� ÿ�@�� û ý � þ � VXW � � �|ø$ô�ø²óiô¬õ � ø$ôOú�öW÷2øÏü��6ÿ4ø�ýù4ø$ùiú�)i÷�ú��Ïõ6ö��Jÿiú�óiô¬õ � ø$ô��Jÿiú¶öBú�õ* ø$ù=õÏùiüýô¬ú'üý÷�õz��ùiú����þiüýùiõ�)$ú'þE÷ �$õÂõ�&ø$ùiõrú'ö��Jÿiú'ô¬ùiõÂ÷2ø��2 g���\õG��)6ú � üýû�ú�� � ú'ô¬ö�ø�)Eú�ùiú�ó�õ6üýö�óiôBõ � ø$ô �.ÿ=ú0�Jÿ4ø$þiùiõ�ùiú��4þiüýùiõ6ö�)õ6öOùiõ6üýö3 ø$ù=õ6ö�÷�$���õz�Ïú'ö��²õ � ø�&õ6ô��� ô¬ü'�²ú�üýô�ø��²ú�þE÷¬ú�)RóiôBõ � ø�ô¬ú��²õ6ö2�JÿiúHöBú (R1 	 R2) 	 R3

�Hùiú��4þ=ü&ùiõµú'þJ÷��$õ
R1 	 (R2 ⊕ R3)÷2ø��2 g��� õ*�����ø$ô¬ø´�Jÿiú

R1	R2

ö¬úâ$¬ø�ùiú��4þiüýùiõ�)T�Oþiú�û'ú�ö¬ö��$ô¬üýõx�Jÿiú
R2 ⊆ R1

���|ø$ô�øG�Jÿiú
(R1	R2)	R3

ö¬úâ$¬øùiú��4þiü&ù=õ�)���þiú�û'ú�ö¬ö��$ô¬üýõ��Jÿiú
R3 ⊆ R1 ⊕ R2

)iõ��Jÿiú�ö¬ü��6þiüv�4û ø2�Jÿiú
R3 ⊆ R1 − R2

)4ó�ú� ø�ùiú��iþiü'���$õùiú
	
�

R3 ⊆ R1 − R2

ü��Ïó5&ü&û�ø��Jÿiú
R3 ⊆ R1

ú��Jÿiú
R3 ∩ R2 = ∅

�"�dú�ýõª&ú��©ø z � � ù )�÷�ú��Ïõ6ö´�Jÿiú
fnames(R2) ∩ fnames(R3) = ∅

)iõ��Jÿiú�þiõ$ötó�ú�ô	�ÏüÉ÷�úrû'õ6þiû�&ÿiüýô3�.ÿ=ú
R2 ⊕ R3

��ùiú��4þ=ü&ùiõ���|õ6ôÃõ6ÿT÷�ô¬õ�&ø$ùiõ�)�öBú
R1 	 (R2 ⊕ R3)

�Hùiú��iþiü&ùiõ5)eú'þJ÷��$õ
R2 ⊕ R3 ⊆ R1

ú
fnames(R2) ∩

fnames(R3) = ∅
)iü'�²ó�ýü&û ø�þiùiõ2�Jÿiú

R2 ∪R3 ⊆ R1

�2�|ú�&õz&ú��©ø z � ��� )T÷�ú��²õ6ö��Jÿiú R2 ∩ R3 = ∅
�
�6�



wx)f¤�B >�y(z@>{+ÏB   A�¡ : £�¢GC?B  

R2 ⊕ R3 ⊆ R1

R2 ∪ R3 ⊆ R1

(R2 ∪R3)− R2 ⊆ R1

(R2 − R2) ∪ (R3 − R2) ⊆ R1 −R2

R3 − R2 ⊆ R1 −R2

(R3 −R2) ∩ R3 ⊆ (R1 −R2) ∩ R3

(R3 ∩R3)− (R2 ∩ R3) ⊆ (R1 −R2) ∩ R3

R3 ⊆ (R1 −R2) ∩ R3

R3 ⊆ R1 −R2

4�õ��²õ
R2 ⊆ R1

)?ú�þE÷ �$õ
R1 	 R2

�¶ùiú��4þ=ü&ùiõHú2��ü��6ÿ4ø�dø
R1 − R2

ú û'õ��²õ
R3 ⊆ R1 − R2

)ú�þE÷��$õ
(R1 	R2)	 R3

÷2ø��N g��� ��ùiú��iþiü&ùiõ5��|ú� øÃùiú��4þ=ü'�(��õ²ù=ú
⊕
ú
	
)i÷�ú��Ïõ$ö�


R1 	 (R2 ⊕ R3) = R1 	 (R2 ∪R3)

= R1 − (R2 ∪R3)

= (R1 − R2)−R3

= (R1 	 R2)	R3

~ Ö�× Ô�knmtvuopm�� ÿ (R1 ⊕R2)	 R3 � � ÿ � û�ú � � � ÿ û � W � cortypes(R2, R3) ⊆ ∆T �
� ÿ�@�� û ý � þ � VXW � � ® ÿ=ó�õ6þ5&4ø°�Jÿiú (R1⊕R2)	R3

ö¬úâ$¬ø:ùiú��4þiü&ù=õ�)��Ïø$öI�Jÿiú
cortypes(R2, R3) 6⊆ ∆T

�
w:ú � ú´&4ø � ú�ôtú�þE÷��$õ f

)
τ
ú

τ ′
÷2ø$üýö3�.ÿ=ú

(f, τ) ∈ R2

)
(f, τ ′) ∈ R3

ú
τ 6= τ ′

��|ú� ø�ù=ú��4þiü��(�$õ z � � ª ) R3 ⊆ R1⊕R2

).õ´�.ÿ=úrö¬ü��6þiü��iû øG�Jÿiú
(f, τ ′) ∈ R1⊕R2

���dú� ø�ùiú��iþiü'���$õz � � � ).÷�ú��²õ6ö3�Jÿiú (f, τ ′) ∈ R1 ∪R2

ú
fnames(R1) ∩ fnames(R2) = ∅

� « ú'öB÷2ø�öBüý÷�ÿiø��(�$õ5)iø���6ÿ��Ïøù4ø$öOû'õ6þiùiü����.ú�ötø� 4ø$üå,Tõ�óiô¬ú'û�ü&ö¬ø²öBú�ô � ú'ô¬ù4ø�ùiú�

• (f, τ ′) ∈ R2


|þiú�öW÷�útû ø$öBõ�)
{(f, τ), (f, τ ′)} ⊆ R2

)Jõ´�JÿiúOö¬ü'�$þiü��4û�øG�.ÿ=ú
τ = τ ′

)Jõx�Jÿiú �Oÿ��Ïøû'õ6þE÷�ô�ø�ùiü'���$õ'&
• (f, τ ′) ∈ R1


�þiú'öB÷�ú�û ø�ö¬õ�)i÷¬ú��²õ6ö3�Jÿiú
f ∈ fnames(R1)

ú
f ∈ fnames(R2)

)iõ*�Jÿiú�ü'�²ó�&üýû ø
�Jÿiú

fnames(R1) ∩ fnames(R2) 6= ∅
)4õ*�JÿiúÂ÷�ø��2 `���i��ÿ��Ïø û�õ6þE÷¬ô�ø$ùiü��(�$õ5�

~ Ö�× Ô£knm¤vpsnm�� ÿ ((R1	R2)⊕R3)	R4 � � ÿ � û�ú � � � ÿ û � W � R2 ∪ (R4−R3) � � @¥��� ûfe � û ��� � ÿ� � @c!d� ý �
�$ª



� ó�ú'ô�ø����Tú'ötöBõ� iôBú�û'õ6þ^$BÿiþE÷¬õ6öOùiú�û ø��²ó�õ$ö
� ÿ�@�� û ý � þ � VXW � � ® ÿ=ó�õ6þ5&4ø��Jÿiú ((R1 	 R2) ⊕ R3) 	 R4

�¶ùiú��4þ=ü&ùiõ�)��©ø$ö°�Jÿiú
R2 ∪ (R4 − R3)þ��$õÃöBú%$¬øÃÿ���û�õ$þ^$BÿiþE÷�õ²ùiú�û ø��²ó�õ6ö��

® ú
((R1 	 R2)⊕ R3)	R4

��ùiú��4þ=ü&ùiõ�)=ú�þE÷ �$õ5

• R4 ⊆ (R1 	 R2)⊕R3

&
• fnames(R1 	R2) ∩ fnames(R3) = ∅

&
• R2 ⊆ R1

�
® ú

R2 ∪ (R4 − R3)
þ��$õ��!ÿ�� û'õ6þ^$BÿiþE÷¬õ¸ùiúÀû ø��Ïó�õ6ö�)eú�þE÷ ��õ¸ùiú � úV&4ø � ú�ô f

)
τ
ú

τ ′
÷2ø$üýö/�Jÿiú

{(f, τ), (f, τ ′)} ⊆ R2 ∪ (R4 − R3)
ú

τ 6= τ ′
� « ú�öW÷�ú û�ø$ö¬õ5)�ÿ��ÏøÏùiø$ö:öBú��6ÿiüýþE÷�ú�ö:û�õ6þiù=ü'���.ú�ötùiú � úö¬ú'ô � ú�ôBù4ø$ùiú�


• {(f, τ), (f, τ ′)} ⊆ R2


 ó�ú� ø�ùiú��4þiü��(�$õ z � � ) τ = τ ′
)iõ*�.ÿ=ú´��ÿ��Ïø�û�õ6þE÷¬ô�ø$ùiü��(�$õ�&

• {(f, τ), (f, τ ′)} ⊆ R4 − R3


Oó�ú�&õ¬ýú��Ïø z � � z )�ö¬ø� �ú��Ïõ$ö��Jÿiú R4 − R3

�¶ÿ�� û'õ6þ^$BÿiþE÷�õ©ùiúû�ø��Ïó�õ6ö�ú�)4ó�õ6ôW÷2ø$þE÷¬õ�)ió�ú� ø ù=ú��4þiü��(�$õ z � � ) τ = τ ′
)iõz�Jÿiúx��ÿ��Ïø�û�õ6þE÷¬ô�ø$ùiü��(�$õ�&

• (f, τ) ∈ R2

ú
(f, τ ′) ∈ R4 − R3

)iõ6ÿ
(f, τ ′) ∈ R2

ú
(f, τ) ∈ R4 − R3

�
® ÿió�õ6þ�&iø5)Rö¬ú���ó�ú�ôBù4ø!ù=ú��6ú�þ=ú�ô�ø�&ü&ùiø$ùiú�)I�Jÿiú

(f, τ) ∈ R2

ú
(f, τ ′) ∈ R4 − R3

�ª4�õ��²õ
R4 ⊆

(R1 	 R2) ⊕ R3

)�ú'þJ÷��$õ
(f, τ ′) ∈ (R1 	 R2) ⊕ R3

�Y�|õ6ô	����)L÷�ú��²õ6öG�Jÿiú
(f, τ ′) /∈ R3

)�ó�õ6ô	�Jÿiú
(f, τ ′) ∈ R4 −R3

�¡wYú � ú�ö¬ú'ô�õÃû ø$öBõ�)iú�þE÷��$õ�)��Jÿiú (f, τ ′) ∈ R1 	R2 = R1 −R2

�2�|ú� ø�ùiú��iþiü'���$õz � � )=÷¬ú�ô��&ø��²õ6ö�ú�þE÷��$õ��Jÿiú τ = τ ′
)4õz�.ÿ=ú´��ÿ��Ïø�û�õ6þE÷¬ô�ø$ùiü��(�$õ5�

~ Ö�× Ô�kumtvpvnm�� ÿ ((R1	R2)⊕R3)	R4 � � ÿ � û�ú � � � ÿ û � W � (R1	(R2∪(R4−R3)))⊕(R3−R4)� � ÿ � û�ú � � �
� ÿ�@�� û ý � þ � VXW � � ® ú (R1	R2)⊕R3

� ùiú��4þ=ü&ùiõ�))ú'þE÷ �$õ
R2 ⊆ R1

)
fnames(R1	R2)∩fnames(R3) =

∅
)�ú

(R1	R2)⊕R3 = (R1−R2)∪R3

�=�|ú�ýõ�ýú��Ïø z � ��� )�÷�ú'ô�� ø��Ïõ6ö�÷�ø��2 `���©�Jÿiú (R1−R2)∩R3 =
∅
�
® ú

((R1 	 R2) ⊕ R3) 	 R4

�Ïùiú��iþiü&ùiõ5)�ú�þE÷��$õ
R4 ⊆ (R1 − R2) ∪ R3

ú�)Ró�ú�ýõª&ú��©ø z � Ê|ù )
R2 ∪ (R4 − R3)

��ÿ5��û�õ6þ=$BÿiþE÷�õ²ùiú�û ø��²ó�õ$ö��y ú��Ïõ$ötú'þE÷ �$õ*�Jÿiú�


R4 ⊆ (R1 − R2) ∪ R3

R4 − R3 ⊆ (R1 − R2)− R3

R4 − R3 ⊆ R1 − R2

� ó�õ6üýö
(R1 − R2) ∩R3 = ∅ �

R2 ∪ (R4 − R3) ⊆ R1 ∪ R2

R2 ∪ (R4 − R3) ⊆ R1

� ó�õ6üýö
R2 ⊆ R1 �

A öB÷¬õÂö¬ü'�$þiü��4û�ø �Jÿiú
R1	(R2∪(R4−R3))

��ù=ú��4þiüýùiõ��|ò�'��� ùiü&öBö¬õ�)$ó�ú�&õ�ýú��Ïø z � Ê � )�÷�ú��Ïõ$ö �Jÿiú
cortypes(R3, R4) ⊆ ∆T

ú�)�ó�ú�&õ�&ú��©ø z � � Ë )=�Jÿiú fnames(R3−R4) = fnames(R3)−fnames(R4)
�

�$Ç



wx)f¤�B >�y(z@>{+ÏB   A�¡ : £�¢GC?B  
« ø$öOöBú��6ÿiüýþE÷�ú�öOùiú'ô¬ü � ø����.ú�ö�)iøN!mÿiþ��(��õ f

�Âÿiö�ø$ùiøÃû'õ��²õÃø� iô¬ú � ü ø����$õÃùiú fnames
)ió�õ6ô�û ø$ÿ=ö�ø�ùiõ÷2ø��©ø$þ5&iõ�ù4ø$öOú�,TóiôBú�öBö��.ú�ö�


f(R1 	 (R2 ∪ (R4 − R3)) =
f(R1)− f(R2 ∪ (R4 −R3)) = (6.7)
f(R1)− (f(R2) ∪ f(R4 − R3)) = (6.14)
f(R1)− (f(R2) ∪ (f(R4)− f(R3))) =
(f(R1)− f(R2))− (f(R4)− f(R3)) =
((f(R1)− f(R2))− f(R4)) ∪ ((f(R1)− f(R2)) ∩ f(R3)) =
(f(R1)− (f(R2) ∪ f(R4))) ∪ ((f(R1) ∩ f(R3))− f(R2))ú

(f(R1 	 (R2 ∪ (R4 −R3))) ∩ f(R3) =
((f(R1)− (f(R2) ∪ f(R4))) ∪ ((f(R1) ∩ f(R3))− f(R2))) ∩ f(R3) =
((f(R1)− (f(R2) ∪ f(R4))) ∩ f(R3)) ∪ (((f(R1) ∩ f(R3))− f(R2)) ∩ f(R3)) =
((f(R1) ∩ f(R3))− (f(R2) ∪ f(R4))) ∪ ((f(R1) ∩ f(R3))− f(R2)) =
((f(R1) ∩ f(R3))− f(R2) =
(((f(R1)− f(R2)) ∩ f(R3))− (f(R2) ∩ f(R3)) =
∅ − (f(R2) ∩ f(R3)) =
∅ =

ú
(f(R1 	 (R2 ∪ (R4 − R3))) ∩ (f(R3 − R4)) = (6.14)
(f(R1 	 (R2 ∪ (R4 − R3))) ∩ (f(R3)− f(R4)) =
((f(R1 	 (R2 ∪ (R4 − R3))) ∩ f(R3))− ((f(R1 	 (R2 ∪ (R4 − R3))) ∩ f(R4)) =
∅ − ((f(R1 	 (R2 ∪ (R4 −R3))) ∩ f(R4)) =
∅�|õ6ôW÷2ø$þE÷¬õ�)

(R1 	 (R2 ∪ (R4 −R3)))⊕ (R3 − R4)
��ù=ú��4þiüýùiõ��

~ Ö�× Ô�knmtv'|�m�� ÿ ((R1 	R2)⊕ R3)	 R4 � � ÿ � û�ú � � � ÿ û � W � cortypes(R3, R4) ⊆ ∆T �
� ÿ�@�� û ý � þ � VXW � � A öW÷�õ*��ÿ5�©ø û'õ6þiö¬ú��Jÿ'$�þiû'ü ø²ùiü&ôBú'÷2ø�ùiõzýú��Ïø z � Ê � �~ Ö�× Ô¦knmtvp�nm�� ÿ ((R1 	 R2) ⊕ R3) 	 R4 � � ÿ � û�ú � � � ÿ û � W � (fnames(R2) − fnames(R3)) ∩
fnames(R4) = ∅ �
� ÿ�@�� û ý � þ � VXW � � ® ÿ=ó�õ6þ5&4øN�Jÿiú ((R1	R2)⊕R3)	R4

öBú%$¬ø ùiú��4þiüýùiõ�)5�Ïø$ö��.ÿ=ú
(fnames(R2)−

fnames(R3)) ∩ fnames(R4) 6= ∅
��w:ú � ú &4ø � ú�ô�):ú�þE÷ �$õ5):ÿ�� f

÷2ø���Jÿiú
f ∈ fnames(R2) −

fnames(R3)
ú

f ∈ fnames(R4)
)4õ*�Jÿiú�ü'�²ó�ýü&û ø´�Jÿiú

f ∈ fnames(R2)
ú"�.ÿ=ú

f /∈ fnames(R3)
�

w:ú � ú3&4ø � ú'ôR÷2ø��2 `���\ÿ��
τ
÷�ø�l�.ÿ=ú

(f, τ) ∈ R2

�=�|õ6ô	����)$û'õ��Ïõ
R2 ⊆ R1

)6ú�þE÷ ��õ
(f, τ) ∈ R1

�
« ú'öB÷¬ú¶û ø�ö¬õ�)�þ��$õ©ó�õ.ùiú�ôBü øz&4ø � ú�ôYÿ�� τ ′

÷2ø�Ï�Jÿiú
(f, τ ′) ∈ R1 	 R2

��4�õ��ÏõÃ÷2ø��N g���Æþ��$õ©ú-,Tü&öB÷¬úÿ��
τ ′
÷�ø���Jÿiú

(f, τ ′) ∈ fnames(R3)
)Jú�þE÷ �$õ�þ��$õ�ú�,Tü&öW÷�útÿ��

τ ′
÷2ø���.ÿ=ú

(f, τ ′) ∈ (R1	R2)⊕R3

�
ª Ä



� ó�ú'ô�ø����Tú'ötöBõ� iôBú�û'õ6þ^$BÿiþE÷¬õ6öOùiú�û ø��²ó�õ$ö
� þJ÷¬ô¬ú�÷2ø$þE÷�õ5)�û�õ��²õ �Àþiú'û�ú�öBö��$ôBü&õö�JÿiúÀú�,TüýöB÷2ø ÿ��

τ ′
÷2ø���Jÿiú

(f, τ ′) ∈ R4

)�úÀû�õ��²õ
R4 ⊆

(R1	R2)⊕R3

)�÷¬ú�ô��&ø��²õ6ö�ú�þE÷ ��õ��Jÿiú
(f, τ ′) ∈ (R1	R2)⊕R3

)$õ �JÿiúZö¬ú�ôBü øOÿ��Ïøtû'õ6þE÷�ô�ø�ùiü'���$õ��
~ Ö�× Ô§knmtvpkum�� ÿ (R1 	 R2) ⊕ R3

ÿ
(R1 	 (R2 ∪ (R4 − R3))) ⊕ (R3 − R4)

ý W � � ÿ � û�ú � � ý �
(fnames(R2) − fnames(R3)) ∩ fnames(R4) = ∅

ÿ
cortypes(R3, R4) ⊆ ∆T � ÿ û � W � ((R1 	

R2)⊕R3)	 R4 � � ÿ � û�ú � � �� ÿ�@�� û ý � þ � VXW � � ® ÿ=ó�õ6þ5&4øt�Jÿiú (R1 	 R2) ⊕ R3

)
(R1 	 (R2 ∪ (R4 − R3))) ⊕ (R3 − R4)

)
(fnames(R2) − fnames(R3)) ∩ fnames(R4) = ∅

ú
cortypes(R3, R4) ⊆ ∆T

)��Ïø$ö��Jÿiú
((R1 	

R2)⊕R3)	 R4

öBú%$¬øÃü&þiù=ú��4þiüýùiõ��
4�õ��²õ

(R1 	 R2) ⊕ R3

�Ïùiú��iþiü&ùiõ5)�ó4ø$ô¬øV�Jÿiú
((R1 	 R2) ⊕ R3) 	 R4

ö¬ú%$¬øÀü&þiù=ú��4þiüýùiõ�)@�óiôBú�û�üýö¬õ �Jÿiú
R4 6⊆ (R1 	 R2) ⊕ R3

)Rõª�.ÿ=úDü'�²ó�&üýû ø��JÿiúDù=ú � ú�&iø � ú�ô ÿ5� f
ú©ÿ��

τ
÷�ø$ü&ö´�Jÿiú

(f, τ) ∈ R4

ú
(f, τ) /∈ (R1 	 R2)⊕R3

�2�|ø$ô�øz�Jÿiú�ú�öB÷�ø�,5ý÷�ü��©ø�óiô¬õ6ó�õ6öBü'�(��õ²öBú%$¬ø � ú'ô¬ù4ø$ù=ú�) ÿ��Ïøù4ø$öOöBú��6ÿiüýþE÷�ú�öOû'õ6þiùiü����.ú�öOùiú � ú�öBú�ô � ú'ô¬ù4ø$ù=ú�÷�ø��2 `����
¨ ø*�@ôIÑ��j5ørknmtvx��m�« �$õÃú�,TüýöB÷�ú�ÿ�� τ ′
÷2ø�É�Jÿiú

(f, τ ′) ∈ (R1 	R2)⊕ R3

�
¨ ø*�@ôIÑ��j5ørknmtv*�nm � ,TüýöB÷�ú�ÿ�� τ ′

÷2ø�<�Jÿiú
(f, τ ′) ∈ (R1 	 R2)⊕R3

���|õ6ô	����)
τ 6= τ ′

�
��ø$ô¬ø*�Jÿiú�øÃû�õ6þ=ùiü'���$õ z � Ê � öBú%$¬ø � ú'ô¬ù4ø�ùiú�)�ÿ��Ïø ù4ø$öOö¬ú��6ÿiü&þE÷¬ú�ötû�õ6þiù=ü'���.ú�ö�ù=ú � ú�ö¬ú'ô � ú�ôBù4ø$ùiú�
¨ ø*�@ôIÑ��j5ø©kumtvp�nm�« �$õ�ú-,=üýöB÷¬úµÿ�� τ ′

÷�ø���Jÿiú
(f, τ ′) ∈ R3

):õ$ÿX�Jÿiú
(f, τ ′) ∈ R1

)Yõ6ÿJ�Jÿiú
(f, τ ′) ∈ R2

�
¨ ø*�@ôIÑ��j5øPknm}|��umd« ��õ:ú�,TüýöB÷�úZÿ�� τ ′

÷2ø�|�.ÿ=ú
(f, τ ′) ∈ R3

)^�©ø$ödú�,TüýöB÷�úZÿ��
τ ′
÷2ø�|�.ÿ=ú

(f, τ ′) ∈ R1ú"�Jÿiú
(f, τ ′) ∈ R2

�
4�õ��²õ

(R1	R2)⊕R3

�Yùiú��iþiü&ùiõ5)Tõx�.ÿ=ú:ü'�²ó�ýü&û ø��Jÿiú
fnames(R1	R2)∩ fnames(R3) = ∅

)ó4ø$ô¬ø/�.ÿ=ú¶ø�û�õ$þiùiü'���$õ z � Ê ª ö¬ú%$¬ø � ú'ô¬ù4ø�ùiú�) ÿ��Ïø ù4ø$öOö¬ú��6ÿiüýþJ÷¬ú�ötû�õ6þ=ùiü'���Tú'ötù=ú � ú�ö¬ú'ô � ú�ôBù4ø$ùiú�
¨ ø*�@ôIÑ��j5ørknm}|�odm (f, τ ′) ∈ R1 	 R2

ú�þ��$õÃú�,TüýöB÷�ú
τ ′′
÷�ø�É�Jÿiú

(f, τ ′′) ∈ R3

�
¨ ø*�@ôIÑ��j5ørknm}|xsnm (f, τ ′) ∈ R3

ú�þ��$õÃú�,TüýöB÷�ú
τ ′′
÷2ø�<�Jÿiú

(f, τ ′′) ∈ R1 	R2

�
��ø$ô¬øuùiú��²õ6þiöW÷�ô¬ø$ô õ�&ú��©ø�)F�Dö¬ÿ��4û�üýú�þE÷�ú�óiôBõ � ø$ôN�.ÿ=ú�ø$ö û�õ$þiùiü'���Tú'ö z � Ê Ç ) z � Ë Ä ) z � Ë � ú z � Ë ù&ú � ø���ø�û�õ$þJ÷¬ô�ø$ù=ü'���.ú�ö�

® ÿió�õ6þ�&4ø¯�Jÿiú ø û'õ6þiùiü��(�$õ z � Ê Ç ö¬ú%$¬ø � ú�ô¬ùiø$ùiú�
 þ��$õäú�,TüýöB÷�ú ÿ�� τ ′

÷2ø�°�.ÿ=ú
(f, τ ′) ∈ R3

)õ6ÿ¦�Jÿiú
(f, τ ′) ∈ R1

)Zõ$ÿ¯�.ÿ=ú
(f, τ ′) ∈ R2

�ö4�õ��Ïõ
(f, τ) ∈ R4

)�ú�þE÷ �$õ
(f, τ) ∈ R4 − R3

ú
(f, τ) ∈ R2 ∪ (R4 − R3)

��°�Ïø!ù4ø�ö2&iü&ó`�$÷¬ú�ö¬ú'öN�©ø ùiú��Jÿiú
(R1 	 (R2 ∪ (R4 − R3))) ⊕ (R3 − R4)

ö¬úâ$¬ø ùiú��iþiü&ùiõ5)Rõ
�Jÿiú�ü'�²ó�&üýû øª�Jÿiú

R1 	 (R2 ∪ (R4 − R3))
�Hùiú��4þ=ü&ùiõ ú �.ÿ=ú

R2 ∪ (R4 − R3) ⊆ R1

�³4�õ��²õ
(f, τ) ∈ R2 ∪ (R4 − R3)

)T÷�ú�ô	� ø��²õ6ö�ú'þE÷ �$õ*�Jÿiú
(f, τ) ∈ R1

)4õz�Jÿiú�û�õ6þE÷�ô¬ø$ùiü�+�øÃû'õ6þiùiü��(�$õ z � Ê Ç �
® ÿió�õ6þ�&4øG�Jÿiútørû�õ$þiùiü'���$õ z � Ë Ä ö¬úâ$¬ø � ú�ôBù4ø$ùiú'ü&ô¬ø5
�þ���õÂú�,Tü&öW÷�ú�ÿ�� τ ′ ÷2ø���Jÿiú (f, τ ′) ∈ R3

)��©ø�öú�,TüýöB÷�ú¶ÿ��
τ ′
÷�ø�Ï�.ÿ=ú

(f, τ ′) ∈ R1

úx�.ÿ=ú
(f, τ ′) ∈ R2

� y ú'ô�� ø��Ïõ6ötú�þE÷��$õ��Jÿiú
f ∈ fnames(R2)

)
f /∈ fnames(R3)

ú3�Jÿiú
f ∈ fnames(R4)

)EõG�JÿiúOü'�²ó�&üýû ø �.ÿ=ú
f ∈ (fnames(R2)− fnames(R3))∩

fnames(R4)
)��Jÿiú�û�õ6þE÷�ô¬ø$ùiü�+�øz&=ü&ó`�$÷�ú'ö¬ú�ùiõz&ú��©ø5�

® ÿió�õ6þ�&4ø´�Jÿiúrø�û�õ6þiù=ü'�(��õ z � Ë � ö¬úâ$¬ø � ú'ô¬ù4ø�ùiú�
 τ ′ 6= τ
)
(f, τ ′) ∈ R1	R2

úYþ���õ�ú-,=üýöB÷¬ú:ÿ��
τ ′′÷2ø�|�.ÿ=ú

(f, τ ′′) ∈ R3

� 4�õ��²õ
f /∈ fnames(R3)

)�ú�þE÷ �$õ
(f, τ) ∈ R4−R3

ú
(f, τ) ∈ R2∪(R4−R3)

�
® ÿió�õ��²õ6ö��Jÿiú

R1 	 (R2 ∪ (R4 − R3))
� ùiú��4þiü&ù=õ�)�õ��Jÿiú�ü'�²ó�&üýû øz�Jÿiú

(f, τ) ∈ R1

� y ø��2 `���
ª �
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÷�ú��Ïõ$ö2�Jÿiú

(f, τ ′) ∈ R1 	 R2

ü'�²ó�ýü&û ø �Jÿiú
(f, τ ′) ∈ R1

��ª$ÿ=þJ÷�ø$þiùiõ ø$ö¶ùiÿ4ø$ö�ó4ø�ôB÷�ú'ö�) ÷�ú��Ïõ$ö
�Jÿiú
{(f, τ), (f, τ ′)} ∈ R1

)�õ��Jÿiú ü'�²ó�ýü&û ø�)4ó�ú� ø©ùiú��4þiü��(�$õ z � � )g�Jÿiú τ = τ ′
)Lõ��Jÿiú û'õ6þE÷�ô¬ø$ùiü'+¶øû�õ$þiùiü'���$õ��§ ü&þiø�'�²ú�þE÷�ú�)�öBÿió�õ$þ�&4ø �Jÿiú ø¸û'õ6þiùiü��(�$õ z � Ë ù öBú%$¬ø � ú�ôBù4ø$ùiú�
 τ 6= τ ′

)
(f, τ ′) ∈ R3

ú!þ��$õú�,TüýöB÷�úÃÿ��
τ ′′
÷�ø�F�Jÿiú

(f, τ ′′) ∈ R1 	 R2

�z4�õ��²õ
(f, τ ′) ∈ R3

ú
(f, τ) ∈ R4

)�ú�þE÷ �$õ
(τ, τ ′) ∈

cortypes(R3, R4)
� · ø$ö©û'õ��Ïõ

cortypes(R3, R4) ⊆ ∆T
)�ú�þE÷ �$õ

τ = τ ′
)�õ �Jÿiú û'õ6þE÷�ô�ø�ùiü'+!øû�õ$þiùiü'���$õ��

~ Ö�× Ô�knm}|�vum�� ÿ (R1 	R2)⊕ R3 � � ÿ � û�ú � � � ÿ û � W � �zý ÿ î�� úüû �%ÿ«!`þ���!d� ý ú�VXW � � ��ÿ�þ �	�|� ÿ ú þ �	¬
((R1	R2)⊕R3)	R4 � � ÿ � û�ú � � ý ÿ´ÿ ý ��@¬ÿ û �%ÿ ý ÿ ¬ (R1	 (R2 ∪ (R4−R3)))⊕ (R3−R4)� � ÿ � û�ú � �� cortypes(R3, R4) ⊆ ∆T

3ÿ
(fnames(R2)− fnames(R3)) ∩ fnames(R4) = ∅ �� ÿ�@�� û ý � þ � VXW � � òëó=ô¬õ � ø�ùiø ü'�²ó�&üýû ø����$õ¸þiø ùiü&ôBú��(��õäú�ö��Jÿiú'ô¬ù4ø=�5ùiüýô¬ú�üÉ÷2øö�µÿ��Ïø û�õ$þiö¬ú��.ÿ�$�þiû'ü øùiüýô¬ú'÷�ø©ùiõ6ö�&ú��Ïø$ö z � Ê�Ê ) z � Ê Ë ú z � Ê Hl�ròvóiôBõ � øDù4øDü��Ïó5&ü&û�ø��(��õ²þiøDùiü&ôBú��(��õDü&þ � ú'ô¬ö¬ø �¶ù4ø$ù4øDó�ú�ýõ&ú��©ø z � Ê z �

~ Ö�× Ô®knm}|p|{m¯� ÿ ((R1 	R2)⊕R3)	R4

ÿ
(R1 	 (R2 ∪ (R4 −R3)))⊕ (R3 −R4) � � ÿ � û�ú � � �ÿ û � W � ¬

((R1 	R2)⊕ R3)	 R4 = (R1 	 (R2 ∪ (R4 − R3)))⊕ (R3 −R4)� ÿ�@�� û ý � þ � VXW � � �dú� øÀùiú��iþiü'���$õ z � � ª ö�ø� �ú��²õ6ö´�.ÿ=ú R4 ⊆ (R1 − R2) ∪ R3

� y ú��²õ6ö�ó�õ6ôW÷2ø$þE÷¬õ
�Jÿiú�


R4 = (R4 ∩R3) ∪ (R4 −R3)ú"�Jÿiú�

(R1 − R2)−R4 = (R1 −R2)− ((R4 − R3) ∪ (R4 ∩ R3))

= ((R1 −R2)− (R4 ∩ R3))− (R4 − R3)�|ú� ø�ùiú��iþiü'���$õ z � � � )=÷�ú��Ïõ$ö3�.ÿ=ú fnames(R1 	 R2) ∩ fnames(R3) = ∅
)4õ/�Jÿiú�ü'�²ó�ýü&û ø�).ó�ú�ýõ

&ú��©ø z � ��� )��Jÿiú (R1	R2)∩R3 = ∅
)Eõ6ÿ�)6ó�ú� ørùiú��4þiü��(�$õ z � � ª )��.ÿ=ú (R1−R2)∩R3 = ∅

)Eõ6ÿÃø$ü&þ=ù4ø
�Jÿiú

(R1−R2)∩(R3∩R4) = ∅
�=�|õ.ùiú��²õ6ö|û�õ6þiû�&ÿiüýô|ú'þE÷ �$õ��Jÿiú

(R1−R2)−(R4∩R3) = R1−R2




(R1 − R2)−R4 = ((R1 −R2)− (R4 ∩ R3))− (R4 − R3)

= (R1 −R2)− (R4 −R3)

= (R1 − (R2 ∪ (R4 − R3)))�|ú� ø$öYùiú��4þ=ü'���.ú�ö z � � � ú z � � ª )�ú�÷�õ��Ïø$þiù=õÏû'õ��Ïõ�&iü&ó`�$÷¬ú�ö¬ú´�Jÿiú (R1 	 (R2 ∪ (R4 − R3))) ⊕
(R3 −R4)

�Âù=ú��4þiüýùiõ�)i÷¬ú��²õ6ö�

((R1 	R2)⊕ R3)	 R4 = ((R1 − R2) ∪R3)− R4

= ((R1 − R2)−R4) ∪ (R3 − R4)

= (R1 − (R2 ∪ (R4 − R3))) ∪ (R3 −R4)

= (R1 	 (R2 ∪ (R4 − R3))) ∪ (R3 −R4)

= (R1 	 (R2 ∪ (R4 − R3)))⊕ (R3 −R4)

ª ù



� ó�ú'ô�ø����Tú'ötöBõ� iôBú�û'õ6þ^$BÿiþE÷¬õ6öOùiú�û ø��²ó�õ$ö

~ Ö�× Ô£knm°|��nm«� ÿ (((R1	R2)⊕R3)	R4)⊕R5 � � ÿ � û�ú � � � ÿ û � W � (R1	 (R2 ∪ (R4−R3)))⊕
((R3 −R4)⊕ R5)

� � @ � � @ � � ÿ � û�ú � � � ÿ4� ý ÿ î�� úüû �%ÿ � ��ÿ�þ �	�|� ÿ ¬
(((R1 	R2)⊕ R3)	 R4)⊕ R5 = ((R1 	 (R2 ∪ (R4 −R3)))⊕ ((R3 − R4)⊕R5) �� ÿ�@�� û ý � þ � VXW � � �dú�&õx&ú��©ø z � Ë Ê )Jû�õ��²õ ((R1	R2)⊕R3)	R4

�Yùiú��iþiü&ùiõ5)Tú'þJ÷��$õ
((R1	 (R2 ∪

(R4 −R3)))⊕ ((R3 − R4)⊕R5)
÷2ø��N g���i��ùiú��4þ=ü&ùiõ��y ú��Ïõ$öO÷�ø��2 `��� �.ÿ=ú�) ó�ú�&õ/ýú��Ïø z � Ë�Ë )iõ²ö¬ú��$ÿiü&þE÷�ú"� � ú'ô¬ù4ø�ùiú�


((R1 	 R2)⊕ R3)	R4 = (R1 	 (R2 ∪ (R4 −R3)))⊕ (R3 − R4)�|õ6ôW÷2ø$þE÷¬õ�)i÷�ú��Ïõ6ö�

(((R1 	 R2)⊕R3)	 R4)⊕ R5 = ((R1 	 (R2 ∪ (R4 − R3)))⊕ (R3 −R4))⊕ R5�|ú�&õ*&ú��Ïø z � ù z )=÷¬ú��²õ6ö�

(((R1 	 R2)⊕R3)	 R4)⊕ R5 = ((R1 	 (R2 ∪ (R4 − R3)))⊕ (R3 −R4))⊕ R5

= ((R1 	 (R2 ∪ (R4 − R3)))⊕ ((R3 −R4)⊕ R5)

~ Ö�× Ô�knm}|�knm`� ÿ ((R1	 (R2∪ (R4−R3)))⊕ ((R3−R4)⊕R5) � � ÿ � û�ú � � � cortypes(R3, R4) ⊆
∆T

ÿ
(fnames(R2)− fnames(R3)) ∩ fnames(R4) = ∅ � ÿ û � W � (((R1 	R2)⊕R3)	R4)⊕R5� � ÿ � û�ú � � � ÿ4� ý ÿ î�� úüû �âÿ � ��ÿ�þ �	�|� ÿ ¬

((R1 	 (R2 ∪ (R4 − R3)))⊕ ((R3 − R4)⊕ R5) = (((R1 	R2)⊕ R3)	 R4)⊕R5

�� ÿ�@�� û ý � þ � VXW � � �dú�&õzýú��Ïø z � ù z )iö¬ú
((R1 	 (R2 ∪ (R4 −R3)))⊕ ((R3 − R4)⊕R5)

��ùiú��iþiü&ùiõ5)iú�þE÷ ��õ
(((R1 	 (R2 ∪ (R4 −R3)))⊕ (R3 − R4))⊕ R5÷2ø��2 g��� ��ùiú��4þiü&ù=õ��

4�õ��²õ
((R1 	 (R2 ∪ (R4 − R3))) ⊕ (R3 − R4)

� ùiú��4þiü&ù=õ�)
cortypes(R3, R4) ⊆ ∆T

ú
(fnames(R2) − fnames(R3)) ∩ fnames(R4) = ∅

)|ú�þE÷ ��õ�)Ró�ú�&õ�&ú��©ø z � Ê z )d÷�ú��²õ6öx�.ÿ=ú
((R1 	

(R2 ∪ (R4 − R3)))⊕ (R3 −R4)
��ù=ú��4þiüýùiõ�)4ú�ó�ú�&õ/ýú��Ïø z � Ë�Ë ÷�ú��²õ6ö�


((R1 	 (R2 ∪ (R4 − R3)))⊕ ((R3 −R4)⊕ R5) =
(((R1 	 (R2 ∪ (R4 − R3)))⊕ (R3 −R4))⊕ R5 =
(((R1 	 R2)⊕R3)	 R4)⊕R5

ª Ê
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]Ï�	Ã ±¸����³ Q����H��¿�Q¶½:ðLÎ�½Ã�{Q�� �H��¿���³ ´RQ��
g Ö	hi�IÑ��j5ø6knm}|n�xm � û�õ$þ^$BÿiþE÷�õHùiú ÷¬ú�ô	�Ïõ6ö:ùiú û�õ$þ^$BÿiþE÷�õ6öÂù=ú�û ø��²ó�õ$ö�� õ��²ú�þiõ6ôYû�õ6þ=$BÿiþE÷�õ �Jÿiúö�ø�÷�ü&ö.!
ø�+�ø$öOö¬ú��6ÿiüýþJ÷¬ú�öOû�õ$þiùiü'���Tú'ö�

•
� ��û�õ$þ^$BÿiþE÷�õ²ùiú�û ø��²ó�õ6ö3��ÿ�� ÷�ú'ô��²õ�ùiú�û�õ6þ=$BÿiþE÷�õ²ùiú�û ø��²ó�õ$ö�&

•
® ú

α
��ÿ5�©ø � ø�ô¬üÇ� � ú�=ù=ú�÷�üýó�õ�)�ú�þE÷��$õ rα

��ÿ�� ÷�ú'ô��²õrùiú�û'õ6þ^$BÿiþE÷¬õÂùiú�û ø��Ïó�õ6ö�� y ø$ü&öd÷�ú�ô	�Ïõ$öö��$õÃû &4ø��Ïø$ùiõ6ö � ø$ô¬ü'� � ú�üýö�ùiú�û�õ6þ=$BÿiþE÷�õ6öOùiú�û ø��Ïó�õ6ö�&
•
® ú

t1
ú

t2
ö��$õ²÷¬ú�ô	�Ïõ6ö�)iú�þE÷��$õ

t1 ⊕ t2
��ÿ�� ÷�ú'ô��²õ'&

•
® ú

t1
ú

t2
ö��$õ�÷�ú'ô��²õ6ö�)=ú�þE÷ �$õ

t1 	 t2
��ÿ�� ÷¬ú�ô	�Ïõ��

g Ö	hi�IÑ��j5ørknm}|x�nm0� ÷2ø��©ø$þ5&iõÃùiú�ÿ�� ÷�ú'ô��²õ
t
��õÃþ�,��Ïú'ô¬õ²ùiú�ö¬ÿ� T÷�ú�ô	�Ïõ$ötù=ú

t



size(t) =

{

1
öBú

t = R
õ6ÿ

t = rα

size(t1) + size(t2) + 1
öBú

t = t1 ⊕ t2
õ$ÿ

t = t1 	 t2�°�ÏøDóiôBõ6óiô¬üýú�ù4ø�ùiú4,=÷�ü��ù4ø�!mÿiþ5�(�$õ
size

�ÃøHùiúz�JÿiúÃö¬ú
t1
��ÿ�� ö¬ÿ� =÷¬ú�ô	�Ïõ�óiô	�6óiô¬üýõDùiú

t2
)�ú�þE÷��$õ

size(t1) < size(t2)
�

g Ö	hi�IÑ��j5ø�knm}|��um¼� û�õ6þ^$Bÿ=þJ÷¬õ�ùiú � ø$ô¬ü'� � ú�üýö�ùiúrû'õ6þ^$BÿiþE÷¬õ6ö�ùiúÂû ø��Ïó�õ6ö�óiôBú�öBú�þE÷�ú'ötú�� ÿ�� ÷�ú'ô��²õ
t
��ù4ø�ùiõÃó�ú� ø2!mÿiþ����$õ

fv



fv(t) =











{rα}
ö¬ú

t = rα

fv(t1) ∪ fv(t2)
ö¬ú

t = t1 op t2
)iõ$þiùiú

op ∈ {⊕,	}

∅
ö¬ú

t = R

g Ö	hi�IÑ��j5ørknmt�p�um �°� ÷¬ú�ô��²õ
t
��û &4ø��©ø$ù=õ²ÿ5� ÷�ú'ô��²õ î þ�� � û � öBú

fv(t) = ∅
�

y õ.ùiõ�÷�ú�ô	�Ïõ î þ�� � û � û�õ6ôBô¬ú�öBó�õ$þiùiúÂø�ÿ��Ïø�ú�,TóiôBú�öBö��$õ�ú'þ � õ� � ú�þiù=õ û�õ6þ=$BÿiþE÷�õ6öeùiú:û�ø��Ïó�õ6ö�ú:õ$öõ6ó�ú�ô¬ø$ùiõ6ôBú�ö
⊕
ú
	
� « õ:ú'þE÷2ø$þE÷�õ:þiú��\÷�õ.ù4ø$ö|ø$ö�ú-,Tóiô¬ú'ö¬ö��.ú�ö ù=ú�þiõ$÷�ø�� � ø�&õ6ôBú�ödùiú��iþiü&ùiõ$ö���4�õ��Ïõ ⊕ú

	
ö��$õ¶õ6ó�ú'ô�ø$ù=õ6ô¬ú'ö�ó4ø$ôBû�ü ø�ü&ö�)Tø���6ÿ��Ïø$ö�û�õ6þiù=ü'���.ú�ö�ö��$õ�þiú'û�ú'ö¬ö���ô¬ü ø�ö�ó4ø$ô¬øN�JÿiúÂÿ��f÷�ú�ô	�Ïõ î þ�� � û �ùiú'þiõ$÷�ú�ÿ�� û�õ6þ^$Bÿ=þJ÷¬õÏù=ú�û�ø��²ó�õ6ö�ù=ú��4þiüýùiõ��

g Ö	hi�IÑ��j5ø\kumt�uodm �°�ë÷�ú'ô��²õ î þ�� � û � �²û &4ø��Ïø$ùiõÀÿ�� �%ÿ�þ²@��³� . � ú � � öBú©ú�&úÃùiú�þ=õ$÷2øÀÿ�� � ø�&õ6ôùiú��4þiü&ù=õ�� �¤� ø�&õ$ô�ùiú�þ=õ$÷2ø$ù=õ²ó�õ6ôOÿ�� ÷¬ú�ô	�Ïõ � ��ýü&ùiõ t
��ô¬ú�ó=ô¬ú�öBú�þE÷2ø�ùiõ©ó�õ6ô

val(t)
�

® ú¶ÿ5��÷�ú�ô	�Ïõ*� î þ�� � û � )?�©ø$öOþ���õ©ô¬ú'óiô¬ú'ö¬ú'þJ÷�øDÿ�� � ø�&õ$ôtù=ú��4þiüýùiõ�) ú�þE÷��$õ¬��û &4ø��Ïø$ùiõ �%ÿ�þ²@��úüû � . � ú � � �
]Ï�5¯ ±ÏÎH�À�L�����dÎH�'Ñ�ÒÃ�O�
�°�Ïøµö¬ÿ� =öB÷�üÉ÷�ÿiü��(�$õ

S
öBõ� iô¬ú�÷�üýó�õ$ö�ö¬ü'�²ó�ýú�ö�ó�õTùiúÀö¬ú'ôÃú�öB÷¬ú�þiù=ü&ù4ø ó4ø$ô�ø ÿ�� öBÿ� iöB÷¬üý÷¬ÿiü'���$õ ö¬õ� iôBúû�õ$þ^$BÿiþE÷�õ6ötùiú�û ø��²ó�õ6öOú�öBõ� iô¬ú�÷�ú'ô��²õ6öOùiú�û'õ6þ^$BÿiþE÷¬õ6öYù=ú�û�ø��Ïó�õ6ö�)�û'õ��²õ*�²õ6öW÷�ô�ø��Æø$ötö¬ú��$ÿiü&þE÷�ú'öùiú��4þiü'���Tú'ö�
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® ÿ� iöB÷¬üý÷¬ÿiü'���Tú'ö
g Ö	hi�IÑ��j5ø�kumt�psnm ò ø�ó�&üýû ø����$õYù=ú�ÿ��Ïø:ö¬ÿ� =öB÷�üÉ÷�ÿiü��(�$õ S

ø:ÿ5�wû'õ6þ^$BÿiþE÷�õÂù=ú�û ø��²ó�õ6ö
R
��ù=ú��4þiüýù4øû�õ��Ïõ�


S(R) = {(f, Sτ) | (f, τ) ∈ R}

4�õ��²õ ø ö¬ÿ� iöW÷�üÉ÷�ÿiü��(�$õ ö��¸ø�ý÷¬ú�ô¬ø õ6öÃ÷�üýó�õ$ö�ùiõ6ö²û ø��²ó�õ$ö�)�úÀþ��$õ¸õ6ö²þiõ��²ú�öÃùiõ6ö*�Ïú'ö��²õ6ö�)eõû�õ$þ^$BÿiþE÷�õ²ô¬ú'ö¬ÿ�É÷2ø$þE÷�ú"��ÿ���û'õ6þ^$BÿiþE÷¬õÏùiú�û�ø��Ïó�õ6ö�)iû�õ6þ�!mõ6ô��²ú�ø�ùiú��4þ=ü'�(��õ z � � �~ Ö�× Ô´kumt�pvnm¡  � ! � ú � � VXW � � ÿ ý��'��ý � ú � � ú�VXW � � ú ý � þ ú ��� ú ý � � þ�ÿ �?µ-� ûpVXW � � ÿ�þ�ÿq!`þ�ÿ ý ÿ û � � VXW �
[[ ]] �¶ ��� û � �zþ�ÿ ý �uþ ú � �P� � ú !d� ý þ�ÿ î ú ý � þ�� �

� ÿ�@�� û ý � þ � VXW � � ® ú τ
�¶ÿ���÷¬ü&ó�õ²ôBú��6üýöB÷¬ô¬õ

{f1 : τ1, . . . , fn : τn}
ú'þJ÷��$õ�) ó�ú� ø�öYùiú��4þiü����.ú�ö z � ù úz �·H ù )=÷¬ú��²õ6ö�


S([[τ ]]) = S({(f1, τ1), . . . , (fn, τn)})

= {(f1, Sτ1), . . . , (fn, Sτn)}

= [[Sτ ]]

~ Ö�× Ô�kumt�'|{m�  � ! � ú � � VXW � � ÿ ý��'��ý � ú � � ú�VXW � � ú ý �uþ ú ��� ú ý � � þ�ÿ � úüû ��ÿ�þ ý����	�Uµ-� ûpVXW � � ÿ2þ�ÿq!`þ�ÿ ý ÿ û 9� � VXW ��¸
[[ ]]−1 ¹ �

� ÿ�@�� û ý � þ � VXW � � ® ú R
��ÿ5� û'õ6þ^$BÿiþE÷¬õ:ùiúeû ø��²ó�õ$ö

{(f1, τ1), . . . , (fn, τn)}
ú�þE÷ �$õ5)$ó�ú� ø�ö|ùiú��4þiü����.ú�öz � ù ú z ��H ù )=÷�ú��Ïõ6ö�


S([[R]]−1) = S([[{(f1, τ1), . . . , (fn, τn)}]]−1)

= S({f1 : τ1, . . . , fn : τn})

= {f1 : Sτ1, . . . , fn : Sτn}

= [[{(f1, Sτ1), . . . , (fn, Sτn)}]]
−1

= [[S(R)]]−1

~ Ö�× Ô�kumt�p�nmc� ÿ R1

ÿ
R2

ý W �³��� ûfe � û ��� ý/� ÿ�� � @c!d� ý � � û � ÿ R1 = [[τ1]]
ÿ

R2 = [[τ2]] � ÿ ý ÿ S �� @ �*ý��'��ý � ú � � ú�VXW � � ÿ û � W � Sτ1 = Sτ2

ý ÿ/ÿ ý ��@¬ÿ û �%ÿ ý ÿ
S(R1) = S(R2) �� ÿ�@�� û ý � þ � VXW � � ® ÿ=ó�õ6þ5&4ø/�.ÿ=ú Sτ1 = Sτ2

���|ú�&õz&ú��©ø z �·H Ê )T÷�ú��²õ6ö�

S(R1) = S([[τ1]])

= [[Sτ1]]

= [[Sτ2]]

= S([[τ2]])

= S(R2)

ª H
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ò:öBö¬ÿ��²ü&þiù=õ��Jÿiú

S(R1) = S(R2)
)i÷�ú��²õ6ö�ó�ú�ýõ/&ú��Ïø z �·H Ë �Jÿiú�

Sτ1 = S([[R1]]

−1)

= [[S(R1)]]
−1

= [[S(R2)]]
−1

= S([[R2]]
−1)

= Sτ2

~ Ö�× Ôºknmt�pkum�  � ! � ú � � VXW � � ÿ ý�����ý � ú � � ú�VXW � � ú � ÿ�@c!d���%ÿ û �âÿ£����@ þ�ÿ ý !�ÿ ú �q�»¢ µ-� ûpVXW �
fnames �¼ �^þ�@ �:� @¬ÿ û �âÿ � ! � þ � �q� � � S

ÿ
R
¬
fnames(S(R)) = fnames(R)

� ÿ�@�� û ý � þ � VXW � �
fnames(S(R)) = {f | (f, τ) ∈ S(R)

)=ó4ø$ô�øÃø���6ÿ��
τ}

= {f | (f, τ) ∈ {(f ′, Sτ ′) | (f ′, τ ′) ∈ R}
)ió4ø$ô¬ø²ø�'�6ÿ��

τ}

= {f | (f, τ ′) ∈ R
)4ó4ø$ô¬øÃø�'�6ÿ5�

τ}

= fnames(R)

~ Ö�× Ô½knmt�x��m cortypes(S(R), S(R′)) ⊆ ∆T
ý ÿ¬ÿ ý ��@¬ÿ û �%ÿ ý ÿ�ÿ%> ú ý �%ÿ � @ � ý�����ý � ú � � ú�VXW �

S ′
� �:�

¶ � ÿ S = S ′ ◦mgu(cortypes(R, R′)) �
� ÿ�@�� û ý � þ � VXW � � ® úâ$¬ø cortypes(R, R′) = {(τ1, τ ′

1), . . . , (τn, τ ′
n)}
� y ú��²õ6ö�ú'þJ÷��$õ�


cortypes(S(R), S(R′)) = {(S(τ1), S(τ ′
1)), . . . , (S(τn), S(τ ′

n))}

4�õ��²õ
cortypes(S(R), S(R′)) ⊆ ∆T

)Lú'þJ÷��$õ
S(τi) = S(τ ′

i)
óiø$ô�ø

1 ≤ i ≤ n
���dõ6ôB÷�ø$þE÷�õ�)

S�²ÿ��Áÿiþiü��iû ø$ùiõ$ô�ù=õ6ö�óiø$ô¬ú'ö¶ùiúÃ÷�üýó�õ6ö�ùiú
cortypes(R, R′)

ú�)|ó�ú� ø$ö�óiôBõ6óiôBü&ú�ùiø$ùiú�ö�ùiõ6ö�ÿiþiüv�4û ø^�ùiõ6ôBú�öG�Ïø$ü&ö°�6ú�ô¬ø$ü&ö � �*�6ÿ � )Lùiú � úÃú�,Tü&öW÷�ü&ôYÿ�� ÿ=þiü��4û�ø$ùiõ6ô��©ø$üýö��6ú'ô�ø�|ùiú
cortypes(R, R′)

ú�ÿ��Ïøö¬ÿ5 iöB÷¬üý÷�ÿ=ü'�(��õ
S ′
÷�ø$ü&ö3�Jÿiú

S = S ′ ◦mgu(cortypes(R, R′))
��|õ6ôOõ6ÿT÷�ô¬õz&ø$ùiõ�)iöBú

S = S ′ ◦mgu(cortypes(R, R′))
ó4ø�ôOø�'�6ÿ5�

S ′
)i÷�ú��Ïõ$ö�


cortypes(S(R), S(R′)) =

{(S(τ1), S(τ ′
1)), . . . , (S(τn), S(τ ′

n)} =

{(S(τ1), S(τ1)), . . . , (S(τn), S(τn)} ⊆ ∆T

ª6z



® ÿ� iöB÷¬üý÷¬ÿiü'���Tú'ö
g Ö	hi�IÑ��j5ø¾knmt�p�nm òvø$ó�ýü&û�ø��(�$õ²ùiú ÿ5�©ø©öBÿ� iöW÷�üý÷¬ÿiü'���$õ

S
ø©ÿ5� ÷¬ú�ô��²õ©ù=ú û�õ6þ=$BÿiþE÷�õHùiú�û ø��²ó�õ$ö

t
�Âÿ��©ø õ$ó�ú'ô�ø����$õ�ó4ø$ôBû�ü ø��)5�JÿiúG��ùiú��4þiüýù4ø ö¬ú�úÂö¬õ��Ïú'þJ÷¬úÂö¬ú

Sα
�Âÿ��Ïø � ø$ô¬ü'� � ú�?ùiúr÷�üýó�õ�õ6ÿ�ÿ��÷�üýó�õ�ô¬ú��6ü&öW÷�ôBõ�)Jó4ø$ô�ø�÷�õ.ùiõ

rα ∈ fv(t)
� ò ø$ó�ýü&û ø��(�$õ�ùiúYÿ��©ø�ö¬ÿ5 iöB÷¬üý÷�ÿ=ü'�(��õ ø�÷¬ú�ô	�Ïõ6ö�ùiúYû�õ6þ=$BÿiþE÷�õ6öùiú�û ø��Ïó�õ6ö3��ùiú��iþiü&ù4ø�û'õ��Ïõ5


St =







































S(R)
ö¬ú

t = R

St1 ⊕ St2
öBú

t = t1 ⊕ t2
ú�öBú

St1
ú

St2
ö��$õÏù=ú��4þiüýùiõ6ö

St1 	 St2
öBú

t = t1 	 t2
ú�ö¬ú

St1
ú

St2
ö��$õÃùiú��4þiü&ù=õ6ö

[[Sα]]
öBú

t = rα

ú�ö¬ú
Sα

��ÿ�� ÷�üýó�õ�ôBú��6üýöB÷¬ô¬õ
rβ

öBú
t = rα

ú�ö¬ú
Sα = β

)iõ6þ=ùiú
β
��ÿ��Ïø � ø$ôBüÇ� � ú�LùiúÂ÷�üýó�õ

indefinido
ö¬ú

t = rα

ú�ö¬ú
Sα

þ��$õz��þiú�� ÿ�� ÷�üýó�õÃôBú��6üýöB÷�ôBõ�õ6ÿÀÿ��©ø � ø$ôBüÇ� � ú��ùiúÂ÷�üýó�õ
�°�Ïø©ö¬ÿ5 iöB÷¬üý÷�ÿ=ü'�(��õ

S
� û�õ6þ=ö¬ü&ù=ú�ô�ø�ù4ø î þ�� � û � û'õ�� ô¬ú�öBó�ú'üý÷¬õ�ø©ÿ�� ÷�ú�ô	�Ïõ

t
ö¬ú ú öBõ��²ú�þE÷�ú öBú

St
�Âÿ�� ÷¬ú�ô	�Ïõ î þ�� � û � � ® ü'�²ü'&ø$ô��²ú�þE÷¬ú�)Eÿ��Ïø ö¬ÿ� =öB÷�üÉ÷�ÿiü��(�$õ

S
�:ùiüý÷�ø � ��&üýù4ø�û'õ�� ôBú�ö¬ó�ú�üÉ÷�õÃø ÿ��÷�ú'ô��²õ

t
öBú�ú�ö¬õ��Ïú'þJ÷¬ú�ö¬ú

St
�Âÿ���÷�ú�ô	�Ïõ � ��ýü&ùiõ��

~ Ö�× Ô½knmt�*�nm-� ÿ t � � @¿�%ÿ�þ²@�� � ÿÀ��� ûfe � û �q� � ÿÀ� � @c!d� ý ÿ
S � � @ ��ý��'��ý � ú � � ú�VXW ��� �:� ¶ � ÿ Stý ÿ e ��� ÿ � û�ú � � � ÿ û � W � fv(St) = {rβ | rα ∈ fv(t)

ÿ
Sα = β} �

� ÿ�@�� û ý � þ � VXW � � �dõ6ôÏüýþiùiÿ����$õ þiõ¸÷�ø��©ø�þ�&iõ ùiõ6öÃ÷�ú'ô��²õ6ö�)eö¬ÿió�õ6þ�&4ø �Jÿiú õ &ú��©øµö¬úâ$¬ø � ú�ô¬ùiø$ùiúó4ø$ô¬ø ÷�õ.ùiõ�÷�ú�ô	�Ïõ
t′
÷2ø�É�Jÿiú

size(t′) < size(t)
� y ú'ô�� ø��Ïõ6ö�ú'þE÷ �$õ�)4ó�ú�&ø ùiú��iþiü'���$õÏù=ú

fv
)��Jÿiú�


• � &ú��©ø2� � ú'ô¬ù4ø�ùiú�üýô¬õ²ó4ø$ô�ø t = R



y ô¬ü � ü&ø�'�²ú�þE÷�ú�)=ó�õ6ü&ö fv(R) = ∅ = fv(S(R))
�

• � &ú��©ø2� � ú'ô¬ù4ø�ùiú�üýô¬õ²ó4ø$ô�ø t = rα

)4ó4ø$ô�ø/�Jÿ4ø���Jÿiú�ô
α



�|ú� ø�ùiú��iþiü'���$õ�ù=ú
fv
)
fv(t) = fv(rα) = {rα}

� ® ÿió�õ6þ�&4ø"�Jÿiú
Sα = β

)Jó4ø$ô¬ø�ø�'�6ÿ��
β
� y ú'ô��&ø��Ïõ$öú�þE÷��$õ��Jÿiú

fv(St) = fv(Srα) = fv(rβ) = {rβ}
�

• � &ú��©ø2� � ú'ô¬ù4ø�ùiú�üýô¬õ²ó4ø$ô�ø t = t1 ⊕ t2
õ6ÿ

t = t1 	 t2



�|ú� ø/&iüýóg�$÷¬ú�öBú�ù=ú�üýþiùiÿ����$õ�)=÷¬ú��²õ6ö3�Jÿiú�õ*ýú��Ïø2� � ú�ôBù4ø$ùiú'ü&ôBõÏó4ø�ô�ø t1
ú

t2
�

® ÿió�õ6þ�&4øz�Jÿiú
rα ∈ fv(t)

ú"�.ÿ=ú
Sα = β

)=ó4ø$ô�øÃø���6ÿ��
β
��|ú� øDùiú��4þiü'���$õDùiú

fv
)
rα ∈ fv(t1)

õ6ÿ
rα ∈ fv(t2)

� ® ÿ=ó�õ6þ5&4ø5)LöBú�� ó�ú'ô¬ù4øDùiúN�6ú�þiú'ô�ø�ýü&ù4ø�ùiú�)
�Jÿiú

rα ∈ tv(t1)
� � þE÷��$õ�)ió�ú�&ø2&iü&ó`�$÷�ú'ö¬úÂùiúÂüýþiùiÿ����$õ�).÷�ú��²õ6ö3�Jÿiú

rβ ∈ tv(St1)
ú�)ió�ú�&ø ùiú��iþiü'���$õùiú

fv
)��Jÿiú

rβ ∈ tv(t)
��|õ6ô|õ6ÿ=÷¬ô¬õ�&ø$ùiõ�)ÅöBÿió�õ$þ�&4ø��Jÿiú

rβ ∈ fv(St)
)�ó4ø$ô¬ø:ø���6ÿ��

β
� � þE÷��$õ�)$ó�ú�&øtù=ú��4þiü��(�$õYùiú

St
úZùiú

fv
) ÷¬ú��²õ6ö �.ÿ=ú

rβ ∈ St1
õ$ÿ

rβ ∈ St2
� « õ � ø��Ïú'þE÷�ú�)�ö¬ú�� ó�ú'ô¬ù4ø²ùiúN�6ú'þiú�ô¬ø�&üýù4ø$ùiú�)4ö¬ÿió�õ6þ�&iø��Ïõ$ö

�Jÿiú
rβ ∈ St1

�b�dú�&ø�&iü&ó`�$÷�ú'ö¬ú ù=ú�ü&þiùiÿ5�(�$õ�)�÷�ú��²õ6ö��Jÿiú�ù=ú � úz&4ø � ú�ô�ÿ�� α
÷2ø�@�Jÿiú

rα ∈ fv(t1)
��|õ$ôB÷2ø�þJ÷¬õ�)4ó�ú� ø ù=ú��4þiü��(�$õ²ùiú

fv
)i÷�ú��Ïõ6ö3�Jÿiú

rα ∈ t
�
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~ Ö�× Ô�kumtkd�umc� ÿ t � � @¥�%ÿ�þ²@�� � ÿ���� ûfe � û ��� � ÿ?� � @c!d� ÿ

S � � @ �¬ý��'��ý � ú � � ú�VXW ��� �:� ¶ � ÿ St ��6ôBõ6ÿiþiù � ÿ û � W � � ! � þ � �q� �	� � � þ ú/. ��ÿ �¼� ÿ?� ú !d� α
� �:� ¶ � ÿ rα ∈ fv(t) � �âÿ�@�� ý ¶ � ÿ Sα � � @Á� ú !d�

þ�ÿ î ú ý �uþ�� �
� ÿ�@�� û ý � þ � VXW � � ® ÿ=ó�õ6þ5&4øN�Jÿiú St

öBú%$¬ø î þ�� � û � ú��Jÿiú:÷¬ú�þ�&4ø�ÿ��©ø � ø$ô¬ü'� � ú� α ÷�ø�?�Jÿiú rα ∈ fv(t)úN�Jÿiú
Sα

þ��$õDöBú%$¬ø©ÿ5� ÷¬ü&ó�õ©ôBú��6üýöB÷�ôBõ��N�|ú�&ø©ùiú��4þiü'���$õ z �·H ª )
Sα = β

óiø$ô�øÏø�'�6ÿ5�©ø � ø$ô¬ü'� � ú� β
�

« ú'öB÷¬ú�û�ø$ö¬õ5)ió�ú�&õ2ýú��Ïø z �·H Ç ).÷�ú��²õ6ö3�Jÿiú rβ ∈ fv(St)
ú�)ió�õ6ôW÷2ø$þE÷�õ5)

St
þ��$õ/�Âÿ���÷¬ú�ô	�Ïõ î þ�� � û � )õz�Jÿiú�û'õ6þE÷�ô¬ø$ùiü'+�ø/&iüýóg��÷�ú�öBú��

~ Ö�× Ô�kumtkuodmc� ÿ t � � @Â�%ÿ�þ²@�� � ÿY��� ûfe � û �q� � ÿ�� � @c!d� ÿ ý ÿ
S � � @ ��ý�����ý � ú � � ú�VXW � ¶ � ÿ � ! � þ ��q� �	� � � þ ú/. ��ÿ �

α
� �:� ¶ � ÿ rα ∈ fv(t) � Sα � � @Ã� ú !d�/þ ÿ î ú ý � þ�� � ÿ û � W � S � �6ô¬õ6ÿ=þiù ����@ þ ÿ ý !�ÿ ú �q� �

t �
� ÿ�@�� û ý � þ � VXW � � 4�õ��²õ þ���õ ú�,Tü&öW÷�ú rα ∈ fv(t)

÷2ø�g�Jÿiú
Sα = β

ó4ø$ô¬ø�ø�'�$ÿ��©ø � ø$ô¬ü'� � ú� β )=ú�þE÷��$õ�)ó�ú�&õzýú��Ïø z ��H Ç )=÷�ú��Ïõ$ö3�.ÿ=ú
fv(St) = ∅

ú�)4ó�õ$ôB÷2ø�þJ÷¬õ�)
St
��ÿ���÷�ú�ô	�Ïõ î þ�� � û � �

~ Ö�× Ô6knmtkpsumU� ÿ t � � @Ä�âÿ�þ�@�� � ÿ���� ûfe � û ��� � ÿ?� � @c!d�ªÿ
S � � @ ��ý��'��ý � ú � � ú�VXW � � ÿ û � W � St ��6ôBõ6ÿiþiù ý ÿNÿ ý ��@¬ÿ û �%ÿ ý ÿ � ! � þ � �q� �	� � � þ ú/. ��ÿ � α � �:� ¶ � ÿ rα ∈ fv(t) � Sα � � @Å� ú !d�*þ�ÿ î ú ý � þ�� �

� ÿ�@�� û ý � þ � VXW � � 4�õ6þ=ö¬ú��Jÿ'$'þiû�ü&øÏùiüýô¬ú�÷2ø�ùiõ6ö�&ú��©ø�ö z � z Ä ú z � z � �
]Ï��ï Æ\Ç²ÎÀ��Ñ�ÒÃ�O� ����¿�Q�½:ð�Î�½��{Q¶���H�0¿���³ ´RQ¶�
g Ö	hi�IÑ��j5ø�kumtkpvnm � �©øtú��Jÿ4ø����$õÂùiú�û'õ6þ^$BÿiþE÷¬õ6öRùiú�û�ø��²ó�õ6öI��ÿ��\ó4ø�ô�ùiú�÷¬ú�ô	�Ïõ6ö

t1
ú
t2
�F4�õ��ÏõYõÿiöBÿ4ø��)Åú'ö¬û�ôBú � ú��²õ6ö�ø�ú��.ÿiø��(�$õtû�õ��Ïõ t1 ≡ t2

� � öL÷¬ú�ô��²õ6ö t1 ú t2
ö��$õOû &4ø��Ïø$ùiõ6ö�)Åô¬ú�öBó�ú'û'÷¬ü � ø��²ú�þE÷�ú�)ùiúÂ÷�ú'ô��²õ6ö�ú�ö	�Jÿiú�ôBùiõ©úÂ÷�ú'ô��²õÃùiü&ôBú�üý÷¬õ�ù4ø�ú��Jÿ4ø����$õ���°�Ïø�ú��.ÿiø��(�$õx�:ùiüÉ÷2ø î þ�� � û � öBúYõ$ö�ö¬ú'ÿiöe÷¬ú�ô	�Ïõ6öZú�ö	�Jÿiú�ôBùiõ�úYù=ü&ô¬ú'üý÷¬õ�ö��$õ¶÷¬ú�ô��²õ6ö î þ�� � û � �Fw:úö¬ú��Ïú�'&4ø�þJ÷¬ú"�Ïõ.ùiõ�)Tÿ��©ø�ú��.ÿiø��(�$õ*��ùiüý÷�ø � . � ú �	� ö¬ú�öBú�ÿiöO÷�ú'ô��²õ6öOö��$õ�÷�ú'ô��²õ6ö � ��&üýùiõ6ö��

g Ö	hi�IÑ��j5øÈknmtkd|{m ® ú e = t1 ≡ t2
� ÿ��©ø¸ú��Jÿ4ø����$õäùiúuû'õ6þ^$BÿiþE÷�õ$öDùiúuû�ø��Ïó�õ6ö�)�ú

S
�uÿ��Ïøö¬ÿ5 iöB÷¬üý÷�ÿ=ü'�(��õ�)�ú�þE÷ �$õ

Se
�Hùiú��iþiü&ùiõµöBú�úHö¬õ��²ú�þE÷�ú�öBú

St1
ú

St2
ö��$õ ùiú��iþiü&ùiõ$ö�)�ú���û'ÿ^$Bõ û ø$öBõ÷�ú��Ïõ$ö�


Se = St1 ≡ St2g Ö	hi�IÑ��j5ølknmtk*�nm w:ü'+'ú��²õ6öN�JÿiúHÿ5�©øÀö¬ÿ� iöW÷�üÉ÷�ÿiü��(�$õ S
ö�ø�÷�ü&ö.!
ø�+©ÿ5�©ø ú��Jÿ4ø��(��õ

t1 ≡ t2
öBú

S
�

� ��&üýù4øOû�õ�� ô¬ú'ö¬ó�ú�üý÷¬õÂø
t1
ú
t2
)6ú�ö¬ú

val(St1) = val(St2)
)6õ$þiùiú

val(t1)
ú

val(t2)
ö��$õÂõ6ö�û'õ6þ^$BÿiþE÷¬õ6öùiú�û ø��Ïó�õ6ö�û�õ$ô¬ô¬ú'ö¬ó�õ6þiùiú'þE÷�ú�ö:ø

t1
ú

t2
)iôBú�ö¬ó�ú�û�÷�ü � ø��Ïú'þJ÷¬ú��

~ Ö�× Ô�knmtkpkum�� ÿ S
ý�� � ú ý�µ(���b� ÿ ¶ �'� VXW � rα ≡ t � ÿ û � W � Sα

�%ÿ�@ � ÿ ý ÿ�þ � @Å� ú !d�*þ�ÿ î ú ý � þ�� �
� ÿ�@�� û ý � þ � VXW � � ò}ùiú��4þiü��(�$õ�ùiú�ö¬ø�÷�üýö	!
ø�+'ü' iü�&ü&ùiø$ùiú�ùiú�ÿ��Ïø�ú��Jÿ4ø��(��õÀú-,Tü'�6ú/�Jÿiú

S(rα)
ö¬ú%$¬ø�ÿ��÷�ú'ô��²õ � ��&ü&ù=õ��4�|ú� ø�ùiú��iþiü'���$õ z ��H ª )�ö�ø� �ú��²õ6ö"�JÿiúÏóiø$ô�ø��Jÿiú S(rα)

ö¬úâ$¬øÀù=ú��4þiüýùiõ�)
Sα

óiô¬ú'û�üýö�øö¬ú'ôeõ$ÿ²ÿ5�©ø � ø$ô¬ü'� � ú�4ù=úO÷¬ü&ó�õ�õ6ÿÏÿ5�q÷�üýó�õÂôBú��6üýöB÷�ôBõ�� · ø$öeöBú
Sα

�Oÿ��Ïø � ø�ô¬üÇ� � ú�4ùiú�÷�üýó�õ β
)Jú�þE÷��$õ

S(rα) = rβ

)4õ*�Jÿiú�þ��$õz��ÿ�� ÷¬ú�ô	�Ïõ � ��ýü&ùiõ��i�|õ6ô�õ6ÿT÷�ô¬õ* ø�ùiõ�)=öBú Sα
��ÿ���÷�ü&ó�õ�ô¬ú��6ü&öW÷�ôBõ�)iú�þE÷��$õ

S(rα) = [[Sα]]
)?�Jÿiú"��ÿ���û'õ6þ^$BÿiþE÷�õ²ùiú�û ø��Ïó�õ6ö�ú�)4ó�õ6ôW÷2ø$þE÷�õ5)iÿ�� ÷¬ú�ô��²õ � ��&üýùiõ��

ª6ª



� �Jÿ4ø����Tú'öYù=ú�û'õ6þ^$BÿiþE÷¬õ6öOùiú�û ø��²ó�õ$ö
~ Ö�× Ô�knmtk��xm S

ý�� � ú ý�µ(���b� ÿ ¶ �'� VXW � rα ≡ R
ý ÿ/ÿ ý ��@¬ÿ û �%ÿ ý ÿ

Sα = S([[R]]−1) �
� ÿ�@�� û ý � þ � VXW � � �dú�&õ´&ú��©ø z � z6z )Eö¬ø� �ú��²õ6ö¡�.ÿ=ú Sα

óiô¬ú'û�üýö�ø�öBú�ôZÿ��q÷¬ü&ó�õ�ôBú��6üýöB÷¬ô¬õ�� y ú��Ïõ6öZú�þE÷��$õ
�Jÿiú

[[Sα]] = S(R)
úG�Jÿiú�


Sα =
[[

[[Sα]]
]]−1

= [[S(R)]]−1

= S([[R]]−1)

�|õ6ôZõ6ÿ=÷¬ô¬õ´ ø$ù=õ�)Eö¬ÿió�õ6þ�&iøx�Jÿiú
Sα = S([[R]]−1)

��4�õ��Ïõ
S([[R]]−1)

�tÿ��q÷¬ü&ó�õ�ôBú��6üýöB÷¬ô¬õ�)Jú�þE÷��$õ
S(Rα) ≡ S(R)

��ÿ��ÏøÃú��Jÿ4ø��(��õ � ��ýü&ù4ø ú�)4ó�õ6ôW÷2ø$þE÷¬õ�

S(Rα) = [[Sα]]

=
[[

S([[R]]−1)
]]

= S(
[[

[[R]]−1
]]

= S(R)

É ÖTø?õ=Ö�× Ô6knmtkp�um S
ý�� � ú ý�µ(���À� ÿ ¶ �'� VXW � rα ≡ (rβ 	 R1) ⊕ R2

ý ÿ�ÿ ý ��@¬ÿ û �%ÿ ý ÿ �^ý/ý ÿ î�� úüû �âÿ ý��� û � ú�VËÊ ÿ ýiµ �^þ�ÿ�@Ã��ÿ�þ �	�|� ÿ ú þ �^ý�¬
¨ ø*�@ôIÑ��j5ørknmtk*�nm Sα

ú
Sβ

ùiú � ú��Æö¬ú'ô�÷�ü&ó�õ6ö�ôBú��6üýöB÷�ôBõ��
¨ ø*�@ôIÑ��j5ørknm��'�um S(R1) ⊆ [[Sβ]]

¨ ø*�@ôIÑ��j5ørknm��nodm (fnames(R2)− fnames(R1)) ∩ fnames([[Sβ]]) = ∅
�

¨ ø*�@ôIÑ��j5ørknm��dsnm Sα =
[[

([[Sβ]]/fnames(R1)) ∪ S(R2)
]]−1 �

¨ ø*�@ôIÑ��j5ørknm��dvnm ® ú α = β
ú'þE÷ �$õ

S(R1) = S(R2)
�

� ÿ�@�� û ý � þ � VXW � � �|ø$ô�ø�óiôBõ � ø$ôdø�ü'�²ó�ýü&û ø��(�$õeùiü&ôBú'÷2ø�)�öBÿió�õ6þ�&4ø��Jÿiú S
ö�ø�÷¬ü&ö.!
ø�+

rα ≡ (rβ	R1)⊕R2

�A öB÷¬õ ö¬ü��6þiüv�4û ø"�Jÿiú
S(rα)

ú
S((rβ	R1)⊕R2)

ö��$õ�÷¬ú�ô��²õ6ö � ��&ü&ù=õ6ö�ú�).ó�õ6ôW÷2ø$þE÷¬õ�).÷¬ú�ô	�Ïõ6ö î þ�� � û � ��|ú�&õ�&ú��©ø z � z Ä )Ró4ø�ô�ø �Jÿiú S(rα)
ú

S((rβ 	 R1) ⊕ R2)
ö¬ú%$¬ø��0÷¬ú�ô��²õ6ö î þ�� � û � )

Sα
ú

SβóiôBú�û�üýö�ø�� ö¬ú�ô�÷¬ü&ó�õ6ö�ô¬ú��6ü&öW÷�ô¬õ5)iû�õ��²õ�ú�,Tü��6ü&ùiõ�ó�ú�&ø�û�õ6þiù=ü'�(��õ z � z6Ç ��|ú� øÃùiú��4þ=ü'�(��õ z ��H ª )=÷�ú��Ïõ6ö�

S(rα) = [[Sα]]

S((rβ 	R1)⊕ R2) = ([[Sβ]]	 S(R1))⊕ S(R2)

��ø$ô¬ø*�Jÿiú
([[Sβ]]	 S(R1))⊕ S(R2)

öBú%$¬ø�ÿ�� ÷¬ú�ô��²õ � ��&üýùiõ�)iø�ö�ú�,Tóiô¬ú'ö¬ö	�Tú'ö [[Sβ]]	 S(R1)
ú

([[Sβ]]	 S(R1))⊕ S(R2)
ó=ô¬ú�û'ü&ö¬ø�� ÷¬ú�ôeÿ�� � ø�ýõ6ôZùiú��4þ=ü&ùiõ��i�|ú�&ø¶ùiú��4þiü'���$õ z � � ª ) [[Sβ]]	 S(R1)��ùiú��iþiü&ùiõÃöBú�úÂöBõ��Ïú'þE÷�ú�ö¬ú

S(R1) ⊆ [[Sβ]]
)4û'õ��ÏõÃú-,=ü��6ü&ù=õ�ó�ú� ø�û�õ6þ=ùiü'���$õ z � � Ä �
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wx)f¤�B >�y(z@>{+ÏB   A�¡ : £�¢GC?B  
® ú ö¬ÿió�õ6ô	�Ïõ6ö �Jÿiú

[[Sβ]] 	 S(R1)
� ù=ú��4þiüýùiõ�)Yú�þE÷ �$õ�÷�ú'ô¬ú��Ïõ6ö�):ó�ú�&ø�ù=ú��4þiü��(�$õ z � � ª )°�Jÿiú

([[Sβ]]	S(R1))⊕S(R2)
��ùiú��4þ=ü&ùiõröBú�ú�ö¬õ��Ïú'þJ÷¬ú�ö¬ú

fnames([[Sβ]]	S(R1))∩fnames(S(R2)) =
∅
�2�dú�&õ$ö ýú��Ïø$ö z �·H z ú z � ù Ë )=÷¬ú��²õ6ö�


∅ = fnames([[Sβ]]	 S(R1)) ∩ fnames(S(R2))

= (fnames([[Sβ]])− fnames(S(R1))) ∩ fnames(S(R2))

= (fnames([[Sβ]])− fnames(R1)) ∩ fnames(R2)

= fnames([[Sβ]]) ∩ (fnames(R2)− fnames(R1))

= (fnames(R2)− fnames(R1)) ∩ fnames([[Sβ]])û�õ$þ5!mõ6ô��²úÂú�,Tü��6ü&ùiõ�ó�ú�&ø�û�õ6þiù=ü'�(��õ z � � � ���ø$ô¬øª�JÿiúHøÀú��Jÿ4ø����$õµö¬úâ$¬ø ö�ø�÷¬ü&ö.!mú�üý÷�ø5)I�©þiú'û�ú�öBö��$ôBü&õ��Jÿiú
[[Sα]] = ([[Sβ]] 	 R1) ⊕ R2

�³�|ú�&øùiú��4þiü'���$õ z � � � ú�ó�ú�ýõ6ö3&ú��©ø�ö z � ù Ä ú z ��H z )=÷�ú��Ïõ6ö�

Sα =

[[

[[Sα]]
]]−1

= [[([[Sβ]]	 S(R1))⊕ S(R2)]]
−1

= [[([[Sβ]]/fnames(S(R1)))⊕ S(R2)]]
−1

[[([[Sβ]]/fnames(R1))⊕ S(R2)]]
−1

[[([[Sβ]]/fnames(R1)) ∪ S(R2)]]
−1

û�õ��ÏõÃú�,Tü��6ü&ùiõ�ó�ú�&ø û�õ6þ=ùiü'���$õ z � � ù �
« õÀû ø$öBõ�ó4ø$ôB÷¬ü&û'ÿ� ø$ô:ú�� �Jÿiú

α = β
)�õÀöBú��6ÿ=ü&þE÷�úÃóiôBú�û�üýö�øHö¬ú'ô � ú�ôBù4ø$ùiú²ó4ø$ô¬ø �Jÿiú²øHú��Jÿ4ø��(�$õó�õ6ö¬ö¬ø²öBú�ôOö�ø�÷¬ü&ö.!mú�üý÷�ø ó�õ$ô

S



[[Sα]] = ([[Sα]]	 S(R1))⊕ S(R2)�|ú� ø$öOùiú��4þiü'���Tú'ö z � � � ú z � � ª )=ö�ø� �ú��²õ6ö3�Jÿiú�øÃöBú��6ÿ=ü&þE÷�ú�ú��Jÿ4ø��(�$õ²÷�ú�� �.ÿ=ú�öBú�ôOö�ø�÷�ü&ö.!mú�üÉ÷2ø5

[[Sα]] = ([[Sα]]− S(R1)) ∪ S(R2)�|ú� ø û�õ$þiùiü'���$õ z � � Ä ).ö�ø� �ú��Ïõ6ö¼�.ÿ=ú S(R1) ⊆ [[Sα]]

�Ì�dõTù=ú��²õ6öe÷�ø��2 `��� ùiú�ùiÿ5+�ü&ô�ù4ø¶ú��Jÿ4ø��(�$õø$û'ü'�Ïø2�.ÿ=ú
S(R2) ⊆ [[Sα]]

�y ú��Ïõ$ötú'þE÷ �$õ�

[[Sα]] = ([[Sα]]− S(R1)) ∪ S(R2)

[[Sα]] ∩ S(R1) = (([[Sα]]− S(R1)) ∪ S(R2)) ∩ S(R1)

S(R1) = (([[Sα]]− S(R1)) ∩ S(R1)) ∪ (S(R1) ∩ S(R2))

S(R1) = S(R1) ∩ S(R2)

S(R1) ⊆ S(R2)�|ú� ø�ù=ú��4þiü��(�$õ z � � � útó�ú�&õ´&ú��©ø z � ��� )Jó�õTùiú��Ïõ$öZù=ú�ùiÿ�+'ü&ôÄ�Jÿiú ([[Sα]]−S(R1))∩S(R2) = ∅
��Yö¬ø��²õ6ö�ú�öW÷2øÃóiô¬õ6ó=ô¬ü&ú'ù4ø$ùiú�ó4ø�ô�ø�ü&öBõ� ø$ô

S(R1)



Ç Ä



� �Jÿ4ø����Tú'öYù=ú�û'õ6þ^$BÿiþE÷¬õ6öOùiú�û ø��²ó�õ$ö

[[Sα]] = ([[Sα]]− S(R1)) ∪ S(R2)

[[Sα]]− S(R2) = [[Sα]]− S(R1)

([[Sα]]− S(R2)) ∪ S(R1) = ([[Sα]]− S(R1)) ∪ S(R1)

([[Sα]]− S(R2)) ∪ S(R1) = [[Sα]]ò��6õ$ô�ø5)�ÿiö¬ø$þiùiõäÿ5� ø$ô	�6ÿ��²ú�þE÷�õ ö¬ü'�*�'÷¬ô¬üýû�õ¸ø$õ ÿiö¬ø$ùiõäó4ø$ô¬ø óiôBõ � ø$ô��Jÿiú S(R1) ⊆ S(R2)
)ó�õTùiú��Ïõ$öYùiú'ùiÿ�+'ü&ô��Jÿiú

S(R2) ⊆ S(R1)
ú�)�ó�õ6ôW÷2ø$þE÷¬õ�)?�.ÿ=ú

S(R1) = S(R2)
)�û�õ��²õ©ú-,=ü��6ü&ù=õÏó�ú�&øû�õ$þiùiü'���$õ z � � Ê ���ø$ô¬ørøYü��Ïó5&ü&û�ø��(��õtôBú � ú�ô¬ö¬ø5)6öBÿió�õ$þ�&4ø��Jÿiú�øtö¬ÿ� =öB÷�üÉ÷�ÿiü��(�$õ S

ú�ø:ú��Jÿ4ø��(��õ
rα ≡ (rβ	R1)⊕R2ö�ø�÷�ü&ö.!
ø�� ø���ø$öOû�õ$þiùiü'���Tú'öOú�,Tóiô¬ú'ö¬ö¬ø$örø$û'ü'�Ïø5� y ú�ô	� ø��²õ6ö�ú'þJ÷��$õz�Jÿiú�


• Sα
�¶ÿ�� ÷�üýó�õÏô¬ú��$ü&öB÷¬ô¬õ � ó�ú� ø²û�õ6þiù=ü'�(��õ z � z6Ç � ú�)?ó�õ6ôB÷�ø$þE÷�õ�) S(rα)

� ùiú��iþiü&ùiõHúx� ü'�$ÿ4ø�dø
[[Sα]]

&
• Sβ

� ÿ�� ÷�üýó�õÏô¬ú��6ü&öW÷�ô¬õ � ó�ú� øÏû�õ6þiù=ü'�(��õ z � z6Ç � ú�)Ló�õ6ôB÷�ø$þE÷�õ�) S(rβ)
� ùiú��4þiü&ù=õHú2� ü'�$ÿ4ø�dø

[[Sβ]]
&

• S(R1) ⊆ [[Sβ]]
� ó�ú�&ørû�õ6þ=ùiü'���$õ z � � Ä � ú�)Eó�õ6ôW÷2ø$þE÷�õ5) S(rβ	R1) = [[Sβ]]	S(R1)

��ùiú��4þiüýùiõú"��ü'�6ÿiø�Lø
[[Sβ]]/fnames(S(R1)) = [[Sβ]]/fnames(R1)

&
• (fnames(R2) − fnames(R1)) ∩ fnames([[Sβ]]) = ∅

� ó�ú� øäû'õ6þiùiü��(�$õ z � � � � )rõ��Jÿiú þiõ6öó�ú�ô	�ÏüÉ÷�úrùiú'ùiÿ�+'ü&ô��Jÿiú�

∅ = (fnames(R2)− fnames(R1)) ∩ fnames([[Sβ]])

= (fnames(S(R2))− fnames(S(R1))) ∩ fnames([[Sβ]])

= fnames(S(R2)) ∩ (fnames([[Sβ]])− fnames(S(R1)))

= (fnames([[Sβ]])− fnames(S(R1))) ∩ fnames(S(R2))

= fnames([[Sβ]]	 S(R1)) ∩ fnames(S(R2))�dõ6ôB÷�ø$þE÷�õ�)
([[Sβ]]	 S(R1))⊕ S(R2)

��ùiú��4þiüýùiõÃú´��ü��6ÿ4ø��ø
([[Sβ]]/fnames(R1)) ∪ S(R2)

&
•
§ ü&þ4ø���Ïú'þE÷�ú�)Tó�ú� ø û'õ6þiùiü��(�$õ z � � ù )=÷¬ú��²õ6ö�


Sα =
[[

([[Sβ]]/fnames(R1)) ∪ S(R2)
]]−1

ú
S(rα) = [[Sα]]

= ([[Sβ]]/fnames(R1)) ∪ S(R2)

= ([[Sβ]]	 S(R1))⊕ S(R2)

= (S(rβ)	 S(R1))⊕ S(R2)

= S((rβ 	 R1)⊕ R2)ú�)4ó�õ6ôW÷2ø$þE÷¬õ�)
S
ö¬ø�÷�üýö	!
ø�+�øÃú��Jÿ4ø��(�$õ��

Ç �
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]Ï�%] ±²�'�L���O³ �������0��Ç²ÎÀ��Ñ�ÒÃ�O� �H��¿�Q�½rðLÎ�½Ã�{Q�� �H��¿���³ ´RQ¶�
g Ö	hi�IÑ��j5øÍkum��J|{m �°� ö¬ü&öW÷�ú��©ø�ùiú:ú��.ÿiø����.ú�ö�ùiúYû�õ6þ=$BÿiþE÷�õ6ö�ù=ú:û ø��Ïó�õ6ö¼�Yÿ��fû�õ6þ=$BÿiþE÷�õ2�4þiüÉ÷�õ

Eùiú�ú��Jÿ4ø����.ú�ötùiú�û�õ6þ^$Bÿ=þJ÷¬õ6öOùiú�û ø��²ó�õ6ö��
g Ö	hi�IÑ��j5ø´kum��'�nm � �©øµö¬ÿ5 iöB÷¬üý÷�ÿ=ü'�(��õ S

ö�ø�÷¬ü&ö	!
ø�+Àÿ5��ö¬üýöB÷�ú��©ø ùiú�ú��Jÿ4ø����.ú�ö²ùiú!û'õ6þ^$BÿiþE÷¬õ6öÃùiúû ø��Ïó�õ6ö
E
öBúYúYö¬õ��²ú�þE÷�útö¬ú

S
ö�ø�÷�ü&ö.!
ø�+Oû ø$ùiø¶ÿ��Ïø�ù4ø�öeú��.ÿiø����.ú�ö�ù=ú

E
�¡4¼&4ø��Ïø��²õ6ö�ùiú

solset(e)õÃû�õ6þ=$BÿiþE÷�õ²ùiúÂö¬ÿ� =öB÷�üÉ÷�ÿiü����.ú�ö��Jÿiú�ö�ø�÷¬ü&ö.!
ø�+�ú��Æø�ú��Jÿ4ø����$õ
e
ú�ùiú

solset(E)
õÃû'õ6þ^$BÿiþE÷�õÃùiú�öBÿ� iö.�÷�üÉ÷�ÿiü����.ú�ö0�Jÿiú�ö�ø�÷�ü&ö.!
ø�+�ú��

E
� y ú��²õ6öOõÃö¬ú��6ÿiü&þE÷¬ú�ôBú�&ø$û�üýõ6þ4ø��²ú�þE÷�õ�ú'þE÷�ô¬ú�ø$öOùiÿiø$ö3!mÿiþ����.ú�ö�


solset(E) =
⋂

e∈E

solset(e)

� ��ó4ø$ôW÷�ü&û'ÿ� ø�ô�)
solset(∅) = S

)4õ$þiùiú
S
��õÃû�õ6þ^$Bÿ=þJ÷¬õÏù=ú�öBÿ� iöW÷�üý÷¬ÿiü'���Tú'ö��

~ Ö�× Ô�knm��'kum solset(E1 ∪ E2) = solset(E1) ∩ solset(E2) �� ÿ�@�� û ý � þ � VXW � �
solset(E1 ∪ E2) =

⋂

e∈E1∪E2

solset(e)

=

(

⋂

e∈E1

solset(e)

)

∩

(

⋂

e∈E2

solset(e)

)

= solset(E1) ∩ solset(E2)

~ Ö�× ÔÀknm��p�xm solset(E) � � û � ú 9 @�� û ���q� û�ú ���-����@¤þ�ÿ ý !�ÿ ú �q� � ⊆ ¬ ! � þ � �q� � � E1

ÿ
E2 � ý ÿ E1 ⊆ E2 �ÿ û � W �

solset(E2) ⊆ solset(E1) �� ÿ�@�� û ý � þ � VXW � � ® ÿ=ó�õ6þ5&4ø2�Jÿiú E1 ⊆ E2

� ® ú
E1 = E2

ú�þE÷��$õ
solset(E1) = solset(E2)

úrõ/&ú��©ø
�Â÷�ôBü � ü ø���Ïú'þE÷�ú � ú�ôBù4ø$ùiú'ü&ô¬õ5�® ú

E1 ⊆ E2

ú�þE÷ �$õ
E2 = E1 ∪ E2

� « ú�öW÷�ú�û ø$öBõ�)i÷�ú��Ïõ$ö�

solset(E2) = solset(E1 ∪ E2)

= solset(E1) ∩ solset(E2)

⊆ solset(E1)

~ Ö�× Ô�knm��'�um�� ÿ solset(E1) = solset(E ′
1) � ÿ û � W � solset(E1 ∪ E2) = solset(E ′

1 ∪ E2) �� ÿ�@�� û ý � þ � VXW � �
solset(E1 ∪ E2) = solset(E1) ∩ solset(E2)

= solset(E ′
1) ∩ solset(E2)

= solset(E ′
1 ∪ E2)

Ç ù



ò¨!mõ$ô��Ïø
�
�>þiõ6ô	�©ø�

]Ï��Î Ï OËQ���³ �
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g Ö	hi�IÑ��j5ø�knm��'�nm wrø$ùiø�ÿ5�©ø:õ$ô¬ùiú��w÷�õ�÷2ø�
�
ö¬õ� iô¬ú � ø$ôBüÇ� � ú'ü&öRù=ú�÷�ü&ó�õ�)�ÿ��qöBü&öB÷¬ú��Ïørùiú�ú��Jÿ4ø����.ú�ö

E
ú�öW÷ �Ãþ4ø2!mõ6ô��Ïø

�
9 û �^þ�@ �:� ö¬ú�úÂö¬õ��Ïú'þJ÷¬ú�öBú�ø$öOö¬ú��$ÿiü&þE÷�ú'öOû�õ6þiù=ü'���.ú�ö3!mõ6ôBú���ö¬ø�÷�üýö	!mú'üý÷2ø�ö�


¨ ø*�@ôIÑ��j5ørknmt�p�um y õ.ù4ø�ú��Jÿ4ø����$õ²ùiú E
ù=ú � ú�÷�ú'ôtø/!mõ$ô��Ïø5


rα ≡
(

rβ 	 R−
)

⊕ R+

wrø$ù4ø�ÿ��Ïø�ú'þJÿ��Ïú'ô�ø����$õ�ø$ô� iüÉ÷�ô��$ô¬ü&ø:ù4ø$öZú��Jÿ4ø����Tú'öeù=ú
E
).ÿ=ö�ø$ôBú��²õ6öZø�öBú��6ÿiüýþE÷�útþiõ$÷2ø��(�$õ�ó4ø$ô¬øô¬ú'óiô¬ú'ö¬ú'þJ÷�ø$ôYø

i
�â�'ö¬ü'�Ïø�ú��Jÿ4ø����$õ²ùiú

E
)iõ$þiùiú

1 ≤ i ≤ n
ú

n = |E|



rαi
≡
(

rβi
	 R−

i

)

⊕R+
i

�
¨ ø*�@ôIÑ��j5ørknmt�{odm βi � αi

¨ ø*�@ôIÑ��j5ørknmt�*snm R−
i ∪ R+

i 6= ∅
�

¨ ø*�@ôIÑ��j5ørknmt�*vnm αi = βi

öBú�úÂöBõ��Ïú'þE÷�ú�ö¬ú
R−

i = R+
i

�
¨ ø*�@ôIÑ��j5ørknmt�d|{m ® ú αi = αj

ú�þE÷��$õ
i = j

�
¨ ø*�@ôIÑ��j5ørknmt�*�nm¯� ÿ βi = βj

)
R−

i = R−
j

ú
R+

i = R+
j

)iú'þJ÷��$õ
i = j

�
¨ ø*�@ôIÑ��j5ørknmt�*knm ® ú αi = βj

ú'þE÷ �$õ
i = j

�
¨ ø*�@ôIÑ��j5ørknmt�x��m ® ú βi = βj

ú�þE÷ ��õ
cortypes(R−

i , R−
j ) ⊆ ∆T

�
¨ ø*�@ôIÑ��j5ørknmt�*�nm ® ú βi = βj

ú�þE÷ ��õ
fnames(R−

i ) ∩ fnames(R+
j ) ⊆ fnames(R−

j )
�

ò:ö � ø�ô¬üÇ� � ú�ü&öZùiúO÷�üýó�õ´�Jÿiú:õ.û�õ6ôBô¬ú��}ú��fö¬üýöB÷�ú��©ø�ùiúYú��Jÿ4ø����Tú'ö
�
�5þiõ$ô��Ïø�4ö��$õ�û�&ø$ö¬öBü��4û�ø$ù4ø$öZùiúø$û'õ6ô¬ùiõÃû'õ��Æø�ó�õ$ö¬ü'���$õÃú��i�Jÿiú�õ.û�õ6ôBô¬ú���ú���ú��Jÿ4ø����.ú�ötùiú

E



• α
�rÿ��Ïø � ø�ô¬üÇ� � ú�?ù=ü&ô¬ú'üý÷�ø�ùiú E

öBúÂõTû'õ6ô¬ôBúrû�õ��Ïõ ÿ5�©ø � ø$ôBüÇ� � ú�?ùiúÂôBú��6üýöB÷�ôBõ � rα � þiõ ÷�ú'ô��²õùiüýô¬ú'üý÷�õ©ùiúÃÿ��©øDú��Jÿ4ø��(��õÀù=ú
E
� � � õ6ÿT÷�ô�ø�öÂó4ø� ø � ô�ø�öÂùiú � ú²ú-,Tü&öB÷¬ü&ôÂú�� E

ÿ��ÏøDú��Jÿ4ø��(�$õû'õ��Æø2!mõ6ô��Ïø5

rβ ≡ (rα 	 R−)⊕ R+

• α
�:ÿ5�©ø � ø�ô¬üÇ� � ú��ú�ö��Jÿiú'ô¬ù4ø ù=ú E

öBúrþ��$õ´!mõ6ôZÿ��©ø � ø$ô¬ü'� � ú��ùiü&ôBú�üÉ÷2ø�ú:ö¬ú:õTû'õ6ô¬ôBú�ôZþiõ¶÷�ú'ô��²õú'ö��Jÿiú�ôBùiõDùiú�ÿ��ÏøÃú��Jÿ4ø����$õ©ùiú
E
û�õ��²õÃÿ��Ïø � ø$ôBüÇ� � ú��ùiú�ô¬ú��$ü&öB÷¬ô¬õ�� � �Æõ6ÿ=÷¬ô�ø$öOó4ø�&ø � ô¬ø$ö�)ùiú � ú´&4ø � ú'ôYÿ��Ïø�ú��Jÿ4ø����$õ²ú�� E
û'õ��ÆøÃö¬ú��$ÿiü&þE÷�úG!mõ6ô	�©ø�

rα ≡ (rβ 	 R−)⊕ R+

Ç Ê
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ò û�õ6þiù=ü'�(��õ z � ª�Ë �6ø$ô�ø$þE÷¬ú��JÿiúÏö¬ú

α
õ.û�õ6ôBô¬ú²ùiõ  ø�ùiõ!ú'ö��Jÿiú'ô¬ùiõµùiú²ÿ��Ïø!ú��.ÿiø��(�$õ ùiú

E
)�ú'þJ÷��$õú�&øÏö	�©õ.û�õ6ôBô¬ú¶þ=õ¬ ø�ùiõ©ú'ö��Jÿiú�ôBùiõHùiú�ÿ��©ø�,iþiüýû øÏú��Jÿ4ø��(��õDùiú

E
�¯�|õ6ôW÷2ø$þE÷�õ5)?ú�,TüýöB÷�ú¶ø$ó�ú�þ4ø$öYÿ��Ïø

� ø$ô¬ü'� � ú��ù=ü&ô¬ú'üý÷�ø¶û�õ6ôBô¬ú'ö¬ó�õ6þiùiú'þJ÷¬ú ø�û ø�ù4ø � ø$ôBüÇ� � ú�Lú�ö	�Jÿiú�ôBù4ø α
ùiú

E
)iùiú�þ=õ$÷2ø$ùiø²ó�õ6ô

rvar(α)
�

w:ú*�Ïõ.ùiõ�ö¬ú��Ïú�'&4ø$þE÷¬ú�)dÿiö�ø��²õ6ö�ø�þiõ$÷2ø��(�$õ
posR(α, E)

ú
negF(α, E)

óiø$ô�ø�ùiú�þ=õ$÷2ø$ô�)|ôBú�ö%�ó�ú�û'÷¬ü � ø��²ú�þE÷�ú�)=õ�û�õ6þ^$Bÿ=þJ÷¬õ�ùiúrû�ø��Ïó�õ6ö R+
ú:õ û'õ6þ^$BÿiþE÷¬õ�ùiú:þiõ��Ïú'ö�ùiú:û�ø��²ó�õ6ö

fnames(R−)
ù4øú��Jÿ4ø��(�$õ²õ6þiùiú

α
ø$óiø$ô¬ú'û�ú�ùiõ* ø$ùiõ�ú'ö��Jÿiú'ô¬ùiõ��

• α
�Dÿ��Ïø � ø$ôBüÇ� � ú��ùiúÏû ø��²ó�õ ùiú E

öBúDõ.û�õ6ôBô¬ú©ú��
E
) ó�õ6ô����0þ��$õ �Dþiú���ÿ5�©ø � ø$ôBüÇ� � ú�ú'ö��Jÿiú�ôBù4øÏþ=ú���ÿ��Ïø � ø$ô¬ü'� � ú��ùiüýô¬ú'üý÷2ø��g Ö	hi�IÑ��j5ø¦knmt�p�nm 4¼&4ø��©ø��²õ6ö�ùiú RV(E)

)
LV(E)

ú
FV(E)

)|ô¬ú�öBó�ú'û'÷¬ü � ø��²ú�þE÷�ú�)Rõ6ö¶û'õ6þ^$BÿiþE÷¬õ6öùiú � ø$ô¬ü'� � ú�üýö�ùiü&ôBú�üÉ÷2ø$ö�)=ú�ö	�Jÿiú�ôBù4ø$ö:ú�ùiú�û�ø��Ïó�õÃùiú E
�

g Ö	hi�IÑ��j5ørknmt�p�um ò:ö�ö¬ú��6ÿiüýþJ÷¬ú�ö�!mÿiþ����Tú'ötö��$õÃùiú��iþiü&ù4ø�ötóiø$ô�ø�ö¬üýöB÷¬ú��Ïø$ö�ùiú�ú��Jÿ4ø����$õ � �5þiõ6ô	�©ø�ü&ö�)ú�ó4ø$ô¬ø � ø$ôBüÇ� � ú'ü&ö�ùiüýô¬ú'üý÷2ø�ö�ùiú�öW÷�ú'ö:ö¬üýöB÷¬ú��Ïø$ö�

fields(α, E) =

⋃

{R− | rβ ≡ (rα 	R−)⊕R+ ∈ E}

negfnames(α, E) =
⋃

{fnames(R+)− fnames(R−) | rβ ≡ (rα 	 R−)⊕ R+ ∈ E}

posfnames(α, E) =
⋃

{fnames(R−) | rβ ≡ (rα 	R−)⊕ R+ ∈ E}

allfnames(α, E) = negfnames(α, E) ∪ posfnames(α, E)��ø$ô¬ø!û�ø$ù4ø
E
ú

α
)dõ6þiùiú

α
�Ïÿ��Ïø � ø�ô¬üÇ� � ú��ùiü&ôBú�üÉ÷2øHùiú E

)�õ$ö � ø�ýõ6ô¬ú'ö�ù=ú�öB÷�ø$öx!mÿ=þ����.ú�ö�û�õ6ô%�ô¬ú'ö¬ó�õ6þiùiú��V)?ô¬ú�öBó�ú'û'÷¬ü � ø��²ú�þE÷�ú�ø�
tû�ø��²ó�õ6ö �Jÿiú E
ú-,Tü'�6ú2�Jÿiú

α
ùiú � ú ÷¬ú�ô � fields(α, E) � &?þiõ��²ú�öùiõ6öÀû ø��Ïó�õ6ö �Jÿiú

E
ú�,Tü��6ú��.ÿ=ú

α
þ��$õ�ó�õTùiúµ÷¬ú�ô�&¶þiõ��²ú�öÀùiõ6ö�û ø��²ó�õ6ö �.ÿ=ú

E
ú�,Tü'�$ú �Jÿiú

αùiú � øÃ÷�ú'ô � posfnames(α, E) � &�ú�õ$öYþiõ��Ïú'öYùiú�û ø��²ó�õ6ö��.ÿ=ú E
ú�,Tü'�$úx�Jÿiú

α
ùiú � øÃ÷�ú'ôYõ6ÿ!þ��$õ²÷�ú�ô�

allfnames(α, E) � �g Ö	hi�IÑ��j5ø§knmt�uopm ö��|ø$ô�ø!û ø$ù4ø � ø�ô¬üÇ� � ú��ù=ú©ô¬ú��6ü&öW÷�ôBõ rα

ùiú
E
� õ$ÿ ÿ��Ïø � ø$ô¬ü'� � ú�Zú�ö	�Jÿiú�ôBù4øµõ6ÿùiüýô¬ú�üÉ÷2ø ùiú

E � ùiú��4þ=ü'�²õ6öOøz!mÿ=þ��(�$õ subvars(α, E)
û�õ��²õ�


subvars(α, E) = subvars(α, E, ∅)

subvars(α, E, F ) =























α′ | rα1
≡ (rα2

	R−)⊕ R+
ú

((α = α1

ú
α′ ∈ subvarsL(α, E, R+, R−, F ))

õ6ÿ
(α = α2

ú
α′ ∈ subvarsR(α, E, R−, R+, F )))























subvars(α, E, R1, R2, F ) =







α′ | α′′ ∈ tv(R1)
ú

(α′ = α′′
õ6ô

α′ ∈ subvars(α, E, F ∪ fnames(R2)))







� öB÷2ø�!mÿiþ����$õµùiú'þiõ$÷2ø�)Zóiø$ô�øµû ø�ù4ø � ø$ô¬ü'� � ú��ù=úHô¬ú��$ü&öB÷¬ô¬õµùiú E
)eõµû'õ6þ^$BÿiþE÷¬õ ù=ú � ø�ô¬üÇ� � ú�ü&ö¶ùiú÷�üýó�õ*�Jÿiú

E
ú�,Tü'�$úN�Jÿiú¶õ.û�õ$ô¬ô�ø��Æú�� ü&þiöW÷�1$þiû'ü ø$öOùiú

α
� ö¬ÿ� � ø$ôBüÇ� � ú'ü&ö:ù=ú α

ú��
E � � � öB÷�ø�!mÿiþ����$õ��ô¬ú'û�ÿiôBö¬ü � ø�)�ó�õ6üýö E

ó�õTùiú�ú-,Tü'�6üýô��JÿiúÃÿ��Ïø � ø�ô¬üÇ� � ú�Rõ.û�õ6ôBô�øDú�� α
ùiú/�Ïø$þiú'ü&ô¬ø©ü&þiù=ü&ô¬ú�÷2ø5)?û�õ��²õ

�Jÿ4ø$þiù=õ
E
ú�,Tü'�$ú¼�Jÿiú

α
÷�ú�þ5&4ørõrû ø��Ïó�õ

(f, β1)
úe÷�ø��2 `��� ú�,Tü'�6ú��Jÿiú

β1

÷�ú'þ�&4ørõrû�ø��Ïó�õ
(f, β2)

�
Ç�Ë



ò¨!mõ$ô��Ïø
�
�>þiõ6ô	�©ø�

g Ö	hi�IÑ��j5ø©kumt�psnm ��ø$ô¬ø�û�ø$ù4ø � ø$ô¬ü'� � ú�Âù=ü&ô¬ú'üý÷�ø α
ùiú

E
)Yú�,Tü&öW÷�ú ÿ�� û'õ6þ^$BÿiþE÷¬õ�ù=ú þ=õ��Ïú'öHùiúû ø��Ïó�õ6ötû &4ø��Ïø$ùiõ²û�õ6þ^$Bÿ=þJ÷¬õDùiú�þiõ��²ú�ö &ü � ôBú�ötùiú α

ú��
E
� � öB÷¬ú¶û'õ6þ^$BÿiþE÷�õ©û�õ6þiöBü&öW÷�ú¶þ=õ6öYþ=õ��Ïú'öùiúrû�ø��²ó�õ6ö¼�.ÿ=úÂþ��$õ ôBú�öB÷¬ô¬üýþ��6ü&ù=õ6ö�ó�õ6ô

E
ú���ôBú�&ø��(�$õ ø

α
� « õ��²ú�ö�ùiú'öB÷¬úÂû�õ6þ^$Bÿ=þJ÷¬õÃþ��$õ¶÷0$�� öBÿ4øõ.û�õ6ôBô0$�þ=û�ü ø�ú��

α
ú�,Tü'�$ü&ù4ø þiú��Æóiô¬õ$ü' iüýù4ø¶ó�õ6ô

E
� § õ6ô	�©ø���Ïú'þE÷�ú�


freefnames(α, E) = F− allfnames(α, E)õ6þiù=ú
F
��õ²û'õ6þ^$BÿiþE÷¬õÏùiúÂ÷¬õTùiõ$ö�õ6öOþiõ��²ú�öOùiú�û ø��²ó�õ6ö��

® ü'�²ü'&ø$ô��²ú�þE÷¬ú�)Zùiú��4þ=ü'�²õ6öÏõ û�õ6þ^$Bÿ=þJ÷¬õ ùiú!û�õ6þ^$Bÿ=þJ÷¬õ6öDùiú!û ø��²ó�õ6ö¬ýü � ô¬ú'öÏùiú α
ú��

E
)3�Jÿiúû�õ$þiö¬üýöB÷�ú þiõ$öHû�õ6þ^$Bÿ=þJ÷¬õ6ö�ùiú û ø��²ó�õ6ö��Jÿiú þ��$õäó�õ6ö¬öBÿiú�� û�ø��Ïó�õ6ö��Jÿiú ö���õ�ù=ú¸ø�'�6ÿ��Ïø !mõ$ô��Ïøô¬ú� ø$û'ü&õ6þiø$ùiõ6ö�ø

α
ó�õ6ô

E
)=ú´�Jÿiú�þ��$õÃó�õ6ö¬öBÿiú��ÆöBÿ� � ø$ô¬ü'� � ú�üýötù=ú α

ú��
E



freefvalues(α, E) =























R | F ⊆ freefnames(α, E), F
�G�4þiüÉ÷�õ

,
h : F → T/subvars(α, E)

ú
R = {(f, h(f)) | f ∈ F}























õ6þiù=ú
T/subvars(α, E)

��õ©û'õ6þ^$BÿiþE÷�õÏùiú�÷�ü&ó�õ6ötö¬ü��Ïó�ýú�ö
τ
�.ÿ=ú¶þ��$õÏü&þiû�&ÿiú���ö¬ÿ5 � ø$ôBüÇ� � ú'ü&öYùiú αú��

E



T/subvars(α, E) = {τ | τ ∈ T
ú

tv(τ) ∩ subvars(α, E) = ∅}

~ Ö�× Ô®knmt�pvnm¯Ñ � þ � � �|�	�/ý ú ý �âÿ�@ ��� ÿ2ÿ ¶ ��� VXW � ≤ 9 û �^þ²@ �:� E ÿ�! � þ � � �|�	� � � þ ú/. ��ÿ �
α ∈ RV(E) ��âÿ�@�� ý ¶ � ÿ ∅ ∈ freefvalues(α, E) �

� ÿ�@�� û ý � þ � VXW � �¯Ò ø�öB÷2ø2!
ø�+'ú�ô F = ∅
þ4øÃùiú��4þiü'���$õ²ø$û�ü��©ø��

~ Ö�× Ô½knmt�d|{m-� ÿ E � � @ ý ú ý �âÿ�@ ��� ÿ�ÿ ¶ �'� VXW � � 9 û �^þ²@ �:� � ÿ û � W �4! � þ � α � fields(α, E) � � @��� ûfe � û ��� � ÿ4� � @c!d� ý �
� ÿ�@�� û ý � þ � VXW � � �dú� øÃùiú��4þiü'���$õ z � Ç Ä ) fields(α, E)

��ÿ��Ïø²ÿiþ=üÇ�$õÃùiú�û�õ6þ^$Bÿ=þJ÷¬õ6ötùiú¶û�ø��Ïó�õ6ö�� ® úþ��$õ²ó�õ6ö¬öBÿiü&ôtû ø��²ó�õ6öOùiü&öW÷�ü&þE÷¬õ6öOû�õ��Æõ*�Ïú'ö��²õÏþ=õ��Ïú�)
fields(α, E)

÷2ø��2 `��� ��ÿ��Æû'õ6þ^$BÿiþE÷¬õ©ùiúû ø��Ïó�õ6ö�)=û�õ��²õÃùiú��4þ=ü&ùiõÃú�� z � � �® ÿió�õ6þ�&4øz�Jÿiú
(f, τ) ∈ fields(α, E)

)��.ÿ=ú
(f, τ ′) ∈ fields(α, E)

ú"�Jÿiú
τ 6= τ ′

��|ú� øÃùiú��4þ=ü'�(��õ z � Ç Ä )=÷�ú��Ïõ6ö3�Jÿiú�ùiú � ú�� &iø � ú�ô β1

)
β2

)
R−

1

)
R−

2

)
R+

1

ú
R+

2

÷2ø$üýö0�Jÿiú�

rβ1

≡ (rα 	 R−
1 )⊕ R+

2

(f, τ) ∈ R−
1

rβ2
= (rα 	 R−

1 )⊕ R+
2

(f, τ ′) ∈ R−
2· ø$ö�øDû�õ$þiùiü'���$õ z � ªE� þiõ6öG�6ø$ô�ø$þE÷¬ú/�.ÿ=ú

cortypes(R−
1 , R−

2 ) ⊆ ∆T
)�õ��.ÿ=ú²öBü'�6þ=ü��4û�ø��.ÿ=ú�ö¬ú

R−
1

ú
R−

2

÷¬ü � ú'ô¬ú���û ø��²ó�õ6ö�û�õ�� õ �²ú�ö	�Ïõ þiõ��Ïú�)Zú'öB÷¬ú�ö²ùiú � ú�� ÷�ú'ô²õ��²ú�ö	�Ïõu÷¬ü&ó�õ�)�õ6ÿ öBú%$¬ø5)
τ = τ ′ )4õz�.ÿ=ú�û'õ6þE÷�ô�ø�ùiü'+�ø/&iüýóg�$÷¬ú�öBú��

Ç H
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g Ö	hi�IÑ��j5ø®knmt�p�nm �|ø$ô�ø û�ø$ù4ø¶öBü&öW÷�ú��Ïø¶ùiú:ú��Jÿ4ø����Tú'ö ≤ �5þiõ6ô	�©ø� E )=ö¬úâ$¬ø normsol(E)

õ�û'õ6þ^$BÿiþE÷�õùiú�ö¬ÿ5 iöB÷¬üý÷�ÿ=ü'���.ú�öOùiú��4þiüýùiõÃû�õ��²õ�


normsol(E) =







S ◦ Sh | h : RV(E)→ R
úó4ø$ô¬ø�÷¬õTù=õ

α ∈ RV(E)
)
h(α) ∈ freefvalues(α, E)







Sh = mgu



 {(α, [[Rα,h]]−1) | α ∈ RV(E)}∪
{(α, [[(Rrvar(α, E),h/negF(α, E)) ∪ posR(α, E)]]−1) | α ∈ LV(E)





Rα,h = fields(α, E) ∪ h(α)

É ÖTø?õ=Ö�× ÔRknmt�*knm normsol(E) � û*W � 9 � ��� ú � ý ÿxÿ ý ��@¬ÿ û �%ÿ ý ÿ � ! � þ � �q� �	� � � þ ú/. ��ÿ ��� ÿ�þ�ÿ î ú ý � þ�� rα� ÿ
E � α û*W � � ��� �q� 9 þ ÿ�� � þ ý ú � � � � ��ý ÿ e � � α /∈ subvars(α, E) �

� ÿ�@�� û ý � þ � VXW � � A þ5!mõ$ô��Ïø�'�²ú�þE÷�ú�)iö¬ú normsol(E)
��þ��$õ�� � ø�+'ü&õ�)4ú'þE÷ �$õ²ùiú � ú ú�,TüýöB÷�üýô�ÿ��Ïø²öBÿ� iöB÷¬üv�÷�ÿ=ü'�(��õ

Sh
�JÿiúÃö�ø�÷¬ü&ö.!
ø�� ø�øHùiú��iþiü'���$õÀø$û�ü��©ø5�b��ø$ô¬ø��JÿiúÃú'ö¬ö�ø�ö¬ÿ5 iöB÷¬üý÷�ÿ=ü'�(��õÀó�õ6öBö�øHú�,Tü&öW÷�üýô�)�ùiú � úú�,TüýöB÷�üýô�÷2ø��N g��� õÃÿiþiüv�4û ø$ù=õ6ô��©ø$üýö0�6ú'ô�ø� ��@ î�� � ùiõÃû�õ6þ=$BÿiþE÷�õ²ùiúÂ÷�ü&ó�õ6ö�


{(α, [[Rα]]−1) | α ∈ RV(E)} ∪

{(α, [[(Rrvar(α, E)/negF(α, E)) ∪ posR(α, E)]]−1) | α ∈ LV(E)}

� öB÷�úHÿ=þiü��4û�ø$ùiõ6ô¶ö��µú�,TüýöB÷�ú©ö¬úHþiú'þ�&Jÿ��©ø � ø$ôBüÇ� � ú��ú�� RV(E)
õ6ÿäú��

LV(E)
÷�ú'þ�&4øuùiú©ö¬ú�ôÿiþiüv�4û ø�ù4ø¸û'õ�� ÿ�� ÷�üýó�õ �Jÿiú û'õ6þE÷�����)�ùiüýô¬ú�÷2ø5)�õ$ÿæü&þ=ùiü&ôBú'÷2ø��Ïú'þJ÷¬ú�)eú�öB÷�ø��²ú�ö��Ïø � ø�ô¬üÇ� � ú��� ® úÿ��Ïø � ø$ôBüÇ� � ú��ø�ÿ=÷�õ��>ô¬ú'û�ÿiôBö¬ü � ø�ú�öB÷¬ü � ú�ô�ó=ô¬ú�öBú�þE÷�úÂú�� E

).ú�öB÷¬úrÿiþiüv�4û ø�ùiõ6ô�÷�ú�ôBü ø"�Jÿiúrö¬ÿ5 iöB÷¬üý÷�ÿ=ü&ô�ú�öW÷2ø
� ø$ô¬ü'� � ú��ó�õ6ô�ÿ���÷�ú�ô	�Ïõ�ù=ú�÷¬ü&ó�õÃü&þ5�4þ=üý÷�õ5�
~ Ö�× Ô�knmt���xm normsol(E) ⊆ solset(E) �
� ÿ�@�� û ý � þ � VXW � � ® ÿ=ó�õ6þ5&4ø��.ÿ=ú rαL

≡ (rαR
	 R−) ⊕ R+

�Hÿ��©øuú��Jÿ4ø��(��õ¸ùiú
E
)eú��Jÿiú

S ∈
normsol(E)

�½�dú�&ø¸ùiú��4þiü'���$õ z � Ç Hl)�ùiú � ú�� &4ø � ú�ô©öBÿ� iöW÷�üý÷¬ÿiü'���Tú'ö S1

ú
S2

úÀÿ��©ø�!mÿiþ����$õ
h :

RV(E)→ R
÷�ø$ü&ö3�Jÿiú�


S = S2 ◦ S1

h(α) ∈ freefvalues(α, E)
)=ó4ø$ô�ø�÷�õ.ùiõ

α ∈ RV(E)

S1 = mgu



 {(α, [[Rα,h]]−1) | α ∈ RV(E)}∪
{(α, [[(Rrvar(α, E),h/negF(α, E)) ∪ posR(α, E)]]−1) | α ∈ LV(E)





Rα,h = fields(α, E) ∪ h(α)

Ç6z



ò¨!mõ$ô��Ïø
�
�>þiõ6ô	�©ø�

y ú��Ïõ$ötú'þE÷ �$õ*�Jÿiú�

[[SαR]] = [[S2(S1αR)]]

= [[S2(S1[[R
αR,h]]−1)]]

= S2([[S1[[R
αR,h]]−1]])

= S2(S1([[ [[RαR,h]]−1 ]]))

= S2(S1(R
αR,h))

= {(f, S2(S1τ)) | (f, τ) ∈ RαR,h}

= S2(S1(fields(αR, E))) ∪ S2(S1(h(αR)))

úÂ÷2ø��N g��� �Jÿiú�

[[SαL]] = [[S2(S1αL)]]

= [[S2(S1[[(R
αR,h/negF(αL, E)) ∪ posR(αL, E)]]−1)]]

= S2([[S1[[(R
αR,h/negF(αL, E)) ∪ posR(αL, E)]]−1]])

= S2(S1([[ [[(RαR,h/negF(αL, E)) ∪ posR(αL, E)]]−1 ]]))

= S2(S1((R
αR,h/negF(αL, E)) ∪ posR(αL, E)))

= S2(S1(R
αR,h/negF(αL, E))) ∪ S2(S1(posR(αL, E)))

= (S2(S1(fields(αR, E))) ∪ S2(S1(h(αR))))/negF(αL, E)) ∪ S2(S1(posR(αL, E)))

= (S2(S1(fields(αR, E))) ∪ S2(S1(h(αR))))/fnames(R−)) ∪ S2(S1(R
+))

�|ú� øÃùiú��4þ=ü'�(��õ z � Ç ù )iö�ø� �ú��²õ6ö��Jÿiú�

fnames(h(αR)) ⊆ freefnames(αR, E)

⊆ F− allfnames(αR, E)

⊆ F− posfnames(αR, E)− negfnames(αR, E)

⊆ F− fnames(fields(αR, E))

ú"�Jÿiú�

fnames(h(αR)) ⊆ F− posfnames(αR, E)− negfnames(αR, E)

⊆ F− fnames(R+)

�|õ6ôW÷2ø$þE÷¬õ�)E÷�ú��²õ6ö��Jÿiú
fnames(h(αR))∩ fnames(fields(αR, E)) = ∅

ú��Jÿiú
fnames(h(αR))∩

fnames(R+) = ∅
�

wrøÃû�õ6þiù=ü'�(��õ z � ª6ª )4ó�õTù=ú��²õ6ö�ùiú'ùiÿ�+�üýô��.ÿ=ú�

fnames(R+) ∩ (fnames(fields(αR, E)) ∪ fnames(h(αR))) = ∅

¹ ú � ø$þiùiõ²ú�� û�õ6þE÷2øz�Jÿiú�) ó�ú�&ø ùiú��4þ=ü'�(��õ z � Ç Ä ) R− ⊆ fields(αR, E)
)=÷¬ú��²õ6ö�


ÇE�
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SαL = [[SαL]]

= (S2(S1(fields(αR, E))) ∪ S2(S1(h(αR))))/fnames(R−)) ∪ S2(S1(R
+))

= (S2(S1(fields(αR, E))) ∪ S2(S1(h(αR))))	 S2(S1(R
−))) ∪ S2(S1(R

+))

= (S2(S1(fields(αR, E))) ∪ S2(S1(h(αR))))	 S2(S1(R
−)))⊕ S2(S1(R

+))

= ([[SαR]]−1 	 S(R−))⊕ S(R+)

= S((αR 	 R−)⊕ R+)

�|õ6ôW÷2ø$þE÷¬õ�)
S
�:ÿ5�©ø�ö¬õ�ýÿ��(�$õ¶ó4ø$ô�ø�ø¶ú��Jÿ4ø��(�$õ

αL ≡ (αR	R−)⊕R+
)=ú�)Tó�õ$ô��6ú'þiú�ô¬ø�&ü�+ ø����$õ�)ùiúÂ÷�õ.ù4ø$öOø�ötú��Jÿ4ø����.ú�ötùiú

E
�

~ Ö�× Ô�knmt�p�um solset(E) ⊆ normsol(E) �
� ÿ�@�� û ý � þ � VXW � � ® ÿ=ó�õ6þ5&4ø �Jÿiú S

öBú%$¬øOÿ��Ïø�ö¬õ�ýÿ��(�$õOùiú
E
� A öW÷�õtö¬ü'�$þiü��4û�ø0�Jÿiú�)�ó4ø$ô�ø�÷¬õTù4ø � ø$ôBüÇ� � ú�ùiúÂôBú��6üýöB÷�ôBõ

α
ùiú

E
)
Sα

�Âÿ���÷¬ü&ó�õ�ô¬ú��$ü&öB÷¬ô¬õ�)TúÂó4ø$ô¬ø�÷¬õTùiø ú��Jÿ4ø����$õ
rαL
≡ (rαR

	R−)⊕R+
)iõö¬ú��6ÿiüýþJ÷¬ú"� � ú�ôBù4ø$ùiú�


[[SαL]]−1 = ([[SαR]]−1 	 S(R−))⊕ S(R+)��ø$ô¬ø��Jÿiú
[[SαR]]−1 	 S(R−)

ö¬ú%$¬øÀùiú��iþiü&ùiõ5)I�ÃóiôBú�û'ü&ö¬õ��Jÿiú
S(R−) ⊆ [[SαR]]−1

� Ì ú�þiú'ô�ø�ýüv�+ ø�þiùiõ²ú�öB÷�ø²û'õ6þiùiü��(�$õÃó4ø�ô�ø ÷�õ.ù4ø$öOø$öOú��.ÿiø����.ú�ötùiú
E
)i÷¬ú��²õ6ö�)ió�ú�&ø ùiú��iþiü'���$õ z � Ç Ä )��Jÿiú�


S(fields(αR, E)) ⊆ [[SαR]]−1

�|õ6ôW÷2ø$þE÷¬õ�)�ù=ú � úx&4ø � ú'ô:ÿ��Æû'õ6þ^$BÿiþE÷�õÏùiú�û ø��²ó�õ$ö
RαR

÷2ø�<�Jÿiú
RαR
∩ S(fields(αR, E)) = ∅ú�÷2ø�Ï�Jÿiú

RαR
∪ S(fields(αR, E)) = [[SαR]]−1

� 4�õ��Ïõ
[[SαR]]−1

��ÿ��Æû�õ$þ^$BÿiþE÷�õÏùiú�û�ø��²ó�õ6ötú�)ó�õ6ôB÷�ø$þE÷�õ�)iþ��$õÃó�õ.ùiúÂ÷�ú'ô�ùiõ6ü&ö�û�ø��²ó�õ6ö�û'õ���õ*�Ïú'ö��²õ�þiõ��²ú�)iõ²ö¬ú��6ÿiüýþJ÷¬ú�ùiú � ú�öBú�ô � ú'ô¬ù4ø$ù=ú�

fnames(RαR

) ∩ fnames(fields(αR, E)) = ∅
ú

RαR
∪ S(fields(αR, E)) = R⊕ S(fields(αR, E))

��ø$ô¬ø*�Jÿiú
([[SαR]]−1 	 S(R−))⊕ S(R+)

öBú%$¬øÃùiú��iþiü&ùiõ5)iõÏöBú��6ÿ=ü&þE÷�ú�óiôBú�û�üýö�ø�ö¬ú'ô � ú�ôBù4ø$ùiú�

fnames(([[SαR]]−1 	 S(R−)) ∩ fnames(S(R+)) = ∅· ø$ö�)�ó�ú�&ø$ö�óiôBõ6óiô¬üýú�ù4ø�ùiú�ö�ù4ø²ø$ó�ýü&û�ø��(�$õ�ù=ú�öBÿ� iöW÷�üý÷¬ÿiü'���$õ�ú�ùiõ6öOõ6ó�ú�ô¬ø$ùiõ6ôBú�ö

⊕
ú
	
)i÷¬ú��²õ6ö�


∅ = fnames(([[SαR]]−1 	 S(R−)) ∩ fnames(S(R+))

= (fnames([[SαR]])− fnames(R−)) ∩ fnames(R+)

= (fnames(RαR
⊕ S(fields(αR, E)))− fnames(R−)) ∩ fnames(R+)

= ((fnames(RαR
) ∪ fnames(fields(αR, E)))− fnames(R−)) ∩ fnames(R+)

Ç6ª



ò¨!mõ$ô��Ïø
�
�>þiõ6ô	�©ø�

4�õ��²õ
R− ⊆ fields(αR, E)

)Åú�þE÷ ��õ
fnames(R−) ⊆ fnames(fields(αR, E))

�@4�õ��²õ
fnames(RαR

)∩
fnames(fields(αR, E)) = ∅

)4ú�þE÷ �$õ
fnames(R−) ∩ fnames(RαR

) = ∅
ú�


∅ = ((fnames(RαR
) ∪ fnames(fields(αR, E)))− fnames(R−)) ∩ fnames(R+)

= (fnames(RαR
) ∪ (fnames(fields(αR, E))− fnames(R−))) ∩ fnames(R+)

= (fnames(RαR
) ∩ fnames(R+)) ∪ ((fnames(fields(αR, E))− fnames(R−)) ∩ fnames(R+))

⊇ fnames(RαR
) ∩ fnames(R+)�|õ6ôW÷2ø$þE÷¬õ�)

fnames(RαR
)∩fnames(R+) ⊆ ∅

)Åú
fnames(RαR

)∩(fnames(R−)∪fnames(R+)) =
∅
�
Ì ú'þiú�ô¬ø�&ü�+ ø$þ=ùiõ�ú�öW÷�ú�ô¬ú�öBÿ�ý÷�ø$ùiõÃó4ø$ô¬ø ÷�õ.ù4ø$ötø$ö�ú��Jÿ4ø����.ú�ö�)4÷¬ú��²õ6ö�


fnames(RαR
) ∩ allfnames(αR, E) = ∅{ ú�÷�õ6ôBþ4ø$þiù=õ�3Âû'õ6þiùiü��(�$õG�Jÿiú��Eø$ô¬ø$þE÷�ú3�Jÿiú

S
��ÿ5�©øÂö¬õ�&ÿ����$õÂùiúOû ø$ùiø�ú��Jÿ4ø��(��õ�ú��

E
)6÷�ú��²õ6ö�


[[SαL]]−1 = ([[SαR]]−1 	 S(R−))⊕ S(R+)

= ([[SαR]]−1/fnames(R−)) ∪ S(R+)

= ((RαR
∪ S(fields(αR, E)))/fnames(R−)) ∪ S(R+)§ ø�+�ú'þiùiõ

h(αR) = R′
αR

)4õ6þ=ùiú
S(R′

αR
) = RαR

)i÷�ú��²õ6ö�

[[SαR]]−1 = S(h(αR)) ∪ S(fields(αR, E))

[[SαL]]−1 = ((S(h(αR)) ∪ S(fields(αR, E)))/fnames(R−)) ∪ S(R+)ò:ó�ýü&û�ø$þiùiõ
[[ ]]−1

øÃø��2 �õ6ö�õ6ö�&ø$ùiõ6ö�)iõ� =÷¬ú��²õ6ö�

SαR = [[S(h(αR)) ∪ S(fields(αR, E))]]−1

SαL = [[((S(h(αR)) ∪ S(fields(αR, E)))/fnames(R−)) ∪ S(R+)]]−1

· ø$ö
αR = rvar(αL, E)

)
fnames(R−) = negF(αL, E)

ú
R+ = posR(αL, E)

)|õ��Jÿiú©þ=õ6öó�ú�ô��²üý÷¬úrô¬ú'ú�öBû�ô¬ú � ú'ôÂø$ö�ú��Jÿ4ø����.ú�öYø$û�ü��©ø û'õ��Ïõ5

SαR = [[S(h(αR)) ∪ S(fields(αR, E))]]−1

= [[S(h(αR) ∪ S(fields(αR, E)))]]−1

= [[S(h(αR) ∪ fields(αR, E))]]−1

= S([[h(αR) ∪ fields(αR, E)]]−1)

= S([[RαR, h]]−1)

SαL = [[((S(h(rvar(αL, E))) ∪ S(fields(rvar(αL, E)))/negF(αL, E)) ∪ S(posR(αL, E))]]−1

= [[S((Rrvar(α, E),h/negF(αL, E)) ∪ posR(αL, E))]]−1

= S([[(Rrvar(α, E),h/negF(αL, E)) ∪ posR(αL, E)]]−1)

Ç6Ç
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õ6þiù=ú

Rα,h = fields(α, E) ∪ h(α)
��|õ6ôW÷2ø$þE÷¬õ�)

S
��ÿ���ÿ=þiü��4û�ø$ùiõ6ô�ù=õÏöBú��6ÿiüýþE÷�ú�û�õ6þ=$BÿiþE÷�õ²ùiú�ó4ø$ô¬ú'öOùiúÂ÷�ü&ó�õ6ö�

{(α, [[Rα, h]]−1) | α ∈ RV(E)} ∪

{(α, [[(Rrvar(α, E), h/negF(α, E)) ∪ posR(α, E)]]−1) | α ∈ LV(E)}

�|õ6ôW÷2ø$þE÷¬õ�)eó�ú�&ø ùiú��4þiü'���$õ ùiõµÿiþiüv�4û ø�ùiõ6ô/�Ïø$ü&öx�6ú�ô¬ø��ùiúHÿ���û�õ6þ=$BÿiþE÷�õ ùiúHó4ø$ôBú�öÃùiúD÷¬ü&ó�õ6ö�)ùiú � ú�� &iø � ú�ôtö¬ÿ� =öB÷�üÉ÷�ÿiü����.ú�ö S2

ú
S1

÷2ø�ü&ö0�Jÿiú
S = S2 ◦ S1

)iõ6þiù=ú�


S1 = mgu



 {(α, [[Rα,h]]−1) | α ∈ RV(E)}∪
{(α, [[(Rrvar(α, E), h/negF(α, E)) ∪ posR(α, E)]]−1) | α ∈ LV(E)
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h
ù4øDùiú��iþiü'���$õ z � Ç H©ùiúN!mõ6ô	�©ø��.ÿ=ú�õ � ø�&õ6ôtû�õ6ôBô¬ú'ö¬ó�õ6þiùiú'þJ÷¬úÃùiú S1

)É�Jÿiú�û &4ø��©ø$ôBú��²õ6ö
Sa

)Lö¬úâ$¬ø÷2ø�I�Jÿiú
Saα 6= Saβ

ó4ø�ô�ø��Jÿ4ø�ü&ö��Jÿiú'ô � ø$ôBüÇ� � ú'ü&ötùiú¶ôBú��6üýöB÷�ôBõ α
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Sc

÷�ú�þ5&4øÏø�óiôBõ6óiôBü&ú�ùiø$ùiú�ùiú"�Jÿiú
Sc(α) 6= Sb(α)

ó4ø$ô¬ø�÷¬õTùiø � ø$ôBüÇ� � ú��ùiú�ô¬ú��6ü&öW÷�ô¬õ α
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S
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t1 ≡ (t2 	R−)⊕R+õ6þiù=ú
t1
ú

t2
ó�õTù=ú���öBú�ôÃõ6ÿ � ø�ô¬üÇ� � ú�ü&ö�ù=úÀôBú��6üýöB÷¬ô¬õ � rα

)eó4ø�ô�ø ø�'�6ÿ5�
α � õ$ÿ�ÿ5��û�õ6þ=$BÿiþE÷�õ ùiúû ø��Ïó�õ6ö��

� Ä6Ä
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rα ≡ (rβ 	 R−)⊕ R+

�|õ6ôW÷2ø$þE÷¬õ�)4ó�ú� ø�ùiú��4þiü'���$õ z � � Ä � )iõÃöBü&öB÷¬ú��Ïø/��ó=ô����>þiõ6ô	�©ø�u�~ Ö�× Ô<knm/o��p|{m�� ÿ t � � @ � � � þ ú/. ��ÿ �?� ÿ°þ�ÿ î ú ý � þ�� rα � ! � þ �4�:� î�� @ α � � �¬� @C��� ûfe � û �q� � ÿ-� � @c!d� ý
R � ! � þ ���:� î�� @ R � ÿ ý ÿ S � � @ ��ý�����ý � ú � � ú�VXW �£� �:� ¶ � ÿ St � � ÿ � û�ú � � � ÿ û � W � St � � �¦� @ �� � þ ú/. ��ÿ �Ï� ÿ"þ�ÿ î ú ý � þ�� � � ��� @Ö��� ûfe � û �q� � ÿa� � @c!d� ý �
� ÿ�@�� û ý � þ � VXW � � ® ÿ=ó�õ6þ5&4ø��Jÿiú t = rα
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α
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St
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τ
õ6ÿ ÿ��Ïø � ø$ô¬ü'� � ú��ùiú ÷�üýó�õ β

� « õ�óiôBü'�²ú�üýô¬õ©û�ø$ö¬õ5)÷�ú��Ïõ$ö �Jÿiú
St = [[τ ]]

)`�.ÿ=úN��ÿ��Æû�õ$þ^$BÿiþE÷�õ²ùiú�û ø��²ó�õ$ö�� « õ²ö¬ú��$ÿiþiùiõÏû ø$öBõ�)i÷�ú��Ïõ6ö��Jÿiú St = rβ

)
�Jÿiú´�Âÿ��©ø � ø$ôBüÇ� � ú��ùiú�ô¬ú��$ü&öB÷¬ô¬õ��® ÿió�õ6þ�&4øx�.ÿ=ú

t = R
ó4ø$ô�ø�ø�'�$ÿ��fû�õ6þ^$Bÿ=þJ÷¬õ ùiúYû ø��²ó�õ$ö

R
�2�dú� ø�ö�ùiú��4þiü'���Tú'ö z �·H ª ú z �·H ù )

St��ùiú��iþiü&ùiõÃú"��ÿ���û'õ6þ^$BÿiþE÷�õ²ùiú�û ø��Ïó�õ6ö��
~ Ö�× Ô�knm/o����nmc� ÿ E � � @ ý ú ý �âÿ�@ � ÿ ¶ ��� VËÊ ÿ ý !`þ � 9 û �^þ²@ �:� � ÿ ý ÿ S � � @ �*ý��'��ý � ú � � ú�VXW �?� �:� ¶ � ÿ
S(E) � � ÿ � û�ú � � � ÿ û � W � S(E)

� � @ � � @ � � @ ý ú ý �âÿ�@ ��� ÿ/ÿ ¶ ��� VËÊ ÿ ý !`þ � 9 û �^þ�@ �:� �
� ÿ�@�� û ý � þ � VXW � � �dú� ø�ötù=ú��4þiü����.ú�ö z � � Ä � ú z � � Ä ù )=û ø$ù4øÃú��Jÿ4ø��(�$õ e

ù=ú
E
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t1 ≡ (t2 	R−)⊕R+

õ6þiù=ú
t1
ú

t2
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St1 ≡ (St2 	R−
∗ )⊕ R+

∗õ6þiù=ú
R−

∗ = S(R−)
ú

R+
∗ = S(R+)

�
� &ú��Ïø z � � Ä Ë þ=õ6ö¼�Eø�ô�ø$þE÷�ú �Jÿiú S(t1)

ú
S(t2)
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S(E)

÷�ø��2 `��� �óiô	���5þ=õ6ô��Ïø���
]Ï�B° � �����L���O³ � �H�Á���O��Î�Ñ`×¡Q

W
� öB÷�ø¶ö¬ú��(�$õ�ùiú��4þ=úrõ¶öBü&öB÷¬ú��Ïø�ù=ú:ô¬ú'ùiÿ����$õ

W = (P, V, R)
)Jõ6þiù=ú

P
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� õ�ö	�'�2 �õ�ýõ
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)��Jÿiú ô¬ú'óiô¬ú'ö¬ú�þE÷�øóiôBõ� �&ú��©ø�ö²üýþiö¬õ�¤, � ú�ü&ö�)�õ6ÿãÿ5�©øµ÷�ôBü&ó�&ø (E, S, V )

)�õ6þiùiú
E
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S
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V
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��û &iø��©ø�ù4ø

�
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g Ö	hi�IÑ��j5øçknmo��*�nm°� û�õ6þ=$BÿiþE÷�õÀùiúÏöBõ�&ÿ5���.ú�ö�ùiúÃÿ��Ïø�üýþiöB÷�1$þiû'ü øHùiúÃóiô¬õ� �&ú��©ø
P
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!mÿiþ����$õ
solset

)iù=ú��4þiüýù4øÃû�õ��²õ�

solset(⊥) = ∅

solset((E, S, V )) =

{

S ′ ◦ S | S ′ ∈ solset(E)
ú

S ′(α)
��ÿ�� ÷¬ü&ó�õ�ô¬ú��6ü&öW÷�ô¬õ5)ió4ø$ô¬ø

α ∈ V

}

~ Ö�× Ô�knm/o����nm solset(E, id, ∅) = solset(E) �
� ÿ�@�� û ý � þ � VXW � �

solset((E, id, ∅)) = =

{

S ′ ◦ id | S ′ ∈ solset(E)
ú

S ′(α)
��ÿ���÷�ü&ó�õ�ô¬ú��6ü&öW÷�ôBõ�)ió4ø$ô¬ø

α ∈ ∅

}

= {S ′ | S ′ ∈ solset(E)}

= solset(E)
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S ′((E, S, V )) =











(S ′(E), S ′ ◦ S, S ′(V ))
ö¬ú

S ′(E)
��ùiú��4þ=ü&ùiõ�)4ú�ó4ø�ô�ø ÷�õ.ùiõ
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��ÿ�� ÷¬ü&ó�õ�ô¬ú��6ü&öW÷�ô¬õÃõ6ÿ � ø$ô¬ü'� � ú�
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)
S ′α
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1

rα2
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2
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S
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P −→ P ′
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�Jÿiú¶ôBú�ùiÿ�+
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ø�+²ÿ��ÏøÀù4ø�ö�ú��.ÿiø����.ú�ö ù=ú�ö¬û'ô¬üÉ÷2ø$ö�þ4øùiú��4þiü'���$õ ó � �$Ç � § ø�+�ú'þiùiõOÿ��Ïø�ü&þiöBó�ú��(�$õOù4ø$ö�û'õ6þiùiü����.ú�ö�ú'ö¬ó�ú�û�üv�4û ø�ù4ø$ö�ú��^û�ø$ù4ø�ôBú��6ô¬øOù=ú ô¬ú�ù=ÿ��(�$õ5)ó�õTùiú��Ïõ$ö � ú�ôBü��4û�ø$ô��JÿiúYö¬útÿ��Ïø�ù4ø�öeû'õ6þiùiü����.ú�öZùiú�öBû�ô¬üÉ÷2ø$öZú�� ó � �$Ç þ��$õ´!mõ6ô�ö�ø�÷¬ü&ö.!mú�üý÷�ø5)Eú�þE÷��$õ¶ó�ú�ýõ

�²ú�þiõ6öOÿ��Ïø ù4ø$öOôBú��6ô¬ø$öOùiú�ô¬ú�ù=ÿ��(�$õ²ö¬ú'ô��²ø$ó�ýü&û(� � ú���
¨ ø?õ^ø*
���õ^Ñ ø\knm/opo��xm¡� ÿ P � � @ � úüû ý �æå û � ú ��� ÿ¡!`þ�� ��� ÿ�@ � W 9 û �^þ²@ �:� � ÿ û � W � P � ⊥ � � � @ �
úüû ý �æå û � ú ��� ÿ`!`þ�� ��� ÿ�@ �

�
9 û �^þ²@ �:� �

g Ö	hi�IÑ��j5øÍkum/opo��nm � ��öBü&öW÷�ú��Ïø�ù=úrô¬ú'ùiÿ��(��õ
R
�:û'õ6þiö¬üýùiú�ô¬ø$ùiõ�ÿ��föBü&öB÷¬ú��Ïø �âÿ�þ²@ úüû � û �%ÿ ö¬úrþ��$õú�,TüýöB÷�üýô¬ú�� ö¬ú��Jÿ'$�þiû'ü ø$öYü&þ5�iþiüý÷�ø$ö�ùiú�ô¬ú'ùiÿ����$õ

X1
R
−→ X2

R
−→ · · ·

�

� Ä �



wx)f¤�B >�y(z@>{+ÏB   A�¡ : £�¢GC?B  
É ÖTø?õ=Ö�× Ô®knm/opo��umb� ý ú ý �âÿ�@ ��� ÿ´þ�ÿ ��� VXW � W � �âÿ�þ²@ úüû � û �%ÿ �� ÿ�@�� û ý � þ � VXW � � 4�õ��²õ�øDóiôBõ � øHùiú'öB÷�ú�÷¬ú�õ6ôBú��Ïø��/&õ6þ��6ø5)?öBú�ÿiö�ùiú�÷2ø��&iú�öÂöBú�ô���õ!ø�óiô¬ú'ö¬ú�þE÷�ø$ùiõÀþ4øóiô	�»,Tü��©ø öBú��(��õ�� § ø�ô¬ú��²õ6öOø��Jÿiü�ø�ó�ú'þ4ø$öOÿ���ôBú�ö¬ÿ5�ÏõÃùiú�ö¬ÿiø²ú'öB÷�ôBÿ=÷�ÿ=ô�ø5�ò\ú�öB÷¬ô�ø�÷����6ü&ø²óiø$ô�ø�óiôBõ � ø$ô��Jÿiú W ��÷�ú�ô	�Ïüýþ4ø$þE÷�úG��øÃû�õ6þ=öB÷�ôBÿ��(��õÏùiú�ÿ��Ïø�õ6ô¬ùiú�� ÷�õ�÷2ø�É �ú��
!mÿiþiùiø$ù4ø

(A, ≤A)
ú�ÿ��ÏøN!mÿiþ����$õ²ùiú�û'ô¬ú�öBû�ú'þJ÷¬ú

f
ù4ø�óiô	���5õ$ô¬ùiú��

(P,
∗
−→)

ó4ø$ô¬ø
(A, ≤A)

�
® ÿió�õ6þ�&4ø��.ÿ=ú

P ⊆ P
�¶û�õ$þ^$BÿiþE÷�õDù=ú¶ü&þ=öB÷�1�þiû�ü&ø$öYù=ú¶óiôBõ� �&ú��©ø�ö°ýü'�²üý÷2ø�ùiõ�ü&þ5!mú'ô¬üýõ6ô��²ú�þE÷�ú�)4ùiú

!mõ6ô	�©ø2�Jÿiú
P
!mõ6ô	�©ø ÿ5�©ø�û ø�ùiú�ü&øÃù=ú�ôBú�ùiÿ5�(�$õ²ùiú

W
� ® ú%$¬ø

A = {a ∈ A | a = f(P )
)=óiø$ô�ø²ø�'�$ÿ��

P ∈ P}ø�ü'�Ïø��6ú���ùiú
f
ö¬õ� =ô¬ú

P
�

4�õ��²õ ö�ø� �ú��²õ6ö0�Jÿiú
f
�:ùiú�û'ô¬ú�öBû�ú'þE÷�ú�)�ú��Jÿiú

P
�G&ü��ÏüÉ÷2ø$ù=õ�üýþ5!mú�ôBü&õ6ô	�Ïú'þE÷�ú�).ú�þE÷��$õ

A
ùiú � úÂöBú�ô&ü��ÏüÉ÷2ø$ù=õÂö¬ÿió�ú�ôBü&õ6ô	�Ïú'þJ÷¬ú�� � û'õ��Ïõ

P
!mõ6ô��Ïø�ÿ5�©ø�û ø$ùiú'ü ø5)Jú'þJ÷��$õ

A
÷2ø��2 g����!mõ6ô��Ïø�ÿ5�©ø�û ø$ù=ú�ü ø��ª��*�Jÿiú

(A, ≤A)
�" �ú�� !mÿiþiùiø$ù4ø5)4ú'þJ÷��$õ

A
÷�ú��i�Jÿiú�ö¬ú�ô3�4þ=üý÷�õ5�

f
�:ÿ��Ïøx!mÿiþ5�(�$õ ù=ú�û�ôBú�öBû�ú�þE÷¬ú�ú�)=ó�õ6ôB÷�ø$þE÷�õ�)Tü&þ^$Bú�÷�ü � ø�).õN�.ÿ=úÂö¬ü'�$þiü��4û�øx�Jÿiú |P| = |A| � ¹ õ��6õ�) P÷�$���ùiú�ö¬ú'ô3�4þiüý÷¬õÃú�)4ó�õ6ôB÷�ø$þE÷�õ�)iþ��$õz&��²û�ø$ùiú'ü ø$ö�üýþ5�4þiüÉ÷2ø$ö�ùiú�ôBú�ùiÿ����$õ²þiõÃö¬ü&öW÷�ú��©ø

W
�

g Ö	hi�IÑ��j5ø�kum/o�sd�um ò9!mÿiþ5�(�$õ
f : P → Y

��û'õ6þiöBü&ùiú'ô�ø$ù4øÏÿ��©ø/!mÿiþ����$õ
W
�5üýþ � ø�ô¬ü ø�þJ÷¬ú�ö¬ú¶óiø$ô�ø÷�õ.ùiõ

P
ú

P ′ ÷2ø$üýö3�.ÿ=ú P
∗
−→ P ′ )i÷�ü � ú�ô	�Ïõ6ö3�Jÿiú f(P ) = f(P ′)

�
~ Ö�× Ô¦knm/o�suopm f � W 9 úüû � � þ ú � û �âÿ ý ÿVÿ ý ��@¬ÿ û �%ÿ ý ÿ � ! � þ � ��� � � P

ÿ
P ′

� � ú ý ¶ � ÿ P −→ P ′ �� ú ��ÿ�þ�@�� ý ¶ � ÿ f(P ) = f(P ′) �� ÿ�@�� û ý � þ � VXW � � �dú� øHùiú��4þiü��(�$õ ó � � ù Ä )�ö¬ú f
�
W
�5üýþ � ø$ôBü ø$þE÷¬ú�)Lú'þJ÷��$õÀõHö¬ú�ÿ � ø�&õ$ô���óiô¬ú'ö¬ú'ô � ø$ùiõó�õ6ô¶ÿ��Ïøª�Jÿ4ø$þE÷¬ü&ù4ø$ù=ú��Jÿ4ø�'�Jÿiú'ô ùiúDóiø$ö¬öBõ6ö ùiúDôBú�ùiÿ5�(�$õ�� � �0ó4ø$ôW÷�ü&û'ÿ� ø�ô�)�öBú

P −→ P ′
ú�þE÷��$õ

P
∗
−→ P ′

úÂó�õ6ôW÷2ø$þE÷¬õ
f(P ) = f(P ′)

��|õ6ôtõ6ÿ=÷¬ô¬õ* ø$ù=õ�)iö¬ú
f(P ) = f(P ′)

ó4ø$ô�ø�÷�õ.ùiõ
P
ú

P ′
÷�ø$ü&ö��Jÿiú

P −→ P ′
)4ú�þE÷ ��õ©ó4ø$ô¬øÃ÷¬õTùiøû ø�ùiú�ü&ø

P → P1 −→ · · · −→ Pn → P ′÷�ú��Ïõ$ö3�.ÿ=ú�

f(P0) = f(P1) = · · · f(Pn)�|õ6ôW÷2ø$þE÷¬õ�)�öBú

P
∗
−→ P ′

)�ú�þE÷ �$õ
f(P ) = f(P ′)

)�õ¬�Jÿiú¶öBü'�6þ=ü��4û�ø��Jÿiú
f
�¶ÿ5�

W
�>ü&þ � ø$ô¬ü&ø$þE÷�ú��

É ÖTø?õ=Ö�× Ô®knm/o�spsum`  µ-� ûpVXW � solset � � @ ��µ-� ûpVXW � W 9 úüû � � þ ú � û �%ÿ �� ÿ�@�� û ý � þ � VXW � � � öB÷¬úH÷�ú�õ$ô¬ú��Ïø ó�õTù=úHö¬ú�ô�ó=ô¬õ � ø$ùiõ ùiú��²õ6þiöW÷�ô¬ø$þiùiõ��>ö¬ú��JÿiúD÷¬õTù4ø�öÃø$ö�ô¬ú��6ô�ø$ö¶ùiúô¬ú'ùiÿ����$õÏó=ô¬ú�öBú�ô � ø��Æõ²û'õ6þ^$BÿiþE÷¬õÏùiú�öBõ�&ÿ����Tú'öOù4ø$öOü&þiöW÷�1$þ=û�ü ø�ö�ùiú�óiô¬õ� �&ú��©ø5�
4�ø$ù4ø ôBú��6ô¬ø

ri

)�ó4ø$ô¬ø
1 ≤ i ≤ 13

)Rû�õ$þiö¬üýöB÷�úÏú��Áÿ��Ïø!û'õ6þiùiü��(�$õ
ci

)�ÿ��Û÷¬ú�ô��²õV!mõ$þJ÷¬ú
ph

i

)�úÿ���û�õ6þ^$Bÿ=þJ÷¬õÏù=ú�÷¬ú�ô	�Ïõ6ö�ø� � õÏø�ö¬ö¬õ.û�ü&ø$ùiõ6ö`3Ãû'õ6þiùiü����.ú�ö {(ci,n, pi,n)}
�2��ø$ô¬øÃû�ø$ù4ø�ô¬ú��6ô�ø

i
úÂó4ø�ô�øû ø�ù4øÏó4ø�ô

(ci,n, pi,n)
ù4ø²ô¬ú��$ô�ø5)4÷�ú��Ïõ$ö �Jÿiú�óiô¬õ � ø$ô��Jÿiú�)�ö¬õ� µø$öOû�õ6þ=ùiü'���Tú'ö ci

ú
ci,n

) öBú
S
��ÿ��Ïøö¬õ�&ÿ����$õ�ó4ø$ô�ø�øÂü&þ=öB÷�1�þiû�ü&ørùiú�óiô¬õ� �&ú��©ørû'õ���!mõ6ô	�©ø

pi

)Eú�þE÷ ��õ�÷�ø��2 `������ÿ5�©øÂö¬õ�&ÿ����$õÂó4ø$ô¬ø
pi,n

)ú � ü&û�ú-� � ú�ô¬ö¬ø5�ò\óiô¬õ � ø�û�õ��²ó�&ú�÷2ø�ùiú'öB÷�úÂ÷¬ú�õ6ôBú��ÏøÃöBú�ô��²õ��²üý÷¬ü&ù4ø�ùiú�öW÷�ú�ùiõTû'ÿ��²ú�þE÷�õ��
� Ä ª



� ô¬õ6ó=ô¬ü&ú'ù4ø$ùiú'öOùiúÂ÷�ú�ô	�Ïüýþ4ø����$õ�ùiõ²ö¬ü&öW÷�ú��©ø ùiú�ôBú�ùiÿ����$õ
É ÖTø?õ=Ö�× Ô£knmo�spvnm¯� ÿ E � � @ ý ú ý �%ÿ�@ �*� ÿ2ÿ ¶ ��� VËÊ ÿ ý !`þ � 9 û �^þ²@ �:� � ÿ (E, id, ∅)

!
−→ (E ′, S, V ) �ÿ û � W �

S � � @ � @¬ÿ û �^þ î ÿ û ÿ�þ �:� ú ��� VXW ������@ � @ � ÿ¡�q� �	�^ýb�^ý�ý � �è� VËÊ ÿ ýx� ÿ
E � ¼ �^þ²@ �:� @¬ÿ û �âÿ � ú � ÿ �

S =
∨

solset(E) �
� ÿ�@�� û ý � þ � VXW � � �dú�&õzýú��Ïø ó � � Ä Ç )ió�ú�ýõ²û'õ6ô¬õ�Ç�$ôBü&õ ó � ��� � ú�ó�ú�ýõÃ÷¬ú�õ6ôBú��Ïø ó � � ù�ù )=÷¬ú��²õ6ö�


solset(E) = solset(E, id, ∅)

= solset(E ′, S, V )

=

{

S ′ ◦ S | S ′ ∈ solset(E ′)
ú

S ′α
�Âÿ�� ÷�üýó�õÃôBú��6üýöB÷�ôBõ�)=óiø$ô�ø

α ∈ V

}

�°�Ïø©óiôBõ6óiô¬üýú�ù4ø�ùiúb,=÷¬ü'dùiú ÿ��Ïø¬�²ú�þiõ$ô��6ú'þiú�ô¬ø�&ü�+ ø����$õ©û'õ�� ÿ�� ùiú ÿ�� û�õ$þ^$BÿiþE÷�õHùiú¶ö¬ÿ� iöW÷�üå�÷�ÿ=ü'���.ú�ö����Jÿiútö¬ú
S1

ú
S2

ö��$õ�û�õ$þ^$BÿiþE÷�õ6öZþ��$õ^� � ø�+�üýõ6öRùiúOöBÿ� iöB÷¬üý÷¬ÿiü'���Tú'öZúOöBú S
�tÿ5�©øÂö¬ÿ5 iöB÷¬üý÷�ÿ=ü'�(��õ÷2ø�É�Jÿiú

S1 = {S ′ ◦ S |S ′ ∈ S2}
)4ú'þE÷ �$õ ∨

S1 =
∨

S2 ◦ S
�

® ø� �ú��²õ6ö�÷2ø��2 `����)Eó�ú� ø�ùiú��4þiü'���$õ ó � Ç Hl)l�JÿiúYó4ø$ô¬ø�÷¬õTù4ø � ø$ô¬ü'� � ú� α )Tõ�û�õ6þ=$BÿiþE÷�õ ùiútö¬õ�&ÿ����Tú'öùiú
E ′
õ6ÿ¶ôBú�öB÷¬ô¬üýþ��6ú

α
ùiú¡!mõ6ô	�©ø��Jÿiú

α
ö��Yó�õ6öBö�øtö¬ú�ô|ü&þiöW÷2ø$þ=û�ü ø�ùiõYóiø$ô�øOú�ýú��²ú�þE÷�õ6ö|ùiúZÿ��\û�õ6þ^$Bÿ=þJ÷¬õü&þ��4þiüý÷¬õ©ùiú�÷�üýó�õ6öYô¬ú��6ü&öW÷�ô¬õ5)�õ6ÿ

α
þ��$õ�� ô¬ú'öB÷¬ô¬ü&þ5�6ü&ùiõÏùiú¶þ=ú�þ�&Jÿ��Ïø¬!mõ6ô��Ïø5�N�|õ6ôW÷2ø$þE÷¬õ�)?öBú

α ∈ V
)ú�þE÷��$õ

α
��ôBú�öB÷¬ô¬üýþ��6ü&ù=õ�ó�õ6ô

E ′
ú�)4ó�õ6ôB÷�ø$þE÷�õ�)4ø�û'õ6þiùiü��(�$õ

S ′α
��ÿ5� ÷�üýó�õ�ôBú��6üýöB÷�ôBõÃó4ø$ô�ø

α ∈ V

��ö�ø�÷¬ü&ö.!mú�üý÷�ø ó4ø$ô¬ø�÷¬õTù=õ
S ′ ∈ solset(E)

�÷ ú��Ïõ$ötú'þE÷ �$õ*�Jÿiú�

∨

solset(E) =
∨

({

S ′ ◦ S | S ′ ∈ solset(E ′)
ú

S ′α
�Âÿ�� ÷¬ü&ó�õ²ôBú��6üýöB÷¬ô¬õ�)Tó4ø$ô�ø

α ∈ V

})

=
∨

({

S ′ ◦ S | S ′ ∈ solset(E ′)
ú })

=
∨

solset(E ′) ◦ S

�|ú�&õ�÷�ú'õ6ô¬ú��©ø ó � � Ä6Ä )Tö�ø� �ú��²õ6ö��Jÿiú ∨ solset(E ′)
��ø ö¬ÿ5 iöB÷¬üý÷�ÿ=ü'�(��õ²üýùiú�þE÷¬ü&ù4ø$ù=ú�)iõ6ÿ�üýö¬õ��²õ6ô	!mõ3/�Ïú'ö��Ïø5)iú�ó�õ6ôB÷�ø$þE÷�õ�)ió�õ.ùiú��²õ6ö�û�õ$þiû�ýÿiü&ô0�Jÿiú�


∨

solset(E) = S

]?ø�ºO» ù^�=Q�´H�����O�����H�O�Æ�H�Á�����R³ �'½���Ñ`×¡Q �PQ �����L���O³ � �H�
�|�O�ÀÎ�Ñ`×¡Q

��ø�ô�ø©óiôBõ � ø�ôrø©óiôBõ6óiôBü&ú�ùiø$ùiú¶ù=ú�÷�ú'ô��²ü&þ4ø��(�$õÏùiõDö¬üýöB÷¬ú��ÏøÏùiú ôBú�ùiÿ5�(�$õ (P,
W
−−→)

)�û�õ6þ=öB÷�ôBÿiü&ôBú��²õ6öÿ���û'õ6þ^$BÿiþE÷¬õ� �ú��i!mÿiþ=ù4ø$ùiõ
(R, ≺R)

)��.ÿ=ú�û &iø��©ø�ô¬ú��²õ6ö�ùiú�û�õ$þ^$BÿiþE÷�õ²õ6ô¬ù=ú�þ4ø$ù=õÏùiú�ôBú�!mú�ô%$�þiû'ü ø5)
� Ä Ç



wx)f¤�B >�y(z@>{+ÏB   A�¡ : £�¢GC?B  
úÃÿ��Ïø�!mÿ=þ��(�$õ

k : P 7→ R
ú�öB÷¬ô¬üÉ÷2ø��²ú�þE÷�úÃùiú'û�ôBú�ö¬û'ú�þE÷�ú�)�õ6ÿ ö¬úâ$¬ø5)�÷2ø� �.ÿ=úÏó4ø�ô�øD÷�õ.ùiõ

p
ú

p′
)döBú

p
W
−−→ p′

ú�þE÷ �$õ
k(p′) ≺R k(p)

�
® ú W
−−→

!mõ6ö¬öBú�þ��$õ��>÷¬ú�ô	�Ïüýþ4ø$þE÷�ú�)T÷�ú'ô¬ü&øÃù=ú´&iø � ú�ôtø$õz�²ú�þiõ6öOÿ��Ïø�û ø$ù=ú�ü ø�üýþ5�4þiüÉ÷2ø ùiú�ô¬ú'ùiÿ����$õ�

p1 −→ p2 −→ · · · −→ pi −→ · · ·

�|õ6ô	����)4ü&öW÷�õÃö¬ü��6þiü��iû ø$ôBü øN�Jÿiú�÷�ú'ô¬ü ø�ùiú"&4ø � ú�ôO÷2ø��2 `����ÿ��ÏøÃû�ø$ùiú'ü øÃùiú�û'ô¬ú�öBû�ú'þJ÷¬ú¶üýþ5�4þiüÉ÷2ø ú��
R



k(p1) �R k(p2) � · · · �R k(pi) � · · ·4�õ��²õ
≺R

�� �ú��n!mÿiþiùiø$ù4ø5)�÷�ø��û ø$ù=ú�ü ø!þ��$õ ó�õ.ùiú©ú-,=üýöB÷¬ü&ô�ú�)Ró�õ6ôB÷�ø$þE÷�õ�)|þ��$õuó�õ.ùiú��#&4ø � ú'ôû ø�ùiú�ü&ø$ö|ù=ú�ô¬ú'ùiÿ����$õ:üýþ5�4þiüÉ÷2ø$ö�ú��
(P,

W
−−→)

�F4�õ�� ü&öW÷�õtú�öB÷�ø� �ú�&ú'û�ú��Ïõ6ö@�Jÿiú�õYö¬ü&öW÷�ú��©øOùiúZô¬ú�ù=ÿ��(�$õ
�Â÷�ú'ô��²ü&þ4ø$þE÷¬ú����ø$ô¬ø ú � üÉ÷2ø$ô²û�õ6þ�!mÿiö��$õ5)�ÿiö�ø$ôBú��²õ6ö©õ¸ö����2 �õ�&õ �V

ó4ø�ô�ø ôBú�óiôBú�ö¬ú'þE÷2ø$ôHø õ6ô¬ù=ú�� ÷�õ$÷�ø�Oú�þE÷�ôBú
� ø$ô¬ü'� � ú�üýöOùiúÂ÷�ü&ó�õz�Jÿiú�ö��$õ²ÿiö�ø$ùiø$öYþiø²ùiú��4þiü��(�$õ²ù4ø/!mõ6ô��Ïø � �>þiõ6ô	�©ø�?ú�þiø$öYôBú��6ô¬ø$öOùiú�ô¬ú'ùiÿ��(��õ��÷ ø��2 `��� ø$ö¬öBÿ��²ü&ô¬ú��Ïõ$ö*�Jÿiú ø$ö � ø$ôBüÇ� � ú'ü&ö²ùiú!÷¬ü&ó�õ¸ó�õ.ùiú�� öBú�ô©ú'þJÿ��Ïú'ô�ø$ùiø$ö©ó�õ6ô²ÿ��©ø�!mÿiþ����$õ
ord : V→ N

)=õ6þiùiú
seα1 ≺V α2

ú�þE÷ ��õ
ord(α1) < ord(α2)4¼&4ø��Ïø��²õ6ö�õ � ø�&õ6ô ord(α)

ùiúzûdú @¬ÿ�þ�� � ÿ4�^þ � ÿ�@ � ÿ
α ��Yö¬ø$ô¬ú��Ïõ6ö�õuû�õ$þ^$BÿiþE÷�õ

(N4, ≤∗)
û�õ��²õ õuû'õ6þ^$BÿiþE÷¬õuõ6ô¬ù=ú�þ4ø$ù=õuùiúDôBú�!mú�ô%$�þiû'ü ø5)�õ6þiùiú

N
4
�Ïõû�õ$þ^$BÿiþE÷�õ²ùiú"�Jÿ��$ùiôBÿió� ø�ö�ùiú�þ�,5�Ïú'ô¬õ6öOþ4ø�÷¬ÿiô�ø�ü&ö�ú

≤∗
��ø�õ6ô¬ù=ú��iýú�,Tü&û'õ��6ô��^�4û ø ú'þJ÷¬ô¬ú�ú�ýú��²ú�þE÷�õ$öùiú

N4
�Äw:ú�öBû�ô¬ú � ú'ô¬ú��²õ6öYú�&ú��Ïú'þE÷�õ6öOùiú N4

ÿiö¬ø$þiùiõ²þiõ$÷�ø��(��õ � ú'÷¬õ6ô¬ü&ø��)Tû�õ��²õÃú�� 〈1, 4, 10, 7〉
�ò\ô¬ú�&ø��(��õ

≤∗
��ôBú��6üýù4ø ó�ú� ø�ö�ö¬ú��$ÿiü&þE÷�ú'öYó=ô¬õ6óiôBü&ú'ù4ø$ùiú'ö�


•
® ú

x <∗ x′
)iú'þE÷ �$õ

〈x, y, z, w〉 <∗ 〈x′, y′, z′, w′〉
�

•
® ú

x = x′
ú

y < y′
)4ú'þJ÷��$õ

〈x, y, z, w〉 <∗ 〈x′, y′, z′, w′〉
�

•
® ú

x = x′
)
y = y′

ú
z < z′

)4ú'þE÷ �$õ
〈x, y, z, w〉 <∗ 〈x′, y′, z′, w′〉

�

•
® ú

x = x′
)
y = y′

)
z = z′

ú
w < w′

)4ú�þE÷ �$õ
〈x, y, z, w〉 <∗ 〈x′, y′, z′, w′〉

�
ò:þE÷¬ú�ötùiú�ùiú��4þ=ü&ôOø/!mÿiþ��(��õ

k
)4ù=ú��4þiüýô¬ú��Ïõ6öOø�'�6ÿ��Ïø$ö¼!mÿ=þ����.ú�öYø$ÿ�,Tü'ýü ø$ôBú�ö�


g Ö	hi�IÑ��j5ø¦knm/o�s'|�m�� þ�,��²ú�ô¬õ ùiú©ú��.ÿiø����.ú�ö ú��Áÿ��©øÀü&þiöW÷�1$þ=û�ü ø�ùiúÏóiô¬õ� 5&ú��Ïø
p
�²ù4ø$ùiõuó�ú�&ø

!mÿiþ����$õ
eqcount : P→ N

)4õ$þiùiú�

eqcount((E, S, V )) = |E|

g Ö	hi�IÑ��j5ø6knm/o�s*�nm�� þ�,��²ú�ô¬õ©ùiú � ø$ô¬ü'� � ú�üýörùiú¶÷¬ü&ó�õ¬�Jÿiú õ.û�õ$ô¬ô¬ú�� ú�� ÿ5�©ø©üýþiöB÷�1$þiû'ü ø©ùiú¶óiô¬õ��
 �ýú��Ïø

p
�Âùiø$ùiõ²ó�ú� øN!mÿiþ����$õ

varcount : P→ N
)iùiú��iþiü&ù4øÃû�õ��Ïõ�


varcount((E, S, V )) = |{α |α ∈ tv(e)
ú

e ∈ E}|

��� Ä



� ô¬õ6ó=ô¬ü&ú'ù4ø$ùiú'öOùiúÂ÷�ú�ô	�Ïüýþ4ø����$õ�ùiõ²ö¬ü&öW÷�ú��©ø ùiú�ôBú�ùiÿ����$õ
g Ö	hi�IÑ��j5øçknmo�spknm � þ�,��²ú�ô¬õ�ùiúÃú��.ÿiø����.ú�ö�ú��ëÿ5�©øHü&þ=öB÷�1�þiû�ü&øDùiúÃóiô¬õ� 5&ú��ÏøDû�ÿ=$BõÀ÷¬ú�ô��²õ�ú�ö%�
�Jÿiú�ôBùiõN�Yø � ø�ô¬üÇ� � ú� ùiútô¬ú��$ü&öB÷¬ô¬õ rα

�Yù4ø�ùiõ�ó�ú�&ø�!mÿiþ��(��õ
lvareqs : V×P→ N

)Jùiú��iþiü&ù4ø�û�õ��²õ�

lvarseq(α, (E, S, V )) =

∣

∣

∣

∣

{

e | e ∈ E
ú

e = rα ≡ (rβ1
	 R−

1 )⊕R+
1

}∣

∣

∣

∣

g Ö	hi�IÑ��j5ø�knm/o�s��xmF�üû û � ú � ÿ � ÿ3þ�ÿq!�ÿ�� ú�VXW ��¢zÿ ý ¶ � ÿ�þ �	� ùiú�ÿ5�©ørüýþiöB÷�1$þiû�ü&ø:ùiú�ó=ô¬õ� �ýú��Ïø p
��ùiø$ùiõó�ú� ø2!mÿiþ5�(�$õ

lrepindex : P→ N
)4ùiú��4þiüýù4ø�û�õ��²õ�


lrepindex((E, S, V )) =
∑

α∈tv(E)

ord(α) · lvarseq(α, (E, S, V ))

g Ö	hi�IÑ��j5ø<knm/o�s*�nmF� ûdú @¬ÿ�þ�� � ÿU�^þ � ÿ�@ ùiú�ÿ��Ïørü&þiöW÷�1$þ=û�ü ørù=ú�óiô¬õ� 5&ú��Ïø
p
��ù4ø�ùiõ�ó�ú� ø�!mÿiþ����$õ

ord(p)
)iù=ú��4þiüýù4øÃû�õ��²õ�õ��Ïø$üýõ6ô�ûdú @¬ÿ�þ�� � ÿ4�^þ � ÿ�@ ùiú�ÿ��Ïø � ø$ôBüÇ� � ú�É�Jÿiú�õTû'õ6ô¬ôBúÂú�� p



ord(p) = max({ord(α) |α ∈ tv(p)})g Ö	hi�IÑ��j5ø¦knm/o�sp�um wrø�ù4ø!ÿ��Ïø�ü&þiöW÷�1$þiû'ü øHùiúÏóiô¬õ� 5&ú��Ïø p

)�ø �°� þ î�� þ � ùiúÏÿ��ÏøÀú��.ÿiø��(�$õ
e ∈ pû�õ��Æø2!mõ6ô��Ïø

rα ≡ (rβ 	R−)⊕ R+
��ù4ø$ùiøÃó�ú�&ø2!mÿiþ��(��õ

span(e, p)
)4ùiú��4þiü&ùiø²û'õ��Ïõ5


span(e, p) =

{

ord(p)
ö¬ú

α �V β

ord(p)− (ord(α)− ord(β))
öBú

β ≺V α��ø$ô¬ø � ú'ôG�.ÿ=ú span(e, p)
�2 �ú�� ù=ú��4þiüýù4ø5)?÷¬ú��²õ6örùiú¶ô¬ú�û'õ6ô¬ùiø$ô��Jÿiú

ord(p) ≥ ord(α)
)?ó4ø�ô�ø÷�õ.ù4ø � ø$ô¬ü'� � ú�?ùiú�ô¬ú��$ü&öB÷¬ô¬õ α

ú��
p
�2�dõ6ôB÷�ø$þE÷�õ�)=÷¬ú��²õ6ö3�Jÿiú

ord(p) ≥ ord(α)
þiøÃú��Jÿ4ø��(��õ©ø$û'ü'�Ïø5�

4�õ��²õ
β ≺V α

)iú'þJ÷��$õ
ord(β) < ord(α)

ú�ó�õ6ôB÷�ø$þE÷�õ�

0 ≤ ord(α)− ord(β) ≤ ord(α)�|õ6ôOüýö¬ö¬õ�÷¬ú��²õ6ö�


ord(p) ≥ ord(α)− ord(β)ú
span(e, p) = ord(p)− (ord(α)− ord(β)) ≥ 0g Ö	hi�IÑ��j5ø<knm/o�vp�um ò �°� þ î�� þ � ùiú�ÿ��Ïørü&þ=öB÷�1�þiû�ü&ø:ùiú�óiôBõ� �&ú��©ø p

�Oø�öBõ��Ïørùiú�÷�õ.ù4ø$ö ø�ö� ø$ô	�6ÿiô�ø�öùiúÂ÷�õ.ù4ø$öOø�ötú��Jÿ4ø����.ú�ötùiú
p



span((E, S, V )) =
∑

{span(e, (E, S, V )) | e ∈ E
ú

e = rα ≡ (rβ 	 R−)⊕ R+}ò9!mÿiþ5�(�$õ
k
þiõ6ötù��5)�ó4ø$ô�ø²û ø$ùiøÏü&þ=öB÷�1�þiû�ü&ø²ùiú�óiô¬õ� �&ú��©ø

p
) õ©þ�,��²ú�ôBõ©ùiú�ú��Jÿ4ø����Tú'örú��

p
) õþ�,��²ú�ô¬õÃùiú � ø$ô¬ü'� � ú�üýö�ùiúÂ÷�üýó�õ�ú�� p

)iõ*�&þ=ùiü&û'úrùiú�ô¬ú�ó�ú'÷¬ü'���$õY3²ú'ö��Jÿiú'ô¬ù4ø²ùiú
p
ú�øz ø$ô	�6ÿiô¬ø¶ùiú

p



k(p) =

{

〈eqcount(p), varcount(p), lrepindex(p), span(p)〉
ö¬ú

p = (E, S)

〈0, 0, 0, 0〉
öBú

p = ⊥
w:ü'+'ú��²õ6ö¬�Jÿiúµÿ5�©ø ôBú��6ô¬ø ùiúuôBú�ùiÿ5�(�$õäùiú

W
�
≤∗
�>ùiú�û'ô¬ú�öBû�ú'þJ÷¬ú ö¬úuó4ø�ô�ø¸÷¬õTùiõ

p
ú

p′
)töBú

p −→ p′
ó�ú� ø ôBú��6ô¬ø5)4ú�þE÷��$õ

k(p′) ≤∗ k(p)
�

� ötöBú��6ÿ=ü&þE÷�ú'ö°ýú��Ïø$ö�óiôBõ � ø�� �.ÿ=ú�÷¬õTùiø$ötø$öOô¬ú��$ô�ø$ö�ùiú
W

ö��$õ
≤∗
�>ùiú�û'ô¬ú�öBû�ú'þJ÷¬ú�ö��

�����
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9.� ÿ���þ�ÿ ý � ÿ û �%ÿ ý �
� ÿ�@�� û ý � þ � VXW � � � öB÷�ø$ö¶ôBú��6ô¬ø$ö�ùiú©ôBú�ùiÿ����$õuôBú�ùiÿ�+'ú��0ÿ��ÏøÀüýþiöB÷�1$þiû�ü&øÀù=ú©óiôBõ� �&ú��©ø�ø

⊥
õ$ÿ ô¬ú-�ùiÿ�+'ú��0õ öBü&öB÷¬ú��Ïø!ùiú²ú��Jÿ4ø����.ú�ö û'õ6ô¬ôBú�ö¬ó�õ6þiù=ú�þE÷�úHø�õ û�õ$þ^$BÿiþE÷�õ � ø�+'ü&õ�ë ù ú Ê ö )�õ6ÿ ôBú�ùiÿ5+�ú��0ÿ��ö¬üýöB÷¬ú��ÏøÃù=ú�ú��Jÿ4ø����.ú�ötû�õ���ùiÿ4ø$öOú��.ÿiø����.ú�ötó4ø$ô¬øÃÿ5��ö¬üýöB÷�ú��©ø�û'õ��Æø$ó�ú�þ4ø�ötÿ5�©ø�ú��Jÿ4ø��(�$õ�ë Ç ) � Äú � ù ö �« õ óiôBü'�²ú�ü&ôBõuû ø�ö¬õ�)Zû�õ��²õ ÿ��Ïøuü&þiöW÷�1$þiû'ü øuû'õ�� ó�ú�ýõ �²ú�þ=õ6ö�ÿ��Ïøuú��Jÿ4ø����$õ !mõ$ü�ô¬ú'ùiÿ�+�üýù4ø ø

⊥
)eú'þE÷ �$õµ÷�ú��Ïõ$ö2�JÿiúÀøuô¬ú�ù=ÿ��(�$õ �

≤∗
�>ùiú�û'ô¬ú'ö¬û�ú'þE÷�ú�� « õ6ö�õ6ÿ=÷¬ô¬õ6ö�û�ø$ö¬õ$ö�)�÷�ú��²õ6ö�ÿ��Ïø ôBú�ùiÿ����$õ

(E, S, V ) −→ (E ′, S ′, V ′)
)�û'õ��

eqcount(E) > eqcount(E ′)
�"�|õ6ôW÷2ø$þE÷¬õ�)�ó�ú�&ø!ùiú��4þiü'���$õÀùiú

≤∗
ú

k
)i÷�ú��Ïõ$ö �Jÿiú

k((E, S, V )) > k((E ′, S ′, V ′))
�

~ Ö�× ÔRknm/oJvpsnm«� ÿ τ
ÿ
τ ′ ý W � � û�ú � � . ��ÿ ú ý � ÿ û � W �*ÿ%> ú ý �%ÿ � @ � û�ú � � �|� �^þN@ � ú ý3î ÿ�þ �:� ú � ÿ�@c!d���%ÿ û �âÿ

� ÿ
τ
ÿ

τ ′ �«  � � @ � ú ý ý � � ý ÿ τ 6= τ ′
ÿ û � W �

tv(Sτ) ⊂ tv(τ) ∪ tv(τ ′) �
� ÿ�@�� û ý � þ � VXW � � � öB÷¬ú��Ãÿ��ÛôBú�öBÿ�ý÷�ø$ùiõ�û�õ6þ5&iú�û'ü&ùiõÀö¬õ� =ô¬ú²ÿiþiü��iû ø����$õ�� � ø���6õ6ô¬üÉ÷��²õDÿiöBÿ4ø� ó4ø$ô¬øû�õ��ÏóiÿT÷2ø$ôdõ

mgu
ùiú�ùiõ$ü&ö�÷�ú�ô	�Ïõ$ö|þiõ$ö�ù��:ÿ5�©øtö¬ÿ� iöW÷�üÉ÷�ÿiü��(�$õYü&ùiú��Ïó�õ$÷�ú'þE÷�úZû�õ�� øYó=ô¬õ6óiôBü&ú'ù4ø$ùiúZùiú

�JÿiúZö¬ú�þ��$õ�!mõ6ô�ø�ö¬ÿ� =öB÷�üÉ÷�ÿiü��(�$õOüýùiú�þE÷�üýù4ø$ùiú�)�ú'þE÷ �$õOõtû�õ6þ^$Bÿ=þJ÷¬õYù=ú � ø$ôBüÇ� � ú'ü&ö�ú�� ö¬ú�ÿ�û�õ$þJ÷¬ô�ø$ù=õ����ýþiü&õ��ÿ���öBÿ� �û'õ6þ^$BÿiþE÷¬õÏóiô	�6óiôBü&õÃùiõÃû�õ6þ=$BÿiþE÷�õ²ùiú � ø�ô¬üÇ� � ú�ü&ö�ú���ö¬ú'ÿ ùiõ����ýþiü&õ����ø$ô¬ø²ÿ5� ÷�ô¬ø�÷2ø��²ú�þE÷¬õ/�©ø$üýö�ùiú'÷�ø�'&iø$ùiõ�ö¬õ� iô¬ú�ÿiþiüv�4û ø����$õÃúÂö¬ÿ� =öB÷�üÉ÷�ÿiü����.ú�ö�) � ú%$¬ø � Ê�Ê ) Ç ) � Ê � �« õ6ö°&ú��©ø$ö �Jÿiú öBú¶ö¬ú��6ÿiú��V)�ÿiö�ø��²õ6ö:øÏú�,TóiôBú�öBö��$õ S = mgu(X)
ó4ø$ô¬øÏùiú'þiõ$÷2ø�ô��Jÿiú

S
� ÿ5�ÿiþiüv�4û ø�ùiõ6ô3�Ïø$ü&ö0�$ú�ô�ø��ü&ùiú��Ïó�õ$÷�ú'þE÷�úÂùiõÃû�õ$þ^$BÿiþE÷�õ²ùiú�ó4ø$ôBú�öOùiúÂ÷�üýó�õ6ö

X
�

~ Ö�× Ô�kum/o�vpvnmÌ� ÿ τ
ÿ
τ ′ ý W � ý��'� �âÿ�þ²@�� ý � ÿ � @ � ÿ ¶ ��� VXW � e

� � ú ý ¶ � ÿ τ 6= τ ′ � ÿ S = mgu(τ, τ ′) �ÿ û � W �
tv(Se) ⊂ tv(e) �

� ÿ�@�� û ý � þ � VXW � � ® ú τ 6= τ ′
)$ú'þJ÷��$õ:ó�ú�ýõ��Ïú'þiõ6ödÿ��©ø � ø$ôBüÇ� � ú�.ó=ô¬ú�öBú�þE÷�ú�ú�öB÷��YóiôBú�öBú�þE÷�úeþiõ:ùiõ����ýþiü&õùiú

S
)iû ø�ö¬õ²û�õ6þE÷�ô��$ô¬üýõ�÷�ú�ô	� ø��²õ6ö0�Jÿiú

S = id
ú

τ = τ ′
�

4�õ��²õ
S
þ��$õ©üýþE÷�ô¬õ.ùiÿ�+�þiú�þ5&.ÿ5�©ø � ø$ôBüÇ� � ú�|þiõ � ø5)�ó�õ6üýö:ø�ö � ø$ô¬ü'� � ú�üýö:ùiú¶ö¬ú�ÿµû'õ6þE÷�ô¬ø^�5ùiõ����ýþiü&õö���õDÿ�� ö¬ÿ� �û�õ$þ^$BÿiþE÷�õHóiô	�6óiôBü&õ©ùiø$ö � ø$ôBüÇ� � ú'ü&ö:ù=ú¶ö¬ú'ÿµùiõ��*�&þiüýõ�)4ú�þE÷��$õ Se

÷�ú�� ó�ú�ýõ¬�²ú�þiõ$ö:ÿ��Ïø
� ø$ô¬ü'� � ú��ø/�²ú�þiõ$ö3�.ÿ=ú e

�

~ Ö�× Ô�knm/o�vd|{m`  þ�ÿ î þ ��� ÿ´þ�ÿ ��� VXW ��� � ≤∗
9.� ÿ���þ�ÿ ý � ÿ û �âÿ �

� ÿ�@�� û ý � þ � VXW � � � öB÷�øÀôBú��6ô¬øHô¬ú�ù=ÿ�+Ïÿ5�©øDüýþiöB÷�1$þiû�ü&øHùiúÃóiô¬õ� 5&ú��Ïø p
ø$õ�ô¬ú'ö¬ÿ�É÷2ø$ù=õÀùiø!ø$ó5&ü&û�ø��(��õùiú ÿ5�©ø©öBÿ� iöW÷�üý÷¬ÿiü'���$õ

[α 7→ β]
ø

p
)Lõ6þ=ùiú

α 6= β
ú
{α, β} ⊆ tv(p)

�´4�õ��Ïõ©ú�öB÷�øHø$ó�ýü&û ø��(�$õ²ùiúö¬ÿ5 iöB÷¬üý÷�ÿ=ü'�(��õ´� � ��ýü&ù4øYë � ú%$¬ø�øÂùiú��iþiü'���$õ ó � �����Xö )6ú'þE÷ �$õ�ø�üýþiöB÷�1$þiû'ü ørùiúOóiôBõ� �&ú��©ørôBú�öBÿ�ý÷�ø$þE÷�úOö¬ú'ô��ü&ù�$�þE÷�üýû øÃø
p
)4ó�õ6ô���� û�õ��Æø$öOõTû'õ6ô¬ô%$�þiû'ü ø$ö�ù=ú

α
öBÿ� iöW÷�üý÷¬ÿ��&ùiø$öOó�õ6ô

β
��|õ6ôW÷2ø$þE÷¬õ�)Tõ�þ�,��Ïú'ô¬õ�ùiúYú��Jÿ4ø����.ú�ö�þ4ø�üýþiöB÷�1$þiû�ü&øÂô¬ú�öBÿ�ý÷�ø$þE÷�ú°�°�²ú�þiõ$ôZõ$ÿ©ü'�$ÿ4ø� ø$õ�þ�,5�Ïú'ô¬õ�ùiúú��Jÿ4ø����.ú�ötùiú

p
)iú�õ²þ�,5�Ïú'ô¬õÃùiú � ø$ô¬ü'� � ú�üýö3�´�²ú�þ=õ6ô�ùiõ*�.ÿ=ú p

��|õ6ôW÷2ø$þE÷¬õ�) ó�ú� øÀùiú��4þ=ü'�(��õuùiú
k
úDù=ú

≤∗
)RöBú

p
ôBú�ùiÿ5+Hø

p′
ó�õ6ô�ú�öB÷�øuô¬ú��6ô�ø5)�ú�þE÷ �$õ

k(p) >∗

k(p
Ó ö �

~ Ö�× Ô�knm/o�v*�nm`  þ�ÿ î þ ��� ÿ´þ�ÿ ��� VXW � ��� � ≤∗ 9.� ÿ���þ�ÿ ý � ÿ û �âÿ �
��� ù



� ô¬õ6ó=ô¬ü&ú'ù4ø$ùiú'öOùiúÂ÷�ú�ô	�Ïüýþ4ø����$õ�ùiõ²ö¬ü&öW÷�ú��©ø ùiú�ôBú�ùiÿ����$õ
� ÿ�@�� û ý � þ � VXW � � � öB÷�øÂô¬ú��$ô�ørùiú�ôBú�ùiÿ����$õÂö¬ü��Ïó5&ú�ö	�Ïú'þE÷�ú�ôBú�ùiÿ�+�ÿ5�©ørüýþiöB÷�1$þiû�ü&ø:ùiú�óiôBõ� �ýú��Ïø:þ��$õ��
� ø�+�ü&ø p

ë
eqcount(p) ≥ 1 ö ó4ø$ô¬ø ø ü&þ=öB÷�1�þiû�ü&ø ü&þiöBõ�¤, � ú�aë ⊥ ö �94�õ��²õ

k(p) ≥ 〈1, 0, 0, 0〉 >
〈0, 0, 0, 0〉 = k(⊥)

)4ú'þJ÷��$õ
k(p) >∗ k(⊥)

ú�)4ó�õ6ôW÷2ø$þE÷¬õ�)iú�öW÷2øÃô¬ú��6ô�øz�
≤∗
�5ù=ú�û�ôBú�öBû�ú�þE÷¬ú��

~ Ö�× Ô�knm/o�v*knm`  ý þ�ÿ î þ �^ýx� ÿ"þ�ÿ ��� VXW �	��ÿ ��þ ý W � ≤∗ 9.� ÿ���þ ÿ ý � ÿ û �âÿ ý �� ÿ�@�� û ý � þ � VXW � � � öB÷�ø$örôBú��6ô¬ø$ö:öBú�ø$ö¬öBú��²ú��&4ø�� ú�� �Jÿiú õDôBú�öBÿ�ý÷�ø$ùiõDùiú�ö¬ÿ4ø�öÂø$ó�ýü&û ø����.ú�öYø©ÿ��Ïøü&þ=öB÷�1�þiû�ü&ø�ùiú�óiô¬õ� 5&ú��Ïø
p
ùiú'ó�ú'þiùiúZù4ø�ú�,Tü&öW÷�$'þiû�ü&øOù=úZÿ5�©ø�ö¬ÿ5 iöB÷¬üý÷�ÿ=ü'�(��õ

S
�Jÿiú�ö¬úâ$¬øtÿ�� ÿiþiüv�4û ø$ù=õ6ô

�Ïø$ü&ö"�6ú'ô�ø��ùiúÏÿ��Ûû�õ6þ=$BÿiþE÷�õuùiúÏó4ø$ôBú�ö¶ù=úÏ÷�üýó�õ$ö´�JÿiúÏö��$õ ö¬ÿ� =÷¬ú�ô	�Ïõ6ö�ùiúÏú��Jÿ4ø����Tú'ö ùiú
p
)�õ6þ=ùiúó�ú�&õz�²ú�þiõ$ö�ÿ���ùiú'öB÷�ú'öYóiø$ô¬ú'ö°�ÂùiüýöB÷¬ü&þE÷�õ��

® ú ÷2ø��ö¬ÿ5 iöB÷¬üý÷�ÿ=ü'�(��õDú�,Tü&öW÷�üýô�)Lú'þJ÷��$õ�øDü&þ=öB÷�1�þiû�ü&ø©ùiú óiôBõ� �ýú��Ïø©ô¬ú'ö¬ÿ�É÷2ø$þE÷�ú
p′
� ü'�$ÿ4ø�|ø

S(p)
�

® ú'þiùiõ©ú'öB÷¬ú�õ²û ø$öBõ�)
p′
÷�ú�ôBü ø�þiõ*�¬�=,=ü��Ïõ�õ*�²ú�ö��²õ²þ�,5�Ïú'ô¬õ²ùiú�ú��Jÿ4ø����.ú�ö �Jÿiú

p
÷¬ú����04�õ��²õ²ø$õ

�²ú�þiõ6öeÿ�� ùiõ6ö�óiø$ô¬ú'ö�ÿiþiüv�4û ø$ù=õ6ö�ó�õ6ô
S
�Yùiü&öW÷�ü&þE÷¬õ�).÷¬ú��²õ6ö�ó�ú�ýõNýú��Ïø ó � � Ê�Ê �Jÿiú tv(p′) ⊂ tv(p)

��|õ6ôW÷2ø$þE÷¬õ�)�ó�ú� ø©ù=ú��4þiü��(�$õHù=ú
k
ú¶ùiú

≤∗
)?÷¬ú��²õ6ö��Jÿiú

k(p) ≥∗ k(p′)
ú/�Jÿiú�ú�öW÷2ø$öÂôBú��6ô¬ø$örö��$õ

≤∗
�5ùiú'û�ô¬ú'ö¬û'ú�þE÷�ú'ö��

~ Ö�× Ô�knm/o�vx��m`  þ�ÿ î þ ��� ÿ´þ�ÿ ��� VXW ��
 � ≤∗ 9.� ÿ���þ�ÿ ý � ÿ û �âÿ �� ÿ�@�� û ý � þ � VXW � � ® ÿ=ó�õ6þ5&4ø �Jÿiú p
ô¬ú'ùiÿ�+eø

p′
ó�õ6ô�ú'öB÷2øtô¬ú��6ô�ø5� �³� ø�ýõ6ôLùiú p′

ùiú�ó�ú�þ=ùiú�ù4øOú�,TüýöB÷�$'þiû�ü&øú�ùiõ � ø�ýõ6ô�ùiú�ÿ��Ïø²öBÿ� iöW÷�üý÷¬ÿiü'���$õ S
)��Jÿiú´��ÿ���ÿiþiüv�4û ø�ùiõ6ô��©ø�ü&ö3�6ú'ô�ø��ùiú�ø���6ÿiþiöOö¬ÿ5 =÷�ú'ô��²õ6öOùiúú��Jÿ4ø����.ú�ötùiú

p
�2�|õ.ùiú�� &4ø � ú�ôO÷�ô%$�öOû ø�ö¬õ6öOó4ø$ô¬ø�õ � ø�ýõ6ô�ùiú p′




� � p′ = ⊥
)�ö¬ú

S
þ��$õÏú�,Tü&öW÷�ü&ô���4�õ��²õÏõÏû�õ6þ=$BÿiþE÷�õ©ù=ú¶ú��Jÿ4ø����.ú�ö:ù=ú

p
��þ���õ � ø�+�üýõ�)i÷�ú��Ïõ$ö°�Jÿiú

k(p) ≥∗ k(p′)
)4û�õ��²õ�þiõ*&ú��Ïø ó � � Ê H��

ù �
p′ = (E ′, id, ∅)

)�õ6þiù=ú
p = (E, id, ∅)

)Zö¬ú
S
ú�,TüýöB÷�üýôÃú !mõ$ôÏø ö¬ÿ5 iöB÷¬üý÷¬ÿiü'���$õ ü&ùiú'þJ÷¬ü&ù4ø�ùiú��

« ú�öB÷¬úÏû�ø$ö¬õ5) E ′
÷�ú�� õV�²ú�ö	�Ïõ�þ�,��²ú�ô¬õ�ùiú²ú��Jÿ4ø����.ú�ö�ú²õ �²ú�ö	�Ïõ�û�õ$þ^$BÿiþE÷�õÀùiú � ø$ô¬ü'� � ú�üýö�Jÿiú

E
÷�ú���).ó�õ6ô	����)Tÿ5�©ø�ù4ø$ö�ú��.ÿiø����.ú�ö�û'õ���ÿ5�©ø � ø�ô¬üÇ� � ú�n3�ú�ö��Jÿiú'ô¬ù4ø α

!mõ6ü�ö¬ÿ� iöW÷�üÉ÷�ÿ��ýù4øó�õ6ô�ÿ��ëú��.ÿiø��(�$õ!û�õ��Ûÿ5�©ø � ø$ô¬ü'� � ú�23�ú�ö	�.ÿ=ú�ô¬ùiø β1

)dõ6þiùiú
β1 <V α

���dõ6ôB÷�ø$þE÷�õ�)�÷�ú��Ïõ$ö
�Jÿiú

lrepindex(p) = lrepindex(p′)− ord(α) + ord(β1)
�04�õ��Ïõ

ord(β1) < ord(α)
)4ú'þE÷ �$õ

lrepindex(p) > lrepindex(p′)
ú

k(p) >∗ k(p′)
�

Ê �
p′ = (S(E ′), S, ∅)

)�õ6þiù=ú
p = (E, id, ∅)

)RöBú
S
ú�,Tü&öW÷�üýô�úÏþ��$õª!mõ6ô¶ø!öBÿ� iöB÷¬üý÷¬ÿiü'���$õuü&ù=ú�þ��÷¬ü&ù4ø$ù=ú�� « ú'öB÷�ú©û ø$öBõ�) p′

÷�ú��ÁþiõV�¬�=,=ü��ÏõÀõª�²ú�ö	�Ïõ!þ�,��Ïú'ô¬õuù=ú©ú��Jÿ4ø����.ú�ö2�Jÿiú
p
ú©ó�ú�ýõ

�²ú�þiõ$ö�ÿ��©ø � ø$ôBüÇ� � ú��øz�²ú�þ=õ6ö��2�dõ6ôB÷�ø$þE÷�õ�) k(p) >∗ k(p
Ó ö ��|õ.ùiú��Ïõ6öOû'õ6þiû�ýÿiü&ô�ú�þE÷ �$õ*�Jÿiú�ø²ôBú��6ô¬ø ª �

≤∗
�5ùiú'û�ôBú�ö¬û'ú�þE÷�ú��

~ Ö�× Ô�knm/o�v*�nm`  þ�ÿ î þ ��� ÿ´þ�ÿ ��� VXW � ��� � ≤∗ 9.� ÿ���þ�ÿ ý � ÿ û �âÿ �� ÿ�@�� û ý � þ � VXW � � ® ÿ=ó�õ6þ5&4ø��.ÿ=ú p
ôBú�ùiÿ�+²ø

p′
ó�õ$ôÂú�öB÷�øÀôBú��6ô¬ø5� « õ � ø��²ú�þE÷�ú�)�÷�ú��²õ6öG�JÿiúÃõ � ø�&õ6ôùiú

p′
ùiú'ó�ú'þiùiú²ù4øHú�,Tü&öW÷�$�þ=û�ü ø�úÃùiõ � ø�&õ6ô:ùiúÃÿ��©øHöBÿ� iöB÷¬üý÷¬ÿiü'���$õ S

)Ï�Jÿiúz�Ãÿ��ëÿiþ=ü��4û�ø$ùiõ6ôG�Ïø$ü&ö
�6ú'ô�ø�|ùiú ÿ�� û�ú'ôB÷�õHû'õ6þ^$BÿiþE÷¬õÀù=ú ó4ø$ôBú�örùiú�öBÿ� =÷¬ú�ô��²õ6örù=ú ú��Jÿ4ø����Tú'öÂùiú

p
� ÷ ú��²õ6örú'þE÷ �$õ�)?û�õ��²õþiõ*&ú��©øÃø$þE÷�ú'ô¬üýõ6ô�)=÷¬ô0$'öYû�ø$ö¬õ6ötó4ø$ô¬ø²õ²ô¬ú'ö¬ÿ�É÷2ø$ù=õÏù4øÃô¬ú'ùiÿ����$õ�) ö¬ú'þiùiõ¬�Jÿiú�ùiõ6üýöOùiõ6öOû ø$öBõ6öO÷�ú�� ø�ö

�²ú�ö��Ïø$ö�óiôBõ6óiôBü&ú�ùiø$ùiú�öOùiõ$ötû�ø$ö¬õ$ö � ú Ê ùiõz&ú��Ïø�ø$þE÷�ú'ô¬üýõ6ô��� õ$ÿ=÷�ôBõ�û ø$öBõ�õTû'õ6ô¬ôBú��Jÿ4ø$þiùiõ²ø¶öBÿ� iöW÷�üý÷¬ÿiü'���$õ
S
ú�,Tü&öW÷�úrúG�rü��6ÿ4ø��3 ö¬ÿ5 iöB÷¬üý÷�ÿ=ü'�(��õ ü&ùiú'þE÷�ü&ùiø$ùiú��

« ú'öB÷�ø�öBüý÷¬ÿ4ø��(��õ�) p′ ùiüv!mú�ôBú�ùiú p
ú����.ÿ=ú�ÿ��©ørú��Jÿ4ø��(��õ

e
û�õ��qÿ��Ïø � ø$ô¬ü'� � ú�d3rú'ö��Jÿiú'ô¬ù4ø α1

ú�ÿ��Ïø
��� Ê



wx)f¤�B >�y(z@>{+ÏB   A�¡ : £�¢GC?B  
� ø$ô¬ü'� � ú�23Àùiü&ôBú�üÉ÷2ø β

�²ö¬ÿ� =öB÷�üÉ÷�ÿ��ýù4ø�ó�õ6ô�ÿ��ÏøHú��Jÿ4ø����$õ
e′
û�õ��Áø��²ú�ö	�©ø � ø$ô¬ü'� � ú�23�ú�ö	�.ÿ=ú�ô¬ùiø5)ó�õ6ô�����û�õ���ø � ø$ôBüÇ� � ú�u3Ãùiü&ôBú�üý÷�ø ü'�6ÿiø�Lø α2

)iõ6þiùiú
α2 <V β <V α1

�
¸rÿ4ø$þE÷�õ�3$öZóiô¬õ6ó=ô¬ü&ú'ù4ø$ùiú'ö�ùiú

p
ú

p′

�õ�þ�,��²ú�ôBõ�ùiúOú��.ÿiø����.ú�öeùiú

p′
���²ú�þiõ$ôZõ$ÿÏü��6ÿ4ø�4ø�õ�ù=ú

p
&õ²û�õ6þ^$Bÿ=þJ÷¬õÏù=ú � ø$ôBüÇ� � ú'ü&öOùiú p

��ü'�6ÿ4ø��ø$õÃùiú
p′
&4õ*�&þiùiüýû�úÂùiú�ôBú�ó�ú'÷�ü��(�$õ�3Ãú�ö	�.ÿ=ú�ô¬ùiø©ùiú

p
��ü��6ÿ4ø�ø$õÏùiú

p′
)?ó�õ6ü&ötø$ö � ø$ô¬ü'� � ú�üýöc3©ú'ö��Jÿiú'ô¬ù4øDö��$õDø$ö°�Ïú'ö��Ïø$ötùiú p

ú
ord(p) = ord(p′)

�Oòqù=ü�!mú�ôBú�þ���øþ4ø �°� þ î�� þ � ùiú
p
ú

p′
ö¬ú'ô��z�Ïõ6öW÷�ô¬ø$ù4øÃø�ö¬ú��$ÿiü&ô�


® ú
p = (E ∪ {e}, S)

ú
p′ = (E ∪ {e′}, S)

)=÷�ú��Ïõ6ö�

span((E ∪ {e}, S)) = span(E, S) + span(e, p)

= span(E, S) + ord(p)− (ord(α1)− ord(β))

= span(E, S) + ord(p)− ord(α1) + ord(β)

> span(E, S) + ord(p)− ord(α1) + ord(α2)

= span(E, S) + ord(p)− (ord(α1)− ord(α2))

= span(E, S) + span(e′, p)

= span((E ∪ {e′}, S)

4�õ��²õ
p
÷¬ú��Ûõ �Ïú'ö��²õ�þ�,5�Ïú'ô¬õÀùiúÃú��Jÿ4ø����Tú'ö�ú � ø$ô¬ü'� � ú�üýöÂùiú�÷�ü&ó�õ �Jÿiú p′

úz�²ú�ö��²õ �&þiù=ü&û�úùiúrôBú�ó�ú'÷¬ü'�(��õ43¶ú�ö	�Jÿiú�ôBù4ø5)��Ïø$öe÷¬ú�� ÿ�� � ø�ýõ6ô¼�Ïø$üýö�ø�É÷�õ�ó4ø$ô�ø¶øx!mÿiþ����$õ span
)=ú'þJ÷��$õ ÷�ú��Ïõ$ö¼�Jÿiú

k(p) >∗ k(p′)
ú�)4ó�õ6ôW÷2ø$þE÷¬õ�)iú�öW÷2øÃô¬ú��6ô�ø/�

≤∗
�>ùiú�û'ô¬ú'ö¬û�ú'þE÷�ú��

~ Ö�× Ô�knm/o�v*�nm`  þ�ÿ î þ ��� ÿ´þ�ÿ ��� VXW � � � ≤∗
9.� ÿ���þ�ÿ ý � ÿ û �âÿ �� ÿ�@�� û ý � þ � VXW � � ® ú p

ôBú�ùiÿ�+!ø
p′
ó�ú� øµô¬ú��6ô�ø � )Zú�þE÷��$õ p

��þ���õ�� � ø�+'ü&õuú p′
�Hü'�6ÿiø��ø

⊥
õ6ÿ�ø

S ′(E ′
1 ∪ E2, S, V ∪ V ′)

)4õ6þiùiú�

p = (E1 ∪ E2, S, V )

1 ≤ |E1| ≤ 2

(E1, id, ∅) −→ (E ′
1, S ′, V ′)

4�õ��²õ
1 ≤ |E1| ≤ 2

)
(E1, id, ∅)

��ÿ��Ïø�ü&þiöW÷�1$þ=û�ü ø�óiôBü'�²üý÷¬ü � ø¶ú�) ó�õ6ôB÷�ø$þE÷�õ�)4öBú´!mõ$ôtôBú�ùiÿT÷�� � ú�u)õÀö¬ú�ô��!ó�ú�&ø$ö�ôBú��6ô¬ø$öÂ÷�ô¬ø�÷2ø$ùiø$ö�ó�ú�ýõ6ö"&ú��©ø$ö�ø�þJ÷¬ú�ôBü&õ6ôBú�ö��À�|õ.ùiú��²õ6ö�ö¬ÿió�õ6ô�ú�þE÷ �$õ��Jÿiú�)�û ø$öBõ ö¬úâ$¬øô¬ú'ùiÿ=÷�� � ú��)iöBú�ô��²õ²û ø$öBõ��Jÿiú�

k((E1, id, ∅)) >∗ k((E ′

1, S ′, V ′))ò����� ù=ü&ö¬öBõ�)iö¬ø� �ú��Ïõ$ö�ó�ú�&õ6ö3ýú��Ïø$ö�ø$þE÷�ú'ô¬üýõ6ô¬ú'ö3�.ÿ=ú�ÿ5�©ø ù4ø�öYø�ý÷�ú'ô¬þ4ø�÷�ü � ø$ö�ø�ö¬ú��$ÿiü&ô�ùiú � ú�ö¬ú'ôõÃû ø$öBõ�

•
õÏþ�,��Ïú'ô¬õ²ùiú¶ú��Jÿ4ø����.ú�ö !mõ6ü�ô¬ú'ùiÿ�+�üýùiõRë

|E1| > |E
′
1| ö � « ú'öB÷¬ú¶û ø�ö¬õ�)�õÏþ�,��²ú�ôBõ©ùiú�ú��Jÿ4ø����Tú'ö÷�ø��2 `��� ��ôBú�ùiÿ�+'ü&ùiõ*�Jÿ4ø$þiù=õÏù4ø�ôBú�ùiÿ����$õ²ùiú

p
óiø$ô�ø

p′



|E1 ∪ E2| ≥ |E1|+ |E2| > |E
′
1|+ |E2| ≥ |E

′
1 ∪ E2|

�dõ6ôB÷�ø$þE÷�õ�)
k(p) >∗ k(p′)

þ=ú�öB÷¬ú�û�ø$ö¬õ5�
��� Ë



� ô¬õ6ó=ô¬ü&ú'ù4ø$ùiú'öOùiúÂ÷�ú�ô	�Ïüýþ4ø����$õ�ùiõ²ö¬ü&öW÷�ú��©ø ùiú�ôBú�ùiÿ����$õ
•
õ!þ�,��Ïú'ô¬õ!ùiú©ú��.ÿiø����.ú�ö2�Ïø$þE÷����z�>ö¬ú²õª�²ú�ö	�Ïõ�)@�©ø�ö�õ!þ�,5�Ïú'ô¬õ ù=ú � ø$ô¬ü'� � ú�üýöx�Ïô¬ú'ùiÿ�+�üýùiõë
varcount(E1) > varcount(E ′

1) ö � � öB÷2ø ö¬üÉ÷�ÿ4ø��(�$õ ö�� õ.û�õ6ôBô¬ú �Jÿ4ø$þiù=õ S ′(α) 6= α
)�ó4ø�ô�øø���6ÿ��

α ∈ tv(E1)
)4ú���û�ÿ^$Bõ²û ø�ö¬õ

α /∈ tv(E ′
1)

 ® ú
α ∈ tv(E2)

)4ú�þE÷ ��õ
varcount(E2) > varcount(S ′(E2))

ú�)4ó�õ$ôB÷2ø�þJ÷¬õ�

varcount(E1 ∪ E2) > varcount(S ′(E ′

1 ∪ E2))

�
 ® ú

α /∈ tv(E2)
)4ú�þE÷ ��õ

α /∈ tv(S(E ′
1 ∪ E2))

ú�)4ó�õ6ôB÷�ø$þE÷�õ�

varcount(E2) > varcount(S ′(E2))

�
� �Æø��N �õ6ö�õ$ötû�ø$ö¬õ$ö�)i÷�ú��Ïõ$ö3�.ÿ=ú

k(p) >∗ k(p′)
�

•
õ:þ�,5�Ïú'ô¬õÂùiú�ú��Jÿ4ø����.ú�ö¡�Ïø$þE÷����z�>ö¬ú�õ��Ïú'ö��²õ�)Eø$öBö¬ü'� û�õ��ÏõYõÂþ�,5�Ïú'ô¬õÂùiú � ø$ôBüÇ� � ú'ü&ö�)6ó�õ$ô����
lrepindex(p) > lrepindex(p′)

ú
S ′ = id

�
� öB÷�ø©ö¬üÉ÷�ÿ4ø��(�$õÏõTû'õ6ô¬ôBúN�Jÿ4ø$þiù=õDÿ��ÏøÏú��Jÿ4ø��(�$õHû'õ�� ÿ��©ø � ø$ô¬ü'� � ú��3©ú�ö	�Jÿiú�ôBù4ø rα1

��ö¬ÿ� iö%�÷¬üý÷�ÿ5�&ù4øÃó�õ$ô:ÿ��Ïø©ú��Jÿ4ø��(�$õDû'õ�� ÿ��©ø � ø�ô¬üÇ� � ú��3©ú�ö	�.ÿ=ú�ô¬ùiø rα2

)?û'õ��
ord(α1) > ord(α2)

��dõ6ôB÷�ø$þE÷�õ�)
S(E ′

1 ∪ E2) = E ′
1 ∪ E2

)��JÿiúHùiüv!mú�ôBúDùiú
E1 ∪ E2

�.ÿiø$þE÷�õÍ3 ö¬ÿ5 iöB÷¬üý÷�ÿ=ü'�(��õµù4øú��.ÿiø��(�$õ²ô¬ú�!mú�ôBü&ù4ø5�
« ú�öB÷¬ú¸û�ø$ö¬õ5)r÷�ú��²õ6ö �Jÿiú lrepindex(E1 ∪ E2) > lrepindex(S(E ′

1 ∪ E2))
ú�)ró�õ6ôW÷2ø$þE÷�õ5)

k(p) >∗ k(p′)
�

•
õ²þ�,��²ú�ô¬õ²ùiú�ú��Jÿ4ø����.ú�ö�)�ùiú � ø$ô¬ü'� � ú�üýöOú�õ*�&þ=ùiü&û'úÂùiú�ôBú�ó�ú'÷¬ü'�(��õ?3Ãú�ö	�Jÿiú�ôBù4ø©ö¬ú´�Ïø$þE÷���� õ6ö
�²ú�ö	�Ïõ6ö�)��Ïø$ö

span(p) > span(p′)
ú

S ′ = id
�

òy!mÿiþ5�(�$õ
span

��ùiú��4þ=ü&ù4ø�û�õ��Ïõ�

span((E, S, V )) =

∑

{span(e, p) | e ∈ E
ú

e = rα ≡ (rβ 	R−)⊕R+}

§ ø�+'ú�þiùiõ
E = E ′

1 ∪ E2 = S ′(E ′
1 ∪ E2)

)i÷¬ú��²õ6ö�

span((E ′

1 ∪ E2, S, V )) =
∑

{span(e, p) | e ∈ E2

ú
e = rα ≡ (rβ 	 R−)⊕ R+}+

∑

{span(e, p) | e ∈ (E ′
1 − E2)

ú
e = rα ≡ (rβ 	R−)⊕ R+}

≤
∑

{span(e, p) | e ∈ E2

ú
e = rα ≡ (rβ 	 R−)⊕ R+}+

∑

{span(e, p) | e ∈ E ′
1

ú
e = rα ≡ (rβ 	 R−)⊕ R+}

<
∑

{span(e, p) | e ∈ E2

ú
e = rα ≡ (rβ 	 R−)⊕ R+}+

∑

{span(e, p) | e ∈ E1

ú
e = rα ≡ (rβ 	 R−)⊕ R+}

=span((E1 ∪ E2, S, V ))

��� H
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4�õ��²õOø$ö�ô¬ú��6ô�ø�ö�ùiú ô¬ú'ùiÿ��(��õtþ��$õ3� ÿiù4ø��^ø$ö � ø$ôBüÇ� � ú'ü&öu3�ú�ö	�Jÿiú�ôBù4øtù=ú E1

))÷�ú��Ïõ$öÉ�Jÿiú
lrepindex(E1∪

E2) ≥ lrepindex(E ′
1 ∪ E2)

��|õ6ôW÷2ø$þE÷¬õ�)i÷�ú��Ïõ6ö�

eqcount(E1 ∪ E2) = eqcount(E ′

1 ∪ E2)

varcount(E1 ∪ E2) = varcount(E ′
1 ∪ E2)

lrepindex(E1 ∪ E2) ≥ lrepindex(E ′
1 ∪ E2)

span(E1 ∪ E2) > span(E ′
1 ∪ E2)ú�ó�õ.ùiú��Ïõ6ö�ú'þE÷ �$õ²û�õ6þ=û�&ÿ=ü&ô0�Jÿiú

k(p) >∗ k(p′)
�

É ÖTø?õ=Ö�× Ô®knm/o	|*�{mb� ý ú ý �âÿ�@ ��� ÿ´þ�ÿ ��� VXW � W � �âÿ�þ²@ úüû � û �%ÿ �� ÿ�@�� û ý � þ � VXW � �°� öz&ú��©ø$ö�ù=ú�öB÷�ø¸öBú��(��õ ùiú��Ïõ6þ=öB÷�ô¬ø$ô�ø�� �JÿiúÀ÷¬õTùiø$ö²ø$öÏôBú��6ô¬ø$öÃùiú
W

ö��$õ
≤∗
�ùiú'û�ô¬ú'ö¬û'ú�þE÷�ú'ö��¼4�õ��Ïõ

≤∗ �� �ú���!mÿiþ=ù4ø$ù4ø5)Jú'þJ÷��$õ
W
þ��$õ�ó�õ.ùiú�÷¬ú�ô�û ø$ù=ú�ü ø�öZù=útôBú�ùiÿ5�(�$õ�ü&þ5�iþiüý÷�ø$ö��

]?ø�º�º ^ �0¿�Q�½:ð�Î�½��{Q¶���H�Û�|�O�����|�'Ñ�ÒÃ�O� � ��½��L����½�¿��'��� �H�
´H�=Q����'�O³ ���

wrø$ùiø¶ÿ��Ïø�õ6ôBùiú��}÷�õ�÷2ø�
�
ö¬õ� =ô¬ú � ø$ôBüÇ� � ú'ü&öZùiúY÷¬ü&ó�õ�)Jû ø$ùiø¶û�õ6þ=$BÿiþE÷�õ ùiúYô¬ú'öB÷�ôBü'���Tú'ö κ

ú�öW÷ �¶ôBú� ø�û�üv�õ6þ4ø�ùiõ�û�õ�� ÿ�� ö¬üýöB÷�ú��©ø ù=úrú��Jÿ4ø����Tú'öOú�� ÿ�� û'õ6þE÷�ú�,.÷¬õ
Γ
�Ïø$ó�ú�ø$þiùiõ¶û ø$ù4ø ÿ5�©ø¶ùiø$ö�ô¬ú'öB÷�ôBü'���Tú'öø/+�ú'ô¬õ²õ6ÿ!ÿ5�©ø ú��.ÿiø��(�$õ²û�õ$þ5!mõ6ô��²úÂö¬ú�ö¬ú��6ÿiú�)4ÿiö�ø$þ=ùiõ � ø$ôBüÇ� � ú'ü&öOþiõ � ø$ö��Jÿ4ø$þiùiõ²þiú'û�ú�öBö��$ôBü&õ�


•
ÿ5�©ø�ô¬ú'öB÷¬ô¬ü'���$õÃû�õ���ø/!mõ$ô��Ïø

+f : τ1 → τ2 → τ3

�"�©ø$ó�ú ø�ù4ø ó4ø$ô¬ø²øÃú��Jÿ4ø��(�$õ
[[τ3]] ≡ ([[τ2]]	 ∅)⊕ {(f, τ1)}öBú

[[τ2]]
ú

[[τ3]]
!mõ$ô¬ú��qùiú��4þ=ü&ùiõ6ö��¡4�ø$öBõ�û'õ6þE÷�ô���ô¬ü&õ5)Jø�üýþiöB÷�1$þiû'ü ørùiúOóiôBõ� �&ú��©ørôBú�öBÿ�ý÷�ø$þE÷�úOö¬ú'ô��ø�ü&þ=öB÷�1�þiû�ü&ø ü&þiöBõ�¤, � ú��ë ⊥ ö �

•
ÿ5�©ø�ô¬ú'öB÷¬ô¬ü'���$õÃû�õ���ø/!mõ$ô��Ïø

−f : τ
�"�Ïø$ó�ú�ø$ù4ø ó4ø�ô�øÃø�ú��Jÿ4ø����$õ

rα1
≡ ([[τ ]] 	 ∅)⊕ {(f, α2)}öBú

[[τ ]]
!mõ6ô�ùiú��iþiü&ùiõ5)=õ6þiù=ú

α1

ú
α2

ö��$õ � ø$ô¬ü'� � ú�üýö�þiõ � ø$ö�)��Jÿiú�þ���õ�õTû'õ6ô¬ô¬ø�� ýü � ô¬ú'ö�þiú�� ú��
Γ
)
κ
õ6ÿHú�� õ6ÿ=÷¬ô�ø$ö�ú��Jÿ4ø����Tú'ö���4�ø$ö¬õÃû'õ6þE÷�ô���ô¬ü&õ5)=ø üýþiöB÷�1$þiû�ü&ø¶ùiúró=ô¬õ� �ýú��Ïø¶ô¬ú'ö¬ÿ�É÷2ø$þE÷¬úrö¬ú'ô��

⊥
�

� öYû�ø$ö¬õ$örø$û'ü'�Ïø²ú��«�Jÿiú�õ©û'õ6þ^$BÿiþE÷�õÏùiú¶ôBú�öW÷�ô¬ü����.ú�ö �N�Ïø$ó�ú ø$ùiõ²ó4ø$ô¬ø
⊥
û'õ6ô¬ôBú�ö¬ó�õ6þiù=ú�� ø$õ�!
ø�÷¬õùiúz�JÿiúÃõ6ör÷�üýó�õ$ö

τ2

ú
τ3

)�þiø�ó=ô¬ü'�²ú�üýô�ø©ôBú��6ô¬ø5)�ú
τ
)�þ4øHö¬ú��6ÿiþiùiøÀôBú��6ô¬ø5)�ö���ó�õTùiú��ëö¬ú'ô � ø$ô¬ü'� � ú�üýöùiúÂ÷�üýó�õÃõ6ÿH÷¬ü&ó�õ6ö�ô¬ú��6ü&öW÷�ô¬õ5�Ä4�ø$ö¬õ²õÏû'õ6þ^$BÿiþE÷¬õÏùiú�ôBú�öB÷¬ô¬ü����.ú�öOó�õ$ö¬ö¬ÿiø²ÿ��Ïø�ô¬ú'öB÷�ôBü'���$õÏú��i�Jÿiú�ú�öW÷ �û�õ$þiùiü'���$õÃþ��$õz��ø�÷�ú'þiùiüýù4ø5)iùiü�+�ú��Ïõ6ö3�Jÿiú�õÃû�õ6þ=$BÿiþE÷�õ²ùiú�ô¬ú�öW÷�ôBü'���.ú�ö�� � þ ú � ú �:� @¬ÿ û �%ÿ úüû ý � � ú ��ÿ � �

w:ü'+'ú��²õ6ö �Jÿiú ÿ�� ö¬ü&öW÷�ú��©ø�ú��Jÿ4ø����Tú'ö
�
�5þ=õ6ô��Ïø�

E
� þ ÿ�� � þ ý ú �:� ö¬ú ú�,TüýöB÷�üýôHÿ��Ïø � ø$ôBüÇ� � ú�

α ∈ tv(E)
÷2ø�É�Jÿiú

α ∈ subvars(α, E)
ë � úâ$¬øÏø�ùiú��4þiü'���$õ ó � Ç �Xö �§ õ6ô��Ïø�'�²ú�þE÷¬ú�).õ/�©ø$ó�ú ø��Ïú'þJ÷¬õ�ùiúÂû�õ$þ^$BÿiþE÷�õ6ö�ù=úÂô¬ú�öW÷�ôBü'���.ú�öOø�öBü&öB÷¬ú��Ïø$ö�ùiúÂú��Jÿ4ø����.ú�ö��Âù4ø�ùiõó�ú� ø2!mÿiþ5�(�$õ

probinstance(κ, Γ, �)
)4ùiú��4þiüýù4ø²û'õ��²õ�


��� ó



� ,Tú��²ó�&õÃùiú�ôBú�ùiÿ����$õ
g Ö	hi�IÑ��j5ørknm/o�|�odm

probinstance(κ, Γ, �) =











⊥
)4ö¬ú

κ
!mõ$ô�÷�ô¬ü � ü ø���Ïú'þJ÷¬ú:üýþiö¬õ�t, � ú�

(eqs(κ, tv(Γ) ∪ tv(κ), �), id, ∅)û ø$öBõÏû'õ6þE÷�ô��$ô¬üýõ
eqs(κ ∪ {c}, V, �) = E ∪ eqs(κ, V ∪ V ′, �)õ6þiùiú

(E, V ) = consteq(c, V)

consteq(+f : τ1 → τ2 → τ3, V ) = ({[[τ3]] ≡ ([[τ2]]	 ∅)⊕ {(f, τ1)}, V )

consteq(−f : τ, V ) = ({rα1
≡ ([[τ ]]	 ∅)⊕ {(f, α2)}, V ∪ {α1, α2})õ6þiùiú

α1 = min�(V− V )
ú

α2 = min�(V− V − {α1})

consteq(c, V ) = (∅, V )
ö¬ú

c
þ��$õ/!mõ6ô�ÿ��Ïø�ô¬ú'öB÷�ôBü'���$õÃùiú�ô¬ú��$ü&öB÷¬ô¬õ

� õ� T$Bú'÷�ü � õHùiú'öB÷�ø�÷¬ú�õ6ôBü ø¬��óiôBõ � ú�ôÂÿ5�©ø¬!mÿiþ5�(�$õ �Jÿiú�û�õ��ÏóiÿT÷�úÃøDö¬ÿ5 iöB÷¬üý÷�ÿ=ü'�(��õHóiô¬üýþiû�üýó4ø�dùiúÿ�� û�õ6þ=$BÿiþE÷�õ�ùiúrôBú�öW÷�ô¬ü����.ú�öeùiúrô¬ú��6ü&öW÷�ôBõ�)=û�ø$ö¬õ ó�ú�ýõ2�²ú�þiõ6öeÿ��Ïø¶ö¬õ�ýÿ��(��õ ú�,Tü&öW÷2ø5)Tõ6ÿ��Jÿiúrüýþiùiü��.ÿ=úø�ü&þiöBõ�&ÿ5 iü'ýü&ù4ø$ù=úYùiõ²óiôBõ� �&ú��©ø�� � öB÷2ø/!mÿiþ����$õz��ùiú��4þ=ü&ù4ø/!mõ6ô��Ïø���Ïú'þJ÷¬úrø� iø$üv,Tõ�

g Ö	hi�IÑ��j5ørknm/o�|�snm

princRecSubst(κ, Γ, �) =































⊥
ö¬ú

probinstance(κ, Γ, �)
!
−→ ⊥

õ6ÿ�öBú
probinstance(κ, Γ, �)

!
−→ (E, S, V )

ú
E
��ô¬ú�û'ÿiô¬öBü � õ

S probinstance(κ, Γ, �)
!
−→ (E, S, V )

ú
E
þ��$õ*�Âô¬ú'û�ÿiôBö¬ü � õ

õ6þiù=ú
p

!
−→ p′

�Âô¬ú'ùiÿ=÷��ý÷ � ú�dø2!mõ6ô��Ïø W �5þiõ$ô��Ïø� p′ �
]?ø�º°6 Æ��D�O³ ´���Q �H�0�|�O��Î�Ñ`×�Q
w:ü � ú�ôBö¬õ6ö|ú�,Tú��²ó�ýõ6ö�ùiõYÿ=ö¬õ:ùiø$ö|ôBú��6ô¬ø$ödùiúeôBú�ùiÿ5�(�$õYö��$õYø$óiôBú�ö¬ú'þE÷2ø$ùiõ$ö�þiõYø$ó*$�þiùiüýû�ú����Oú�ó�ú'÷�üýô¬ú��Ïõ6öø��Jÿiü�õÃú�,Tú��Ïó�ýõÃòN� � Ë 
® ú%$¬ø

κ
õÃû�õ$þ^$BÿiþE÷�õ²ùiú�ô¬ú'öB÷�ôBü'���Tú'ötù=ú��4þiüýùiõÃû�õ��²õ�


{

f :: α1 → α2 → α3 → α4, +f :: α5 → α1 → α3,
+f :: Int→ α2 → α3

}

÷ õ��©ø$þ=ùiõ
�
û�õ��²õÀøHô¬ú�&ø��(��õ�÷�ø�F�Jÿiú

αi � αk

öBúÏúÃö¬õ��Ïú'þJ÷¬úÃö¬ú
i � k

)�ú�û'õ6þiö¬üýùiú�ô¬ø$þiùiõÀõû�õ$þJ÷¬ú�,.÷�õ � ø�+�üýõ�)T÷¬ú��²õ6ö�

��� �
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probinstance(κ, Γ, �) =

({

rα3
≡ (rα1

	 ∅)⊕
{

(f, α5)
}

rα3
≡ (rα2

	 ∅)⊕
{

(f, Int)
}

}

, id, ∅

)

� öB÷2øÂôBú�ùiÿ����$õ�óiô¬õ.û�ú'ùiú�û�õ��²õÂùiú'ö¬û�ôBüý÷¬õ�ø� 4ø$üå,=õ5)6û�õ��qørþiõ$÷�ø��(�$õ
p

n
−→ p′

ü&þiù=ü&û ø�þiùiõÂørôBú�ùiÿ����$õø�÷¬ô�ø � �'öÀùiø ô¬ú��$ô�ø � úµù4ø ô¬ú��6ô�øäùiúµþ�,��²ú�ôBõ n
ë
û'õ��

n ≥ 2 ö � ® ú øäô¬ú��6ô�ø öBú ø$ó�&üýû ø øäÿ��ö¬ÿ5 �û'õ6þ^$BÿiþE÷�õ�óiô	�6óiôBü&õDù4ø�öÂú��Jÿ4ø����Tú'ö�ù=ú�ÿ��©øÏü&þiöW÷�1$þiû'ü ø©ù=ú�óiô¬õ� 5&ú��Ïø5)?øDô¬ú��$ô�ø � ��ÿiö¬ø$ù4øDó4ø$ô¬øùiú'û�õ��²ó�õ$ôDõ�ö¬ü&öW÷�ú��©ø ú�� ùiÿ4ø�öHó4ø$ôB÷¬ú�ö�):ÿ��Ïø ù4ø$ö��Jÿ4ø$üýö��µõäö¬ÿ� �û�õ$þ^$BÿiþE÷�õ�ú�� �.ÿ=ú�öB÷��$õ��vòYöú��Jÿ4ø����.ú�ö�ô¬ú'ùiÿ�+'ü&ù4ø$ö�ó�ú�&ø¶ô¬ú��6ô�ø
n
ö��$õ�öBÿ� �&üýþ�&4ø$ùiø$ö�)Tú�þ��Jÿ4ø$þE÷¬õ*�Jÿiú�ø�ö�ú��Jÿ4ø����Tú'ö�ô¬ú�öBÿ�ý÷�ø$þE÷�ú'ö�ù4øô¬ú'ùiÿ����$õÏó�ú�&ø�ô¬ú��$ô�ø

n
ö��$õÃü&þ=ùiü&û�ø$ù4ø$ö�ó�õ6ô�ÿ�� ÷¬ô¬ü¤1$þ��6ÿ�ýõ"ë

B ö �
({

rα3
≡ (rα1

	 ∅)⊕
{

(f, α5)
}

rα3
≡ (rα2

	 ∅)⊕
{

(f, Int)
}

}

, id, ∅

)

8
−→

({

B rα3
≡ (rα2

	 ∅)⊕
{

(f, Int)
}

B rα2
≡ (rα1

	 ∅)⊕ ∅

}

, [α5 7→ Int] , ∅

)

5
−→

({

rα3
≡ (rα1

	 ∅)⊕
{

(f, Int)
}}

, [α2 7→ α1, α5 7→ Int] , {α1}
)

Æ ! ��û�ü' � ú�ô0�Jÿiúrþ=ú�þ�&Jÿ��Ïø¶ù4ø$ö � ø�ô¬üÇ� � ú�ü&öÄ�Âø$ÿT÷�õ��>ô¬ú�û'ÿiô¬öBü � ø�ú�)=ó�õ6ôB÷�ø$þE÷�õ�)Tø¶öBÿ� iöB÷¬üý÷¬ÿiü'���$õ¶óiôBü&þ��û�üýó4ø�É��

S = [α2 7→ α1, α5 7→ Int]ú�õÃû�õ6þ^$Bÿ=þJ÷¬õÏù=ú�ôBú�öW÷�ô¬ü����.ú�öOú�öBó�ú'û�ü&ø�&ü�+ ø$ùiõ/��


S(κ) =
{

f :: α1 → α1 → α3 → α4, +f :: Int→ α1 → α3

}

��� ª



Ô ÕwÖÁ×�Ø!ÙÛÚLÜ �

íÆè å Ø!Õ�� á çëá Ù â Ù�� à èLÜ ÖÁÕ à Õ Ö ÜqÚ�è�é Ü à�ê�â é Ü çëá
àÀáæì è â Ø à Ü

� öYû�ø$ó��É÷�ÿ�ýõ6öOø$þE÷�ú'ô¬ü&õ$ô¬ú�öOùiú'ö¬û'ô¬ú � ú�ô¬ø�� ÿ5�Æö¬ü&öW÷�ú��©øÃùiú�ô¬ú��$ü&öB÷¬ô¬õ6ö� 4ø�ö¬ú ø�ùiõ©þiõ ® üýöB÷�ú��©ø�4 ÷ )?�Jÿiúû�õ.ùiüv�4û øDõHó�õ�&ü��Ïõ$ô	�4ö	�Ïõ²ùiú�ô¬ú��6ü&öW÷�ôBõHÿiö�ø$þ=ùiõ�ùiõ6ü&öYþiõ � õ6öÂ÷¬ü&ó�õ6örùiú�ôBú�öB÷¬ô¬ü����.ú�ö�� « õ�ú'þJ÷�ø$þE÷�õ�)�ø�öô¬ú'öB÷¬ô¬ü'���Tú'ö�ùiútô¬ú��6ü&öW÷�ôBõ¶þ��$õ�ö��$õ�ÿ��Ïø"!mõ6ô	�©ø�ø��²ü'�|� � ú� ùiútô¬ú�ó=ô¬ú�öBú�þE÷2ø�ô�ó�õ�&ü'�²õ6ô.�4ö��²õÂùiú:ôBú��6üýöB÷¬ô¬õ��ò^ô¬ø�+(�$õN���Jÿiú�)ióiø$ô�øN�JÿiúÂõ�ÿ=ö¬ÿ��$ôBü&õ ú'þE÷�ú�þ=ù4øÃø¶ü&þ5!mõ$ô��Ïø��(�$õ�û�õ.ùiüv�4û ø$ùiø¶þ4ø ô¬ú'öB÷¬ô¬ü'���Tú'ö�)Tõ/�Ïú'ö��²õóiôBú�û�üýö�ø�!
ø�+'ú�ôHÿ��Ïø ö	��ô¬üýúµùiúuùiú'ùiÿ����Tú'ö�)rú'ö¬ó�ú�û�ü&ø�'�²ú�þE÷¬ú �Jÿ4ø$þiùiõ¯&���ÿ5� û'õ6þ^$BÿiþE÷�õ¦�6ô¬ø$þiùiú ùiúô¬ú'öB÷¬ô¬ü'���Tú'öOùiú�ô¬ú��$ü&öB÷¬ô¬õ��
� öB÷�ú�û�ø$ó��É÷�ÿ�ýõDùiú�öBû�ôBú � ú²ÿ��Ïø�!mõ6ô	�©ø²ùiü�!mú'ô¬ú�þE÷¬ú�ùiú û�õ.ùiüv�4û ø$ô:ó�õ�ýü'�²õ6ô	�iö��²õ²ù=ú�ô¬ú��$ü&öB÷¬ô¬õ�)g�Jÿiúþ��$õV!
ø�+©ÿiöBõµùiúHø�É÷�ú'ô�ø����Tú'ö�þ4øuöBü&þE÷2ø=,=úÏùiúDôBú�öB÷¬ô¬ü����.ú�ö�)��Ïø$ö�ö¬ü'�Áþ4ø!ö¬ü&þE÷�ø^,TúDùiú©÷¬ü&ó�õ6ö�öBü'�²ó�&ú'ö��

� öB÷�øDö¬ü&þE÷�ø^,Tú�)Lø�'��� ùiú¶ö¬ú�ô��©ø$üýö:ø��Ïü��|� � ú�u) þ��$õDÿiö¬øDô¬ú'öB÷�ôBü'���Tú'örùiú¶ôBú��6üýöB÷¬ô¬õ�)g�©ø$öYö¬ü�� ø�'�6ÿ��Ïø$öû�õ$þiöB÷¬ô¬ÿ����Tú'öYöBü&þE÷ ��÷¬ü&û�ø$ö�ùiúÂ÷�üýó�õ�öBü'�²ó�&ú'ö�ø$ùiüýû�ü&õ$þ4ø$ü&ö��
« õ�ú�þE÷2ø�þJ÷¬õ�) � ú�ôBú��²õ6öV�Jÿiú ú'öB÷2ø�ö¬üýþE÷2ø^,Tú þiõ � ø¦� ø$ó�ú�þiø$ö � Vfú � � þ ý úüû � . � ú ��� ):ó�õTùiú'þiùiõ�ö¬ú'ôû�õ$þ � ú�ôW÷�ü&ùiø�ùiúOúOó4ø$ô¬ø�÷¬ü&ó�õ6ö û�õ��}ôBú�öW÷�ô¬ü��(�$õ�ùiútô¬ú��6ü&öW÷�ôBõ���òYö¬ö¬ü��V)Eó�õ.ùiú��²õ6ö�ÿiö��=�â øÂú-,T÷¬ú�ôBþ4ø��²ú�þE÷�ú�)þ4ø$öÃø�þiõ$÷2ø����.ú�ö�ùiúD÷¬ü&ó�õµùiõ óiô¬õ��$ô�ø��Ïø$ùiõ6ô�)Rõ6ÿ�þ4ø$ö/�²ú�þ=ö�ø��6ú'þiöÃùiúHú�ôBô¬õ�)�ú'þ��Jÿ4ø$þE÷�õ ÿiö�ø��Ïõ6öÃø�öô¬ú'öB÷¬ô¬ü'���Tú'öOùiú�ô¬ú��$ü&öB÷¬ô¬õÃü&þE÷¬ú�ô¬þiø��Ïú'þE÷�úÂþiõ²û�õ��²óiü� ø$ùiõ$ô�úÂü&þ�!mú�ô¬üýùiõ6ô�ù=ú�÷¬ü&ó�õ6ö��

ÎYø�º ±²�'½Ã�d���©� ��³ �'���tñ¶���

4�õ��²ú���ø��Ïõ$ö0!
ø�+�ú'þiùiõ²ÿ��©ø�ôBú�ùiú��4þiü'���$õÃù4øÃö¬ü&þE÷�ø^,Tú�ù=ú�÷¬ü&ó�õ6ö�

��� Ç



� ) ��� >�+.£��R¡�A�¡Íz   z�� ;d� BcC�£ ; £�C?BFE � ¢GB ;IH=�<  ¢GBJA|¡ ; ¡?K �<  + ; B

Í ø$ôBüÇ� � ú'ü&ö�ùiúÂ÷¬ü&ó�õ α, β ∈ V4�õ6þ=öB÷�ôBÿ=÷�õ$ô¬ú�ötùiúÂ÷�üýó�õ
C ∈ C ::= Cn n ≥ 0� ,Tóiô¬ú'ö¬ö	�Tú'ö:ùiúÂ÷�üýó�õ�öBü'�²ó�&ú'ö
τ∈ T ::= α | C | τ1 τ2 |

{ } | {f1 : τ1, . . . , fn : τn} |
α≺{r} | α+{z}¹ ü&þ5&4ø$ö�ùiú�ö¬ÿ5 =÷�üýó4ø��6ú��

r ::= f : τ, r | −f, r | ...¹ ü&þ5&4ø$ö�ùiú"�²õTùiüv�4û ø��(�$õ
z ::= t | f : τ, z | −f, z | +f : τ, z

�Oú�öW÷�ô¬ü����.ú�ö
κ ∈ κ ::= x : τõ6þiùiú

t
��ø ý � þ úüû î � ø�+'ü ø5�ò �²õ.ùiü��4û�ø��(��õÀû'õ6þiöBü&öB÷¬ú©þ4ø�ô¬ú��Ïõl�(��õ!ù4ø�ö�ôBú�öB÷¬ô¬ü����.ú�ö¶ù=úÏôBú��6üýöB÷�ôBõ!ú²þiõ ø$û�ô	��ö¬û'ü'�²õ!ù=úÏùiÿiø$öû�õ$þiöB÷¬ô¬ÿ����Tú'öP3$ö©ú-,Tóiô¬ú'ö¬ö��.ú�öHù=úÀ÷¬ü&ó�õ ö¬ü��Ïó5&ú�ö�
uø û�õ6þiöW÷�ôBÿ��(�$õ ùiú öBÿ� =÷�üýó4ø��6ú�� ùiú ôBú��6üýöB÷�ôBõ¸ú øû�õ$þiöB÷¬ô¬ÿ����$õÏù=ú´�²õ.ùiü��4û�ø��(��õ�ùiú�ô¬ú��$ü&öB÷¬ô¬õ��

B è LNS Ýqà M¡M ß{ä ÞNß¦á'ß M Ý�Ú S á�â
�°�Ïø ú�,TóiôBú�öBö��$õ ùiú�&ü&þ5&4ø ùiú ö¬ÿ� T÷�ü&óiø��6ú�� ë

r ö û�õ6þ=ö¬ü&öW÷�ú ú�� ÿ�� û'õ6þ^$BÿiþE÷�õ�ùiú ú�öBó�ú'û�üv�4û ø����Tú'öó�õ6ö¬üÉ÷�ü � ø$öYúÃþiú��Eø�÷�ü � ø$ö:ùiú�û ø��²ó�õ6öÂùiú�ô¬ú��6ü&öW÷�ôBõ�)Lþiõ ���^,Tü'�²õDÿ��ÏøDó4ø$ô�øDû�ø$ù4øHþiõ��²ú ùiúÃû�ø��Ïó�õ��� ö¬ó�ú�û'ü��4û�ø����.ú�öÃó�õ6ö¬üÉ÷�ü � ø$ö�÷�ú���øª!mõ6ô	�©ø
f : τ

)�ú'þ��Jÿ4ø$þE÷�õ �JÿiúHú�öBó�ú'û�ü��iû ø����Tú'ö²þ=ú��Eø�÷¬ü � ø$ö�÷�ú�� ø
!mõ6ô	�©ø

−f
���°�ÏøHú�,Tóiô¬ú'ö¬ö��$õ û'õ��Ûø�!mõ6ô��Ïø

α≺ {r}
ú�öBó�ú'û�ü��iû ø �.ÿ=ú

α
ö	�!ó�õTù=ú�ö¬ú�ô�üýþiöB÷�ø$þiû�ü&ø$ù4øó4ø$ô¬øÏÿ��Æ÷¬ü&ó�õÏôBú��6üýöB÷�ôBõ©ú�÷2ø��2 `���Æüýþ5!mõ6ô	�©ø����Tú'öOó�õ6öBüý÷¬ü � ø$öOú¶þiú��Eø�÷¬ü � ø$ötö¬õ� iôBú¶õ6öYû ø��²ó�õ6ö°�Jÿiú�õ÷�üýó�õ�ôBú��6üýöB÷¬ô¬õÃó�õ.ùiúÂû'õ6þE÷�ú�ô����dõ6ô�ú�,Tú��Ïó�ýõ�)4øÃú�,TóiôBú�ö¬ö��$õ�


α≺{f1 : τ1, −f2, f3 : τ3, ...} → (τ1, τ2)ô¬ú'óiô¬ú'ö¬ú'þJ÷�ø�õ�÷�üýó�õ�ùiú:ÿ5�©ø"!mÿiþ��(��õ û�ÿ^$Bõ ø$ô��6ÿ5�Ïú'þJ÷¬õ¶ö	� ó�õ.ùiúYö¬ú�ôeÿ�� ô¬ú��$ü&öB÷¬ô¬õx�.ÿ=ú:ùiú � úr÷�ú'ô�ó�ú�ýõ�²ú�þiõ6öOõ6ötû ø��Ïó�õ6ö
f1
) û�õ�� ÷�üýó�õ

τ1

)4ú
f3
)4û'õ���÷�üýó�õ

τ3

)��©ø�ö �Jÿiú�þ��$õ²ó�õTùiúÂ÷¬ú�ôOÿ���û�ø��Ïó�õ²û�õ��þiõ��²ú
f2
��Yö¬ø$þiùiõ²ú�öW÷2øÃö¬ü&þE÷�ø^,Tú�)4õ6ö�÷�üýó�õ$ö�ù4ø$ö3!mÿiþ����Tú'ötù=ú�ó=ô¬õ^$Bú��(�$õ²ö¬úÂ÷�õ$ô¬þ4ø���


½ !
: α≺{f : τ, ...} → τ

 â«ÞcÝ È Ü M éxê2âÈÞcß\á'ß M Ý�Ú S á�â
�°�Ïø�ú�,TóiôBú�ö¬ö��$õHùiú"&üýþ�&4ø�ùiú´�Ïõ.ùiüv�4û ø����$õ�ùiú�ô¬ú��6ü&öW÷�ô¬õ�ë

z ö û'õ6þiö¬üýöB÷¬ú�ú���ÿ��Ïø²öBú��Jÿ'$�þ=û�ü ø²ùiú�÷�ô0$'ö÷�üýó�õ$öDùiúµú�öBó�ú'û�üv�4û ø����$õ�
 ú'ö¬ó�ú�û'ü��4û�ø��(�$õ�ùiú ø�÷�ÿ4ø�ýü'+�ø��(�$õ¸ùiúµû ø��Ïó�õ�) �.ÿ=úu÷�ú�� ø�!mõ6ô��Ïø
f : τ

&ú�öBó�ú'û�üv�4û ø����$õ ùiú!ô¬ú��Ïõl�(�$õ¸ùiú û�ø��²ó�õ�)��Jÿiú ÷�ú�� ø !mõ6ô	�©ø
−f
&Yú ú�öBó�ú'û�üv�4û ø����$õ ùiú ø$ùiü��(�$õ ùiúû ø��Ïó�õ�)��JÿiúÂ÷�ú��Æø2!mõ6ô��Ïø

+f : τ
��°�Ïø ú�,TóiôBú�ö¬ö��$õ

α+{z}
ô¬ú'óiô¬ú'ö¬ú'þJ÷�ø²÷¬ü&ó�õ6ö�ô¬ú��6ü&öW÷�ôBõ/�.ÿ=ú�ù=ú � ú���÷�ú'ô�õ6ö3�Ïú'ö��²õ6ö�û ø��Ïó�õ6ö0�Jÿiúõ©÷¬ü&ó�õ©ô¬ú��6ü&öW÷�ôBõ©ó4ø$ô¬ø©õ��Jÿ4ø�
α
!mõ6ôYü&þiöW÷2ø$þ=û�ü ø�ùiõ�)�û�õ�� ø©ú-,=û'ú����$õ�ù4ø$ö��²õTù=ü��4û�ø����.ú�ö &üýöB÷2ø�ù4ø$ötþ4øú�,TóiôBú�öBö��$õ

z
�

� ù Ä



® ü&þE÷2ø=,=ú�ø��²ü'��� � ú�
��ø$ô¬ø2�Jÿiú�ø ú�,TóiôBú�ö¬ö��$õ/!
ø�� ø öBú�þE÷�üýùiõ�)4ø � ø�ô¬üÇ� � ú� α ùiú � úÂõTû'õ6ô¬ôBú�ô�ø$õN�Ïú'þiõ6ö�ÿ��Ïø � ú�+�þiõ¶÷¬ü&ó�õú�� õ6ÿ=÷¬ô�ø²ó�õ6öBü'���$õ¬�Jÿiú þ��$õP3©ú'ö��Jÿiú�ôBù4øHùiõDö	�'�2 �õ�&õ

+
ú�� ÿ��ÏøÏú-,Tóiô¬ú'ö¬ö���õÀù=úN�²õTùiüv�4û ø��(�$õ²ùiúô¬ú��6ü&öW÷�ôBõ��Ä4�õ��²õ�ÿ���ú�,Tú��Ïó�ýõÃùiú�ú�,Tóiô¬ú'ö¬ö��$õDùiú"�²õTùiüv�4û ø��(�$õ ù=ú�ôBú��6üýöB÷¬ô¬õ�)iû'õ6þiöBü&ùiú'ô¬ú�


α→ α+{f1 : τ1, +f2 : τ2, −f3}

�Jÿiútô¬ú�ó=ô¬ú�öBú�þE÷2ø�õ�÷¬ü&ó�õ�ù=úYÿ��Ïø�!mÿiþ����$õN�Jÿiútú�öBó�ú'ô�ø�û'õ��²õ�óiø$ô�1��²ú'÷¬ô¬õ�ÿ��}ôBú��6üýöB÷�ôBõ�ú°�Jÿiútô¬ú�÷�õ6ôBþ4øÿ���ô¬ú��$ü&öB÷¬ô¬õ�û'õ�� õ�÷�üýó�õ¶ùiõÃû ø��²ó�õ
f1
ø�É÷�ú'ô�ø$ùiõ¶ó4ø$ô�ø

τ1

)iû�õ�� ÿ���þiõ � õ²û ø��²ó�õ f2
û'õ�� ÷¬ü&ó�õ

τ2

)ú:öBú��fõ¶û�ø��²ó�õ
f3
� A �²ó�&üýû�üý÷�ø��²ú�þE÷�ú�)$÷�ú��Ïõ6öÄ�Jÿiú

α
ö��¶ó�õ.ùiútö¬ú�ôeü&þiöW÷2ø$þ=û�ü ø�ù4ø�óiø$ô�øÂ÷�üýó�õ6öZô¬ú��6ü&öW÷�ôBõ

�Jÿiú�ó�õ6öBö¬ÿiú���õ6öOû ø��Ïó�õ6ö
f1
ú

f3
�Ïø$ö�þ��$õÃõÃû ø��²ó�õ

f2
��Yö¬ø$þiùiõ²ú�öW÷2øÃö¬ü&þE÷�ø^,Tú�)4õ6ö�÷�üýó�õ$ö�ù4ø$ö3!mÿiþ����Tú'ötù=ú�ôBú��²õ����$õÃú�ø$ùiü��(�$õÃùiú�û ø��Ïó�õ�ö¬ú�÷�õ6ôBþ4ø���


½ ��!
: α→ α+{−f}

# + f : τ → α→ α+{+f : τ}

� ÿÉ) ÿiö�ø�þiùiõu÷2ø��2 g���0ø ö¬üýþJ÷�ø^,TúDùiúÏö¬ÿ� =÷¬ü&ó4ø��6ú���)�÷�ú��Ïõ$ö¶õ6ö öBú��6ÿ=ü&þE÷�ú'ö¶÷�üýó�õ6ö�ú��Jÿiü � ø�&ú'þJ÷¬ú�ö�)�Ïø$ö�û�õ�� ü&þ5!mõ6ô	�©ø����.ú�ö�ø$û'ú�ôBû øÃùiú
α
ø$óiô¬ú'ö¬ú'þJ÷�ø$ù4ø$ötú�,Tó�ýü&û'üý÷2ø��Ïú'þJ÷¬ú�


½ � !
: α≺{f : β, . . . } → α+{−f}

# + f : τ → α≺{−f, ...} → α+{+f : τ}

B Ý�Ù"!�ÙNÝ7äºâ�Ú»ÞNß S Ý�à�â2Ú�á'ß M Ý�Ú S á�â
�Yö¬ø$þiùiõ©ö¬ü&þ$#6þiü'�²õ6ötùiú�÷¬ü&ó�õ6ö�)�õDó�õ�&ü��Ïõ$ô	�4ö	�ÏõÃùiú�ô¬ú��$ü&öB÷¬ô¬õÏö¬ú¶÷¬õ6ô¬þ4ø� �ú�� ú-,Tóiô¬ú'ö¬ö¬ü � õ��Âò¤���6ÿiô¬ø% � � �²õ6öB÷¬ô�øtÿ��\ú�,Tú��²ó�&õ°�Jÿiú�ùiú��4þiú�ø�'�6ÿiþ=öd÷¬ü&ó�õ6ö|ôBú��6üýöB÷¬ô¬õ:úeõ6ó�ú�ô�ø����.ú�ö �Jÿiúeó�õ.ùiú'ô¬ü ø�� ó�ú'ôB÷�ú'þiû�ú'ôø�ÿ��Ïøz =ü' �ýü&õ$÷¬ú�û ø�ùiú�û�õ��²ó�õ$þiú�þE÷�ú'öYù=ú�üýþE÷�ú�ô.!
ø$û�úÂù=ú�ÿ=ö¬ÿ��$ôBü&õ��ò\óiô¬ü��Ïú'ü&ô�ø�þiõ � üýù4ø$ùiú�ú'öB÷ �Ãþ4øÃø$þiõ�÷2ø����$õÃó4ø$ô�øÃø2!mÿiþ����$õ ØlrlQTQ�\=] 


ØTrlQTQ?\=]�hTh'&�Q p d(])( → *,+ } ~ → a.- p P�¢�P�Ø?e�Yi8/-�0�]�P^ºÉd|Z o
òäú�,TóiôBú�öBö��$õ a.- p P�¢5P�Ø`e�Yi81-�0|]�P^º�d|Z o � ÿ��^öBü&þ2#$þiü'�²õ�ó4ø�ô�ø a�¢`d^O|Q�3�hTh * ]lQ�8'3�Y�d4(53lQ�hTh * ]lQ�8O p P�¢nhTh [lP�] � P5_ → *,+ } ~ 8�P5Z=Qgd�\=]�hTh *,+ } ~Do �ò^ø$þ=õ$÷2ø����$õ ó4ø�ô�ø¶ø´!mÿiþ��(��õ �?\�_ld»Q`d�\^] ú�öBó�ú'û�ü��iû ø2�Jÿiúrú� ø�ú'ö¬ó�ú�ô¬ø û�õ��²õ¶öBú��6ÿiþ=ùiõ�ó4ø$ô01��Ïú�÷�ôBõÿ��fô¬ú��6ü&öW÷�ôBõ�öBú��fõ6öZû ø��²ó�õ$öeóiôBú�öBú�þE÷�ú'ö�þiõ¶öBü&þ2#$þiü'�²õ�ùiúY÷¬ü&ó�õ6ö �?\l_ld»Q`d|\=] )iôBú'÷�õ$ô¬þ4ø$þ=ùiõ¶õx�Ïú'ö��²õô¬ú��6ü&öW÷�ôBõ²û'õ��ÆøÃø$ùiü��(�$õ�ù=õ6öOû ø��²ó�õ$ö�ùiú �?\l_ld»Q`d|\=] 


�?\l_ld=Q`d�\=]�hTh * ]lQ → * ]lQ → P
→

P|�la|���?\l_ld»Q`d|\=] o
òfø$þiõ�÷2ø����$õ�ùiú�÷�ü&ó�õHó4ø$ô¬øHø$öG!mÿiþ����Tú'ö º`\ � Y ú _TZ�P�e�Y ú'ö¬ó�ú�û�üv�4û ø��V)�ô¬ú'ö¬ó�ú�û�÷�ü � ø��²ú�þE÷¬ú�)Ï�JÿiúÃú� ø�öú�öBó�ú'ô�ø��Æû'õ��²õÃ÷¬ú�ôBû�ú�üýô¬õÃó4ø$ô01��²ú'÷�ôBõÃÿ���ô¬ú��6ü&öW÷�ôBõ²û'õ���õ6öOû�ø��Ïó�õ6öOú�öBó�ú'û�üv�4û ø$ù=õ6öYþ=õ6öOö¬ü&þ$#6þiü'�²õ6öùiúÂ÷�üýó�õ ��\l_ld»Qgd�\=] ú - p P�¢5P�Ø`e�Y ) ô¬ú'ö¬ó�ú�û'÷¬ü � ø��²ú�þE÷�ú��

� ù �



� )7698ü>�+�:���;�A<;Íz�=�z�� ; 8üBcC4: ; :�C?BFE)8?>GB ;IH 8?=4>GBJA@; ; ;?KA8?=�+ ; B
Q�0���YJ��\l_�d»Q`d�\=]¤Uya½5nhTh * ]lQ�8B0ShTh * ]lQ oQ�0���YC- p P�¢5P�Ø?e�YsUya¢`d=OTQ�3�hTh * ]�Q�83�Y�d4(53lQ�hTh * ]lQ�8O p P�¢nhThV[lP�] � P5_ → *,+ } ~toQ�0���YC-�0�]�P^º�d|ZJUyaXP5Z=Qgd�\=]�hTh *,+ } ~coØTrlQTQ?\=]�hTh'&�Q p d(])( → *,+ } ~ → a.- p P�¢�P�Ø?e�Yi8/-�0�]�P^ºÉd|Z oØTrlQTQ?\=]sºg_4(©P5Z=Q`d�\^]©Uya

¢`d=O|Q�3¨U¤Z�P�elZED�d=O|Q�3sºg_4(�8
3�Y�dF(53�QyU¤Z�P�elZ4G5Y�dF(53�Qsºg_4(28
O p P�¢©U λ

Z�P�] � P�_ → RTRTR�8
P5Z=Q`d�\^]©UyP5Z=Q`d|\=] o�?\l_ld=Q`d�\=]�hTh * ]lQ → * ]lQ → P

→
P|�la|���?\l_ld»Q`d|\=] o�?\l_ld=Q`d�\=]ü5H0©\=Ø2I�Uyas\=Ø2I � �	5 ← 5�8ª��0

←
0 oº`\ � YShTh * ]lQ → * ]lQ → PT£Ta���\l_ld»Qgd�\=]Ì8¤RTRlR o → P

º`\ � YXO�5sOJ0¤\=Ø2I � a	528K028sRTRlR o U�a©\=Ø2I � 5 ← 5���O�528B0
←

0y�JOJ0 o_TZ�P�e|Y hTh * ]lQ → * ]�Q → PT£la.- p P�¢�P�Ø?e�Yi8¤RlRTR o → P
_TZ�P�e|Y©_=¢�_=¢9\=Ø2I � a�¢`d=O|QJ3Ì8L3�Y�d4(53lQ�8�RTRTR o Ua©\=Ø2I � ¢`d^O|Q�3 ← ¢`d=OTQ�3NMs_=¢�8'3�Y�d4(53lQ

←
3�Y�dF(�3lQOMs_E3 o

P ü'�6ÿ=ô�ø % � � 
 ® üýþJ÷�ø^,Tú�ùiú�ÿiö¬ÿ���ô¬ü&õÃû'õ���ö¬üýþ2#6þiü��Ïõ$ö
 äºÝ�Ú�ÚJê2âºÞNß�Q M á�Ý/R�Q2ßuÝ�Ú¾ÞNß S Ýqàbâ
® úHø � ø$ôBüÇ� � ú��ùiúÏ÷�ü&ó�õ α

ø$ó4ø$ôBú�û�úHù=õ  ø$ù=õuú�ö	�.ÿ=ú�ô¬ù=õ ù=úHÿ��©ø!ú�,Tóiô¬ú'ö¬ö��$õ ùiúHö¬ÿ� T÷�ü&óiø��6ú��
α ≺

{r}
)��Ïø$örþ���õ�ø$ó4ø$ôBú�û�ú¶ú�� þ=ú�þ�&Jÿ��ÏøDõ6ÿ=÷¬ô�øDó4ø$ôW÷�ú ù=õD÷�ü&ó�õ�)�ú�þE÷ �$õ�øDöBÿ� ��>ú�,Tóiô¬ú'ö¬ö��$õ

α ≺
ó�õ.ùiúö¬ú'ô�õ��ÏüÉ÷�ü&ùiø5��òfú�,Tóiô¬ú'ö¬ö��$õ

{r}
ëÓ�Jÿiú²÷¬ú�ô	�Ïüýþ4øHö¬ú��²óiôBúÏû'õ��ëùiõ6üýö�ó�õ6þE÷¬õ6ö�óiø$ô�ø�ùiü&öW÷�üýþ��6ÿ��å�â ø²ù4øú�,TóiôBú�öBö��$õHùiú�÷�üýó�õ²ô¬ú��6ü&öW÷�ôBõ ö ö¬ú�÷¬õ6ô¬þiø²ú'þJ÷��$õ©ÿ5� ø���,iû�ø$ôYöBü&þE÷ ��÷�ü&û'õÏóiø$ô�ø²øÏú-,=ó=ô¬ú�öBö��$õ

α′ ≺ {r}
)õ6þiù=ú

α′
��ÿ��©ø � ø$ôBüÇ� � ú��þiõ � ø��w:ú�öW÷2øz!mõ6ô��Ïø5)=õ�÷¬ü&ó�õ�ù4ø$ö3!mÿiþ����Tú'öYùiú�óiôBõ^$Bú����$õÃö¬ú�÷�õ6ôBþ4ø���


½ !
: {f : τ, ...} → τòëóiô	�»,Tü��©ø ö¬ú��(�$õäùiú'ö¬û'ô¬ú � ú û�õ��²õ ø öBü&þE÷2ø=,=úuø��Ïü��|� � ú�tó�õ.ùiú öBú�ô©÷¬ô�ø$ùiÿ5+�ü&ùiø¸ùiúuú!ó4ø$ô¬ø øö¬üýþE÷2ø^,Tú�ü&þE÷�ú'ô¬þ4ø�)��Jÿiú´!
ø�+Âÿiö¬õ²ùiú�ô¬ú'öB÷�ôBü'���Tú'ötù=ú�ôBú��6üýöB÷¬ô¬õ��

ÎYø�6 ±TS<UWV'X	Y[Z]\�VPQ V'U ^�Z]\`_�Ua�cbdV	beX�^�X��aS<Z�Q f'UgS<U U ^hZ�\`_�U��ib
Z]\`_�b[S�\�U

ò¥÷�ô�ø�ùiÿ��(��õ ù4ø�öBü&þE÷2ø=,=úYùiútÿiö¬ÿ���ô¬ü&õ�ó4ø$ô¬ø¶ø�öBü&þE÷2ø=,=úYü&þE÷�ú'ô¬þ4ø´�YöBü'�²ó�&ú'ö��RòJ���6ÿ=ô�ø % � ù �Ïõ6öW÷�ô¬ø�ÿ��ø���6õ6ô¬üÉ÷��²õ¶ùiúÂ÷¬ô�ø$ùiÿ5�(�$õÃú�� !mõ6ô��Ïø ùiú�ô¬ú��6ô�ø$öOùiú�ôBú�ú�öBû�ôBüý÷2ø�
�|õ6ôOú-,=ú��Ïó5&õ�)iõÃ÷�üýó�õ5

� ù�ù



÷ ô�ø$ù=ÿ�+�üýþiùiõÃù4øÃö¬ü&þE÷�ø^,Tú�ù=ú�ÿ=ö¬ÿ��$ôBü&õÃó4ø$ô¬øÃøÃöBü&þE÷2ø=,=ú�üýþJ÷¬ú�ôBþ4ø

∀ᾱ.κ.τ �U→I ∀ᾱ ∪ β̄.κ1 ∪ κ2.τ
′õ6þ=ùiú

κ�U→I κ1ú
τ �U→I κ2.τ

′ú
β̄ = (tv(κ1) ∪ tv(κ2.τ

′))− tv(∀ᾱ.κ.τ)

α �U→I κ.α

τ1 τ2 �U→I κ1 ∪ κ2.τ
′
1 τ ′

2õ6þ=ùiú
τ1 �U→I κ1.τ1

�U→I

ú
τ2 �U→I κ2.τ2

{f1 : τ1, . . . , fn : τn} �U→I

⋃

i

κi.{f : τ ′
1, · · · , f : τ ′

n}õ6þ=ùiú
τi �U→I κi.τ

′
i

α≺{f : τ, r} �U→I {+f : τ ′ → β → α} ∪ κ ∪ κ′ . ταõ6þ=ùiú
τ �U→I κ.τ ′ )

α≺{r} �U→I κ′ . ταú
β
��ÿ��Ïø � ø$ôBüÇ� � ú�Lþiõ � ø

α≺{−f, r} �U→I {−f : α} ∪ κ . τõ6þ=ùiú
α≺{r} �U→I κ.τ

α≺{...} �U→I ∅.α

α+{f : τ, z} �U→I {+f : β1 → β2 → α} ∪ κ.τ ′õ6þ=ùiú
β2+{+f : τ, z} �U→I κ . τ ′ú

β1, β2

ö��$õ � ø$ô¬ü'� � ú�üýö�þiõ � ø�ö
α+{+f : τ, z} �U→I {+f : τ → α→ β} ∪ κ.τ ′õ6þ=ùiú

β+{z} �U→I κ . τ ′ú
β
��ÿ��Ïø � ø$ôBüÇ� � ú�Lþiõ � ø

α+{−f, z} �U→I {+f : β1 → β2 → α} ∪ κ.τ ′õ6þ=ùiú
β2+{z} �U→I κ . τ ′ú

β1, β2

ö��$õ � ø$ô¬ü'� � ú�üýö�þiõ � ø�ö
α+{} �U→I ∅.α

{x : τ} ∪ κ �U→I {x : τ ′} ∪ κ1 ∪ κ2õ6þ=ùiú
τ �U→I κ1.τ

′ú
κ�U→I κ2

∅ �U→I ∅

P ü'�$ÿiô�ø % � ù 
 ÷ ô�ø$ù=ÿ��(�$õ²ùiú�ö¬üýþE÷2ø^,Tú�ùiú�ÿiö¬ÿ��$ô¬üýõ²óiø$ô�ø�ö¬üýþE÷2ø^,Tú�ü&þE÷�ú'ô¬þ4ø��

� ù�Ê
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∀α.∅.α≺{f1 : τ1, f2 : τ2, −f3, f4 : τ4, ...} → α+{f2 : τ ′
2, −f4, +f5 : τ5}ö¬ú'ô¬ü&øÃôBú�ú'ö¬û�ôBüý÷¬õÏû'õ��Ïõ

∀ᾱ.κ.α→ β
)4õ$þiùiú�


κ = {+f1 : τ1 → α1 → α, +f2 : τ2 → α2 → α,

−f3 : α, +f4 : τ4 → α3 → α,

+f2 : α4 → α5 → α, +f2 : τ ′
2 → α5 → α6,

+f4 : α7 → α8 → α6, +f5 : τ5 → α8 → β}

ᾱ = {α, α1, . . . , α8, β}�|õ.ùiúröBú � ú'ô�û� ø�ô�ø��²ú�þE÷�útþiú'öB÷�úÂú-,Tú��²ó�&õx�.ÿ=úÂø¶ö¬üýþE÷2ø^,Túrùiú:ÿiö¬ÿ���ô¬ü&õN���Ïø$ü&öÄ iô¬ú � úÂúYü&þE÷�ÿiüÉ÷�ü � ø�Jÿiú�øÃöBü&þE÷2ø=,=ú�üýþJ÷¬ú�ôBþ4ø5�
ÎYø	Ã ±TS<UWV'X	Y[Z]\�VPQ V'U ^�Z]\`_�Ua�cbjZ]\�_�b[S<\�U f'UgS<U U ^hZ�\`_�U��ibjV�b

X�^�X��gS@Z�Q
ò\÷�ô�ø�ùiÿ��(��õÏù4ø²ö¬üýþJ÷�ø^,Tú�üýþE÷�ú�ôBþ4øÏóiø$ô�ø²øÏöBü&þE÷2ø^,Tú�ùiú�ÿiö¬ÿ���ô¬ü&õ*�´ 4ø$ö¬ú�ø$ù4ø©þ=õÏöBü&öB÷¬ú��Ïø²ù=ú�ôBú�ùiÿ����$õ
W
)4ùiú��iþiü&ùiõ²þiõÃû ø�ó��ý÷¬ÿ�&õ ó �� ô¬ü'�²ú�üýô�ø��²ú�þE÷¬ú�)4óiôBú�û�üýö�ø��²õ6öOþiõ$÷�ø$ô �.ÿ=ú ø�÷�ô�ø�ùiÿ��(��õ©ö����N �ú��Æùiú��4þiüýù4øÏó4ø�ô�ø²÷¬ü&ó�õ6öOô¬ú'öB÷�ôBü&þ��

�6üýùiõ6ö�û�ÿ^$Bõ$öZû'õ6þ^$BÿiþE÷¬õ6ö�ùiúOôBú�öB÷¬ô¬ü����.ú�öZùiúYôBú��6üýöB÷¬ô¬õ6ö�ö���õx�*�&þiü��Ïõ$ö�� � �}õ6ÿ=÷�ô¬ø$ö�ó4ø�&ø � ô¬ø$ö�)T�tóiô¬ú'û�ü&öBõû�õ��ÏóiÿT÷2ø$ô©ø ö¬ÿ� =öB÷�üÉ÷�ÿiü��(�$õ óiô¬üýþiû�üýó4ø�Oùiõäû�õ$þ^$BÿiþE÷�õäùiú ô¬ú�öW÷�ôBü'���.ú�ö©ùiúuô¬ú��6ü&öW÷�ôBõ úuú'ö¬ó�ú�û�ü&ø�&ü�+(�^� &õø$þE÷�ú'öOùiú´!
ø�+�ú�ôOø ÷¬ô�ø$ùiÿ5�(�$õ�)��Jÿiú"�G!mú�üÉ÷2ø�ö¬ú��6ÿiþiù=õ©ø�ùiú��4þiü'���$õ�

g Ö	hi�IÑ��j5øÈ��m/odm wrø$ù=õ ÿ�� û�õ$þJ÷¬ú�,.÷�õ

Γ
ú!ÿ��Ïø õ6ô¬ùiú�� ÷�õ$÷�ø�

�
ö¬õ� =ô¬ú � ø$ôBüÇ� � ú'ü&ö²ùiú�÷�ü&ó�õ�)�ø$öô¬ú'öB÷¬ô¬ü'���Tú'öOùiú�ô¬ú��$ü&öB÷¬ô¬õÃö���õ²û'õ6þiöBü&ùiú'ô�ø$ù4ø�ö �*�&þ=ü'�Ïø$ö�öBú

probinstance(κ, Γ, �)
!
−→
W

(E, id, V )

� þiùiú�øz!mÿ=þ��(�$õ probinstance
ú�õ²öBü&öW÷�ú��Ïø�ùiú�ô¬ú'ùiÿ��(��õ

−→
W

ö���õÏùiú��4þiüýùiõ6öOþiõÃû ø$ó5�ý÷�ÿ5&õ ó �
w:ú � ú�öBú�ô�þiõ�÷2ø$ùiõz�Jÿiú�ö¬úÂõÃû'õ6þ^$BÿiþE÷�õÃùiúÂôBú�öW÷�ô¬ü����.ú�ö�ùiúÂôBú��6üýöB÷¬ô¬õ�ùiõ�÷�üýó�õ¶ô¬ú�öW÷�ôBü&þ��6üýùiõ κ.τ

þ��$õ
!mõ6ô3�*�&þiü��Ïõ5)l�Ïø$ö�öBú¶ø�ü&þ=öB÷�1�þiû�ü&ø ùiú�óiô¬õ� 5&ú��Ïø ô¬ú� ø$û'ü&õ6þiø$ù4ø¶÷�ü � ú'ôtÿ5�©øN!mõ6ô	�©ø þ=õ6ô��Ïø��)Tü�� ú��

probinstance(κ, Γ, �)
!
−→
W

(E, S, V )

ú�þE÷��$õ
S(κ.τ)

�Âÿ��f÷�üýó�õ�ô¬ú'öB÷�ôBü&þ��$ü&ùiõ2�*�&þ=ü'�²õ�ëmû�õ�� ô¬ú'ö¬ó�ú�üÉ÷�õY3$ö�ôBú�öW÷�ô¬ü����.ú�ö�ù=úÂô¬ú��$ü&öB÷¬ô¬õ ö ú��Jÿiü � ø=�&ú'þE÷�ú�ø
κ.τ

þiõ²û�õ6þE÷�ú-,.÷�õ
Γ
�ò û'õ6þiöBú��Jÿ'$�þ=û�ü ø ùiú�öW÷2ø ú�,Tü'��$'þiû�ü&ø ���JÿiúÀþ��$õ �Àó�õ6öBö�� � ú�tÿiö�ø�ôÏø ö¬üýþE÷2ø^,TúÀùiú!ÿ=ö¬ÿ��$ôBü&õ ó4ø$ô¬øú�,TóiôBú�öBö�ø$ôÂ÷�üýó�õ$örô¬ú'öB÷�ôBü&þ��$ü&ùiõ6ö��.ÿ=úÏø�ü&þiù4øÏþ��$õ�!mõ6ô¬ø�� öBü'�²ó�&üv�4û ø$ù=õ6öYó�ú�ýõHóiô¬õ.û�ú'ö¬öBõÀù=ú�û(��ýû�ÿ�ýõHúø$ó�ýü&û�ø��(�$õ�ùiø �²ú�þiõ$ôI�$ú�þiú'ô�ø�ýü'+ ø��(�$õOû�õ�� ÿ��^ù4ø�ö|öBõ�&ÿ����Tú'ö�ùiúeöBÿ4ø$ödô¬ú'öB÷�ôBü'���Tú'ö|ùiú�ôBú��6üýöB÷�ôBõ�� � ÿT÷�ô�ø�öø�É÷�ú�ôBþ4ø�÷¬ü � ø$öRùiú � ú���öBú�ôÄ iÿiö¬û�ø$ù4ø$ö�)Tþ=ú�öB÷¬ú�öeû ø$öBõ6ö�).ó4ø$ô¬ø�þ���õ�ú-,=ó�õ6ôZø�ö¬ü&þE÷�ø^,TúYüýþJ÷¬ú�ôBþ4ø�ø�õ�ÿiöBÿ��$ôBü&õ��

� ù Ë



÷ ô¬ø$ùiÿ�+'ü&þiù=õÏù4ø�öBü&þE÷2ø^,Tú�ü&þE÷¬ú�ô¬þiø²ó4ø�ô�øÃø�ö¬ü&þE÷�ø^,Tú�ù=ú�ÿ=ö¬ÿ��$ôBü&õ
ò\ó4ø$ôB÷¬ü&ô�ùiø/!mõ$ô��Ïø þiõ6ô��Ïø��û�õ6ôBô¬ú�öBó�õ$þiùiú�þE÷¬ú ø$õ�û'õ6þ^$BÿiþE÷�õ²ùiú�ô¬ú'öB÷¬ô¬ü'���Tú'öOùiú�ô¬ú��$ü&öB÷¬ô¬õ�ùiõ�÷¬ü&ó�õú��S�.ÿ=ú�öB÷��$õ�)�ùiú��4þiü'�²õ6öÂøHôBú�óiôBú�ö¬ú'þE÷2ø����$õ�)|ø�÷�ô¬ø � ��ö�ùiú�öBü&þE÷2ø^,TúÃùiú�ÿiöBÿ��$ôBü&õ�)�ùiú�û�ø$ù4ø � ø$ô¬ü'� � ú� α�Jÿiú�ø$ó4ø$ôBú�û�ú�þiõ�÷¬ü&ó�õ�)=ú"�Jÿiú�ú�öB÷��²ó=ô¬ú�öBú�þE÷�ú�þ4ø$öOôBú�öB÷¬ô¬ü����.ú�öOùiú�ô¬ú��6ü&öW÷�ô¬õ5�
� öB÷2øÃô¬ú'óiô¬ú'ö¬ú'þJ÷�ø��(��õ¬��ùiú��iþiü&ù4øÃó�ú� øN!mÿ=þ��(�$õ

rep(α, E)



rep(α, E) =







































































α ≺ {f1 : τ1, . . . , fn : τn,−f ′
1, . . . ,−f ′

j}
öBú

α ∈ rvars(E)õ6þiù=ú
(fi, τi) ∈ posR(α, E)ú

f ′
i ∈ negR(α, E)

β + {fmod
1 : τmod

1 , . . . , fmod
n : τmod

n ,
ö¬ú

α ∈ lvars(E)

+fnew
1 : τnew

1 , . . . , fneq
m : τnew

m ,
õ6þiù=ú

β = rvar(α, E)

−f rem
1 , . . . ,−f rem

k }
ú

(fmod
i , τmod

i ) ∈ modL(α, E)ú
(fnew

i , τnew
i ) ∈ newL(α, E)ú

f rem
i ∈ remL(α, E)

α
û ø�ö¬õ²û�õ6þE÷�ô��$ô¬üýõ

rvars(E) = {α | rβ ≡ (rα 	 R−)⊕ R+ ∈ E}

lvars(E) = {α | rα ≡ (rβ 	 R−)⊕ R+ ∈ E
ú

α /∈ rvars(E)}

posR(α, E) =
⋃

{R− | rβ ≡ (rα 	 R−)⊕ R+ ∈ E}

negR(α, E) =
⋃

{fnames(R+) | rβ ≡ (rα 	 R−)⊕R+ ∈ E}

rvar(α, E) = β
õ$þiùiú

rα ≡ (rβ 	R−)⊕R+ ∈ E

modL(α, E) = {(f, τ) | rα ≡ (rβ 	 R−)⊕ R+ ú (f, τ) ∈ R+ ú
f ∈ fnames(R−)}

newL(α, E) = {(f, τ) | rα ≡ (rβ 	 R−)⊕ R+ ú (f, τ) ∈ R+ ú
f /∈ fnames(R−)}

remL(α, E) = {f | rα ≡ (rβ 	 R−)⊕ R+ ú f ∈ fnames(R−)− fnames(R+)}

òw÷¬ô�ø$ùiÿ5�(�$õDù=ú ÿ��Æ÷�üýó�õÏô¬ú�öW÷�ôBü&þ��6üýùiõ
κ.τ

ú�� ÿ�� û�õ$þJ÷¬ú�,.÷�õ
Γ
ÿ=ö�ø$þiù=õDÿ��ÏøÏõ6ôBùiú�� ÷�õ$÷�ø�

�ö¬õ� iô¬ú � ø$ô¬ü'� � ú�üýö�ùiúÂ÷�üýó�õ/��ùiú��4þiü&ùiø²ó�ú�&øN!mÿiþ��(��õ touser(κ.τ, Γ, �)



� ù H
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g Ö	hi�IÑ��j5ø���mtsum

touser(κ.τ, Γ, �) = mapCT(κ.τ, E)
öBú

probinstance(κ, Γ, �)
!
−→
W

(E, S, V )

mapCT(κ.τ, E) = κ′.τ ′ õ$þiùiú (τ ′, V) = mapT(κ, ∅)
ú

κ′ = mapC(κ, V)

mapT(α, V ) =

{

(rep(α, E), V ∪ {α})
öBú

α /∈ V

(α, V )
û ø$öBõ²û'õ6þE÷�ô��$ô¬üýõ

mapT(C, V ) = (C, V )

mapT(τ1 τ2) = (τ ′
1 τ ′

2, V ′′)
õ6þiùiú

(τ ′
1, V ′) = mapT(τ1, V )

ú
(τ ′

2, V ′′) = mapT(τ2, V ′)

mapT({f1 : τ1, . . . , fn : τn}, V ) = ({f1 : τ ′
1, . . . , fn : τ ′

n}, Vn)õ6þ=ùiú
(τ ′

i , Vi) = mapT(τi, Vi−1)
ú

V0 = V

mapC({x : τ} ∪ κ, V ) = {x : τ ′} ∪ κ′ õ6þiùiú (τ ′, V ′) = mapT(τ, V )
ú

κ′ = mapC(κ, V ′)

mapC({+f : τ} ∪ κ, V ) = mapC(κ, V )

mapC({−f : τ} ∪ κ, V ) = mapC(κ, V )

ÎYø1k Æ��cbml f'n�Q
� ú-,=ú��Ïó5&õ�òN� � H�)rùiú'ö¬û'ô¬üý÷¬õ þ=õæø$ó*$�þ=ùiü&û'ú�)��²õ6öB÷¬ô�ø�ÿ�� ÷¬ü&ó�õ�ôBú�öW÷�ô¬üýþ��6üýùiõª$BÿiþE÷2ø��²ú�þE÷�ú û�õ�� øü&þ=öB÷�1�þiû�ü&øÀùiú²óiôBõ� �&ú��©øHû'õ6ô¬ôBú�ö¬ó�õ6þiù=ú�þE÷�ú�)� �ú��Ûû�õ��²õ ø !mõ6ô��ÏøHþiõ6ô	�©ø� ù=ú�öB÷�ø�,�É÷�ü'�Ïø5){3�ó4ø$ôW÷�ü&ôù4ø¬�Jÿ4ø�|õ©÷¬ü&ó�õ©û'õ�� ö¬ü&þE÷�ø^,Tú¶ùiú ÿ=ö¬ÿ��$ôBü&õ��¶û�õ$þiöB÷¬ô¬ÿ��ýùiõ����Oú�ó�ú'÷¬ü&ôBú��²õ6ö:ø��.ÿ=ü�ø���6ÿ��Ïø$ötó4ø$ôB÷¬ú�öYùiõú�,Tú��Ïó�ýõ�)iû'õ��ÏõÃü�&ÿiöW÷�ô�ø��(�$õ��

4�õ6þiöBü&ùiú'ô¬ú�øÃú-,Tóiô¬ú'ö¬ö���õ�


let f(x) = {x | f ← ”string”, +g← True,−h}

�Jÿiú�ó�õ.ùiúÂö¬ú'ô�÷�ô�ø�ùiÿ�+�üýù4ø�ó4ø$ô¬ø5

let f(x) = #−h(#+g True(#+f ”string”(#−f x)))

� ø�'�6õ6ôBüý÷��ÏõÀùiúHü&þ�!mú�ô0$'þiû�ü&ø ùiúD÷¬ü&ó�õ6ö ü&þ�!mú�ô¬ú�) óiô¬ü��Ïú'ü&ô¬ø��Ïú'þE÷�ú�)|õµö¬ú��6ÿiü&þE÷¬úD÷�ü&ó�õuôBú�öB÷¬ô¬üýþ��6ü&ù=õó4ø$ô¬øÃø/!mÿ=þ��(�$õ
f



{

+f :: α1 → α2 → α3, +f :: String→ α2 → α4,
+g :: Bool→ α4 → α5, +h :: α6 → α7 → α5

}

.α3 → α3 → α7

� ù ó



� ,Tú��²ó�ýõ
ò\ü&þiöW÷�1$þiû'ü ø ùiú�óiôBõ� �ýú��Ïø û�õ6ôBô¬ú�öBó�õ$þiùiú�þE÷¬úN��
























rα3
≡ (rα2

	 ∅)⊕
{

(f, α1)
}

rα4
≡ (rα2

	 ∅)⊕
{

(f, String)
}

rα5
≡ (rα4

	 ∅)⊕
{

(g, Bool)
}

rα5
≡ (rα7

	 ∅)⊕
{

(h, α6)
}















, id, ∅









� ø2!mõ6ô	�©ø þiõ$ô��Ïø�É��























rα2
≡

(

rα3
	
{

(f, α1)
})

⊕ ∅
rα5

≡
(

rα3
	
{

(f, α1)
})

⊕
{

(f, String) , (g, Bool)
}

B rα4
≡

(

rα3
	
{

(f, α1) , (h, α6)
})

⊕
{

(f, String) , (h, α6)
}

B rα7
≡

(

rα3
	
{

(f, α1) , (h, α6)
})

⊕
{

(f, String) , (g, Bool)
}















, id, ∅









3�ó4ø$ôW÷�ü&ô�ùiøz�Jÿ4ø��ó�õ.ùiú��²õ6ö�ùiú'ô¬ü � ø�ô�õÃ÷¬ü&ó�õ�û�õ6ôBô¬ú'ö¬ó�õ6þiùiú'þJ÷¬ú¶ÿiö¬ø$þiùiõ²ö¬üýþE÷2ø^,Tú�ùiú�ÿiö¬ÿ��$ô¬üýõ�

α3≺{f : α1, −g, h : α6, . . . } → α3 → α3+{f : String, +g : Bool, −h}

� ù %





o pOqsr9tvu�wyx z

{`| qswy} | }�~7tvpN����x

�°��óiô¬õ�÷��$÷¬ü&ó�õ�ùiõ²ø�'�6õ$ô¬üý÷��Ïõ�ùiú�û(��&û�ÿ5&õ ù4ø�öBÿ� iöB÷¬üý÷¬ÿiü'���$õÃóiô¬üýþiû�üýó4ø�?ù=úÂû�õ6þ^$Bÿ=þJ÷¬õ6öOùiú�ô¬ú'öB÷�ôBü'���Tú'öùiú�ôBú��6üýöB÷�ôBõ�ë
û�ø$ó��ý÷¬ÿ�&õ ó ö ú�ù4ø:÷¬ô�ø$ù=ÿ��(�$õ�ù4øröBü&þE÷2ø=,=ú�üýþE÷�ú�ôBþ4øró4ø$ô¬øÂørö¬üýþJ÷�ø^,Tú�ùiú�ÿiöBÿ��$ô¬üýõ�ë
û�ø$ó��ý÷¬ÿ�&õ% ö !mõ6üg!mú�üý÷¬õÃú����Yø$ö���ú�'u�
w:õ6üýö�÷¬ú�öW÷�ú�ö"!mõ6ô¬ø�� ü��Ïó�ýú��²ú�þE÷2ø�ùiõ6ö�� � óiôBü'�²ú�ü&ôBõ�¤$�ÿ5�©ø�ýü&öB÷�øDùiúÃû�õ6þ=$BÿiþE÷�õ6ö�ùiúÃô¬ú'öB÷�ôBü'���Tú'öùiúÃÿ��Ûø�ô��Jÿiü � õ�ú�ö¬ó�ú�û'ü��4û�ø$ùiõ!ó�ú�&õHÿiöBÿ��$ô¬üýõ�)�û�õ��ëÿ��ëû'õ6þ^$BÿiþE÷�õÀó�õ6ôG&üýþ�&4ø5)Lúz�6ú'ô�øHÿ��Ûø�ô��Jÿiü � õ!mõ6þE÷�ú���� ÷ �$� ó4ø$ô�øtû ø$ùiø:ÿ�� ùiõ6ö�û'õ6þ^$BÿiþE÷¬õ6öRùiúeô¬ú�öW÷�ôBü'�(��õ�)��²õ6öB÷¬ô�ø$þiù=õrø:ùiú'ô¬ü � ø��(�$õYù4ø:ö¬ÿ5 iöB÷¬üý÷�ÿ=ü'�(��õóiôBü&þiû'ü&ó4ø��ù4ø$öOô¬ú'öB÷¬ô¬ü'���Tú'öOùiú�ô¬ú��$ü&öB÷¬ô¬õ�)=õ6ÿ�ù4ø²ó=ô¬õ � øÃù=ú´�Jÿiú�þiú'þ�&Jÿ��©øÃö¬õ�&ÿ����$õÃú�,Tü&öW÷�ú��
� öBú��6ÿ=þiùiõä÷�ú'öB÷�ú�t$ ÿ��Ïø�ýü&öB÷�ø ùiú ÷¬ü&ó�õ6ö©ôBú�öW÷�ô¬üýþ��6üýùiõ6ö©ù=úµÿ�� ø�ô��Jÿiü � õäú�öBó�ú'û�ü��iû ø$ùiõ�ó�ú�ýõÿiöBÿ��$ô¬üýõ ú*�6ú�ô¬ø ø$ô	�Jÿiü � õ6ö�� � ÷ �)� û'õ��0ø!ùiú'ô¬ü � ø����$õÀù4ø!öBÿ� iöB÷¬üý÷¬ÿiü'���$õ óiôBü&þiû'ü&ó4ø��)�õ6ÿ¸óiô¬õ � ø ùiú²ü&þ��ö¬õ�&ÿ� iü�&üýù4ø$ùiú�)LúÏõ�÷�üýó�õ�ôBú�öB÷¬ô¬üýþ��6ü&ù=õÀôBú�öBÿ�ý÷�ø$þE÷�ú²ÿiö�ø$þ=ùiõ öBü&þE÷2ø^,TúÃùiú²ÿiö¬ÿ��$ô¬üýõ�)�û�õ��²õ!ù=ú��4þiüýùiõÀþiõû ø�ó��ý÷¬ÿ�&õ % �

�?ø�� Ï�S=Ç�X	Z�_�b[_�X	S<U VPQ f	S=Qg_��g_�Z]fRQ
� û��Tù=ü'�6õ�ùiõ²óiôBõ$÷��$÷¬ü&ó�õ2!mõ6üLõ6ô	�Eø$þiü�+ ø$ù=õ�ú�� % ø��6ôBÿió4ø��²ú�þE÷¬õ6öOùiú"���.ùiÿ�ýõ6ö�ùiúW�:ø�ö��$ú�'u

•
� öW÷�ô¬ÿT÷�ÿiô¬ø¶ùiútù4ø$ùiõ6öÄ�Jÿiú:ôBú�óiôBú�öBú�þE÷2ø��f÷�üýó�õ$öeôBú�öB÷¬ô¬üýþ��6ü&ù=õ6ö�)Jû�õ$þ^$BÿiþE÷�õ6öZùiúYû ø��²ó�õ$ö�)E÷�ú'ô��²õ6öùiúYû�õ6þ=$BÿiþE÷�õ6ö�ù=ú:û ø��Ïó�õ6ö�).ú��Jÿ4ø����.ú�ö�ùiúYû�õ6þ^$Bÿ=þJ÷¬õ6ö�ùiúYû ø��²ó�õ¶ú:üýþiöB÷�1$þiû'ü ø$öeùiú:óiôBõ� �ýú��Ïø$ö�)
 �ú���û'õ��²õ²ù=ú"!mÿ=þ����.ú�öOô¬ú� ø$û'ü&õ6þiø$ù4ø$ö�)�!mõ6ô¬ø�� ùiú��4þiüýù4ø$öOþiõ6ö��*�Tùiÿ5&õ6ö�

 ®J� öW÷�ú����¨� w:ø�÷2ø5� ÷ � ó�ú�ö
 ®J� öW÷�ú����¨� w:ø�÷2ø5� P üýú�&ù ® ú'÷
 ®J� öW÷�ú����¨� w:ø�÷2ø5� P üýú�&ù ® ú'÷ ÷ ú'ô��²ö
 ®J� öW÷�ú����¨� w:ø�÷2ø5� P üýú�&ù ® ú'÷ � �Jÿ4ø�÷�ü&õ$þ
 ®J� öW÷�ú����¨� w:ø�÷2ø5� � �Jÿ4ø�÷�üýõ6þ ®�� öW÷�ú��
 ®J� öW÷�ú����¨� w:ø�÷2ø5� � ô¬õ� 5&ú�� A þiöW÷2ø$þiû'ú

• � öBü&öW÷�ú��Ïø�ù=úYôBú�ùiÿ����$õ ú !mÿiþ����.ú�öeô¬ú� ø$û'ü&õ6þ4ø�ù4ø$öZø�öBü&öB÷¬ú��Ïø$öZùiú:ú��.ÿiø��(�$õ � �>þiõ6ô��Ïø$üýöF!mõ6ô�ø��ùiú��4þiüýùiõ6öOú���

� ù,�



�x)N��>GC?E);�>a;?>�+�:h�y�<B

 ®J� öW÷�ú����¨� ò°'�6õ$ô¬üý÷�&������Oú�ùiÿ=û'÷�üýõ6þ ®�� öW÷�ú��
 ®J� öW÷�ú����¨� ò°'�6õ$ô¬üý÷�&������tõ6ô��Ïø� � �Jÿ4ø�÷¬ü&õ6þ ®�� öB÷�ú��

• � ø���6õ6ô¬üÉ÷��²õ�ù=ú:÷�ô¬ø$ùiÿ����$õ�ù4ø ö¬üýþE÷2ø^,TúÂü&þE÷¬ú�ô¬þiø ó4ø$ô�ø�ø öBü&þE÷2ø=,=úÂù=úrÿiö¬ÿ��$ô¬üýõ2!mõ6ü?ùiú��4þiüýùiõ�þiõ
�*�Tù=ÿ�&õ�

 ®J� öW÷�ú����¨�·�tö¬ú'ô ®�� þÉ� �YöBú�ô ®J� þE÷�ø^,

• � ó4ø$ôBö¬ú�ôOó4ø�ô�ø²øÃöBü&þE÷2ø=,=ú�üýþJ÷¬ú�ôBþ4ø2!mõ6üLùiú��4þiü&ù=õÏú��V

 ®J� öW÷�ú����¨�·�|ø$ô¬öBú�ô�����ú�,Tú'ô
 ®J� öW÷�ú����¨�·�|ø$ô¬öBú�ô��·�|ø$ô¬öBú�ô

•
òqö�ø��ýù4øDú���� � ÷ � � ù=õ6ör÷�üýó�õ6öYùiú�ù4ø$ù=õ6ö�)<�²ú�þiö¬ø��6ú'þiöÂùiú�ú�ôBô¬õHú�ùiú'ô¬ü � ø����.ú�ö��6ú'ô�ø$ùiø$öró�ú�&õ$öø���6õ6ôBüý÷��²õ6ö¡!mõ6üLùiú��4þiüýù4ø²þ=õ6ö����.ùiÿ�ýõ6ö�

 ®J� öW÷�ú����¨����ø�÷¬ú�,g� �dø�÷�ú�,
 ®J� öW÷�ú����¨����ø�÷¬ú�,g� ÷ � ó�ú�ö
 ®J� öW÷�ú����¨����ø�÷¬ú�,g� P ü&ú�&ù ® ú�÷
 ®J� öW÷�ú����¨����ø�÷¬ú�,g� P ü&ú�&ù ® ú�÷ ÷ ú�ô	�Ïö
 ®J� öW÷�ú����¨����ø�÷¬ú�,g� P ü&ú�&ù ® ú�÷ � �Jÿ4ø�÷¬ü&õ6þ
 ®J� öW÷�ú����¨����ø�÷¬ú�,g� � �Jÿ4ø�÷�ü&õ$þ ®�� öB÷¬ú��
 ®J� öW÷�ú����¨����ø�÷¬ú�,g� ��ôBõ� �ýú�� A þiöB÷�ø$þiû�ú
 ®J� öW÷�ú����¨����ø�÷¬ú�,g� �tú'ùiÿiû'÷¬ü&õ6þ ®�� öB÷�ú��
 ®J� öW÷�ú����¨����ø�÷¬ú�,g� �Yö¬ú'ô ®�� þE÷2ø=,

•
ò~ö�ø��ýù4ø¶ú��À!mõ6ô��Ïø�ù=úÂöB÷�ôBü&þ��¶ù4ø$ö�ú'öB÷�ôBÿ=÷�ÿ=ô�ø$ö�ùiúÂùiø$ùiõ6ö�ú��Ïú'þiö�ø��$ú�þiö�ùiúÂú'ô¬ôBõN!mõ6ü?ù=ú��4þiüýù4øú��V

 ®J� öW÷�ú����¨� ® &iõE¡"� � �Jÿ4ø�÷¬ü&õ6þ ®J� öW÷�ú��
 ®J� öW÷�ú����¨� ® &iõE¡"� P üýú�ýù ® ú'÷ � �.ÿiø�÷�üýõ6þ
 ®J� öW÷�ú����¨� ® &iõE¡"� P üýú�ýù ® ú'÷
 ®J� öW÷�ú����¨� ® &iõE¡"� P üýú�ýù ® ú'÷ ÷ ú'ô��²ö
 ®J� öW÷�ú����¨� ® &iõE¡"�·� ô¬õ� �&ú�� A þiöW÷2ø$þ=û�ú
 ®J� öW÷�ú����¨� ® &iõE¡"���Oú�ùiÿ=û'÷�üýõ6þ ®�� öW÷�ú��
 ®J� öW÷�ú����¨� ® &iõE¡"� ÷ � ó�ú'ö

• ¢ �Tùiÿ5&õ6ö�ùiúÂ÷¬ú�öB÷¬ú�

 ¢ ø$ü&þ
 � ôBõ� A þiöW÷2ø$þiû'ú ÷ ú�öW÷
 �tö¬ú'ô ®�� þE÷2ø^, ÷ ú�öW÷

� Ê5£



w:ü&öBó�õ6þ=ü' iü�&ü&ùiø$ùiú
�?ø�6 ^¤Z�^hfRQ�\�Z¦¥�Z]n¦Z]V'UWV	b
§§,2¨ª©�«¬c®a¯5°]±�²�³,´¶µ$´`·�¸�µ2«º¹5´�»¼´5½�©�°�µ2°]²¾©�°a¿2±�´.©�¸.©�«¿À´�µ2°]¯.°g°�²¾©�®.±[µ2«²�¿9´5½2Áª¯5°�¨À°�¬¤Â ùFÃ ´5Ä	¿9´5±�±¾°�ÅJÄ2«ÇÆ
²�«ÈÉ³.´¶®.´¶®.Ä)©�´5±]Ê
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Ð ´5Ñ�Ò¾°¦©�«ª¯5´'¿2±�´5¿9´5²Ó©�´B¿2®.±�®�°�²Ó©�°�©�±�®.Ñ2®.¨ºÔ2´�»¼´5«A´vµ2°�¿$±�´4Ò¾°¦©Õ®.±WÄ2¬�²�«²¾©�°�¬�®'µ2°¶±�°]¹5«º²Ó©�±¾´5²�¿2®.±�®�´
Ö «²¾©�°]¬c®�× ÷ °�®É¯.®,¨º«Ø®,±[·�´5¬¶´¶´�²¾«º²¾©�°�¬�®¶µ$°�±¾°�²¾©�±�«È�Ù�°�²Úµ2´ Ö «º²¾©�°�¬�®c× ÷ ¿À´�µ2°a»Û®.·�«¨º«ª©Õ®.±[°]²¾©�°W©�«º¿9´
µ2°g¿2±¾´4Ò¾°]©�´2Ê Ð ©�±�®.ÑÜ®.¨Ô2´`¿2±¾´)·]°�µ2°]Ä)Æ1²¾°Ý®,©�±�®É¯5Þ]²"µ$´5²m²�°�¹.Ä2«º½�©�°]²m¿Ü®.²�²¾´5²�ß

•
�A±¾«º¬¶°�«º±�®.¬¶°�½�©�°,à9´i®.Ä$©�´.±�°]»¼°¦©�Ä2´.ÄáÄ2¬c®¶±�°¦¯)«²�³.´cµÜ®c¨º«½2¹5ÄÜ®,¹5°�¬â�"®.²��,°�¨º¨@°�µ2°�²�°�Äã²¾«º²¾©�°�¬�®
µ2°g±¾°�¹5«²¾©�±¾´5²�à$µ2°�²¾·�±�°¦¯5°]½2µ2´	²�Ä2®.²m·É®.±�®.·]©�°�±�Á²¾©�«º·É®,²ä°W¨«º¬¶«©�®.È�Ù�°�²]Ê

•
÷ ®.¬�Ñ9Þ�¬s»¼´5«å»¼°�«©�®KÄ2¬�®B±�°¦¯)«²�³.´ãµ2´á²¾«º²Ó©�°�¬�®Kµ2°i©�«º¿9´5²Ýµ2´ Ö «º²¾©�°�¬�®ã× ÷ à�½Ü®áÅJÄÜ®.¨å»¼´5±�®.¬
®.¿$±�°�²¾°�½�©Õ®,µÜ®.²	®.¨¹5Ä2¬�®.²`·�´.½J©�±�«Ñ2Ä2«ºÈ]Ù)°]²�à�·�´5¬¶´æ®ã±�°¦»¼´5±�¬�Ä$¨Ø®.È�³.´çµ2®ç²�«½�©Õ®4è)°'µ2°v©�«º¿9´5²�à�µÜ®
»¼Ä2½$ÈÉ³.´

lcg
°aµ2®.²m±�°�¹.±�®.²mµ2°g²�®4©�«º²Ó»Û®.é�«Ñ2«º¨«ºµÜ®,µ2°.Ê

•
Ö °�¹5Ä2«Ä)Æ1²¾°vÄ$¬c®ã®.±¾¹5Ä2¬¶°�½�©Õ®.È�³.´T²�´5Ñ2±¾°K®.²¶·É®,±�®.·¦©�°�±¾Áº²Ó©�«º·�®.²�µ2°�²¾°/Ò�êÉ¯5°]«º²�µ2°vÄ$¬ë²�«º²Ó©�°]¬c®ãµ2°
±¾°�¹5«²¾©�±¾´2à2Ñ9°�¬ì·]´5¬¶´�®�²�«½�©Õ®4è)°g°g±�°�¹.±�®.²mµ2°g©�«¿Ü®.¹5°]¬í¿Ü®.±�®`Ä2¬ì²�«²¾©�°�¬�®¶µ2°g±¾°�¹5«²¾©�±¾´5²ä¿Ü®.±�®
´ Ö «²¾©�°]¬c®¶× ÷ ÊÜ§"²Ú¿$±�«º½$·�«º¿2®.«º²[·�®.±�®,·]©�°]±�Á²¾©�«·É®.²äµ$´�²¾«º²¾©�°�¬�®�¿2±�´.¿À´5²Ó©�´¶²�³.´$ß
 �m°�¹.«º²¾©�±�´5² � ÿ���ÿ ý ß	´ãÄ2²�´Tµ2°�Ä2¬j©�«º¿9´á±�°�¹.«º²¾©�±�´ã½Ü³.´ã¿2±¾°�·]«º²�®ã²�°]±�¿2±�°]·�°�µ$«ºµ2´Tµ2°�Ä2¬�®
µ$°�·�¨º®.±�®,ÈÉ³.´�µ2´¶¬�°]²�¬¶´2Ê

 Ð ¿9°�±�®.È�Ù�°�²Ú¿À´.¨º«º¬¶¸5±ÓîÜ·É®.²�µ2°�±¾°�¹5«²¾©�±�´2ßï¿2±¾´4Ò¾°�È�³.´2à9®.µ2«ÈÉ³.´2àÜ±¾°�¬¶´)È�³.´�°W®,©�ÄÜ®,¨º«ºé�®.ÈÉ³,´`µ2°
·�®.¬¶¿À´5²]Ê

 ×�´�µ2«ªîÜ·É®.È�³.´�µ2°a«º½)»¼´5±�¬�®.È�Ù�°�²�²�´5Ñ2±¾°a¿À´.¨º«º¬¶´5±ÓîÜ²�¬¶´Ýµ2°a±¾°�¹5«²¾©�±�´�Ä2²�®,½2µ2´�±�°]²¾©�±¾«ºÈ]Ù)°]²äµ2°
±¾°�¹5«²¾©�±�´2Ê

•
§ð©�°�´.±�«Ø®Úµ2°[°]Å�Ä2®.È�Ù�°�²Aµ2°ä·]´5½4Ò¾Ä2½�©�´5²�µ2°[·�®.¬¶¿À´5²]à5ÅJÄ2°äÞä®�¬�®.«´5±�·�´5½�©�±¾«ºÑ2Ä$«ºÈÉ³,´�µ2°�²Ó©�°[©�±�®.ÑÜ®FÆ
¨Ô2´2à5»¼´5«2¿$±�´5¿9´5²¾©�®a¿Ü®.±�®a»¼´5±¾¬c®.¨«ºé�®.±@´W¿2±¾´5Ñ2¨º°]¬c®�µ2®W²¾Ä2Ñ2²¾©�«©�Ä2«ºÈ�³.´g¿2±�«½2·�«¿Ü®.¨$¿2®.±�®g±�°]²¾©�±¾«ºÈ]Ù)°]²
µ2°g±¾°�¹5«²¾©�±¾´2à$°a¿2®.±�®`¿9°�±�¬¶«©�«º±�®`»¼´.±�¬�Ä2¨º®.ÈÉ³,´�µ2°aÄ2¬�®,¨º¹5´5±¾«©�¬�´W¿Ü®.±�®�·]´5¬¶¿2Ä$©Õ®,±ä°�²¾©�®`²�Ä2Ñ2²/Æ
©�«©�Ä$«ºÈÉ³,´i¿2±�«½2·�«¿Ü®.¨<®,©�±�®E¯.Þ�²gµ2°�Ä2¬¤²�«º²Ó©�°]¬c®	µ2°`±¾°�µ2Ä2È�³.´2Ê�ñÚ¬c®i¿2±¾´E¯.®	µÜ®i©�°�±�¬¶«º½2®.ÈÉ³.´cµ2´
²¾«º²¾©�°�¬�®¶µ$°Ý±�°]µ2Ä2È�³.´2àòÑ9°�¬�·]´5¬¶´cÄ2¬�°]²�ÅJÄ2°�¨°]©�´	µÜ®�¿2±¾´E¯.®¶µÜ®�·]´5½2²¾«º²¾©0$�½2·]«Ø®¶µÜ®.²�±¾°�¹5±�®.²Úµ2°
±¾°�µ2Ä2È�³.´�©Õ®.¬�Ñ9Þ�¬ó»¼´5±�®,¬ì®.¿2±¾°�²¾°�½�©Õ®.µ$´5²"½$°�²¾©�°W©�±�®.Ñ2®.¨ºÔ2´$Ê

•
ñÚ¬c®i²¾«º½�©Õ®Fè$°�°]²�¿9°�·�«º®.¨�¿Ü®,±�®i©�«¿À´5²�·�´5¬¤±�°�¹.«º²¾©�±�´5²a¿9´5¨«º¬¶¸5±¾îÜ·]´5²"»¼´.«<¿2±¾´5¿À´.²¾©Õ®)àh·�´5¬ô´�´5Ñ�Æ
Ò¾°¦©�«¯.´	µ2°�¿2±�´E¯.°�±gÄ2¬�®i·�´�µ2«îÜ·�®.ÈÉ³,´	¬c®.«²�«º½�©�Ä2«©�«¯,®�µ2°�©�«º¿9´5²�±¾°�²¾©�±�«½2¹5«ºµ$´5²�·�´.¬ô±�°]²¾©�±¾«ºÈ]Ù)°]²
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öx)7÷�ø<ù@úhû�z@=E�hø
µ2°	±¾°�¹5«²¾©�±�´2Ê P ´5«�¬�´.²¾©�±�®.µ2´áÄ2¬�®K¬�®.¿À°�®.¬¶°�½�©�´á°]½J©�±�°'®á²�«½J©�®4è)°�Å�Ä$°'Ä$²�®á±�°]²¾©�±¾«ºÈ]Ù)°]²`µ2°
±¾°�¹5«²¾©�±¾´�°g®¶²¾«º½�©Õ®4è)°W®.¬¶«º¹�êÉ¯.°�¨y®,´¶Ä$²�ÄÜê.±¾«º´2Ê

• ü ´5±�ý$¨©�«¬�´$à2»¼´5«�µ2°�²¾°�½�¯5´5¨ª¯�«ºµ2´iÄ$¬¤¿2±¾´.©�¸,©�«º¿9´¶µ2´c²¾«º²¾©�°�¬�®�µ2°�±�°]µ2Ä2ÈÉ³,´	°Ýµ2´�¬c®.¿9°É®,¬�°]½J©�´
°]½J©�±�°W®.²m²�«½�©Õ®4è)°�²]Ê

§�¿9°�²�®.±`µ2°�²�°]±`ÑÜ®.²¾°É®.µ2´ã½2´ã²¾«º²¾©�°�¬�®Kµ2°	²�´.Ñ2±�°]·É®.±¾¹�®áµ2´ Ö «º²Ó©�°�¬�®ã× ÷ à�´ã²�«²¾©�°�¬�®Kµ2°	±�°]¹5«º²Ó©�±�´.²
¿2±¾´5¿À´.²¾©�´þ¿9´)µ2°ã²¾°�±�©Õ®.¬�Ñ9Þ�¬ »¼´5±�¬�Ä$¨Ø®.µ2´$à"·]´5¬ ¿À´.Ä2·É®.²�¬¶´)µ$«îÜ·�®.È�Ù�°�²]à�Ä2²�®.½2µ2´ð´ð²¾«º²¾©�°�¬�®ÿµ2°
·�¨º®.²�²¾°�²mµ2°W��®,²��.°]¨º¨ Ê

Ð ®.Ä$©�´5±g°�²¾¿À°]±�®vÅJÄ2°¶°�²Ó©�°�©�±�®.ÑÜ®.¨Ô2´�¿À´5²¾²�®�·�´5½�©�±�«ºÑ$Ä2«º± � ¿À°]²�ÅJÄ2«²�®v·]´5±�±¾°�½�©�°¶²�´.Ñ2±�°¶²�«²¾©�°]¬c®,²
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ÂYX�� Ã ��®5®,½ Óh°�« Ò¾°�½yÊ Üv´5±¾±�´PÚgß ® ±¾´EÚ[ÆL´5±�«°�½�©�°]µ ¿$±�´5¹5±�®.¬¶¬�«½2¹ ¨º®.½2¹5ÄÜ®,¹5°.Ê
2<46467:9�;6;>=<=6=@?�\6CH?d]6]:?dUOG6;5bE[5B<B�UT;P_jI�J6J�IK=:?d2<48_jG)à3¾5®.½JÄÜ®.±×Ö"X éRé8k Ê

ÂYXR Ã ®m´5Ñ2«º½ßÜv«º¨½2°�±]Êò§ ©�Ô2°]´5±�Ö�´.»ò©ØÖ)¿9°�¿9´5¨óÖ)¬¶´5±¾¿2Ô2«º²¾¬N«½c¿2±¾´5¹5±�®,¬�¬¶«º½2¹$Ê�¹ � u<���O��v �	¢ � �>~�� u<r	���
��� ��{T}P� r	� ~ü{ ��oA���Q�y� � à Ë )ß õ��8´ � õ  k à ËPÔ  ´ Ê

ÂYX ´,Ã ®m´5Ñ2«º½$Ü'«º¨º½$°�±�àäÜv®.µ2² 0 ´.»?©�°,à�®,½2µ���®É¯�«ºµ ÜB®.·]Å�Ä$°�°�½òÊ*Á'sM�Ð¦£�ùýz�Moqr�o � � �	¢Ð{ rA��� � ��� � ¤á�@Ê
Ü"l 0 ü ±¾°�²�²]àÀ×[®.¬�Ñ2±¾«ºµ2¹5°,àTÜv§�à�ñ Ö §�à ËPÔRÔ )Ê

ÂYX Ô,Ã ¾.´5Ô2½-Üv«ª©�·ÕÔ2°]¨º¨ Êä� � u<� � ��rdo � � �Z¢V� �p�@� ��� ��� ~�~ oq� � �'��� � u�� � � � ÊäÜ"l 0 ü ±¾°�²�²]à ËVÔRÔ �$Ê
ËEõ �



Â õRé,Ã §�¨º®.½áÜáÖ�·�±¾´.»?©ÉÊ ü ´5¨�Ö�¬¶´5±�¿$Ô2«º·Ú©ØÖ)¿9°a²�·ÕÔ$°�¬¶°�²"®.½2µ	±�°]·�Ä2±¾²�«ª¯5°gµ2°]î2½2«©�«º´5½2²]ÊHl1½ �`� � �y�y� � oq� �>�µ�	¢rqsM� w �MrØ�����O��rdo � �O��v {T}K~��M�P� oqu ~�� ���@� ��� ��� ~�~ oq� � àò¿2®.¹5°�²µX Ë P��X õ�Ô à ËPÔ�´�� Ê¶�ï´5¨ºÄ2¬¶° Ë �8c´.»
Ó ö × Ö à Ö ¿$±�«º½$¹5°�±/Æã�ï°�±¾¨Ø®.¹$Ê

Â õ$Ë�Ã §[©�²¾Ä2²�Ô$« Ð Ô2´5±¾« Êþ§¤·]´5¬�¿$«º¨Ø®4©�«º´.½æ¬�°¦©�Ô2´�µ�»¼´5±�¬�¨ÇÆ1²¾©ØÖ�¨°	¿À´5¨óÖ�¬�´5±¾¿2Ô2«·	±�°�·]´5±�µð·É®.¨·�Ä2¨« Ê$l1½
� � �z�þ§ ë ° ì �@� � �y�y� � oq� �>�á�	¢ rqsM�áÿ8ë�rqs�t£�¥¤ {5w�� �ä�'t�mp¼ {5w�� t£��Á ��}>~��M�P� oqu ~ � ���`��oq�M¼
��o � vÞ� �á�	¢¶� � ��� ��� ~�~ oq� � vó��� � u�� � � � à@¿Ü®.¹5°]² ËEkK� � Ë � k à ö °�Ú ç ´.±�æ�à öç à<ñ Ö §Ýà ËPÔRÔ X)Ê�§Ú×�Ü
ü ±�°]²�²�Ê

Â õ X Ã §[©�²¾Ä2²�Ô$« Ð Ô$´5±�« Ê)§�¿9´5¨óÖ)¬¶´5±¾¿2Ô2«º·ï±¾°�·�´.±�µ`·É®,¨º·�Ä$¨ºÄ2²<®.½2µ�«ª©�²<·]´5¬¶¿2«º¨º®,©�«´5½yÊ5t£�¥¤ Á������ � �<��r�o � � �
� �-�`� ��� ��� ~�~ oq� � �'��� � u�� � � � ��� ��{T}P� rØ� ~ò� à Ë  Â �8Ã¦ß ´��R� � ´RÔ8k à ö ´E¯5°]¬�Ñ9°�± ËPÔRÔ8k Ê

Â õ5õ,Ã ×[®,©�Ä2²�·]«Ø® ü ®.¨Ø®,¬�«µ2°�²¾²�« Ê.§�¨º¹.°�Ñ2±�®.«º·A¿2±¾´5¿9°�±¾©�«º°]²�´,»2«ºµ$°�¬¶¿À´.©�°�½�©�²�Ä2Ñ$²¾©�«ª©�Ä$©�«º´5½$²�Ê Ð ·]©�´5ÑÀ°]± ËVÔRÔ �$Ê
Â õ��.Ã � °]½4Ò�®.¬¶«º½'×�Ê ü «º°]±�·�°,Ê å � � oA�£����rØ� �<� � } rqsM� � � }¬¢V� �ò� �>~�� u<rØ��� � ��oA���Mr�o � r � ÊzÜ"l 0 ü ±¾°�²�²]àÀ×[®.¬�ÆÑ2±¾«ºµ2¹5°,àOÜv§Ýà�ñ Ö §Ýà ËVÔRÔ$Ë Ê
Â õ8k4Ã ½a°�´��À±�°�Ö Ö ¬¶«©�ÔòÊ � � v }>~Ð� � � s<oA��Á }y� � w � ¢ ���ð���Q�y� ¢V� �"�'��� � u�� � � ��� oqrqs � î�����v � � � oq� � ��� �

{ u º r }y� oq� � Ê ü Ô�� ©�Ô2°�²¾«º²�à9×�´.±�½2°]¨º¨�ñ"½$«¯5°]±�²¾«©ØÖ5à ËVÔRÔ$Ë Ê
Â õ � Ã ×�±�«²¾©�«Ø®.½2´��å®.²¾·�´5½$·�°�¨´5²�àOÓhÄ2·]Áº¨º«º®£�<«¹5Ä2°�«±�°]µ2´2àÜ®.½$µK×[®.±¾¨º´5²Ú×[®,¬c®.±�³.´2Ê ü ±�®,·]©�«·É®.¨ 0 Ö�¿À°µl1½$»¼°�Æ±�°]½2·�°Ú»¼´5± ü ´.¨�Ö�¬�´.±�¿2Ô2«·®Ú°]·�Ä2±¾²�«´5½yß�®,½�l1¬¶¿2¨º°]¬�°]½�©Õ®,©�«º´5½`«½�ñ"®.²�æ,°�¨¨ Ê¥¹ � u<���O��v �	¢�� �Moqî���� � ��v� �>~�� u<r	��� { ��oA���Q�y�¦à Ô�Âd´ Ã�ß ´  õ � ´RÔRé àMX éRé.õ Ê
Â õ  Ã ×�±�«²¾©�«Ø®.½2´ �å®.²�·]´5½2·]°�¨º´.²�àßÓhÄ2·]Áº¨«Ø®÷�<«º¹.Ä2°�«±�°�µ$´2à�®.½2µ7×[®,±�¨º´.²æ×[®.¬�®.±�³.´2Ê ü ±�®.·¦©�«·É®.¨ 0 Ö�¿9°l1½$»¼°]±�°�½$·�° »¼´5± ü ´5¨�Ö�¬¶´5±�¿2Ô$«º·�®Ú°]·�Ä2±¾²�«´5½yß�®,½²l1¬¶¿2¨º°]¬�°]½J©�®,©�«´5½ «º½ ñ�®,²�æ.°]¨º¨ Ê l1½ �`� � ��¡ �	¢{�å ���¨§ ° ©8©	�5à2¿Ü®.¹.°�² Ë �R�E� Ë  Ô à�X éRé5õ Ê
Â õR´,Ã ��°]½2½2«º²ø�ï´5¨¿Ü®.½2´þ®.½2µ²½a°�´��À±�°�Ö Ö ¬�«ª©�ÔyÊ Ð ½C©�Ô2° ×�´5¬¶¿2¨º°�è)«©ØÖ�´,»¨Ü-Ó 0 Ö�¿Ü®.Ñ2«¨º«ª©ØÖ�Úm«©�Ô

Ð ¯5°]±�¨º´5®.µ2«º½$¹2Ê'l1½á�`� � ��¡ �	¢ rqsM�:t£�¥¤ {T}>~��M�P� oqu ~ � �ß�'u<�Q��r�o � �O��v��@� ��� ��� ~�~ oq� � � �>~�� u<r	���
t��ð�ys<oqr	�y��r�u<�y��¡ºàÜ½JÄ2¬ÝÑÀ°]± k X õ «º½áÓ ö × Ö àÜ¿Ü®,¹5°�² ËEk �5X ´ à ËVÔRÔ$Ë Ê

ËEõ 






 � !���þ#hÎ��

ËEõ�Ô






 � !����þ#hÎ�� 


� � �� ����� Ï ��� ���������� � � �  #hÏ"!���� #
W

$&%('*),+.-0/,1�24352 ×76�84Ò:9;8=<>6"?;@BAC@ED:<>A:FHG]ÙI@ED�ß
{

+f :: Int→
{

h : Int, k : String
}

→ α1

}

�KJ 9;L�G�Ù*@MDWß
{

rα1
≡
({

(h, Int) , (k, String)
}

	 ∅
)

⊕
{

(f, Int)
}}

®N@E?;9;GMO�62ß
({

rα1
≡
({

(h, Int) , (k, String)
}

	 ∅
)

⊕
{

(f, Int)
}}

, id, ∅
) 2
−→

(

∅,
[

α1 7→
{

f : Int, h : Int, k : String
}]

, ∅
)

ÐQP 6�84Ò:9;8=<>6¶ÞRD>L	<CFHDTS4L.éMUWVX@MY[ZK\]DC92Ñ^D:<>FW<>9;F_G`O�6ba;A:FH8 P FHa5L	YyÞ.ß
[

α1 7→
{

f : Int, h : Int, k : String
}]

$&%('*),+.-0/,1�2_c�2 ×76�84Ò:9;8=<>6"?;@BAC@ED:<>A:FHG]ÙI@ED�ß
{

+f :: Int→
{

h : Int, k : String
}

→ α1, +g :: Double→ α2 → α1

}

�KJ 9;L�G�Ù*@MDWß
{

rα1
≡

({

(h, Int) , (k, String)
}

	 ∅
)

⊕
{

(f, Int)
}

rα1
≡ (rα2

	 ∅)⊕
{

(g, Double)
}

}

®N@E?;9;GMO�62ß
({

rα1
≡

({

(h, Int) , (k, String)
}

	 ∅
)

⊕
{

(f, Int)
}

rα1
≡ (rα2

	 ∅)⊕
{

(g, Double)
}

}

, id, ∅

)

2
−→

({{

(f, Int) , (h, Int) , (k, String)
}

≡ (rα2
	 ∅)⊕

{

(g, Double)
}}

, S, ∅
) 3
−→ ⊥6X8;?^@ [

α1 7→
{

f : Int, h : Int, k : String
}]

dV�^d
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ÐQP 6�84Ò:9;8=<>6"85O�6�ÞBD>L	<CFHDTS4L.éMUWVX@MY à^aw6XFHD
{g} 6⊆ {f, h, k}

Z
$&%('*),+.-0/,1�2_x�2 ×76�84Ò:9;8=<>6"?;@BAC@ED:<>A:FHG]ÙI@ED�ß

{

+f :: Int→
{

f : Bool, h : Int, k : String
}

→ α1

}

�KJ 9;L�G�Ù*@MDWß
{

rα1
≡
({

(f, Bool) , (h, Int) , (k, String)
}

	 ∅
)

⊕
{

(f, Int)
}}

®N@E?;9;GMO�62ß

({

rα1
≡
({

(f, Bool) , (h, Int) , (k, String)
}

	 ∅
)

⊕
{

(f, Int)
}}

, id, ∅
) 2
−→ ⊥

ÐQP 6�84Ò:9;8=<>6"85O�6�ÞBD>L	<CFHDTS4L.éMUWVX@MY à^aw6XFHD]ß
{f, h, k} ∩ {f} = {f} 6⊆ ∅

Z
$&%('*),+.-0/,1�2zy{2 ×76�84Ò:9;8=<>6"?;@BAC@ED:<>A:FHG]ÙI@ED�ß

{

+f :: Int→
{

h : Int, k : String
}

→ α1, +f :: String→ α2 → α1

}

�KJ 9;L�G�Ù*@MD]ß
{

rα1
≡

({

(h, Int) , (k, String)
}

	 ∅
)

⊕
{

(f, Int)
}

rα1
≡ (rα2

	 ∅)⊕
{

(f, String)
}

}

®N@E?;9;GMO�62ß

({

rα1
≡

({

(h, Int) , (k, String)
}

	 ∅
)

⊕
{

(f, Int)
}

rα1
≡ (rα2

	 ∅)⊕
{

(f, String)
}

}

, id, ∅

)

2
−→

({{

(f, Int) , (h, Int) , (k, String)
}

≡ (rα2
	 ∅)⊕

{

(f, String)
}}

, S, ∅
) 3
−→ ⊥6X8;?^@

S =
[

α1 7→
{

f : Int, h : Int, k : String
}]

ÐQP 6�84Ò:9;8=<>6"85O�6�ÞBD>L	<CFHDTS4L.éMUWVX@MY à^aw6XFHD|<C@M}"6XD J 9;@~6
mgu

?;@
{(

α2,
{

h : Int, k : String
})

, (Int, String)
}

85O�6�ÞB?;@¦î58;FH?^62à5a�6�FHD|6XD�<CFHaw6XD
Int

@
String

85O�6bD>O	6"9^8;Fî P ê`VX@MF_DMZ
$&%('*),+.-0/,1�2_��2 ×76�84Ò:9;8=<>6"?;@BAC@ED:<>A:FHG]ÙI@ED�ß

{

+f :: Int→
{

h : Int, k : String
}

→
{

f : Int, h : Bool, k : String
} }

�KJ 9;L�G�Ù*@MD]ß
dV� X



{{

(f, Int) , (h, Bool) , (k, String)
}

≡
({

(h, Int) , (k, String)
}

	 ∅
)

⊕
{

(f, Int)
}}

®N@E?;9;GMO�62ß

({{

(f, Int) , (h, Bool) ,
(k, String)

}

≡
({

(h, Int) , (k, String)
}

	 ∅
)

⊕
{

(f, Int)
}

}

, id, ∅

)

2
−→ ⊥

ÐQP 6�84Ò:9;8=<>6"85O�6�ÞBD>L	<CFHDTS4L.éMUWVX@MY à^aw6XFHD|<C@M}"6XD J 9;@~6
mgu

?;@
{({

f : Int, h : Bool, k : String
}

,
{

f : Int, h : Int, k : String
})}

85O�6�ÞB?;@¦î58;FH?^62à5a�6�FHD|6XD�<CFHaw6XD
Bool

@
Int

85O�6bD>O	6"9^8;Fî P ê`VX@MF_DMZ
$&%('*),+.-0/,1�2_��2 ×76�84Ò:9;8=<>6"?;@BAC@ED:<>A:FHG]ÙI@ED�ß

{

+f :: [α1]→ α2 →
{

f : [Int] , h : Int, k : String
} }

�KJ 9;L�G�Ù*@MD]ß
{{

(f, [Int]) , (h, Int) , (k, String)
}

≡ (rα2
	 ∅)⊕

{

(f, [α1])
}}

®N@E?;9;GMO�62ß

({{

(f, [Int]) , (h, Int) , (k, String)
}

≡ (rα2
	 ∅)⊕

{

(f, [α1])
}}

, id, ∅
) 3
−→

(∅, S, ∅)6�8;?;@
S =

[

α1 7→ Int, α2 7→
{

h : Int, k : String
}]

ÐQP 6�84Ò:9;8=<>6"?;@BAC@ED:<>A:FHG]ÙI@EDäÞ~DCL	<>F_D:S4L.éEU_V�@MY à^DC@M8^?;6 J 9;@�L�DC92Ñ^D:<>FW<>9;F_G`O�6ba;A:FH8 P FHa5L	YòÞBFH�X9;L�Y(L$ß
[

α1 7→ Int, α2 7→
{

h : Int, k : String
}]

$&%('*),+.-0/,1�2 � 2 ×76�84Ò:9;8=<>6"?;@BAC@ED:<>A:FHG]ÙI@ED�ß
{

+f :: Int→ α1 →
{

h : Int, k : String
} }

�KJ 9;L�G�Ù*@MD]ß
{{

(h, Int) , (k, String)
}

≡ (rα1
	 ∅)⊕

{

(f, Int)
}}

®N@E?;9;GMO�62ß
({{

(h, Int) , (k, String)
}

≡ (rα1
	 ∅)⊕

{

(f, Int)
}}

, id, ∅
) 3
−→ ⊥ÐQP 6�84Ò:9;8=<>6"85O�6�ÞBD>L	<CFHDTS4L.éMUWVX@MY à^aw6XFHD]ß

{f} 6⊆ {h, k}
Z

dV�5õ
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$&%('*),+.-0/,1�2_��2 ×76�84Ò:9;8=<>6"?;@BAC@ED:<>A:FHG]ÙI@ED�ß

{

ff :: α1 → α2 → α3, +f :: α1 → α3 → α2

}

�KJ 9;L�G�Ù*@MD]ß

{

rα2
≡ (rα3

	 ∅)⊕
{

(f, α1)
}}

®N@E?;9;GMO�62ß

({

rα2
≡ (rα3

	 ∅)⊕
{

(f, α1)
}}

, id, ∅
) 4
−→

({

rα3
≡
(

rα2
	
{

(f, α1)
})

⊕ ∅
}

, id, ∅
)

ÐQP 6�84Ò:9;8=<>6¶ÞRD>L	<CFHDTS4L.éMUWVX@MY à P 6�}�L�DC92Ñ;DT<>FW<>9;F_G`O�6bFH?^@M8=<>F_?5L�?;@ P 6X}�6bD:92Ñ;D:<CF_<C9;FHGMO�6ba;ACF_8 P F_a5L�Y�Z

$&%('*),+.-0/,1�2_��2 ×76�84Ò:9;8=<>6"?;@BAC@ED:<>A:FHG]ÙI@ED�ß







ff :: α1 → α2 → α3 → α4 → α5, +f :: α6 → α1 → α4,
+g :: α7 → α4 → α3, +g :: α8 → α2 → α5,
+f :: α9 → α5 → α3







�KJ 9;L�G�Ù*@MD]ß















rα4
≡ (rα1

	 ∅)⊕
{

(f, α6)
}

rα3
≡ (rα4

	 ∅)⊕
{

(g, α7)
}

rα5
≡ (rα2

	 ∅)⊕
{

(g, α8)
}

rα3
≡ (rα5

	 ∅)⊕
{

(f, α9)
}















®N@E?;9;GMO�62ß
dV�R�

























rα4
≡ (rα1

	 ∅)⊕
{

(f, α6)
}

rα3
≡ (rα4

	 ∅)⊕
{

(g, α7)
}

rα5
≡ (rα2

	 ∅)⊕
{

(g, α8)
}

rα3
≡ (rα5

	 ∅)⊕
{

(f, α9)
}















, id, ∅









4
−→























rα4
≡ (rα1

	 ∅)⊕
{

(f, α6)
}

rα5
≡ (rα2

	 ∅)⊕
{

(g, α8)
}

rα3
≡ (rα5

	 ∅)⊕
{

(f, α9)
}

B rα4
≡

(

rα3
	
{

(g, α7)
})

⊕ ∅















, id, ∅









4
−→





























rα4
≡ (rα1

	 ∅)⊕
{

(f, α6)
}

rα5
≡ (rα2

	 ∅)⊕
{

(g, α8)
}

rα4
≡

(

rα3
	
{

(g, α7)
})

⊕ ∅

B rα5
≡

(

rα3
	
{

(f, α9)
})

⊕ ∅



















, id, ∅











8
−→





























rα5
≡ (rα2

	 ∅)⊕
{

(g, α8)
}

rα5
≡

(

rα3
	
{

(f, α9)
})

⊕ ∅

B rα4
≡

(

rα3
	
{

(g, α7)
})

⊕ ∅
B rα3

≡ (rα1
	 ∅)⊕

{

(f, α6) , (g, α7)
}



















, id, ∅











8
−→





























rα4
≡

(

rα3
	
{

(g, α7)
})

⊕ ∅

rα3
≡ (rα1

	 ∅)⊕
{

(f, α6) , (g, α7)
}

B rα5
≡

(

rα3
	
{

(f, α9)
})

⊕ ∅
B rα3

≡ (rα2
	 ∅)⊕

{

(f, α9) , (g, α8)
}



















, id, ∅











11
−−→

dV�8k
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rα5
≡

(

rα3
	
{

(f, α9)
})

⊕ ∅

rα3
≡ (rα2

	 ∅)⊕
{

(f, α9) , (g, α8)
}

B rα4
≡ (rα1

	 ∅)⊕
{

(f, α6)
}

B rα3
≡ (rα1

	 ∅)⊕
{

(f, α6) , (g, α7)
}



















, id, ∅











11
−−→





























rα4
≡ (rα1

	 ∅)⊕
{

(f, α6)
}

rα3
≡ (rα1

	 ∅)⊕
{

(f, α6) , (g, α7)
}

B rα5
≡ (rα2

	 ∅)⊕
{

(g, α8)
}

B rα3
≡ (rα2

	 ∅)⊕
{

(f, α9) , (g, α8)
}



















, id, ∅











8
−→























rα4
≡ (rα1

	 ∅)⊕
{

(f, α9)
}

rα5
≡ (rα2

	 ∅)⊕
{

(g, α8)
}

B rα3
≡ (rα2

	 ∅)⊕
{

(f, α9) , (g, α8)
}

B rα2
≡ (rα1

	 ∅)⊕ ∅















, S, ∅









6�8;?;@
S = [α6 7→ α9, α7 7→ α8]

5
−→











rα4
≡ (rα1

	 ∅)⊕
{

(f, α9)
}

rα5
≡ (rα1

	 ∅)⊕
{

(g, α8)
}

rα3
≡ (rα1

	 ∅)⊕
{

(f, α9) , (g, α8)
}







, S, {α1}





6X8;?;@
S = [α2 7→ α1, α6 7→ α9, α7 7→ α8]

ÐQP 6�84Ò:9;8=<>6¶ÞRD>L	<CFHDTS4L.éMUWVX@MY(@Baw6XDCD:9;F P 6�}�6bDC9$Ñ;D:<CF_<>9^FHG`O	6"a^ACFH8 P FHa;L�Y ß

[α2 7→ α1, α6 7→ α9, α7 7→ α8]
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ff :: α1 → α2 → α3 → α4 → α5, +f :: Int→ α2 → α1,
+f :: α6 → α2 → α3, +g :: α3 → α4 → α5,
+g :: α1 → α7 → α5







�KJ 9;L�G�Ù*@MD]ß














rα1
≡ (rα2

	 ∅)⊕
{

(f, Int)
}

rα3
≡ (rα2

	 ∅)⊕
{

(f, α6)
}

rα5
≡ (rα4

	 ∅)⊕
{

(g, α3)
}

rα5
≡ (rα7

	 ∅)⊕
{

(g, α1)
}















dV� �



®N@E?;9;GMO�62ß























rα1
≡ (rα2

	 ∅)⊕
{

(f, Int)
}

rα3
≡ (rα2

	 ∅)⊕
{

(f, α6)
}

rα5
≡ (rα4

	 ∅)⊕
{

(g, α3)
}

rα5
≡ (rα7

	 ∅)⊕
{

(g, α1)
}















, id, ∅









4
−→























rα3
≡ (rα2

	 ∅)⊕
{

(f, α6)
}

rα5
≡ (rα4

	 ∅)⊕
{

(g, α3)
}

rα5
≡ (rα7

	 ∅)⊕
{

(g, α1)
}

B rα2
≡

(

rα1
	
{

(f, Int)
})

⊕ ∅















, id, ∅









4
−→





























rα3
≡ (rα2

	 ∅)⊕
{

(f, α6)
}

rα5
≡ (rα4

	 ∅)⊕
{

(g, α3)
}

rα2
≡

(

rα1
	
{

(f, Int)
})

⊕ ∅

B rα7
≡

(

rα5
	
{

(g, α1)
})

⊕ ∅



















, id, ∅











11
−−→





























rα5
≡ (rα4

	 ∅)⊕
{

(g, α3)
}

rα7
≡

(

rα5
	
{

(g, α1)
})

⊕ ∅

B rα3
≡

(

rα1
	
{

(f, Int)
})

⊕
{

(f, α6)
}

B rα2
≡

(

rα1
	
{

(f, Int)
})

⊕ ∅



















, id, ∅











11
−−→























rα1
≡

(

rα1
	
{

(f, Int)
})

⊕
{

(f, α6)
}

rα2
≡

(

rα1
	
{

(f, Int)
})

⊕ ∅
B rα7

≡ (rα4
	 ∅)⊕ ∅

rα5
≡ (rα4

	 ∅)⊕
{

(g, α1)
}















, [α3 7→ α1] , ∅









6
−→











rα2
≡

(

rα1
	
{

(f, Int)
})

⊕ ∅
rα7

≡ (rα4
	 ∅)⊕ ∅

rα5
≡ (rα4

	 ∅)⊕
{

(g, α1)
}







, S, ∅





6�8;?;@
S = [α3 7→ α1, α6 7→ Int]

5
−→

({

rα2
≡

(

rα1
	
{

(f, Int)
})

⊕ ∅
rα5

≡ (rα4
	 ∅)⊕

{

(g, α1)
}

}

, S, {α4}

)

6�8;?;@
S = [α3 7→ α1, α6 7→ Int, α7 7→ α4]

ÐQP 6�84Ò:9;8=<>6¶ÞRD>L	<CFHDTS4L.éMUWVX@MY à P 6�}�DC92Ñ^D:<>FW<>9;F_G`O�6ba;A:FH8 P FHa5L	Y�FH��95L�Y(L$ß

[α3 7→ α1, α6 7→ Int, α7 7→ α4]
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ff :: α1 → α2 → α3 → α4 → α5, +g :: Int→ α2 → α1,
+f :: α6 → α2 → α3, +g :: α3 → α4 → α5,
+g :: α1 → α7 → α5







�KJ 9;L�G�Ù*@MD]ß














rα1
≡ (rα2

	 ∅)⊕
{

(g, Int)
}

rα3
≡ (rα2

	 ∅)⊕
{

(f, α6)
}

rα5
≡ (rα4

	 ∅)⊕
{

(g, α3)
}

rα5
≡ (rα7

	 ∅)⊕
{

(g, α1)
}















®N@E?;9;GMO�62ß























rα1
≡ (rα2

	 ∅)⊕
{

(g, Int)
}

rα3
≡ (rα2

	 ∅)⊕
{

(f, α6)
}

rα5
≡ (rα4

	 ∅)⊕
{

(g, α3)
}

rα5
≡ (rα7

	 ∅)⊕
{

(g, α1)
}















, id, ∅









4
−→























rα3
≡ (rα2

	 ∅)⊕
{

(f, α6)
}

rα5
≡ (rα4

	 ∅)⊕
{

(g, α3)
}

rα5
≡ (rα7

	 ∅)⊕
{

(g, α1)
}

B rα2
≡

(

rα1
	
{

(g, Int)
})

⊕ ∅















, id, ∅









4
−→





























rα3
≡ (rα2

	 ∅)⊕
{

(f, α6)
}

rα5
≡ (rα4

	 ∅)⊕
{

(g, α3)
}

rα2
≡

(

rα1
	
{

(g, Int)
})

⊕ ∅

B rα7
≡

(

rα5
	
{

(g, α1)
})

⊕ ∅



















, id, ∅











11
−−→





























rα5
≡ (rα4

	 ∅)⊕
{

(g, α3)
}

rα7
≡

(

rα5
	
{

(g, α1)
})

⊕ ∅

B rα3
≡

(

rα1
	
{

(g, Int)
})

⊕
{

(f, α6)
}

B rα2
≡

(

rα1
	
{

(g, Int)
})

⊕ ∅



















, id, ∅











11
−−→























rα1
≡

(

rα1
	
{

(g, Int)
})

⊕
{

(f, α6)
}

rα2
≡

(

rα1
	
{

(g, Int)
})

⊕ ∅
B rα7

≡ (rα4
	 ∅)⊕ ∅

rα5
≡ (rα4

	 ∅)⊕
{

(g, α1)
}















, [α3 7→ α1] , ∅









6
−→ ⊥

ÐQP 6�84Ò:9;8=<>6"85O�6�ÞBD>L	<CFHDTS4L.éMUWVX@MY à^aw6XFHD
{g} 6= {f}

Z
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dV�8´









ff :: α1 → α2 → α3 → α4 → α5, +f :: Int→ α2 → α1,
+f :: String → α2 → α3, +g :: α3 → α4 → α5,
+g :: α1 → α6 → α5







�KJ 9;L�G�Ù*@MD]ß














rα1
≡ (rα2

	 ∅)⊕
{

(f, Int)
}

rα3
≡ (rα2

	 ∅)⊕
{

(f, String)
}

rα5
≡ (rα4

	 ∅)⊕
{

(g, α3)
}

rα5
≡ (rα6

	 ∅)⊕
{

(g, α1)
}















®N@E?;9;GMO�62ß























rα1
≡ (rα2

	 ∅)⊕
{

(f, Int)
}

rα3
≡ (rα2

	 ∅)⊕
{

(f, String)
}

rα5
≡ (rα4

	 ∅)⊕
{

(g, α3)
}

rα5
≡ (rα6

	 ∅)⊕
{

(g, α1)
}















, id, ∅









4
−→























rα3
≡ (rα2

	 ∅)⊕
{

(f, String)
}

rα5
≡ (rα4

	 ∅)⊕
{

(g, α3)
}

rα5
≡ (rα6

	 ∅)⊕
{

(g, α1)
}

B rα2
≡

(

rα1
	
{

(f, Int)
})

⊕ ∅















, id, ∅









4
−→





























rα3
≡ (rα2

	 ∅)⊕
{

(f, String)
}

rα5
≡ (rα4

	 ∅)⊕
{

(g, α3)
}

rα2
≡

(

rα1
	
{

(f, Int)
})

⊕ ∅

B rα6
≡

(

rα5
	
{

(g, α1)
})

⊕ ∅



















, id, ∅











11
−−→





























rα5
≡ (rα4

	 ∅)⊕
{

(g, α3)
}

rα6
≡

(

rα5
	
{

(g, α1)
})

⊕ ∅

B rα3
≡

(

rα1
	
{

(f, Int)
})

⊕
{

(f, String)
}

B rα2
≡

(

rα1
	
{

(f, Int)
})

⊕ ∅



















, id, ∅











11
−−→























rα1
≡

(

rα1
	
{

(f, Int)
})

⊕
{

(f, String)
}

rα2
≡

(

rα1
	
{

(f, Int)
})

⊕ ∅
B rα6

≡ (rα4
	 ∅)⊕ ∅

rα5
≡ (rα4

	 ∅)⊕
{

(g, α1)
}















, [α3 7→ α1] , ∅









6
−→ ⊥

ÐQP 6�84Ò:9;8=<>6"85O�6�ÞBD>L	<CFHDTS4L.éMUWVX@MY à^aw6XFHD
mgu ({(Int, String)}) = ⊥

Z
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{

+f :: Int→ α1 → α2, +f :: Int→ α1 → α3

}

dV�RÔ



egfh � ÆjiRk û)øZÎ�l Æ�É�Æ lnmpo�qhørl<øtsOËqÎvu Æji Ì
W

�KJ 9;L�G�Ù*@MD]ß
{

rα2
≡ (rα1

	 ∅)⊕
{

(f, Int)
}

rα3
≡ (rα1

	 ∅)⊕
{

(f, Int)
}

}

®N@E?;9;GMO�62ß
({

rα2
≡ (rα1

	 ∅)⊕
{

(f, Int)
}

rα3
≡ (rα1

	 ∅)⊕
{

(f, Int)
}

}

, id, ∅

)

10
−−→

({

rα2
≡ (rα1

	 ∅)⊕
{

(f, Int)
}}

, [α3 7→ α2] , ∅
)

Ö L	<CFHD:S4L,éMU_V�@MY à P 6X}�DC92Ñ^D:<>FW<>9;F_G`O�6ba;A:FH8 P FHa5L	Y�FH�X9;L�Y�L$ß

[α3 7→ α2]
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{

f :: α1 → α2 → α3 → α4, +f :: α5 → α1 → α3,
+f :: Int→ α2 → α3

}

�KJ 9;L�G�Ù*@MD]ß
{

rα3
≡ (rα1

	 ∅)⊕
{

(f, α5)
}

rα3
≡ (rα2

	 ∅)⊕
{

(f, Int)
}

}

®N@E?;9;GMO�62ß
({

rα3
≡ (rα1

	 ∅)⊕
{

(f, α5)
}

rα3
≡ (rα2

	 ∅)⊕
{

(f, Int)
}

}

, id, ∅

)

8
−→

({

B rα3
≡ (rα2

	 ∅)⊕
{

(f, Int)
}

B rα2
≡ (rα1

	 ∅)⊕ ∅

}

, [α5 7→ Int] , ∅

)

5
−→

({

rα3
≡ (rα1

	 ∅)⊕
{

(f, Int)
}}

, S, {α1}
)

6X8^?;@
S = [α2 7→ α1, α5 7→ Int]ÐQP 6�84Ò:9;8=<>6¶ÞRD>L	<CFHDTS4L.éMUWVX@MY à P 6�}�DC92Ñ^D:<>FW<>9;F_G`O�6ba;A:FH8 P FHa5L	Y�FH��95L�Y(L$ß

[α2 7→ α1, α5 7→ Int]

dEk�é
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{

+f :: α1 → α2 → α3, +f :: String→ α2 → α4,
+g :: Bool→ α4 → α5, +h :: α6 → α7 → α5

}

.α3 → α3 → α7

�KJ 9;L�G�Ù*@MD]ß















rα3
≡ (rα2

	 ∅)⊕
{

(f, α1)
}

rα4
≡ (rα2

	 ∅)⊕
{

(f, String)
}

rα5
≡ (rα4

	 ∅)⊕
{

(g, Bool)
}

rα5
≡ (rα7

	 ∅)⊕
{

(h, α6)
}















®N@E?;9;GMO�62ß























rα3
≡ (rα2

	 ∅)⊕
{

(f, α1)
}

rα4
≡ (rα2

	 ∅)⊕
{

(f, String)
}

rα5
≡ (rα4

	 ∅)⊕
{

(g, Bool)
}

rα5
≡ (rα7

	 ∅)⊕
{

(h, α6)
}















, id, ∅









4
−→





























rα4
≡ (rα2

	 ∅)⊕
{

(f, String)
}

rα5
≡ (rα4

	 ∅)⊕
{

(g, Bool)
}

rα5
≡ (rα7

	 ∅)⊕
{

(h, α6)
}

B rα2
≡

(

rα3
	
{

(f, α1)
})

⊕ ∅



















, id, ∅











11
−−→





























rα5
≡ (rα4

	 ∅)⊕
{

(g, Bool)
}

rα5
≡ (rα7

	 ∅)⊕
{

(h, α6)
}

B rα4
≡

(

rα3
	
{

(f, α1)
})

⊕
{

(f, String)
}

B rα2
≡

(

rα3
	
{

(f, α1)
})

⊕ ∅



















, id, ∅











8
−→





























rα4
≡

(

rα3
	
{

(f, α1)
})

⊕
{

(f, String)
}

rα2
≡

(

rα3
	
{

(f, α1)
})

⊕ ∅
B rα5

≡ (rα4
	 ∅)⊕

{

(g, Bool)
}

B rα4
≡

(

rα7
	
{

(g, Bool)
})

⊕
{

(h, α6)
}



















, id, ∅











11
−−→

dEk*d
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rα2
≡

(

rα3
	
{

(f, α1)
})

⊕ ∅
rα4

≡
(

rα7
	
{

(g, Bool)
})

⊕
{

(h, α6)
}

B rα5
≡

(

rα3
	
{

(f, α1)
})

⊕
{

(f, String) , (g, Bool)
}

B rα4
≡

(

rα3
	
{

(f, α1)
})

⊕
{

(f, String)
}



















, id, ∅











8
−→





























rα2
≡

(

rα3
	
{

(f, α1)
})

⊕ ∅
rα5

≡
(

rα3
	
{

(f, α1)
})

⊕
{

(f, String) , (g, Bool)
}

B rα4
≡

(

rα7
	
{

(g, Bool)
})

⊕
{

(h, α6)
}

B rα7
≡

(

rα3
	
{

(f, α1) , (h, α6)
})

⊕
{

(f, String) , (g, Bool)
}



















, id, ∅











11
−−→























rα2
≡

(

rα3
	
{

(f, α1)
})

⊕ ∅
rα5

≡
(

rα3
	
{

(f, α1)
})

⊕
{

(f, String) , (g, Bool)
}

B rα4
≡

(

rα3
	
{

(f, α1) , (h, α6)
})

⊕
{

(f, String) , (h, α6)
}

B rα7
≡

(

rα3
	
{

(f, α1) , (h, α6)
})

⊕
{

(f, String) , (g, Bool)
}















, id, ∅
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α3≺{f : α1, −g, h : α6, . . . } → α3 → α3+{f : String, +g : Bool, −h}

dEk X



Livros Grátis
( http://www.livrosgratis.com.br )

 
Milhares de Livros para Download:
 
Baixar livros de Administração
Baixar livros de Agronomia
Baixar livros de Arquitetura
Baixar livros de Artes
Baixar livros de Astronomia
Baixar livros de Biologia Geral
Baixar livros de Ciência da Computação
Baixar livros de Ciência da Informação
Baixar livros de Ciência Política
Baixar livros de Ciências da Saúde
Baixar livros de Comunicação
Baixar livros do Conselho Nacional de Educação - CNE
Baixar livros de Defesa civil
Baixar livros de Direito
Baixar livros de Direitos humanos
Baixar livros de Economia
Baixar livros de Economia Doméstica
Baixar livros de Educação
Baixar livros de Educação - Trânsito
Baixar livros de Educação Física
Baixar livros de Engenharia Aeroespacial
Baixar livros de Farmácia
Baixar livros de Filosofia
Baixar livros de Física
Baixar livros de Geociências
Baixar livros de Geografia
Baixar livros de História
Baixar livros de Línguas
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