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Abstract

Let (M, g) be a compact Riemannian manifold with boundary. This work
addresses the Yamabe-type problem of finding a conformal scalar-flat metric
on M, which has the boundary as a constant mean curvature hypersurface.
In the first part we prove an existence theorem, for the umbilic boundary
case, that finishes some remaining cases of this problem. In the second
part we prove that the whole set of solutions to this problem is compact for
dimensions n > 7 under the generic condition that the boundary trace-free
second fundamental form is nonzero everywhere.

Keywords: Manifold with boundary, Yamabe problem, scalar curvature,
mean curvature, Weyl tensor, trace-free second fundamental form.
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Resumo

Seja (M, g) uma variedade Riemanniana compacta com bordo. Neste tra-
balho, estamos interessados no problema do tipo Yamabe que se consiste
em encontrar uma métrica conforme, com curvatura escalar zero em M, que
tenha o bordo como uma hipersuperficie de curvatura média constante. Na
primeira parte, é provado um teorema de existéncia de solucdes, no caso de
bordo umbilico, que conclui alguns casos remanescentes desse problema.
Na segunda parte, é provado que o conjunto de todas as solugdes desse
problema é compacto para dimensdes n > 7 sob a condi¢do genérica do
bordo ser ndo umbico em todos os pontos.

Palavras-chave: Variedade com bordo, problema de Yamabe, curvatura

escalar, curvatura média, tensor de Weyl, segunda forma fundamental sem
tracgo.
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CHAPTER 1

Introduction and Preliminaries

In 1960, H. Yamabe ([49]) raised the following question:

YAMABE PROBLEM: Given (M", g), a compact Riemannian manifold (without
boundary) of dimension n > 3, is there a Riemannian metric, conformal to g, with
constant scalar curvature?

In dimension two this result is a consequence of the uniformization
theorem for Riemann surfaces. The Yamabe problem can be viewed as a
natural uniformization question for higher dimensions.

This question was affirmatively answered after the works of Yamabe
himself, N. Trudinger ([48]), T. Aubin ([4]) and R. Schoen ([43]). (See [34]
and [46] for nice surveys on the issue.)

In 1992, J. Escobar ([22]) studied the following Yamabe-type problem,
for manifolds with boundary:

YAMABE PROBLEM (boundary version): Given (M", g), a compact Rieman-
nian manifold of dimension n > 3 with boundary, is there a Riemannian metric,
conformal to g, with zero scalar curvature and constant boundary mean curvature?

In dimension two, the classical Riemann mapping theorem says that
any simply connected, proper domain of the plane is conformally diffeo-
morphic to a disk. This theorem is false in higher dimensions since the only
bounded open subsets of R", for nn > 3, that are conformally diffeomorphic
to Euclidean balls are the Euclidean balls themselves. The Yamabe-type
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problem proposed by Escobar can be viewed as an extension of the Rie-
mann mapping theorem for higher dimensions.

In analytical terms, this problem corresponds to finding a positive solu-
tion to

Lo =0, in M,
{ gt n (1.0.1)

Bou + Kuwz =0, onoM,

for some constant K, where L, = Ay — 4(n 1)Rg is the conformal Laplacian
and B, = % - ”T_Zhg. Here, A, is the Laplace-Beltrami operator, R, is the

scalar curvature, &g is the mean curvature of M and 7 is the inward unit
normal vector to JM.
The solutions of the equations (1.0.1) are the critical points of the func-

tional ) ) 5 ) 5
_n—Z n—
fMlvgul =) - Reutdog + 5= faM houtdog

Q) = —= :
(o)

where dv, and do; denote the volume forms of M and JdM, respectively.

The exponent = 2An 1) is critical for the Sobolev trace embedding H'(M) <>
2(;1 1)

T2 (dM). Th1s embeddmg is not compact and the functional Q does
not satisfy the Palais-Smale condition. For this reason, direct variational
methods cannot be applied to find critical points of Q. The approach taken
by Escobar uses the compactness of the embedding HY(M) — LP*1(dM), for

l<p+1< 2("_21 ), to produce solutions to the subcritical equation

Lo =0, in M,
{ gt = (1.0.2)

Bgu + Ku? =0, ondM,

for p < -I5. In order to study the convergence of the above solutions to a
solution of (1.0.1), he introduced the conformally invariant Sobolev quotient

Q(M, oM) = inf{Q(u); u € C1 (M), u £ 0 on M)
and proved that it satisfies
Q(M, M) < Q(B",9B).

Here, B" denotes the unit ball in IR’} endowed with the Euclidean metric.

Instituto de Matematica Pura e Aplicada 2 February 10, 2009
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Under the hypothesis that Q(M, dM) is finite (which is the case when
Rq > 0), Escobar also showed that the strict inequality

Q(M, dM) < Q(B", 3B) (1.0.3)

implies the existence of a minimizing solution u to the equations (1.0.1).
The method of using the subcritical solutions was inpired by the classical
solution of the Yamabe problem for manifolds without boundary.

In the present work we are interested in two problems involving the
equations (1.0.1). In Chapter 2, we will discuss the existence of solutions.
In Chapter 3, we will be concerned with the compactness of the whole set
of solutions to the equations (1.0.2), including both critical and subcritical
exponents. We will give the precise statements in the next section.

Notation. Intherestofthiswork, (M", g) will denote a compact Riemannian
manifold of dimension n > 3 with boundary JM and finite Sobolev quotient

Q(M, IM).

1.1 Statements

In [22], Escobar proved the following existence result:

Theorem 1.1.1. (]. Escobar) Assume that one of the following conditions holds:

(1) n > 6 and M has a nonumbilic point on dM;

(2) n > 6, M is locally conformally flat and dM is umbilic;

(3) n =4 or 5 and IM is umbilic;

(4)n =3.

Then Q(M, M) < Q(B", dB) and there is a minimizing solution to the equations
(1.0.1).

The proof for n = 6 under the condition (1) appeared later, in [23].
Further existence results were obtained by F. Marques in [40] and [41].
Together, these results can be stated as follows:

Theorem 1.1.2. (F. Marques) Assume that one of the following conditions holds:

(1) n >8, W(x) # 0 for some x € M and M is umbilic;
(2)n>9, W(x) # 0 for some x € IM and dM is umbilic;
(3) n = 4 or 5 and dM is not umbilic.

Then Q(M, dM) < Q(B",dB) and there is a minimizing solution to the equations
(1.0.1).

Instituto de Matematica Pura e Aplicada 3 February 10, 2009
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Here, W denotes the Weyl tensor of M and W the Weyl tensor of M.

Our existence result, to be proved in Chapter 2, deals with the remaining
dimensions n = 6,7 and 8 when the boundary is umbilic and W # 0 at some
boundary point:

Theorem 1.1.3. Suppose that n = 6,7 or 8, IM is umbilic and W(x) # 0 for some
x € M. Then Q(M,dM) < Q(B",dB) and there is a minimizing solution to the
equations (1.0.1).

These cases are similar to the case of dimensions 4 and 5 when the
boundary is not umbilic, studied in [41].

Now we turn our attention to compactness issues. In the case of man-
ifolds without boundary, the question of compactness of the full set of
solutions to the Yamabe equation was first raised by R. Schoen ([44]) in
a topics course at Stanford University in 1988. A necessary condition is
that the manifold M" is not conformally equivalent to the sphere S". This
problem was studied in [17], [18], [35], [36], [38], [39], [45] and [47] and
was completely solved in a series of three papers: [10], [11] and [33]. In
[10], S. Brendle discovered the first smooth counterexamples for dimen-
sions n > 52 (see [7] for nonsmooth examples). In [33], Khuri, Marques
and Schoen proved compactness for dimensions 3 < n < 24. Their proof
contains both a local and a global aspect. The local aspect involves the
vanishing of the Weyl tensor at any blow-up point and the global aspect
involves the Positive Mass Theorem. Finally, in [11], Brendle and Mar-
ques extended the counterexamples of [10] to the remaining dimensions
25 <n < 51. In [35], [36] and [39] the authors proved compactness for n > 6
under the condition that the Weyl tensor is nonzero everywhere.

In Chapter 3, we address the question of compactness of the full set of
positive solutions to

Lgu =0, inM,
(1.1.1)
Beu + Ku? =0, ondM,
where 1 < p < ;5. A necessary condition is that M is not conformally

equivalent to B". As stated by Escobar in [22], Q(M, dM) is positive, zero or
negative if the first eigenvalue 11(By) of the problem

Lyu =0, in M,
Beu +Au =0, ondM

Instituto de Matematica Pura e Aplicada 4 February 10, 2009



Sergio Almaraz Existence and compactness theorems

is positive, zero or negative, respectively. If A1(B) < 0, the solution to the
equations (1.1.1) is unique. If A1(B;) = 0, the equations (1.1.1) become linear
and the solutions are unique up to a multiplication by a positive constant.
Hence, the only interesting case is the one when A1(Bg) > 0.

We expect that, as in the case of manifolds without boundary, there
should be counterexamples to compactness of the set of solutions to the
equations (1.1.1) in high dimensions. In this work we address the ques-
tion of whether compactness of these solutions holds generically in any
dimension. Our main compactness result, to be proved in Chapter 3, is the
following:

Theorem 1.1.4. Let (M", g) be a Riemannian manifold with dimension n > 7 and
boundary dM. Assume that Q(M,dM) > 0. Let {u;} be a sequence of solutions
to the equations (1.1.1) with p = p; € [1 + o, 715] for any small fixed yo > 0.
Suppose there is a sequence {x;} C M, x; — xo, of local maxima points of iy
such that u;(x;) — oo. Then the trace-free 2nd fundamental form of M vanishes
at xo.

By linear elliptic theory, uniform estimates for the solutions of equation
(1.1.1) imply Cka_estimates, for some 0 < a < 1. By the Harnack-type in-
equality of Lemma C-3 (proved in [29]), uniform estimates on the boundary
JdM imply uniform estimates on M. Hence, an immediate consequence of
Theorem 1.1.4 is a compactness theorem for Riemannian manifolds of di-
mension n > 7 that satisfy the condition that the boundary trace-free 2nd
fundamental form is nonzero everywhere. More precisely:

Theorem 1.1.5. Let (M", g) be a Riemannian manifold with dimension n > 7 and
boundary dM. Suppose Q(M, M) > 0 and that the trace-free 2nd fundamental
form of IM is nonzero everywhere. Then, given a small yo > 0, there is C > 0 such

that for any p € [1 + 70, nnTz] and any u > 0 solution to the equations (1.1.1), we
have
Cl'<u<C and |ullczagy <C,

forsome 0 < a < 1.
In particular, the set

{gelgl; Rz =0inM, hg =1 0on oM}
is compact.

It was pointed out to me by F. Marques that a transversality argument
implies that the second fundamental form condition above is generic for

Instituto de Matematica Pura e Aplicada 5 February 10, 2009
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n > 4. In other words, the set of the Riemannian metrics on M" such that the
trace-free second fundamental form of dM is nonzero everywhere is open
and dense in the space of all Riemannian metrics on M for n > 4.

We should mention that Theorem 1.1.5 does not use the Positive Mass
Theorem, since the proof of Theorem 1.1.4 contains only a local argument,
based in a Pohozaev-type identity.

The problem of compactness of solutions to the equations (1.1.1) was
also studied by V. Felli and M. Ould Ahmedou in the conformally flat
case with umbilic boundary ([26]) and in the three-dimensional case with
umbilic boundary ([27]). Other compactness results for similar equations
were obtained by Z. Han and Y. Li in [29] and by Z. Djadli, A. Malchiodi
and M. Ould Ahmedou in [15] and [16].

A consequence of Theorem 1.1.5 is the computation of the total Leray-
Schauder degree of all solutions to the equations (1.1.1), as in [26], [27] and
[29] (see also [33]). When A1(Bg) > 0, we can defineamap F), : Qa — C¥¥(M)
by Fy(u) = u + T(E(u)u”). Here, T is the operator defined by T(v) = u, where
u is the unique solution to

Leu=0, inM,
Beu=v, ondM,

and Qu = {u € C>*(M); [Ulc2ay < A, u > A1), From elliptic theory
we know that the map u +— T(E(u)uF) is compact from Q, into C>*(M),
where E(u) = fM IVoul® + 4(’31—__21)Rgu2dvg + 12 faM heudog is the energy of
u. Hence, F, is of the form I + compact. If 0 # F,(dQ,), we may define
the Leray-Schauder degree (see [42]) of F;, in the region 2 with respect to
0 € C>*(M), denoted by deg(Fy, Qx,0). Observe that F,(u) = 0 if and only if

u is a solution to

Leu =0, in M,
Beu + E(u)u” =0, ondM.

Observe that these equations imply that faM uP*ldg, = 1. By the homotopy
invariance of the degree, deg(Fy, 4, 0) is constant for all p € [1, nnTz] pro-

vided that 0 # F,(dQ,) forallp € [1, %] In the linear case, whenp = 1, we
have deg(Fi, Q,0) = —1. This is the content of Lemma 4.2 of [26], which is
a modification of the arguments in [29], pp.528-529. Thus, for A sufficiently
large, Theorem 1.1.5 allow us to calculate the degree for all p € [1, %]
Hence, we have:

Instituto de Matematica Pura e Aplicada 6 February 10, 2009
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Theorem 1.1.6. Let (M", g) satisfy the assumptions of Theorem 1.1.5. Then, for
A sufficiently large and all p € [1, nnTz] we have deg(Fy, Q,,0) = —1.

Other works concerning conformal deformation on manifolds with
boundary include [1], [3], [2], [8], [21], [24], [25] and [30].

1.2 Notations

Throughout this work we will make use of the index notation for tensors,
commas denoting covariant differentiation. We will adopt the summation
convention whenever confusion is not possible. When dealing with Fermi
coordinates, we will useindices 1 < i, j, k,I,m,p,r,s <n—land1 <a,b,c,d <
n. Lines under or over an object mean the restriction of the metric to the
boundary is involved.

Weset det ¢ = det g,,. We will denoteby V, or V the covariant derivative
and by A or A the Laplacian-Beltrami operator. The full curvature tensor
will be denoted by R4, the Ricci tensor by R, and the scalar curvature by
Rq or R. The second fundamental form of the boundary will be denoted
by hj; and the mean curvature, ﬁtr(hij), by hg or h. By 1y we will denote
the trace-free second fundamental form, /iy — h3y. The Weyl tensor will be
denoted by W,.

By R’} we will denote the half-space {x = (xy,...,x,) € R"; x, > 0}. If
x € R" we set & = (x1,...,x,-1) € R*"! = JR". We will denote by B (0) (or
By for short) the half-ball B;(0) N R}, where B;(0) is the Euclidean open ball
of radius 6 > 0 centered at the origin of R". Given a subset C C R}, we set
d"C =dC N (R}\JR}) and 0'C = CNIRY].

In various parts of the text, we will identify a point xg € JM with
the origin of R}, that meaning we are making use of Fermi coordinates
Q: Bg(O) — M, centered at xg. In that case, we will sometimes write Bg(xg)
or B{ (0) instead of (B (0)).

The volume forms of M and dM will be denoted by dv, and doy, re-
spectively. By n we will denote the inward unit normal vector to JM. The
n-dimensional sphere of radius r in R"*! will be denoted by S’. By g, we
will denote the volume of the n-dimensional unit sphere S7.

For C € M, we define the energy of a function u in C by

n—2 n—2
Eco(u :f(|Vu|2+—Ru2)dv +—f houldo, .
ot = Jo Vel gormpy R Ao+ 5 ], o

Instituto de Matematica Pura e Aplicada 7 February 10, 2009
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1.3 Standard solutions in the Euclidean half-space

In this section we will study the Euclidean Yamabe equation in R and its
linearization.

The simplest example of solution to the Yamabe problem is the ball in
R" with the canonical Euclidean metric. This ball is conformally equivalent
to the half-space R} by the inversion

F: R} — B"\{(0,...,0,-1)}
with respect to the sphere S’f‘l (0, ...,0,—1) with center (0, ..., 0, —1) and radius

1. Here, B" = B12(0,...,0,—1/2) is the Euclidean ball in R™! with center
(O, ...,0,-1/2) and radius 1/2. The expression for F is

(yll (s yn—ll yi’l + 1)
y% o+ yfl_l + (yn +1)2

F(y1,.--yn) = +(0,...,0,-1)
and of course its inverse mapping F~! has the same expression. An easy

calculation shows that F is a conformal map and F*g,,q = Uiz Qeuct iIN R,
where g, is the Euclidean metric and

_n=2
2 .

Uy) = (3 + . + Y2y + (Y + 1)%)
The function U satisfies

AU =0, inR%, 131
g—;£+(n—2)u#=o, on JR" . (13.1)
Since the equations (1.3.1) are invariant by horizontal translations and
scalings with respect to the origin, we obtain the following family of solu-
tions to the equation (1.3.1):

n-2

A
Ty = 22 + (yn + A)?
where A € Rand z = (z1, ..., z4—1) € R*1.

The following Liouville-type theorem was proved in [37] (see also [20]
and [14]):

Theorem 1.3.1. (Y. Li, M. Zhu) If v > 0 is a solution to

Up:(y) = [ (1.3.2)

Av =0, in R,
;771 +(n -2z =0, ondR",

then either v = 0 or v is of the form (1.3.2).

Instituto de Matematica Pura e Aplicada 8 February 10, 2009
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The following theorem, proved in [32], will be used later:

Theorem 1.3.2. (B. Hu) If v > 0 is a solution to

AZ) = 0 n Rz,
+(n—-2)" =0, ondRY,

9y
with1 < p < 5 thenv = 0.

The existence of the family of solutions (1.3.2) has two important con-
sequences. First, we see that the set of solutions to the equations (1.3.1) is
non-compact. In particular, the set of solutions to the equations (1.0.1) is
not compact when M" is conformally equivalent to B". Secondly, the func-
tions 3 7 forj=1,.,n-1,and "T_z u+ yb 3—;3{, are solutions to the following
homogeneous hnear problem:

Ay =0, in R’ ,
£ IR (1.3.3)
0 +nLIn21,b 0, ondR}.

Notation. We set ¢; = 3—5, forj=1,.,n-1,and ¢, = 2LI + yb il
]

Now, we will show that linear combinations of i1, ..., ¢, are the only
solutions to the equations (1.3.3) under a certain decay hypothesis. This
result is similar to the one obtained in [12] for the case of manifols without
boundary. More precisely we have:

Lemma 1.3.3. Suppose 1 is a solution to

AY =0, inR%}
N IR (1.3.4)
g, t U 24} 0, ondR%.

If Y(y) = O((1 + lyl)™) for some a > 0, then there exist constants cy, ..., c, such
that

Py) = Y cathaly).

a=1

The following result will be used in the proof of Lemma 1.3.3:
Lemma 1.3.4. The eigenvalues A of the problem

{Agﬁ 0, in B",

1.3.5
o+ AMp=0, ondB" (1.35)

Instituto de Matematica Pura e Aplicada 9 February 10, 2009
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are given by {Ay = 2k}2 . The corresponding eigenvectors are the harmonic
homogeneous polynomials of degree k restricted to B". Here, the coefficients of the
polynomials are given by the coordinate functions of R" with center (0, ..., 0, —1/2).
In particular, the constant function 1 generates the eigenspace associated to the
eigenvalue Ao = 0 and the coordinate functions zi, ..., z, restricted to B" generate
the eigenspace associated to the eigenvalue A;.

Moreover, F takes zj to n‘—_lzll‘ll,b]-,forj =1,..,n—1,and z, to LU,

Proof. The first part is an easy consequence of the fact that the spherical

harmonics generate LZ(ST/‘ZI). Thelast partis a straightforward computation.
O

Proof of Lemma 1.3.3. The equations (1.3.4) are equivalent to

AY =0, in B\{(0, ..., 0, 1)},
S +29=0, ondB"\((0,..,0,-1)},

where ¢ = U™1. The hypothesis ¢(y) = O((1+|y)™), 0 < a < n—2 implies
that ¢y € LF(B"), for any ;5 < p < -—5—. Lemma C-1 ensures that ¢ is a
weak solution to

Ap =0, inB",

Z% +2P =0, ondB".

It follows from elliptic theory that ¢ € C®(B"). In other words, i is a solution
to the equations (1.3.4) if and only if ¢ is an eigenfunction associated to the
first nontrivial eigenvalue A1 = 2 of the problem (1.3.5). The result now
follows from Lemma 1.3.4. m|

1.4 Coordinate expansions for the metric

In this section we will write expansions for the metric g in Fermi coordinates.
We will also discuss the concept of conformal Fermi coordinates, introduced
by Marques in [40], that will simplify the computations of the next chapters.
The conformal Fermi coordinates play the same role that the conformal
normal coordinates (see [34]) did in the case of manifolds without boundary.
The results of this section are basically proved on pages 1602-1609 and 1618
of [40].

Definition 1.4.1. Let xo € JM. We choose geodesic normal coordinates
(x1, ..., x4—1) on the boundary, centered at xo. We say that (xy, ..., x), for small
xn 2 0, are the Fermi coordinates (centered at x¢) of the point exp, (x,,1(x)) € M.
Here, we denote by 7(x) the inward unit vector normal to M at x € JM.

Instituto de Matematica Pura e Aplicada 10 February 10, 2009
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It is easy to see that in these coordinates g,, = 1 and g;;, = 0, for
j=1,.,n-1.

We fix xp € dM. Using Fermi coordinates centered at xp, we work in
B (0) c R%, for some small 6 > 0.

Notation. Set .
d" ¢l = max o x),
98] XGBg@Z Y10 gul(x)

|a|l=r a,b=1

where a denotes a multiindex. We write |dg| = |9'g] for short.

The existence of conformal Fermi coordinates and some of its consequences
are stated as follows:

Proposition 1.4.2. For any given integer N > 1, there is a metric g, conformal to
g, such that in g-Fermi coordinates centered at xo,

detg =1+ O(xM).

Moreover, § can be writen as § = fg, f > 0, with f(0) = 1 and %(O) = 0 for
k=1,..,n—1. Wealso have

h(x) = O(aY),
where N can be taken arbirarily large.

Proof. The first part is Proposition 3.1 of [40]. The last statement follows
from the fact that

1 . 1
= oo =

O

The next three lemmas will also be used in the computations of the next
chapters. The following lemma gives the expansion for the Riemannian
metric ¢ in Fermi coordinates:

Lemma 1.4.3. In Fermi coordinates centered at x,

y 1.
87 (x) = 6ij + 2h;j(x0)x, + 3 Ritji (o) xicxs + 2hij e (00) X X

+ (Ruinj + 3hichi)(xo)xs + O(19° glIx).
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Suppose further that IM is umbilic. Then, in conformal Fermi coordinates centered
at xo, hij(x) = O(|x[N), where N can be taken arbirarily large, and

' 1. , 1, , 1 X
gl (x) = 6;j + 3 RikjixiXs + Ruinjy + &Rt m¥ix1%m + Rin; kXX + 5 Rinj;n6y

1 _ 1. -
+ (z_oRz’kjl; mp + ERikisjmsp)xkxlxmxp

1 1 -
+ (ERninj;kl + gsymij(Rikisnsnj)) X0 Xk
1 1 2
+ aninj;nkx?zxk + (ERm’nj;nn + aninsRnsn]’) xﬁ + O(|85g||x|5) .
Here, every coefficient is computed at xo.
Remark 1.4.4. Because of the fact that h;;(x) = O(1x[N) when the boundary
is umbilic, we do not need to use underlined indices in this case.

Lemma 1.4.5. In conformal Fermi coordinates centered at xo, we have
Rij(x0) = Rij.x(x0) = 0

and
Rnn(xO) + (hi]')z(XQ) =0.

If we suppose that M is umbilic, we have

(i) Ry = Symygm(Reg; m) = 0;

(ii) Ryp = Rnn;k = Symkl(Rnn;kl) =0;
(iii) Rpyp;n = 0;

(v) Symiguy(3Rig;mp + §RikjiRimjp) = 0;
(v) Rnn; nk =0;

(V1) Ry nn + Z(Rninj)z =0

(vii) Rz’j = Rm'nj;

(viii) Rijkn = Rijkn;j =0;

(ix) R=Rj=R,=0;

(%) R ii = = (Wij)*

(xi) Rm‘n]‘; ij = —%R;nn - (Rninj)Z/'

where all the quantities are computed at xo.

The idea to prove the first two equations and the items (i),...,(vi) of
Lemma 1.4.5 is to express g;; as the exponencial of a matrix A;;. Then we
just observe that trace(A;j) = O(|x|V) for any integer N arbitrarily large. The
items (vii)...(xi) are applications of the Gauss and Codazzi equations and
the Bianchi identity. We should mention that the item (x) uses the fact that
Fermi coordinates are normal on the boundary.
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Lemma 1.4.6. Suppose that M is umbilic. Then, in conformal Fermi coordinates
centered at xg € IM, Wopea(xo) = 0 if and only if

Ruinj(x0) = Wija(xo) = 0.

For the sake of the reader we include the proof of Lemma 1.4.6 here.

Proof of Lemma 1.4.6. Recall that the Weyl tensor is defined by

1
Waped = Raped — TZ_— > (Racgbd - Radgbc + Rbdguc — Rbcgad)
R
TR (8acgbd = Zad8be) - (1.4.1)

By the symmetries of the Weyl tensor, Wy = Wynni = Winij = 0. By
the identity (1.4.1) and Lemma 1.4.5 (viii), Wy;jx(xo) = 0. From the identity
(1.4.1) again and from Lemma 1.4.5 (ii), (vii), (ix),

n—3

Wninj = m

Ruin j

and

1
Wi = Wij — p— (Rm'nkg il = Ruinigjk + Rujuiix — annkgil)

at xo. In the last equation we also used the Gauss equation. Now the result
follows from the above equations. m]
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CHAPTER 2

The existence theorem

This chapter is devoted to the proof of Theorem 1.1.3. We assume that JM
is umbilic and choose xy € dM such that W(xp) # 0. Our proof is explicitly
based on constructing a test function ¢ such that

Q(y) < Q(B",9B). (2.0.1)

The function ¢ has support in a small half-ball around the point xo. The
usual strategy in this kind of problem (which goes back to Aubin in [4])
consists in defining the function 1, in the small half-ball, as one of the
standard entire solutions to the corresponding Euclidean equations. In our
context those are

n-2

2

€
Ue(x) = Ue 0,..0)(x) =

(2.0.2)

x% + .ot xi_ + (€ + x,)?

1

where x = (x1, ..., X;1), X, = 0.

The next step would be to expand the quotient of ¢ in powers of € and,
by exploiting the local geometry around xp, show that the inequality (2.0.1)
holds if € is small. In order to simplify the asymptotic analysis, we use
conformal Fermi coordinates centered at xp. This concept, introduced in
[40], plays the same role the conformal normal coordinates (see [34]) did in
the case of manifolds without boundary.

Whenn > 9, the strictinequality (2.0.1) was proved in [40]. The difficulty
arises because, when 3 < n < 8, the first correction term in the expansion

14
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does not have the right sign. When 3 < n < 5, Escobar proved the strict
inequality by applying the Positive Mass Theorem, a global construction
originally due to Schoen ([43]). This argument does not work when 6 < n <
8 because the metric is not sufficiently flat around the point x.

As we have mentioned before, the situation under the hypothesis of
Theorem 1.1.3 is much similar to the cases of dimensions 4 and 5 when the
boundary is not umbilic, solved by Marques in [41]. As he pointed out,
the test functions U, are not optimal in these cases but the problem is still
local. This kind of phenomenon does not appear in the classical solution of
the Yamabe problem for manifolds without boundary. However, perturbed
test functions have already been used in the works of Hebey and Vaugon
([31]), Brendle ([9]) and Khuri, Marques and Schoen ([33]).

In order to prove the inequality (2.0.1), inspired by the ideas of Marques,
we introduce

2 _n
Pe(x) = €2 Rmnj(xo)xixjx% (x% + ..+ xi_l + (e + xn)Z) 2.

Our test function 1 is defined as ¢ = U, + ¢, around xy € IM.
In Section 2.1 we prove Theorem 1.1.3 by estimating Q(1)).

2.1 Estimating the Sobolev quotient

In this section, we will prove Theorem 1.1.3 by constructing a function 1
such that

Q) < Q(B",dB).

We first recall that the positive number Q(B",dB) also appears as the
best constant in the following Sobolev-trace inequality:

n-2
2n-1) n=1 1
|u| 72 dx) <——— | |Vufdx,
(fam Q(B",9B) Jgn

for every u € HY(R"). It was proven by Escobar ([19]) and independently
by Beckner ([6]) that the equality is achieved by the functions U, defined
in (2.0.2). They are solutions to the boundary-value problem

AU, =0, inR" ,
UL ) U"nTz _0 IR (2.1.1)
T +(n — ) e =U, on +-
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One can check, using integration by parts, that

2(n-1)

VU *dx = (n — 2) U7 dx
R? IR
and also that :
2-1) T
Q(B",dB) = (n-2) (f u.n> dx) . (2.1.2)
IR"

Since the Sobolev quotient Q(M, dM) is a conformal invariant, we can
use conformal Fermi coordinates centered at x.

Convention. In what follows, all the curvature terms are evaluated at xg.
We fix conformal Fermi coordinates centered at xy and work in a half-ball
B3, = BJ(0) C RY.
In particular, for any N arbitrarily large, we can write the volume ele-
ment dv, as
dog = (1 + O(x|N))dx . (2.1.3)

In many parts of the text we will use the fact that, for any homogeneous
polynomial py of degree k,

2
r
\[5;12 Pk = —k(k T — 3) S:ﬁz A].’)k . (2.1.4)

We will now construct the test function 1. Set

Pe(x) = e"TQARninjxixjxfl ((e +x,)% + lez) 2 , (2.1.5)

for A € R to be fixed later, and

$(y) = ARuinjyiyjya (1 + ya)* +172) . (2.1.6)
Thus, pe(x) = ' ¢(e‘1x). Observethat U = Uj. Thus, Ue(x) = e U(e 1x).
Note that Uc(x) + ¢e(x) = (1 + O(|x?))Uc(x). Hence, if § is sufficiently small,
1
Elle < Ue + ¢pe <2Ue, inBj;.

Letr — x(r) be a smooth cut-off function satisfying x(r) = 1for0 <r <9,
x(r) =0forr>250<yxy<1land|[y(r) < CoLifd <r <25 Our test
function is defined by

() = x(I)(Ue(x) + Pe(x)) .
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2.1.1 Estimating the energy of i
The energy of ¢ is given by

Em(y) = j;d (|vg4}|2+ %Rgtpz)dvg+ ”T_z fa th¢2dag
= Epr () + Ep; \5: (1) - (2.1.7)
Observe that

IVeul? < CIVYP < CIVXP(Ue + de)® + CPIV(Ue + )l -

Hence,
Ep:\+(¥) < C f IVx*U2dx + C f X2 IVU[dx
B35\B; BI5\B;
+ cf RoUZdx + Cf hoUldx,
B3, \BY J'B3\d'BY
Thus,
Ep: \p:(¥) < Ce" 2527, (2.1.8)

The first term in the right hand side of (2.1.7) is
Ep: () = Ege (U + o)

)
_ fB g {Ng(ue + o) + hRg(ue + qb€)2} dog

n—2
+

f he(Ue + ¢e)*doyg
I'B}

= | IV(Uc + ¢e)lPdx + Ce"25
By

+ f (g7 = 6")Ii(Ue + pe)d;(Ue + e)dx
BY

+ 172 [ R (UL + 6 (2.1.9)

4n-1) Jp: slUe+ @eax. .

Here, we used the identity (2.1.3) for the volume term and Proposition 1.4.2
for the integral envolving .

Now, we will handle each of the three integral terms in the right hand
side of (2.1.9) in the next three lemmas.
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Lemma 2.1.1. We have,

[}

n—.

f V(Ue + do)Pdx < Q(B", 9B") ( f P dx)" + Cen22
B; oM

4 442 zf valyl*
ARy
ane-1n° S @y

8n 442 Zf ]/?z|]?|4
+ ——————€"A“(Ryin; — d
SV e M R T

12n 442 2f Yalgl*
+ ——————€"A(Ryinj —
S e M R T

—_

Proof. Since Ry, = 0 (see Lemma 1.4.5(ii)), sz Ruinjyiyido,(y) = 0. Thus,
we see that

f IV(Ue + de)?dx = f IVUdx + f IVopeldx . (2.1.10)
B} BY B}

Integrating by parts equations (2.1.1) and using the identity (2.1.2) we
obtain

n=2

2An-1) = 2(n-1) =
f IVU.dx < Q(B", dB") f U2 dx| < Q(B”,aB”)( f = dx) .
Bg’ Q’Bg oM

In the first inequality above we used the fact that aalff >0ondt Bg, where 1)

denotes the inward unit normal vector . In the second one we used the fact
that ¢ = 0 on JM.

For the second term in the right hand side of (2.1.10), an integration by
parts plus a change of variables gives

f IVopelPdx < —€* f (AP)pdy + Ce" 257",
B} BY.

15

since fa' B: g;f:@dx = 0 and the term €"725>™" comes from the integral over
+p+
J*B;.

Claim. The function ¢ satisfies

AG(y) = 2Ry (L + 9 +15F)E = n ARy (1 + y)? +17P) %
= 6nAR iy (L + y) + 157 7F .
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In order to prove the Claim we set Z(y) = ((1+y,)? +|§|*). Since Ry, = 0,

ARpin il ¥ Z %) = ARuinjyiy Y2 > + RuinjyiyYnMZ %)
+ Zak(Rmn]yzy]y%)ak(Z_%) + 2an(an]yzy]y%)8n(Z‘%)

_n+2

= ZRnin]']/iy]'Z_% + anninj]/iyj]/%Z z

+2 n+2

- 4aninjyiyjy%Z_"T — AnRyinyiYjyn(yYn + )27 2

_n+2

= 2RyinjYi¥jZ "2 ~ 6nRyinjiyiYnZ ™2
n+2

—4aninjyiyjynZ‘ 2,

This proves the Claim.
Using the above claim,

j; (Ap)pdy = 2A% fB+ (1 + yu)?* + 17 " Ruin Rt iV iy yiyady
se~1

se1
— 4nA* f (1 + yu)? + 177" Ruin Rty iy yiydy
B+
se1
— 6nA? f (1 + yu)? + 177" Ruuin iRt iy iy y1ymdy -
B+
se1

Since A?(RuinRukntViyjyicyt) = 16(Rpinj)?,

20 -2 2 2
Ln—z RuinjRukn1yiyjyxyidor = mrm (Ruinj)” -

r

Thus,
4 valyl*
A d :—AZ Rnin‘ Zf - d
fB;]( P)pdy n+1n-1) (Roin) B (1 + yn)? + [P Y
8 'zf valgl*
(n+1)(n—1)A (Ryin) B+ ((1+yn)2+|yl2)”“dy
se~1
12, "zf yalgl*
= @ gy
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Hence,
4 v2lgl*
IVoelPdx < — ————€*A%(Rpini)? f —_(
fBg ? G- ) o @y e
8n 442 2f yalgl*
b AA Ry S
Grm=D ) e g g
12n 40 ) f yelglt
b AA Ry E—
=D ) g g
+ Ce 257,
O
Lemma 2.1.2. We have,
[ &7=50U + 600t1c+ g =
By
n-27% f vAlgl
AR d
D=1 Jp @y e
(n-27 , 2f yalgl
+ € (Ryinj
T R M TR T
dnn—-2) 4 zf yﬁl?lz
— T AR dy + Eq,
m+n-1)° (Roin) e, (@4 Yu)? + [FR)+ y+h
where
O(e*o™%) ifn==6,
E; ={0(’log(6e™Y) ifn=7,
O(€5) ifn>8.

Proof. Observe that
fB (87 = 8"M)9i(Ue + pe)dj(Ue + de)dx = fB (¢ = 8"aileojUedx (21.11)
o o

+2 f (87 — 61)9;Ucdjpedx + f (87 = 61)dipe0jpedx .
By B}
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We will handle separately the three terms in the right hand side of
(2.1.11). The first term is

f (g7 = 6")(x)9iUe(x)0;Ue(x)dx = fB ) (g7 - 8")(ey)d:U(y)o;U(y)dy

B;

= (n - 2)? fB (1 + yu)* + 17D (7 = 87)(ey)yiyjdy .

Hence, using Lemma A-1 we obtain

f (87 = 67)(x)9;Ue(x)9; U (x)dx =
B+

o

_ 92 21514
e = R @+ yn>|2y : TR
5, (L +1g
(n-2)7 4 2f yalyl ,
+ € Rnin’ — dy+E ,
2-0° &y @ ey
where
O(e*) ifn=6,
E; =30 log(oe™h) ifn=7,
O(e®) ifn>8.
The second term is
2 [ (g1 - 50 U09 9. 21.12)
By

-2 f (¢ - 510910 Ue(D)pe () 2 f 0,29, U (pelx)dx
Bg Bf

o

+O0(e" 26"

=2 [ (=02 Uy -26 | @igend oty

oe=1 se~1

+ O 265%™,
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But,
2 [ (= 5enad oy (2113)
se~1
—-200-224 [ (@ 1 - )
B
: {”]/i]/j — (A + )+ |]7|2)6ij}Rnknl]/k]/ly$zd]/
dnn-2) Zf yalglt ’
=———" " AR, dy+ E7,
(Tl + 1)(1’1 — 1)€ ( nm]) B;—l ((1 + yn)z + |y|2)n+1 y +
where
O(e*9) ifn=6,
E, =30(e’ log(oe™Y)) ifn=7,
O(€?) ifn>8.

In the last equality of 2.1.13, we used Lemma A-2 and the fact that Lemma
1.4.3, together with Lemma 1.4.5(i),(ii),(iii), implies

5”72(81‘]' ~ 8")(€ey)dij Rk yryido(y) = f;  OE Y Rtnryiyrdor(y)

We also have, by Lemma 1.4.3 and Lemma 1.4.5(i),

O(e*s) ifn=6,
-2 f  @ig)enUmy)dy = E; = 0 log(de™) ifn =7,
o O(e%) ifn>8.

Hence,

2 f (g7 = 8")(x)9iUe(x)0jpe(x)dx = Ef + ES
By

B dnn-2) 4 , ,zf yﬁ|]7|4
—(7’1 n 1)(1’1 — 1)6 A(an]) B;'fl ((1 n ]/n)z i |]7|2)"+1 dy.

Finally, the third term in the right hand side of (2.1.11) is written as

[ &= onwaeagemix =t [ (- enaomopuy

0 oe
O(e*9) ifn=6,
={0(’log(6e7t)) ifn=7,
0(e%) ifn>8.
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The result now follows if we choose € small such that log(6e™') > 6>7".

|
Lemma 2.1.3. We have,
n—2 n—2 y2
——— | Re(Ue + pc)?dx = 'R, f L d
1) Jyy e QTR gy [ Wy e
n-2 ,— o f &
- AW dy +Es,
2a(r— 1< W) | NS S T
e~
where
O(e*) ifn=6,
E; ={O(e’log(6e7t)) ifn=7,
O(e®) ifn >8.

Proof. We first observe that

f Re(Ue + e)?dx = f RoUzdx +2 f RoUcopedx + f Rep2dx. (2.1.14)
Bt + + +

o 4] o 4]

We will handle each term in the right hand side of (2.1.14) separately.
Using Lemma A-3, we see that the first term is

[ rewuerac=e [ Reenurmy
B} BY |

0 o€

(2.1.15)
1 4 f y% ’
= —€"R..;; — dy+ E
25 Jy @y T
LY 2f 7?
S E— dy,
-0 @ e
where
O(e*) ifn=6,
E, =30(’ log(6e™h) ifn=7,
O(é%) ifn>8.
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By Lemma 1.4.5(ix), the second term is

_ 4
2 fB R Ue(x)pe()dx = 2e fB _ RelenUy)(y)dy

o se—1

O(e*0) ifn=6,
=0’ log(oe7Y)) ifn=7,
O(€5) ifn>8
and the last term is
O(e*) ifn==6,
[ Rgidx= Yo togoe) ifn=7,
g () ifn>8.

2.1.2 Proof of Theorem 1.1.3
Now, we proceed to the proof of Theorem 1.1.3.

Proof of Theorem 1.1.3. It folows from Lemmas 2.1.1, 2.1.2 and 2.1.3 and the
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identities (2.1.7), (2.1.8) and (2.1.9) that

Em(¥) < Q(B",9B") (f;M IPZ(:_ZD)H_1 +E

4 4A2 2 yalyl*
€<n+nm—1fKW”~£»<a+y02+ww"

se~1

s (- 2)2 f y121|y|4
—— = Ryiniii d
TEE D=1 T o (@t 2 + Ry Y

se=1

. 8nA? zf vyl
ret (R
G e J @y gy

. 12nA? 0 f Yaldl*
ERR T VR R M R T

_ 4104
_64—471(11 24 (Rninj)Zf il - y
G+ D - 1) 5o, (% g2 + TPV

+€4(n_2)2(R ) )2[ y%|y|2
20-1 " Sy @ g2 + 15

g N2 f Ya
+ € ——R.m — d
B=1) " Jue (A yal+ gD

_et T2 e f 7t dy.  (2.1.16)
48(n =12 Jpe (14 yn)? + 7Py
where
O(e*6™%) ifn=6,
E={0(log(6e7t) ifn=7,
O(€%) ifn>8.

We divide the rest of the proof in two cases.

The casen =7, 8.
Set] = fooo —~—dr. We will apply the change of variables z = (1+1y,)"'7

(r2+1)"
and Lemmas B-1 and B-2 in order to compare the different integrals in the

expansion (2.1.16).
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These integrals are

L f valyl*
P R (T D2+ 1R

dyndy

AN

00 >4
_ 2(1 4 17, )" ”f kB
‘fo‘ yn( + y ) dy sz] (1 + |Z|2)n Z

21+ 1) ops

T -3 n—-4)(n-5)n-6)"

lzI* }
_ ; (1 + yu) " dyy, —
b= f]R ((1+ )2 + |g2)ntt Ayndy = f all+ )"y fml 1+ 21"

vl

3(11 + 1) Opol

T nn—2)(n—-3)(n—-4)m->5)’

lz/* _
= n 1 n 1=n n d
I f]R (1 + )2 + |g2)n+t Ayndy = f L+ )"y fml 1+ 1z

_ yalyP
Iy= 2 112
r (L + 6%+ [71%)"

and

Yy
= d
15‘f<a+W+ww"2yy

_ * - |z
dyudy = | yaQ+yn) Ty, | iz
0 R (1 +2]%)

12(n + 1) 0y

T n—2)(n—-3)n—-4)m-5)n-6)’

_|2

240,21

= (1=2)(n-3)n—4)(n-5)1n-6)

« 1
2L+ Yy, f ————dz
j()‘ yn( +]/ ) y ]Ri*l (1 + |Z|2)n_2 z
8(1’1 - 2) Gn_zl

T =3 (-4 -5)n-6)
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Thus,

rel {_ (n+ ﬁ; T +81n)€12— net gzn_—ziz)l‘*} (Ryinj

+el {(n +1 i;l(f— D (: Z(q);nziAl) } L5+ (Ruing)”
64%11 - Ryinjsij + €* 8(”71__21)15 ‘R

) €448<T;;—21>2(W“”)2 fm (+ yng i g2 G

where

, O(e’ log(6e™t)) ifn=7,
o) ifn=8.

Using Lemma 1.4.5(xi) and substituting the expressions obtained for
L,...,I5 in the expansion (2.1.17), the coefficients of R;;,j;ij and R, cancel
out and we obtain

+eto, oy {16(11 +1)A% — 48(n — 2)A + 2(8 — n)(n — 2)2} (Rm'nj)2

L -2 — 7P
——(W;; dy,
€ B Vi) fm (A +ya2+1gP2"

(2.1.18)

where
1

V= =) —2)(n-3)n-4)(n-5)n-6)
Choosing A = 1, the term 16(n + 1)A? — 48(n — 2)A + 2(8 — n)(n — 2)? in
the expansion (2.1.18) is —62 for n = 7 and —144 for n = 8. Thus, for small

€, since Wppea(xo) # 0, the expansion (2.1.18) together with Lemma 1.4.6
implies that

En() < Q(B", 9B") (faM ‘4’2(:‘_21));1_1

for dimensions 7 and 8.
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The case n = 6.

We will again apply the change of variables z = (1 + y,)"'y and Lemma
B-1 in order to compare the different integrals in the expansion (2.1.16). In
the next estimates we are always assuming n = 6.

In this case, the first integral is

21714

Yaldl _
I = d nd
1ol fB @+ ez vy

= f li 49+ 00)
B! ntyasd/2el (14 B2 + [P

_ f lI 49+ 00)
RiA(ye<o/2e) (1+ D2+ gy '

Hence,

o/ 2 3—-n |Z|4
Igje = 14y dy, | —2—dz+ 00

qn+1
= log(de 1)n —0u-2l+0(1).

The second integral is

bysre = f aldl" dy,dy = O(1).
' g+, (L+ 1) +|gP2)m+!

se=1

Similarly to I; s/, the others integrals are

41714

Yl _
Iys)e = f —dy,d
T g gy

— —n _ o= s
_fo V(L + yn) "dyn fu;p (1+|z|2)n+1dz+0(1)

n

= log(de™)

+1
o O'n_QI + O(l),

A
I4,6/e:f Y dyndy
B, ((

1+ 52+ [g12)"

- YA+ y)'d f iz
fo Yl s (U 2R

=log(6e Moo I+ O(1),
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2
Yn _
I c = - d nd
5,5/ ‘L;;_E_l ((1 + t)2 + |y|2)n_2 y y

= 1+, "dy, — —__dz+001

= log(6e™") ( 32)0,1 21+0(1)
and
|7 i
Iss/e = dynd
e Jy TP
0/2€ . |Z|2 )

= jo‘ 1+ ]/n) d]/n fnl Wﬂlz +O(1)

= log(6e™") - )(n — 5) o2l +O(1).
Thus,
n_:Z
Em() < Q(B",dB") (f 4}%) + O(e*s™)
oM

Ty S G Uy ) U P

+ € { (n+1)(n_1)11,(‘)/6 2( 1)140/6 (Rmn])
of  12nA*% 4n(n-2)A o

i {(n+1)(n—1) (n+1)n-1) B36/¢ * (Ruin)
4& L g N -2 )
€ (7’1+1)( 1) 15/6 Rmn];z] +€ —8(7’1—1)15’6/6 R,‘nn

n—2
B e4m16'5/€ - (Wija)? (2.1.19)

Using Lemma 1.4.5(xi) and substituting the expressions obtained for
I1,5/¢,-+-/6,6/¢ in expansion (2.1.19), the coefficients of R;;,j;;j and R, cancel
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out and we obtain

[N]

En(¥) < Q(B", 9B") ( f W) + Ot
oM
+ e log(6e V)o_al-
6(n—-3)—-4 , 2n-2) (n —2)%*(n - 5) 2
{(n De-3)" " u-1 " 2-Dn- 3)} (Ruin)

-

(n—2)°
(n—1(n—-3)(n-5)

— e*log(6e Hoy_al 5 (W) (2.1.20)

Choosing A = 1, the term

6(n=3)=4 42 _ 2(n-2) (n=22(n-5) .
(n—l)(n—3)A -ST A+ 2=—D—3) N the ex-

pansion (2.1.20) is —12—5 for n = 6. Thus, for small €, since W_,q4(xo) # 0, the
expansion (2.1.20) together with Lemma 1.4.6 implies that

n=2

En() < Q(B", 9B") (faM ‘#2(""‘_21))“_1

for dimension n = 6. O
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CHAPTER 3

The compactness theorem

This chapter is devoted to the proof of our compactness result, Theorem
1.1.4. We will now outline the proof of this theorem. The strategy of the
proof is similar to the one proposed by Schoen in the case of manifolds
without boundary. It is based on finding local obstructions to blow-up
by means of a Pohozaev-type identity. We suppose that there is a simple
blow-up point for a sequence {u;}. We then approximate the sequence {u;}
by the standard Euclidean solution plus a correction term ¢;. The function
¢; is defined as a solution to a non-homogeneous linear equation. We
then use the Pohozaev identity to prove that the boundary trace-free 2nd
fundamental form vanishes at the blow-up point. Finally we apply the
Pohozaev identity to establish, after rescaling arguments, a sign condition
that allows the reduction to the simple blow-up case.

An important part in our proof is the use of the correction term ¢; to
obtain refined pointwise blow-up estimates. The idea of using a correction
term first appeared in [31] and was significantly improved in [9]. This
type of blow-up estimate was derived in [33] where the authors studied
compactness in the case of manifolds without boundary. Although we do
not have the kind of explicit control of the terms ¢; the authors had in [33],
a key observation is that some orthogonality conditions are sufficient to
obtain the vanishing of the boundary trace-free 2nd fundamental form.

In Section 3.1 we discuss the equations we will work with. In Section
3.2 we prove the Pohozaev identity we will work with. In Section 3.3 we
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discuss the concepts of isolated and isolated simple blow-up points and
state some basic properties. In Section 3.4 we find the correction term ¢;
and prove its properties. In Section 3.5 we obtain the pointwise estimates
for u;. In Section 3.6 we prove the vanishing of the trace-free 2nd funda-
mental form at any isolated simple blow-up point and prove the Pohozaev
sign condition. In Section 3.7 we reduce our analysis to the case of isolated
simple blow-up points and prove Theorem 1.1.4.

3.1 Conformal scalar and mean curvature equations

In this section we will introduce the partial differential equation we will
work with in the next sections. We will also discuss some of its properties
related to conformal deformation of metrics.

Let u be a positive smooth solution to

Lou = i
{gu 0, inM,, (3.11)

Beu+(n—2)f~"u’ =0, ondM,

where 1 = /5 —p, 1+y9 < p < ;15 for some fixed yo > 0 and f is a positive
function. The equations (3.1.1) have an important scaling invariance prop-
erty. Fix xo € M. Let 6 > 0 be small. Given s > 0 define the renormalized
function :

o(y) = s u(sy), foryeB; ,(0).

Here, we work with Fermi coordinates centered at xy. Then

Lo=0, inB’_,(0),
Bso+(n—-2)f""0" =0, on 8’Bgs_1 0,

where f(y) = f(sy) and the coefficients of the metric ¢ in Fermi coordinates
are given by gx(v) = gu(sy).

Notation. We say that u € M, if u is a positive smooth solution to the
equations (3.1.1).

The reason to work with the equations (3.1.1) instead of the equations
(1.1.1) is that the first one has an important conformal invariance property.
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Suppose § = qbﬁ g is a metric conformal to g. Recall that the conformal
Laplacian satisfies

L o (¢7'u)=¢ "L, (3.1.2)

for any smooth functions ¢ > 0 and u. Similarly, the boundary operator B,
satisfies

B 4 (¢7'u)=¢ "2Bgu. (3.1.3)

qb%g

Hence, if u is a solution to the equations (3.1.1), then ¢~ 'u satisfies

Lg((p‘lu) =0, inM,
Bg(¢‘1u) +(n - 2)(qbf)‘7(cp‘lu)p =0, ondM,

which is again equations of the same type.

Notation. Let O € M be a domain in a Riemannian manifold (M, g). Let
{2} be a sequence of metrics on M. We say that u; € M; if u; satisfies

{Lgl.ui =0, inQ, 614

Bg,u;i + (n — 2)fl._“uf" =0, ond'Q,
where 7; = -5 —p;and 1 + ) < p; < ;%5 for some fixed yo > 0.

In this chapter we will work with sequences {u; € M;} and assume
fi = f > 0 uniformly, and g; — o in C>(M) for some metric go.

By the conformal invariance stated above, we are allowed to replace the
metric g; by qi)l”%z gi as long as we have control of the conformal factors ¢;.
In this case we replace the sequence {u;} by {¢i_1”i} which we also denote
by {u;}. In particular, we can use conformal Fermi coordinates centered at
some point x; € IM.

3.2 A Pohozaev-type identity

In this section we will prove the Pohozaev-type identity we will use in the
subsequent blow-up analysis.

Proposition 3.2.1. Let u be a solution to

_2 _ .
Agu — ‘hl{gu =0, in Bg ,
gy”n - "2;2hgu +Kf~"u’ =0, on 8’Bg ,

Instituto de Matematica Pura e Aplicada 33 February 10, 2009



Sergio Almaraz Existence and compactness theorems

where K is a constant. Let 0 < r < 0. Set

n—2 du r ul r
P = — — = |VuP +r|=— Kf"uP*ds, .
(u,7) \L;B;( > u&r 2| ulc+r 5 )dor+p+1 ]{;(3,8;) fuP"do,
Then
-2 -2 -2
P(u,r) = —f (x‘@gu ;0 u)Ag(u)dx L1 (fk8ku . u) houdx
B* 2 2 Jopr
T —k 1 pil g, (A1 n=2 —7, p+l 7=
_ K P — K P
P+1L'B; (&N u dx+(p+1 > )L/B; fubTdzx,

_ -2
where Ag = Ag — A — 431—_1)Rg.

Proof. Observe that

(P 1)dpaudx + L . 8™ (Iyu)(Du)dx + % f . x09p(Qa1t)2dx

By B;

=1 f (<" Dyut)(x* Dqu)do, — f (T O11) (Du)d%d% .
9+B; d'Bf

r

Summing ina =1, ...,n we obtain
1
(xb8bu)Audx+f IVuldx + —Zf x09y(Qa1t)?dx
B B 254 Jp;

u
=7 -_—
J*B}

or
But, integrating by parts, we have

1 b 25, __I 2 r 2
EEIB:x dp(da1t) dx——EZa:fBr(&au) dx+§Za:f(;+ (du)"do,

Bt
1 b 2 1=
_ Eszx 57 (9u)2dx
a r

. |Vu|2dx+£ f VuPdo,, (3.2.2)
B} 9B}

2
do, — f (T 0ku)(Dput)dx .
J'Bf
(3.2.1)
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n—2

f (T u)(Opu)dx = — f (FOu)(Kf " uP — hgu)dx
B B

1
=Ty, KOO

n-2 (Xk(?ku)hgudx
J'B}

1
f Kf"uPtldg + — K0 f Pt dx
IB} p+1Jops

_n—l
_p+1

r
— Kf "uP*lds
p+1 fa(a'B;) f '

n—2
2 Jop:

(P u)hgudz . (3.2.3)
Substituting equalities (3.2.2) and (3.2.3) in (3.2.1) we obtain

-2
(P Iyu) Audx — n—< [Vuldx + r f \Vul’do,
B 2 g 2 Jorpy

2
-1
=7 f ou do, = f Kf "u*ldz
I*BF or p+ 1 B
1 r
- — K@@ fuPtds + — f Kf "u*lds
p+ 1 J'BY f p+ 1 A'B;) f g
n-2 _k _
- (X*Ixu)hgudx . (3.2.4)
2 Jop:

Using

-2
Vuldx = - | uAudx + ua—udar + (KfTub*t - 0Ly )iz
B+ BY J+Bf &r J'B+ 2 3

and Au = —A¢(u) in equality (3.2.4) we get the result. O

3.3 Isolated and isolated simple blow-up points

In this section we will discuss the notions of isolated and isolated simple
blow-up points and prove some of their properties. These notions are slight
modifications of the ones used by Felli and Ould Ahmedou in [26] and [27]
and are inspired by similar definitions in the case of manifolds without
boundary.
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Definition 3.3.1. Let Q € M be a domain in a Riemannian manifold (M, g).
We say that x € d'Q is a blow-up point for the sequence {u; € M;}:2,, if there
is a sequence {x;} C d’Q such that

(1) xi = xo;

(2) ui(x;) = oo;

(3) x; is a local maximum of u;|gy.
Briefly we say that x; — x is a blow-up point for {u;}. The sequence {u;} is
called a blow-up sequence.

Convention. If x; — x¢ is a blow-up point, we work in Bg(O) C R}, for some
small 6 > 0, using g;-Fermi coordinates centered at x;.

Notation. If x; — x¢ is a blow-up point we set M; = u;(x;) and €; = Mi_(pi_l).

3.3.1 Isolated blow-up points

We define the notion of an isolated blow-up point as follows:

Definition 3.3.2. We say that x; — xp is an isolated blow-up point if it is a
blow-up point and there exist 6, C > 0 such that

ui(x) < Clxl_f’fl‘1 , forallx € 9B (0)\{0}. (3.3.1)

Remark 3.3.3. Note that the definition of isolated blow-up point is invariant
under renormalization, which was descrided in Section 3.1. This follows

from the fact that if vi(y) = s7 u;(sy), then

1

1 1
—1

ui(x) < Clx| 1 & vi(y) < Cly| »71,

where x = sy.

The first result concerning isolated blow-up points states that the in-
equality (3.3.1) also holds for points x € By (0)\{0}.
Lemma 3.3.4. Let x; — xq be an isolated blow-up point. Then {u;} satisfies

1

ui(x) < Clx| %71, forall x € BS(0)\{0}.

1
T

Proof. Let0 <s < g and set v;(y) = s*ilu;(sy) for |y| < 3. Then v; satisfies

Lgivi - O/ in B;(O),
(Bg, + (1 =2)f o] ")oi =0, ond'B}(0),
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where ($)i(y) = ()k(sy) and f (y) = f(sy). Hence, Lemma C-3 gives

max v; £ C(n, max v;) min

v;.
B3 (0)\B{,(0) @’B3(0) B3 (0)\B],(0) l

(3.3.2)

By the scaling invariance (Remark 3.3.3) v; is uniformly bounded in compact
subsets of 0B (0)\{0}. Hence, the result follows from inequality (3.3.2). O

A corollary of the proof of Lemma 3.3.4 is the following Harnack-type
inequality:

Lemma 3.3.5. Let x; — xq be an isolated blow-up point and 6 as in Definition
3.3.2. Then AC > 0 such that VO <s < §,

max #;<C min u;.
B3,(0\B;,,(0) B3, (0\B7,(0)

The next proposition says that, in the case of an isolated blow-up point,
the sequence {1;}, when renormalized, converges to the standard Euclidean
solution U.

Proposition 3.3.6. Let x; — xo be an isolated blow-up point. Set
- ~(pi-1
oi(y) = MM P Vy), fory € BY L L(0).
Then given R; — oo and B; — 0, after choosing subsequences, we have

(@) [v; = Ul (o)) < Bis

(b) limjsco 1oy = O;
(C) hmi—)oo pi = %

The proof of Proposition 3.3.6 is analogous to Lemma 2.6 of [26] or
Proposition 4.3 of [39]. It uses Theorems 1.3.1 and 1.3.2.

Remark 3.3.7. Once we have proved Proposition 3.3.6 it is not difficult to
see that, if we change the metric by an uniformly bounded conformal factor
fi > 0, with f;(0) = 1 and g—)ﬁ(O) =0fork=1,..,n—1, then isolated blow-up
points are preserved. This is the case of conformal Fermi coordinates, for
example (see Proposition 1.4.2).

The following lemma will be used later when we consider the set of
blow-up points.
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Lemma 3.3.8. Given R, > 0, there exists Co > 0 such that if u € M, and
S € dM is a compact set, we have the following:

If maxyeonn s (u(x)dg(x, S)P%l) > Co, then 5 — p < B and there exists xo €

dM\S, local maximum of u, such that

o)™ (@) = U0l ™ Do,y (o) <B- (3.3.3)

where rg = Ru(xo)~ P, If 0 is the empty set, we define dg(x,0) = 1.

Proof. Suppose by contradiction that there exist R, § > 0 such that, for all
Co > 0, there exist u € M, and S C M compact such that

max (u(x)dg(x, S)r*-l) > Co

x€dM\S

and there is no such point xo. Hence, we can suppose that there are se-
quences

wi(x]) = max_ w;(x) — oo,
xedM\ S;

where w;(x) = u;(x)dg(x, Sl-)%“il_‘1 and x; € JM. Here, S; C dM is compact. We

assume that p; — po, for some pg € (1, %], and x; — x; for some x{, € JM.
Set N; = u;(x). Observe that N; — .

We use Fermi coordinates centered at x]. Set v;(y) = Ni‘lui(Nl._(pi_l)y) for
yE B;Npl__l(O). It follows from the discussion in Section 3.1 that v; satisfies

Levi =0, in B;NFf‘l(O) ,

Bgvi+ (n=2)f "0} =0, ond'B' ,(0),

1

where fi(y) = f(NZ._(pi_l)y) and ¢; stands for the metric with coefficients
&u(y) = gu(N; Ny

Claim. v; < Cin compacts of R’}
Let x € d'B;(0). Since w;(x) < w;(x}), we have

ds(S;, x7) — dg(x’, x ds(S;, x -
g( ,) ig( i ) < g( ’) < (Niui(x)_l)p 1 ‘
dg(Si, x7) dg(Si, x

i
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On the other hand,

’ ’ —(pi-1
dg(si;xi)_dg(xi/x) 1— Ni @ )lyl

dg(Si, x;}) S dg(Six]

=1 -wi(x)) P Vyl = 1-0;(D)lyl,

where we have set y = Nf 1. This proves that v; < C in compacts of JR.
Now the Claim follows from Lemma C-3.
Hence, we can suppose that v; — vin C; (IR), for v > 0 satisfying

Av = O, in ]R’l,
(;% +(n—-2)0" =0, ondR"

and v(0) = 1. Then, by Theorems 1.3.1 and 1.3.2, po = ;"5 and v is of the

form (1.3.2). Hence, we can find y; € aIBgNPH (0) local maxima of v;, such
that y;) — (z1,...,2,-1,0) € R}. Then, after a renormalization such that
vi(yi)) = 1, v; satisfies the estimate (3.3.3), for i large, with xo = Ni_(p i_l)y(i).
This is a contradiction. O

Once we have proved Lemma 3.3.8, the proof of the following propo-
sition is analogous to Proposition 5.1 of [38] (see also Lemma 3.1 of [47] or
Proposition 1.1 of [29]):

Proposition 3.3.9. Given small > 0 and large R > 0O there are constants
Co,C1 > 0, depending only on B, R and (M",g), such that if u € M, and
maxyy u > Co, then 5 —p < B and there are x1, ..., xn € dM local maxima of u,
such that:

(1) If rj = Ru(xj))~%=Y for j = 1,...,N, then {0'Bl(x)) c aM};\il is a disjoint
collection;

(2)Forj=1,..,N, |u(x) ™ u(x) = Uu(x;)"x)| @, oy <P
7j

(3) We have

1

u(x)dg(x, {x1, ..., xn})? T < Cy, forallx € oM,

u(x;j)dg(x;, xk)ﬁ >Co, foranyj#k.
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3.3.2 Isolated simple blow-up points

Let us introduce the notion of an isolated simple blow-up point. Let x; — xg
be an isolated blow-up point. Set

_ 2
ui(r) = ﬁf Midﬁy
On-17 d*B;(0)

1
and w;(r) = rri-ti(r).
Note that the definition of w; is invariant under renormalization, which
1
was descrided in Section 3.1. More precisely, if v;(y) = s¥i-1u;(sy), then

1 1
-1 -1

rPi

0i(r) = (s7)”

Definition 3.3.10. An isolated blow-up point x; — xg is simple if there is
6 > 0 such that w; has exactly one critical point in (0, 6).

i;i(sr).

2-n

Remark 3.3.11. Let us handle the case U(y) = (1 + y,)* + Z] 1 yZ)_ Ob-
serve that

U(r) = area (8+Bf)_1 U(y)do,(y) = 2(0p-1) " f U(rw)do1(w) .

JI*B; J*BY

Hence,

d n-2 — n-4 _ n
a(r ZU(r)) = 2r'T (0y_1) "t a+B+( >
1

gr(U(rw))) doq.

Since 22U + yb o _ n- 2((1 + yn)2 + Z] 1 yz)‘i(l - |y|2) we conclude that

%(r 7 U(r)) =0, for r >0, if and only if r = 1.
Now, let x; — x¢ be an isolated blow-up point and R; — oco. Using

Proposition 3.3.6 we see that, choosing a subsequence, r +— pit i1i(r) has
exactly one critical point in (0, r;). Moreover, its derivative is negative right
after the critical point. Hence, if x; — xg is isolated simple then there is
6 > 0 such that w!(r) <0 for all r € [r;, d).

The next proposition is an important property of isolated simple blow-
up points.

Proposition 3.3.12. Let x; — xq be an isolated simple blow-up point. Then there
exists C,6 > 0 such that
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(a) Mjui(x) < Clx[>™ forall x € Bg(O)\{O};

(b) Miu;(x) = C71Gj(x) for all x € B (0)\B;.(0), where G; is the Green’s func-
tion so that:

LgiGi = O/ i?’l Bg(o)\{o}/

G; =0, on 8+Bg(0),

Bg,Gi =0, ond'B;(0)

and |x|"2G;(x) = 1, as |x| = 0.

The remaining part of this section will be dedicated to the proof of
Proposition 3.3.12. We will use the following lemma:

Lemma 3.3.13. Let x; — xq be an isolated simple blow-up point and let p > 0 be
small. Then there exist C,0 > 0 such that

MYV u(x) < Cle "+,
for x € Bj(0)and r = 0,1,2. Here, A; = (p; = 1)(n =2 —p) — 1.

The proof of Lemma 3.3.13 is analogous to Lemma 2.7 of [26]. For
the sake of the reader we include this proof below. It uses the following
maximum principle, which is Lemma A.2 of [29]:

Lemma 3.3.14. Let (N, §) be a Riemannian manifold and QO C N be a connected
open set with piecewise smooth boundary dQQ = T U L. Let h € L*(Q) and
o € L®(X). Suppose that u € C3(Q) N CYQ), u > 0 in Q, satisfies

3—“+au§0, on L

{Agu+hu <0, mQ,
v

and v € C3(Q) N CY(Q) satisfies

Ago+hv <0, inQ,

%+av£0, on X,
v>0, onT,

where v denotes the unit normal of ¥ pointing inwards. Then v > 0 in Q.
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Proof. Letw = v/u. Then

Agw + 2u~'Wu-Vw + (Aqu + hu)u='lw <0, inQ

dw -1(du
5, tu (av +ou)w <0, onxt,
w=0, onI.

Thus, the usual maximum principle implies that w > 0 in Q. Therefore,
v>0in Q. m

Proof of Lemma 3.3.13. Let R; — co. We define r; = Mi_(p DR, and choose a
subsequence according to Proposition 3.3.6. We will first prove the follow-
ing two claims:

Claim 1. There exists C > 0 such that

Mgpi—l)(H—Z)—l

ui(x) < ClP™,
for x € B} (Observe that (p; = 1)(n —2) -1 =1-(n - 2)7;, for ; = ;%5 — p;.)
Claim 2. There exists C > 0 such that
MYui(x) < Cla**,
for x € B.

For |y| < R;, by Remark 3.3.18,

n=2
Z
M; (MY y) = vi(y) < CU(y) = C '
1+ y? + L5 v

Ify= Mfi_lx, then
n=2
M ui(x) < C M 2 (3.3.4)
i i) s Y ) : 3.
(M7 4 x)2 + X x}z.

Claims 1 and 2 follow from the inequality (3.3.4).
Now, we need to extend the estimate of Claim 2 to Bg \B;. WesetL; = Ly,

and K; = By, + (n - 2) fl._T"uf"_l. Then u; satisfies

Liui = 0, in Bg ’
Ku; =0, on c?'B(;r

and, by Lemma 3.3.14, (L;, K;) satisfies the following maximum principle:
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Lemma 3.3.15. If v; satisfies
Lv; <0, in Bg\B;,
Kiv; <0, on 8’Bg\8’B;:_,
v; >0, on 8+Bg UJ*B},
then v; > 0in B] U B
We set
Pip(x) = x| — el x,
where €y > 0 is small to be fixed later, and
(%) = C (M i um0-p (6) + 1i6h1,p (),
where 7; = maxy+ Bt Ui and C > 0 is chosen such that
u <,
on 8+B:5r \d*B;. This is possible by Claim 2.
In order to apply Lemma 3.3.15 to prove that i; —u; > 0 in B{\B}, we
need to show that ¢; — u; satisfies
Li(;—u) <0, inB{\B}, 635
Ki(¢i—u;) <0, on a’Bg\(?’B;;.

Let us prove the first inequality of (3.3.5). Set r = r(x) = [x|. Then

Ag(r™) = —v(~v+n—-2r "2+ 0>

and
Agi(r_v_lxn) = Ag, VY, =20 + Dr v 3x, + O
=—(w+1D)n-1-v)r"3x, +00r™ Y.
Hence,
Ag (@) =172 (<10 2= )+ v + D1 = 1= 1) +00)
and

iy n—2
Lii = CM, A {Agf(¢i,n—2—p) - ngi(Pi,n—Z—p}

-2
+Cn, {Agi((pi,p) _ hRgi(bi,P}

< C(M P 4 el 2) (=ptn = 2= p) + eoc(n, p) 2 + O()
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where c(n, p) = (p+1)(n—1-p). Here, we choose €y small such that L;1p; <0
for r; < |x| < 9, since 6 is also chosen small.
Now we will prove the second inequality of (3.3.5). Observe that

Kipi = CM,; YKi(in-a-p) + CiKilpip)
A - 1 n-2 _z -
= C (M ' 4 1) (e = E g el + (0 = 2 P )

The fact that K;i;(x) < 0 for r; < |x| < 6 follows from the following claim:

Claim 3. Given y > 0, we have ui(x)Pi x| < y forilarge and r; < |x| < .

By the second paragraph of Remark 3.3.11, pict i1;(r) is decreasing in
(r;,6). This, together with the Harnack inequality of Lemma 3.3.5, implies
that

1
()T < Cai(plxl T < Cay(r)r™
forallr; < |x| < 6. Applying Claim 1 to the right hand side of this inequality,

we obtain .
1 2—-n+——
T ~1+(n-2); i1

ui(x)|x|i < CM; (n=2)Ti, i

for all r; < |x| < 6. On the other hand,

1

—n+—L 1
Mi—1+(”—2)firf T _ Riz "

-0

as i — oo, since R; — oco. This proves Claim 3.
Hence, we have proved that

ui(x) < C(M; NP0 + x| ) (3.3.6)

in Bg. It follows from Lemma 3.3.5 that

1 1 1
-1 -1 1 77

oriTtn; < CoPiti1(0) < Crrirtiii(r)

for r < 6, where in the last inequality we used again the 2nd paragraph of
Remark 3.3.11. Thus, by the estimate (3.3.6),

1 1 A o _
oy < Crric? (Ml. Ai27nep 4y P)
o a
<CM, Aiy2-n+2p 4 Cnrei? P

forp < "T_Z = %limi_w0 ﬁ. Hence,

0 (677 = Cr TP gy < oM (33.7)
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Choosing r < ¢’ for some &’ > 0 small fixed, we use the estimate (3.3.7) in
the estimate (3.3.6) to conclude the proof of Lemma 3.3.13. m|

Remark 3.3.16. Set v;(y) = Mi‘lui(Mi_(pi_l)y) and suppose that x; — xq is
isolated simple. Then, as a consequence of Lemma 3.3.13 and Proposition
3.3.6, we see that there is C > 0 such that

i-1 —r—
IV70il(y) < CMEP D (1 + [y
forany y € B;Mf""l (0)andr=0,1,2.
Now we are going to estimate 7;.

Proposition 3.3.17. Let x; — xq be an isolated simple blow-up point and let p > 0
be small. Then there is C > 0 such that

1-2p+0;(1)

Ce, , =5,
B0 g T forn (3:38)

Ce; log(e;), forn=4.

Proof. We write the Pohozaev identity of Proposition 3.2.1 as
= T
P(ui/ 1’) = Fi(ui/ 7’) + Fi(uir 1") + - : Qi(ui/ 1"), (339)
pi+1

for r < 6, where
Fi(u,r) = - fB+(xb8bu + ”T_zu)(Lgl. — ANudx,

Fi(u,r) = 52 fa'B;“ (®pu + S2u)hg,u dx,

i T tiypi X v —7;—1 . _
Qi(u,r) = 5 ) fa»B; [T ubtdx — (n - 2) f&fB;r(xkakf)fi Tl pitl g5
It follows from Proposition 3.3.6 that we can choose a subsequence such

that
~1
f uf "T>c>0,
&’BI},

where r; = R;e; — 0. Hence, for r > 0 small, Q;(u;,7) > ¢ > 0.
Using Lemma 3.3.13 we obtain

24y
Pi(u;, 1) < Cel' " = el 2200
1 1 = i ; .

1

(3.3.10)

Changing variables,

2 1n-2

Fi(u;,r) = —el._pi_l f (gbabvi + n ; 2221') hgi(eiy)vi(y)dy.
B+
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Observe that —’% +n-2=-(n- 2)% = 0;(1). By Remark 3.3.16 and the
fact that we can suppose that 1(0) = 0 (see Proposition 1.4.2),

Fi(us, ) = € 20700 fa O(L +17)2")OETHO + 71>
’B+71
. >
> _cel2ro |1 forn =5, (3.3.11)
! loge;, forn =4.
Similarly,
—2_4in-2 -
Fi(u;, 1) = —¢, At f (v dpo; + nTzvi)(Lgi — Nvidy
B'*'_1
=70 [ 0@+ OO + 1)y

B+

re 1
i

Hence, Fi(u;,r) = —Cez.l_ZP +0i(1), for n > 4. This, together with the identities

(3.3.9),(3.3.10), (3.3.11) and the fact that Q;(u;, 7) > ¢ > 0, gives theresult. O
Now, we are able to prove Proposition 3.3.12.

Proof of Proposition 3.3.12. We will first need the following two claims.

Claim 1. Given a small o > 0, there is C > 0 such that

f u!'dx < CM; 1.
B

If follows from Proposition 3.3.6 that we can choose a subsequence such
that
f W (R)dx = M, P f vi(§)'dy < CM; .
o B;i a’B;i

Here, 1; = RiMl._(p’ D and R; — 0. On the other hand, by Lemma 3.3.13,
f W' (%)dx < CM;"f”f %@ Pids < 0, (1)M;
IBI\'B}, IBI\I'B},

This proves Claim 1.
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Claim 2. There is 01 > 0 such that for all 0 < ¢ < o7 there is C = C(0)
such that
ui(x)ui(x;) < C
for any x € d*BZ(0).
It is not difficult to see that if 07 > 0 is small we can find a conformal
metric, still denoted by g;, such that Rg; = 0in B}, (0) and kg, = 0 on d'B, (0).

We fix ¢ € (0, 01) and choose x,; € d*B*(0).
If we set w; = u;(x,)”'u;, then w; satisfies

{Agiwi =0, in B¥(0), 6312

%—ur;" +(n- Z)ui(xg)i"f‘lwfi =0, ond B (0).
By the Harnack inequality of Lemma C-3, for each > 0 there is Cg > 0 such

that

cﬁ—1 < wj(x) < Cg

if |x| > p. Observe that Lemma 3.3.13 implies that ui(xg)Pi-! > 0asi — oo.
Hence, we can suppose that w; — w > 0 in C%OC(B(J;(O)\{O}) and w satisfies

{Agow =0, inBZ(0)\{0}, (3.3.13)

gi;; =0, ondB}(0)\{0}.
Here, g is the C>-limit of g;. It follows from elliptic linear theory that
w =aG(x) + b(x) forx € BX(0)\{0},

where a > 0. Here, G is the Green’s function so that

AgoG — 0, in Bg(O)\{O}/
G=0, on d*B}(0),
1(99_%9 =0, on d’B(0)\{0},

limyyyo [x*"G(x) = 1,
and b satisfies

Agb =0, inB(0),
3—5 =0, ondB0).

We will prove thata > 0. Setr = |x|. Since the blow-up is isolated simple,

F i T i1;(r) is decreasing in (r;, 0) (see the 2nd paragraph of Remark 3.3.11).
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Taking the limit as i — oo, we conclude that r — FTW(r) is decreasing in
(0,0). Hence, w has a non-removable singularity at the origin. Therefore
a>0.

Fix 6 > 0 small. Then there is ¢; > 0 such that

- 9 5y > 1. (3.3.14)
J+B* or
o

Integrating by parts the first equation of (3.3.12) we obtain

Ozf Agywidx = @dob—f awidi
BY 9*B} or I'Bf an

[
= f (8_10 + oi(l)) dog + (n — 2)ui(xs) ™" f uf’di
o+ \ OF IB:

< —c1 + Cui(xy) Hui(x) 7L, (3.3.15)

where we used the estimate (3.3.14) and Claim 1 in the last inequality. This
proves Claim 2.

Now we are going to prove the item (a). Suppose by contradiction it
does not hold. Then passing to a subsequence we can choose {x/} ¢ M such
that |x/| — 0 and

i) i (x]) |2 = oo (3.3.16)

By Proposition 3.3.6 we can assume that Riui(x;)~#i~1) < [x!| < 6 where

+

Sl |1
isolated simple blow-up point for {v;}. Thus, by Claim 2, there is C > 0 such
that

R; — o0. Set vi(y) = Ifollﬁui(lxlfl y)fory € B (0). Hence, the origin is an

2 ’ /
[P (xp)ui(x)) = vi(0)vi(y:) < C
where y’ = |x1f|_1x;. This contradicts the hypothesis (3.3.16).
Item (b) is just an application of Lemma 3.3.14. m]

Remark 3.3.18. Set v;(y) = Ml.‘lu,-(Mi_(p[_l)y) and suppose that x; — xq is
isolated simple. Then, as a consequence of Propositions 3.3.6 and 3.3.12, we
see that v; < CU in B;Mprl (0).

3.4 The linearized equation
In this section we will be interested in solutions of a certain type of linear

problem. These solutions will be used in the blow-up estimates of Section
3.5.
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Convention. In this section, we will always use the conformal equivalence
between IR’ U {co} and B" realized by the inversion F (see Section 1.3).

Let 7 > x(r) be a smooth cut-off function such that x(r) = 1 for0 <r <9
and x(r) = 0 for r > 26. Set x¢,(r) = x(€ir). Thus, x¢(r) =1for0 <r < 561._1
and x,(r) = 0 for r > 2(36‘1._1.

Proposition 3.4.1. Let x; € dM and 0 < €; — 0 be sequences and choose Fermi
coordinates centered at each x;. Then there is a solution ¢; to

Adi(y) = —xe(lyDeilia(0)yn (P U)(y), fory e R},
20r G ! / (3.4.1)
Tyﬂ(y)+nlln—2cpi(y) =0, fory € IRY,
satisfying
IV'pil(y) < Ceilha(OIA + [y)*>™", foryeRL, r=0,1,2, (34.2)
=20 =9
¢i(0) = e 0)=..= Iy 0)=0, (3.4.3)
| ut@smdr-o. (344
IR
Proof. Set

FE@) = —xe; ey () (U 3 (y) fory € R

Observe that f; can be extended as a smooth function to B" and is L?(B")-
ortogonal to the coordinate functions zy, ..., z,, taken with center (0, ..., 0, —=1/2).
To see this orthogonality, we use the conformal equivalence between B" and
R’ U {co} and the fact that, for every homogeneous polynomial py of degree
k, we have

2
r
js;z Pk = —k(k tn— 3) S:,iz Apk . (345)

By Lemma 1.3.4 and elliptic linear theory, it is possible to find a smooth
solution ¢, to
(3.4.6)

e, -
5442, =0, ondB",

{A_@;Ei =fi, inB",

also LZ(B”)—ortogonal to the coordinate functions z, ..., z,.
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Set D = {(z,w) € B" X B"; z = w}. Let G be the Green's function so that

AG(z,w) = Y04 ga(w)z,, in (B" x B")\D,
(% +2) Gz, w) =0, on (9B" X IB")\D N (9B" x 9B"),

where A and 3% are taken with respect to z, and |z — w|[""2G(z,w) — 1 as
|z —w| — 0.
Then ¢, satisfies

Pe,(2) = - f G(z, w) fi(w)dw .
BH
Therefore,
e, (2)] < Ceilly (0) f Iz — wP*"[w + (0, ...,0,1)| >dw.
Bn

It follows from the result in [28], p.150 (see also [5], p.108) that
Pe,(2) < CeilhgO)llz + (0, ..., 0, DI ™! < Ceilh(0)|(IF(2)] + 1) .

Hence, ¢, = U, satisfies the estimate (3.4.2). By the properties (3.1.2) and
(3.1.3) of the operators L and By, ¢, is a solution to the equations (3.4.1).

.. e, .
Now, we choose coefficients ¢;; = ﬁ ;;j’ 0),jefl,..,n=1},and ¢c,; =

—%(l)e,(o) and define

n
i = Qe; + Z Ca,ita -
a=1
Then ¢; is also a solution to the equations (3.4.1) and satisfies the identity
(3.4.3). Since ¢, satisfies the estimate (3.4.2), we see that |, ;| < Clh(0)le;
fora =1, ..., n. Hence, ¢; also satisfies the estimate (3.4.2).

Let us prove the identity (3.4.4). Observe that ¢; = U~'¢; also satisfies
the equations (3.4.6) and f; is LZ(B”)—ortogonal to the constant function 1.
Hence, integrating by parts the first equation of (3.4.6) we see that ¢; is
L2 (dB™)-ortogonal to the funcion 1. This is the identity (3.4.4). m|

The following result is an important estimate that will be used in the
subsequent local blow-up analysis.
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Proposition 3.4.2. Let ¢; and €; be as in Proposition 3.4.1 and suppose that n > 5.
Then ¢; satisfies

n-—2
- fB . (yb8b¢i + T(Pi)eihkl(O)yn&k&lUdy
se1

- j; . (ybt?bu + nT_zu) €il(0)yndkdipi dy > —C(n)|h(0)e! 26> .

sl
i

Proof. Integrating by parts,

-2
- [ (o "F20) @haOmdandy

6571
> f €l (0)yndrpidiUdy + f €l (0)ynypdpdkPio,Udy
B, B,

o€ o€
1 1

f €ihia(0)yndxid Udy — Clhg(0)Pe! 26" (3.4.7)
B+

se1
i

n-—2
2

and

-2
- L ) (]/babu"' HTU) (€iha(0)yndikdipi)dy

66.‘1
> f €ihi(0)y, I Udipidy + f €l (0) Y ypdpdi U pidy
Bt Bt
55._1 66._1
[ oty - e 2. G48)
B+

571
i

Here, the term C |hk1(0)|2el’.“262‘” comes from the integrals over 8+Bge_1 using

the estimate (3.4.2). Another integration by parts gives

f ) €l (0)ynyp(Ipdkpi)d Udy + jl; ) €l (0)ynyp(pdkU)dipidy

B
oer! se—1
1 1

> —(n+ 1) f €ihkl(0)yn8k¢i81Udy — C|hkl(0)|2€?_262_n
B+
se1
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This, together with the inequalities (3.4.7) and (3.4.8), gives

n-—2
- fB X (ybabq5i+ T¢i)(€ihkz(0)yn3k3zu)dy

ser1
b n—2
- . (]/ U + TU) (€ (0)yndkdipi)dy
se1
> - f €ih(0)yndkpio Udy — Clhy(0)e! 26> .
B+
se1
The result now follows from the following Claim:
Claim. — [,,  €ih(0)yndipidUdy > —Clhy(0)Pe 25>
ser1
Integrating by parts,
- f €il(0)yudkpidUdy > f Pi€ihu(0)yndkd U — Clh(0) el 26"
B* B*
se1 se-1

= fB APy — Clig(0)2e~26%7".

ser1
i

It follows from the estimate (3.4.2) and the assumption over the dimension
that

- f (Ad)idy > — f (A)didy — Clhg(Q)Pe26>"
B* R

O€” +
i

Hence, in order to prove the Claim, we will show that
- [ oy o0 (349)
Set ; = U"'¢;. Then
- [ @ospy=- [ @wdip, (34.10)

where we have used the property (3.1.2) of the conformal Laplacian. Now,
integrating by parts in B”, we obtain

— | (Apdi)Pidz = f IVpil5.dz — 2 f ¢rdo, (3.4.11)
B" B" JB"
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where 1 points inwards on dB". The last equality is due to the equations
(3.4.1) and the property (3.1.3) of the boundary operator Bs.
By Lemma 1.3.4,

L IVoPdz
inf fB;i =2
eCi [, P2do
where C; = {§ € H'(B"); [, pdo = 0}. Hence, by the identity (3.4.4),

f IVpilg.dz — 2 f $ido > 0. (3.4.12)
B" OB"

Now inequality (3.4.9) follows from equalities (3.4.10) and (3.4.11) and in-
equality (3.4.12). This proves the Claim. m|

3.5 Blow-up estimates

In this section we will give a pointwise estimate for a blow-up sequence
{u;} in a neighborhood of an isolated simple blow-up point. The arguments
given here are modifications of the ones given in [33] and [39] for the case
of manifolds without boundary.

Assumption. In this section we assume n > 5.

Let x; — x( be an isolated simple blow-up point for the sequence {u; €
1

M;}. Setvi(y) = ef i1 ui(ejy) fory € B;e;l = B;e;l (0). We know that v; satisfies

Lgvi =0, in Bge;”
Bgvi+(n—2)f, "0/ =0, ond'B}

—17
O¢;

(3.5.1)

where f (y) = f(eiy) and g; is the metric with coefficients ($;)u(v) = (3)k(€iy).
Let ¢; be the solution to the linearized equation obtained in Proposition
34.1.

The main result of this section is

Proposition 3.5.1. There exist C,6 > 0 such that, after passing to conformal
Fermi coordinates,

o — (U + $i)l(y) < C(19°gil + 19giPeF (L + [y)* " + Cel (1 + [y,
IVo; = V(U + ¢)l(y) < C(19°gil + 10giP)eX(1 + [y)*™ + Cer3(1 + [y) 2,
IV20; = VAU + ¢:)l(y) < C(19%gil +19giP)eX (1 + [y))>™ + Ce"3(1 + |y) 2,

Instituto de Matematica Pura e Aplicada 53 February 10, 2009



Sergio Almaraz Existence and compactness theorems

forye Bge;l‘

In order to prove Proposition 3.5.1 we will first prove some auxiliary
results.

Lemma 3.5.2. There exist 6,C > 0 such that

o — U — ¢il(y) < Cmax{(10°gil + 19giPP)e?, €/, 13},
foryeB; ;.
Proof. Set

A; = max [o;i = U = Qil(y) = lv; = U = ¢il(yi),

€
Y belfl

for some y € Bge_l. From Remark 3.3.18 we know that v; < CU in Bge_l.

Hence, if there is ¢ > 0 such that |y;| > cei‘l, then
Ai = o= U= ¢il(y:) < ClyiP™" < Cey2

where we used the estimate (3.4.2) in the first inequality. This implies the
inequality |v; — U — ¢l(y) < Cel'™?, for |y| < de;!. Hence, we can suppose
that |y;| < 661._1/2.

Suppose, by contradiction, the result is false. Then, choosing a subse-
quence if necessary, we can suppose

AT (1%l +10giM)er — 0, AT'el, Alti - 0. (3.5.2)

Define
wi(y) = A7 oi - U - ¢)(y), foryeBl .

By the equations (1.3.1) and (3.5.1), w; satisfies

Lg,iwi = Qi 7 in Bge.‘l , (3 s 3)
Bgiwi + bjw; = éi , on 8’Bg€._1 , e
where
7, LU+

bi=(mn- Z)f;_ “o—Urd)
Qi = =AM (Lg, = AU + i) + A

Qi = —ATH( = 2)f U+ ¢ — (1 = 2)UT = nUT2¢h = 22 (U + ).
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Observe that

(L, — A)(y) = (& = ") (1)okdr + O ()0

n-—2 Jy y/det Si .
R Ry () + T g,

4(1’[—1) g’i \/thl gz

= (¢ — ) ()90 + €M) e)d)
n—2 .
2Ry, (eiy) + OEM N,

An—1)"

where N can be taken arbitrarily large since we are using conformal Fermi
coordinates. Hence, setting N =n — 3,

Qi(y) = ~ATH( - ) (eI (U + 1) + €98 )€U + )
-2
= Gor= D RaEU + ) + Api(y)] + O Iy (1 + 1))
= o(A;1(|aZgi| +19giP)er(1 + |y|)2—") +OAT 1 +1y)7%), (3.5.4)
where we have used the identities (3.4.1) and (3.4.2) and Lemma 1.4.3.
Observe that

(n—2)f (U + ¢ — (n - 2Ur2 — nl2
= (=2 (£ U + ¢ = (U + )72 + OU 2 ¢?)
=n- 2)f;—fi ((U + o) — (U + qbi)#)

+(n=2)(f, " = 1)U+ di) + O(U%qbiz) _
Using

U ¢2 = Ol (0)A(L + [yl)>™),

he, (YU + ¢7)(y) = OE21Pgil(1 + [y)>~™),

£ ((u + )P — (U + ¢i)#) = O(ti(U+¢;) 7= log(U+¢y)) = O(ti(1+]y))' ™),
(% = DU + ¢i)i=2 = O(t;log(F)U + ¢y)72) = O(ti(1 + [y ™),

where in the second line we used Proposition 1.4.2, we obtain
Qi) = O(A;'eX(1%gil + 19giA)A + [71°*™) + O (AT (1 + 7)) ™) . (3.5.5)

Moreover, ,
bi(y) » nUm2, in C?

loc

(R"), (3.5.6)
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and
bi(y) <CA+yh)2, forlyl < oe;t. (3.5.7)

The estimate (3.5.7) follows from Remark 3.3.18.

Since |w;| < |wi(y;)| = 1, we can use standard elliptic estimates to con-
clude that w; — w, in C%OC(JR'i), for some w € CIZDC(IR’D, choosing a subse-
quence if necessary. From the identities (3.5.2), (3.5.4), (3.5.5) and (3.5.6), w
satisfies

Aw=0, R", 558
2t nlirw=0, IR]. .

Claim. w(y) = O((1 +|y|)™!), fory € B, .
30€;

Choosing 6 > 0 small enough, we can consider the Green’s function G;
for the conformal Laplacian Lg; in Bge_l subject to the boundary conditions
Bs.G;=0,ond’Bt _,and G; =0, on J*B* _,» where 7; is the unit normal to

8i de;! Se1

8+Bg(1 pointing inwards. Then the Green’s formula gives

w) == [ GlupQ@dog+ [ Gy dog )
BY 9B Mi

51
i

+ fw Gi(x, y) (bi(x)wi(x) — Qi(x)) dog,(x). (3.5.9)

se1
i

Using the estimates (3.5.4), (3.5.5) and (3.5.7) in the equation (3.5.9), we
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obtain
lwi(y)l < CAT (197l + 19giP)e? f &=y + &> g
B+
5671
+CAler™® f 1€ =y (1 + &) 73dE
B;;T1
+C f €=y (1 + &) 2dE
IBl

1
i

+CAT (P gl + 10gi)e; fa £~ Y21+ 8D dE
B+
se1

+ C/\Zsz‘]; &= yPT"(A +1E)"dE
/B+

se71
+CA; el f 6 - y'™"d0o,
a+B;;T

1
i

for |yl < 66’1._1 /2. Here, we have used the fact that |G;(x, y)| < Clx — ylz‘”
for [y| < 6€;1/2 and, since vi(y) < CU(y), lwi(y)l < CA; el for [y = de; ™.
Hence, using Lemma C-2,

wi(y) < C (1 +Iy) ™ + AT (10%gil + 19giP)el + ATlel ™ + AT y)

Now the Claim follows from the hypothesis (3.5.2).
Now, we can use the claim above and Lemma 1.3.3 to see that

wy) =Y cjg—;(y) + (”T_z U(y) + ybabU(y)) ,

for some constants cy, ..., c,. It follow from the identity (3.4.3) that w;(0) =
g—zy”]f(O) =0for j=1,..,n-1. Thus we conclude thatc; = ... = ¢, = 0. Hence,

w = 0. Since w;(y;) = 1, we have |y;| — co. This contradicts the claim above
and concludes the proof of Lemma 3.5.2. ]

Lemma 3.5.3. There exists C > 0 such that

1; < Cmax{(|0%gil + 10gil*)e?, €/ 73} .
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Proof. Suppose, by contradiction, the result is false. Then we can suppose
that
71 (10%gil + 0giP)er, 7'l >0 (3.5.10)

and, by Lemma 3.5.2, there exists C > 0 such that

loi = (U + $i)l(y) < Crj,

fory e B;efl' Define

wi(y) = 7 @i = U+ $))(y), fory e By .

Then w; satisfies the equations (3.5.3) with

pr O (UG
bi = (0= 2)f; " “g=wmey

Qi = -1, {(Lg, = AU + ) + A,

— AT; ) _n_ 2_ n—

Qi = -1 (n = 2)f (U + ¢ — (n = U2 — nU72¢h; — S52hg, (U + §).
Similarly to the estimates (3.5.4) and (3.5.5) we have

1Qi(y)] < Ct;1(19%gil + 19gi)e? (1 + [y)* ™ + Ct; e A + |y,  (3.5.11)
10:(y)| < Ct7 (107l +19giP)e>(1 + [y)>™ + C(1 + [yl ™" (35.12)

and b; satisfies the estimate (3.5.7).

By definition, w; < C and, by elliptic standard estimates, we can suppose
thatw; — w, in CIZOC(IR:{) forsomew € szo (R}). By theidentity (3.5.6) and the
estimates (3.5.11) and (3.5.12) we see that w satisfies the equations (3.5.8).
Recall that ¢,(y) = ”T_ZU(y) + xb8bU(y) also satisfies the equations (3.5.8)
(see Section 1.3).

Let 7; be the inward unit normal vector to 9"B; _,. Using the Green’s

formula, we have

L/B+
o€

1
i

n(BA.wZ- + biwi) dog, = (BA. n+ bi n)wi dos, (3.5.13)
&i &i po &i &i
se1

+ w; — hy=— | dag,
fm;l(am i o) F

+ ‘L; (wz‘(Lgﬂabn) _labﬂ(Lgiwi)) dvg, .

571
1
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It follows from the estimate (3.4.2) and the hypothesis (3.5.10) that

. 81,bn
lim l,bn o5, =0. (3.5.14)
IB! | 3771 '

1—00

Using the equations (3.5.3), the estimate (3.5.11) and again the hypothesis
(3.5.10), we have

lim IPn(L W;) dvg = hm f Y, Qi dvg =0. (3.5.15)
i—oo Bt »
We will now derive a contradiction. First observe that
n-2 1-—172
2 1+)%°

Yn(y) = fory, =0. (3.5.16)

Here, 12 = y% +..+ yi_l. Then
% U%z——n_za foo 1-r =2dr
IR " B 2 n-2 0 (1 + 1’2)”

n-2 ta- 2y
=5, _ 0,
2 0”2( (1+r2 f (1+r2 )

where in the last equality we change variables s = r1. Now, observe that

lim 77 (£ (U () - U (1) = - (log £(0) + log U(y) U= (),

and, similarly to the estimate (3.5.12), we have
[Qiw) - (1= 27 (£ ) + () - (U + ¢ ()|
< C17'(10%gil + 19gil)er(1 + ly)> ™.

Therefore, since fa]R” gbnllnnfz do =0,

i—oo Jop+
bel.’l

lim uQidog, = —(n - 2) f W, log(U)U= do, (3.5.17)
IR"

where we have used the hypothesis (3.5.10).

Claim. Lw Yy log(U)U72 do > 0.
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By the identity (3.5.16),

s — (n—2)2 * _r2 2\ n—2
fa‘m Pn(log YU do = N N log(1 + r*)r"~2dr.

1

Changing variables s = ™", we get

*1-7 2y, n-2 ®1-7 -2
fo m log(l +r )T’n dr = 2£ m log(r)r” dr < 0,
which concludes the proof of the Claim.

On the other hand, the equation (3.5.13) together with the equations
(3.5.3), (3.5.8), (3.5.14) and (3.5.15) gives

lim ani dOgi = 1im wi(BgiI]Dn + bil][)n) ddgl.
=00 JyB* i i—oo )y Bt 5
O€” 66[.
+ hm wi(Lgi¢n) dvgl. (3518)
i—o00 +
se1

al,bn 2
= w +nUm2y, | do + wAY,dx =0.
IR" Y R

Here, we have used the fact that, by the identity (3.5.17), this limit should

be independent of 6 > 0 arbitrarily small. By the previous claim, this
contradicts the identity (3.5.17). O

Proposition 3.5.4. There exist C,0 > 0 such that
[ = (U + ¢i)l(y) < Cmax{(10°gil + 10gi)e?, €/},
forye Bge_l.
Proof. This result follows from Lemmas 3.5.2 and 3.5.3. m]

Now, we are able to prove Proposition 3.5.1.

Proof of Proposition 3.5.1. Define
wiy) = (0~ (U+§))y), foryeB’ .

Then w; is uniformly bounded in compacts (by Proposition 3.5.4) and satis-
fies the equations (3.5.3) with
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b= (n - 2)f T
Qi = —{(Lg, = AU + ) + Agy),
Qi =—{n=2)f (U + i) = (n - U — nlr2 i — "32h (U + ).
Observe that b; satisfies the estimate (3.5.7). Similarly to the estimates (3.5.4),
(3.5.5) we have

1Qi(y)| < Cez(10%gil +19gi*)(L + [y)* ™ + Cel (1 + [y) >, (3.5.19)

IQi(y)I < Cef (191l +19gi*) (1 + y)* ™" + Cri(1 + [y)' ™

< Ce?(10%gil + 10giP)( + [y)> " + Cel (1 + [y, (3.5.20)
where in the last inequality we used Lemma 3.5.3.
The Green’s formula gives

dG;
wi(y) = - fB | Gilx, 1)Qi(x) dog (x) + fa 3 @) dog ()

" fa,B; } Gilx, y) (irwi(x) = Qi(x)) dog,(x). (3.5.21)

where 7); is the inward unit normal vector to 9B} _, and G; is the Green’s
function G; for the conformal Laplacian Lg, in B;E__l subject to the boundary
conditions Bg,G; = 0, on 8’3;6__1, and G; =0, on 8+Bg€__1. Using the estimates
(3.5.7), (3.5.19), (3.5.20), Lemma 3.5.3 and Proposition 3.5.4 in equation
(3.5.21), as in the proof of Lemma 3.5.2 we obtain

wi(y)] < Ce7(10%gil + 198 (L + y) ™" + Cel (L + |y ", (3.5.22)

fory e BT(Se*l. If n = 5, we have the result. If n > 6, we plug the inequality
20€;
(3.5.22) in the Green’s formula (3.5.21) until we reach

lwi(y)l < Ce2(19%gil + 19gi) (A + [yD*™ + Ce! > + [y~

The derivative estimates follow from elliptic theory, finishing the proof.
O
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3.6 Local blow-up analysis

In this section we will prove the vanishing of the trace-free second funda-
mental form in an isolated simple blow-up point if n > 7. We will also
prove a Pohozaev sign condition that will be used later in the study of the
blow-up set. The basic tool here will be the Pohozaev-type the identity of
Section 3.2 and the blow-up estimates of Section 3.5.

3.6.1 Vanishing of the trace-free 2nd fundamental form

The vanishing of 7, the trace-free 2nd fundamental form of the boundary,
in an isolated simple blow-up point is stated as follows:

Theorem 3.6.1. Suppose that n > 7. Let x; — xo be an isolated simple blow-up
point for the sequence {u; € M;}. Then

Im (i)l < Ce; .
In particular, Ti(xo) =
Proof. In what follows we are using conformal Fermi coordinates centered
at x;. By Proposition 1.4.2, we can suppose that h(0) = h(0) = 0. In
particular, 715;(0) = hy(0). Recall that we use indices 1 < k,I < n —1 and
1 < a,b < n when working with coordinates. In many parts of the proof we

will use the identity (3.4.5).
We write the Pohozaev identity of Proposition 3.2.1 as

P(u;,r) = Fi(uj, r) + Fi(u;, v) + Ql(ul,r) (3.6.1)

where
Fi(u,r) = — fB+(xb8bu + 24)(Lg, — Audx,

Ei(u,r) = 552 fa,B+(xb8bu + 21 hgu dx,

2 —Ti— . —
Qi(u,r) =1 22> g £ Ndx = (0 =2) [ (FOf) T 1uPz+1d_x.
Fix r > 0 small enough such that Q;(u;,r) > 0. For the term F; we have,

n-— 2

= 1+n -2 -2
Fi(u;,r) = —5— €; . (y oy + 2 vl)elhgl(ely)vl( )ay,
p -1
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Since h(0) = h 1(0) = 0 and the fact that, according to Proposition 3.3.17,
—I#+n—2 —(n—2)%

lim; e € = lim; 00 €; =1, we have

i

Fitui,1) = (1 +0i(1) f3 L. O+ OISO + gy

> —Ce’|gil fa 1+ |7))°>"dy. (3.6.2)
/B+
rM;?r1

__1
Set @1;(x) = €, PENU ¢i)(ei‘1x). Using the facts that g =1and gﬁ.‘” =0
in Fermi coordinates, we have

-2
Fi(u;,r) =- f (xb8bul- + nTui)(Lg,. — A)u;dx
Bf

~GEnth2 n—2
= —€; i1 £+ (ybabvi + > Z)i)(Lgi - A)vidy,

Y€.1
1

Fi(ii, 1) = — fB o+ ”Tﬂai)(Lgi — A)iidx
—(;%1)+n—2 b n-—2
S fB AU+ 6 + TS (U + G (g, = AU + pi)dy.
-1

re.
1

It follows from Proposition 3.5.1 that

IFi(ui, 1) = Fi@ly, )| < Ce)(10gil + 107 gil)(19° gl +19giI%) f (1 +Iyl)>~*"dy
B,

+ Ce%(19gil + 10%gil) f 1+|y)"dy. (3.6.3)
B,

We write
Fi(it;, 1) = (1+ 0,(1)) {Ri(U, U) + Ri(U, i) + Ri(pi, U) + Rilpi, b)), (3.6:4)

where we have defined

-2
Ri(wl,wZ) = —f (ybabwl + 1 > wl)(Lgi — A)dey.
B

el
i
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Using the identities (3.6.2), (3.6.3) and (3.6.4) and the fact that Q;(u;, ) > 0
in the equality (3.6.1), we have

P(u;, 7) = (1 + 0i()) {Ri(U, U) + Ri(U ) + Ri(py, U) + Ri(bi, )}
— C(10gill0%gil + 19gil® + 1°gil* + 1°gil) €
— C(I9gil + 10°gil) €/ (log e:)(log 7). (3.6.5)

By Lemma 1.4.3 and the estimate (3.4.2),

RAU9) + Rt == [ (P2 200 Lg, - dyuidy

TE.

—fB 1(’Jabu+” 2u)(L A)pidy

-2
<1>z) (2€ih(0)yndid U)dy

-2
- f (ybabu + TIT U) (2€ihkl(0)ynakc91¢i)dy

Brel?]

= CellOI(10°gil + 198" f (1+[y)*>"dy.
B 1

Now we apply Proposition 3.4.2 to this inequality to ensure that

Ri(U, i) + Ri(@i, U) = =C (€ (0)|(19%gil + 19g:l%) + ia (O) P27 7) .
(3.6.6)
It follows from the estimate (3.4.2) that

Ri(i, i) = € I (0)*19gil fB O((1 + ly)>>")dy . (3.6.7)

We will now handle the term R;(U, U). Observe that

AU) = ~(n-2) (L + y? +172) " 1,
AU = (1 —2) (1 +y? +172) 7 (nyey — (@ + v + 17P)00) ,

n—2 n—2 z
ybabU+TU:— 5 (@ +y+177) 7 (yP -1).
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Using this we obtain

(n —2)? f Iyl -1
R; =
z(U, U) 2 B+_1 ((1 + yn)z + |y|2)n+1

— 6" (e) (nyicyr — (0 + yu)? + [77)00) dy

-2 2 2 _ 1
= 2 ) f3+ (1 +|}i|a)2 +lyP) -€i(9kg)ery)yidy

(n —2)? lyl> —1

- - €2R..(e:
8(n—1) B* (1 + y,)? + [yR)yr1 €; R (eiy)dy

Using Lemma 1.4.3 and symmetry arguments, we have

(n — 2)2

R(UU) > (A1 + Az + Az + Ag) — C(19°gil + |9giP)er 2>,

where
Al =n f _0 f =0 Szf(];’?’l)Z)n+l {j‘;:ﬁZ(gid - 651)(61y)ykyl dUS(y)} dey’Vl/
= [ [ g { el - et doty) sy,
f 0 it e 2 Ougt ey don() | dsty,
= 0 oo [ e {8 fore e dou(n) | dsdy,.

Using Lemmas 1.4.3 and 1.4.5 we see that

ZSn

Jo = e = onc26F I 2O + O ™),

[, &t = e do. = o 263 "2 2O
+€710°10((s, "),

f (kg ey das = €10°&ilO(I(s, yu)"™)

e f Ry (eiy) dos = —an_2€? - "% - [ (0)
si2

+e3(10°gil + 192gillagi)Ol(s, yu)™™),
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where in the last equality we used the fact that, by the Gauss equation,
R(0) + [ (0)? = 0. Set I = fooo ﬁds. Using Corollary B-3 and the four
equalities above,

2n « ® 2421
— 2 2 2 n
A On=2€i - n-—1 i O) j; =0 I {LO (s + (yn + 1)?)n+t SndS} Yn

+ g f O((1 + ly)™2")dy
B:re—l

n+1 0
= 0062l - —— |l (0)? f y2(yn + D' dy,
n—1 Yu=0
+ 0na€l - g (O) f P02 = D)y + 1)y,
Yn=0

+ g f O((1 + ly)*"dy,
B,

00 © 2421
Ay = —an_zeiz . 2|hk1(0)|2f y% {f S T n 2y s”_zds} adyn
S

Ya=0 0 (P + (yn+1)

+ g f O((1 + ly)™")dy
B:e.—l

= 04281 2 O)P f 2y + 1)y
Yn=0

00

— 03—2€%I - 2/l (0)? ) VA2 — 1)y + 1) "dy,
Yn=

+e10° gl fB oo+ lyl)> 2" dy,
re._l

As= gl [ O+ )y,
B:efl
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1 o ° s2+y2—1
Ay = 0yn€? - hozf f 1 245 % dy,
4= On26) - gy 0) ynzo{ I R R

+ef(la3gil + |32gi||<9gi|) f3+ O((1 + |y|)5—2n)dy

re7l
i

1 (o]
= 0262l - ———|h Zf .+ 1> 'dy,
On-2€; 2(n—3)| x(0)l yn=0(y +1)""dy

o 1 2[00 2 1-n
+ 0p-2€;1 2(n_1)|hkl(0)| yn:O(yn D(yn +1) " dyn

+ Pl + PPaldgh [ Oy,
re1

.. k
Set Jx = fo &Wdyn. It follows from the above computations that

Ri(U, U) > ~Ce}(1°gil + 107 gillogil) — Ce]'2r* (107 gil + 10gi?)

n+1
+05-2€1 - {n — s +12)+ s —J2) =203+ J2) - 205 - ]2)} Il (0)
1 1
+052€71 - {—2(11 =3 (Js+312+3J1+Jo) + 20-1) l)(]3 +th-h- ]0)} a0
= op2€r] - (33 + o2 + a1 1 + ag)o) - I (0)
— Ce}(10°gil +10°gillagil) — Ce 27" (10°gil + 10gil*) (3.6.8)
where a3 = —2+ﬁ+ﬁ,az = ﬁ+ﬁ,a1 = ﬁ—ﬁand

—_1 1
40 = 53 T D)

By LemmaB-2, J = 224 ]5, J; = 20y ang Jy = @002 1, Then
a directy computation shows that
-6
3

n
aofo + ar)1 + azf2 + asfz = J3.
This, together with the inequality (3.6.8), implies

n—=6 2 9-n
F—5 sl (O)F — Cel 2" (9P gil + 10gi)

— Ce(|%gil + 107 gillogil) - (3.6.9)
Hence, by the estimates (3.6.5), (3.6.6), (3.6.7) and (3.6.9),

n—=6 _ _
3 IJ3lha(0)* — Ce!~*(log €;)r* " (19gil + 10*gil)

— CeX(1Pgil + 10gill0* il + 107 gil* + 198l (3.6.10)

Ri(LI, U) > Op—2€

P(u;,7) 2 (1 + 0i(1))0 5267
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N
On the other hand, by Proposition 3.3.12 we can assume that €, " u; con-
2

verges in Clzoc(M\{XO})' Hence, for r > 0 fixed, el._p"__lP(ui, r) converges and
P(uj, r) < Cel2. (3.6.11)

Then, for » > 0 small fixed, the estimate (3.6.10) together with the estimate
(3.6.11) and our dimension assumption gives Ihq(0)> < Ce;. This proves
Theorem 3.6.1, since under our assumptions 7 (x;) = hy(0). |

3.6.2 Pohozaev sign condition

Now we will state and prove the Pohozaev sign condition.

Set 5
n-2 du r
P'(u,r) = — — =|Vuf? do, .
(u,7) \[%B?( > u&r 2| ulc+r ) oy

Theorem 3.6.2. Let x; — xo be a blow-up point for the sequence {u; € M;}.
Assume that 1yg(xo) # 0 and n > 7. We work in B} (0) using Fermi coordinates
centered at x;. For 0 < t; — 0, set

Ju

or

1
wi(y) = 1" ui(tiy)
fory e BgT_l(O). Suppose that the origin 0 is an isolated simple blow-up point for

the sequence {w;} and that w;(0)w; — G away from the origin, for some function
G. Then

lirr(} P'(G,r)>0.

r—

Proof. Observe that |m(0)| = |rti(x;)| > %Inkl(xo)lforilarge. We will restringe
our analysis to B;:(O) C B;fl (0), for some 6 > 0 fixed. Set &; = e,"cl.‘l. Hence,

1

wi(0) = & "
(&)u(y) = (g (tiy) and denote by fiyy the corresponding 2nd fundamental
form.

Similarly to the proof of Theorem 3.6.1, using conformal Fermi coordi-
nates we have

and & — 0. Let g; be the metric on B;S(O) with coefficients

-6 - e NP N
3 I3l (0)* — C&'2(log &)r* (103l + 10%&il)

— CE(10°5il + 10g10% 51l + 19°gi* + 19g) . (3.6.12)

on
P(w;, 1) 2 (1+0(1))05—2€}

Instituto de Matematica Pura e Aplicada 68 February 10, 2009



Sergio Almaraz Existence and compactness theorems

By the Young’s inequality,
&2 (log &)r*"|0gil < 10giP€} > (log &)*r* " + &%,
Hence, writing the inequality (3.6.12) in terms of the metric g; we have

n
P(w;, 1) = (1 + 0i(1))o-2€7

-6
3 13l (0)*
— Ce2(19gil* + 10%gil)e!*(log &)*r* "
— Ce}(10°gil +10gillo*gil + T &il? + 10gi°) — C&r 21
> —Cé?‘zr2 ,
for large i and r > 0 small fixed. Here, we used our dimension assumption

and the fact that |my(0)| > %Inkl(xo)l > 0 in the last inequality. Hence,
Proposition 3.3.17 implies

__2_
P'(G,r) = lim ¢, P P(w;, r) > —Cr?.

This proves Theorem 3.6.2. O

3.7 Proof of Theorem 1.1.4

In this section we will prove Theorem 1.1.4.

The first proposition of this section states that every isolated blow-up
point x; — xp is also simple, as long as my;, the boundary trace-free 2nd
fundamental form, does not vanish at x.

Proposition 3.7.1. Let x; — xq be a blow-up point for the sequence {u; € M;}.
Assume that 1yg(xo) # 0 and n > 7. We work in B} (0) using Fermi coordinates
centered at x;. If 0 < t; = 0or7; =1, set

_1_
Pi

wi(y) =T/ ui(tiy)
fory e B;TT] (0). Suppose that the origin O is an isolated blow-up point for the

sequence {w;}. Then it is also isolated simple.

Proof. Suppose that the origin is an isolated blow-up point for {w;} but
is not simple. By definition, passing to a subsequence, there are at least

S
two critical points of r — r?TW;(r) in an interval (0,p;), pi — 0. Let
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ri = Raw;(0)"»~D — 0 and R; = o as in Proposition 3.3.6. By the 2nd
paragraph of Remark 3.3.11, there is exactly one critical point in the interval
(0, 7). Let p; be the second critical point. Then p; > p; > 7;.

1

Set vi(z) = pf it wi(piz), for z € ngfl (0). Observe that, since p; > r;,

Z)i(O)pi_l = piw,'(O)pi_l >R; > o0,

Hence, v;(0) — oo.
By the scaling invariance (see Remark 3.3.3), the origin is an isolated

blow-up point for {v;}. By the definitions, r + er‘%l 0;(r) has exactly one
critical point in the interval (0, 1) and
d, i

d—r(r”i‘1 0i(r)l=1 = 0. (3.7.1)
Hence, the origin is an isolated simple blow-up point for {v;}. It follows
from Proposition 3.3.12 that v;(0)v; is uniformly bounded in compacts of
R7\{0}. Using the equations (3.1.4) and the scaling invariance property
stated in Section 3.1, we can suppose that

vi(0)0i(z) — G(2) = alzP™" + b(z),

in CIZOC (R\{0}). Here, b is harmonic on R} with Neumann condition on JIR"}
and a > 0. Since G > 0, lim infy;,., b(z) > 0. By the Liouville’s theorem, b is
constant. By the equality (3.7.1),

d, n
TR =0,

which implies that b = a > 0. This contradicts the sign condition of Theorem
3.6.2. |

The next proposition ensures that the set {xi,...,xn} C JdM of points
obtained in Proposition 3.3.9 can only contain isolated blow-up points for
any blow-up sequence {u; € M;} as long as 7y does not vanish at the blow-
up point.

Proposition 3.7.2. Assume that n > 7. Let § > 0 be small, R > 0 be large and
consider Cy = Co(B,R) and C; = C1(B, R) as in Proposition 3.3.9. Let xo € oM
be a point such that 1iy(xo) # 0. Then there is 6 > 0 such that, for any u € M,
satisfying maxgp u > Co, the set 9B} (xo) N {x1(u), ..., xn(u)} consists of at most
one point. Here, x1(1), ..., xn(1) € M, with N = N(u), are the points obtained in
Proposition 3.3.9.
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Proof. Suppose the result is not true. Then there is a sequence u; € M;,

maxgy U; = Cp, such that after relabeling the indices we have x(z) x(zz) — X,

as i — co. Here, we have set x() = x1(4;), ..., x(l) = xn;(4;) and N; = N(u)).

Define o
Si = dg(x(l) (1))_§ — 0

Claim 1. There exist 1 < j; # k; < N; such that xj.lj),xlf_) € 8’stfl (xgi)),
0 = dg(x(l) 0 ) < g(x(l) (1')),
j 1
g(x(l) Ay > 50is for all x(l) 2 e J'B,. (x(l)) l[#m.

Suppose that Claim 1 is false. Then there exist x(l) x(l) € 3’B:_1(x(1i)),

Iy # mq, with

1 -2

- 2%

If we repeat this procedure, we obtain sequences x(l) x(l) € B, ,,(x ;l)l),
I, # m,, with

1
01 = dg(xy) x4p) < 500, =

1
(Z) ) < 2(71' 1,
Since N; < oo, this procedure has to stop and we reach a contradiction. This

proves Claim 1.

oy =dg (x

Using Claim 1 and a relabeling of indices, we find x(li),x(zi)

) (1))

— xp and

si — oo so that, if 0; = dg(x}”, x;"), we have s;o; — 0 and

de(d?, <0y > 50i, forall A e B, (), 1#m.

By the item (3) of Proposition 3.3.9 we have ui(x(li)), ui(x(zi)) — 00,

Now we use Fermi coordinates centered at % and set
1

vi(y) =l z(oly) for y € BJ(0).
If x(l) € d'BS,,(0) and we set y ‘1 () (in particular, y = 0), then

each yl is a local maximum of v; and by the item (3) of Proposition 3.3.9,

i) L
-1

mm{ly yl )|

loi(y) <C, forye 8'315_(0).
v, >
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Furthermore |y(2i)| = |y§i) - yg)l =1 and ming,,, Iygi) - yi,?l > % +0;(1).

(0

2)—>o<>,

Claim 2. vi(ygi)), vi(y
If vi(yg)) stays bounded but vi(ygi)) — oo then the blow-up at vi(ygi)) is
isolated and hence isolated simple, while v; remains uniformly bounded
near y(zz). It follows from Lemma C-3 and Proposition 3.3.12 that Ui(yg N > 0.
This is a contradiction since the item (1) of Proposition 3.3.9 implies that

o; > max{Rui(xgi))_(”f_l),Rui(x(zi))_(pf_l)},

thus ‘ ' .
oy, vi(y) = RAT. (3.7.2)

Of course the same argument holds if we exchange the roles of vi(y(li)) and
(i)
vi(y 2 )-

On the other hand, if both vi(ygi)) and vi(y(zi)) remain bounded, we can

suppose that any other vi(yy)) also does, using the same argument above.

Then after passing to a subsequence v; — v > 0in Ci)c(IR’}r), where v satisfies

Av = 0, in IRZ[_,
g_;; +(n-2)0" =0, ondR"

and d;v(0) = dxv(y2) = Ofork = 1, ...,n—1. Herepp = lim; 0 pi € [;55-P, ;51
and y = lim;_, y(zi)‘ Note that [y2| = 1. Then Theorems 1.3.1 and 1.3.2 yield
that v = 0, which contradicts the inequalities (3.7.2). This proves Claim 2.
It follows from Claim 2 that 0 = y(li) and yg ) are isolated blow-up points.
Thus Proposition 3.7.1 implies that they are isolated simple.

Then
vy MYoiy) = Gy) = arlyP™" + aly — yol ™ + b(y)

in Cf‘oc(]R’}r — 5), where S denotes the set of blow-up points for {v;}, b(y) is a
harmonic function on R} — (S — {0, y2}) with Neumann boundary condition
and ai, a > 0. By the maximum principle, b(y) > 0. Hence, for |y| near 0,

G(y) = mlyP™" + b+ O(lyl)

for some constant b > 0. This contradicts the sign condition of Theorem
3.6.2 and proves Proposition 3.7.2. ]
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Now we are able to prove Theorem 1.1.4.

Proof of Theorem 1.1.4. Suppose by contradiction that x; — x¢ is a blow-up
point for a sequence {u; € M;} and myy(xo) # 0. Let x1(1;), .., Xn(,) (i) be the
points obtained in Proposition 3.3.9. By the item (3) of this Proposition, we
must have dg(x;, xi,(4;)) — 0 for some 1 < k; < N(uw;). If x, = x3,(u;), it is not
difficult to see that u;(xy,) — oo. Thus x;, — x¢ is a blow-up point for {u;}.
It follows from Propositions 3.7.1 and 3.7.2 that x;, — xo is isolated simple.
This contradicts Theorem 3.6.1. m]
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CHAPTER 4

Appendices A, B and C

Appendix A

In this section we will use the results of Section 1.4 to calculate some inte-
grals used in the computations of Chapter 2. We recall that all curvature
coefficients are evaluated at xy € JM and we are making use of conformal
Fermi coordinates centered at this point.

Lemma A-1. We have

(87 = ") eyyiydony) = o 2€4—y%r”+2 Ruinisi
52 A T ) —1) Y
+o 2€4ﬂ(1< nj)> + OE1(r, y)™*).
n— 2(7’1 _ 1) ninj ryn

Proof. By Lemma 1.4.3,
|7 =8y =

1
¢ Lu 5 Ruinjiayiyjyxyidor(y) + OE|(r, yn)"*)

P

1 2
+ €4y% f ( Rninj; m + _RninsRnsnj)yiyjdor(y) .
5;1—2 12 3
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Then we just use the identity (2.1.4), Lemma 1.4.5 and the fact that

N*(Ryinj ki yiViVicy1) = 16Rpinj;i; -

Lemma A-2. We have
] — &4 A - - 2.2 n42(p . A2
j; 3_2(8 O €y)Rukn iy iy yidor(y) F D= 1)an_2e Y™ (Rpinj)
+ OE|(r, yn)"*)

Proof. Asin Lemma A-1, the result follows from

fsn-z(gij — ")€Y Rueniyjyiyidor(y) = €24 fs . RuinjRukntyiy jyxyidor(y)
+O0E|(r, yn)I™*),
the fact that A%(RyinjRuntyiyjyiy) = 16(Ryinj)* and the identity (2.1.4). O

Lemma A-3. We have
Ry (ey)do,(y) = 0,26 1]/21’”_21{. - ;rﬂ(W-‘H)Z
g2 8 ' " 27" 12 = 1) g

+ OE|(r, yn)"™).

Proof. Asin Lemma A-1, the result follows from
2.2 1 2 1
Rq(ey)dor(y) = €7yy, SRimdor(y) +e SRijyiyidor(y)
53—2 S¥—2 S;rz—Z
+ 0|y,

Lemma 1.4.5(x) and the identity (2.1.4). O

Appendix B

In this section we will perform some integrations by parts used in Chapters
2 and 3.
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Lemma B-1. We have:

s%s  _ 00 sM24s .

(a) j(; (1+s2)m — a+1 0 (1+s2)m+1 Jora+1 <2m;
® _%s  _ _ 2m © _ $%ds .
® |, Qv = Znea T Jo {asymt ofora+1<2m;

0 s%ds  _ 2m—a=3 [ s**2ds
() fO (1+s2)ym a+a1 J(.) (1+s2)m ,f01’0(+3 <2m.

Proof. Integrating by parts,

f‘x’ s%*2ds _fwsaﬂ sds _a+1f°° s*ds
o (1+s2)ml g 1 +s2ym1 — 2m Jy (1+s2)m’
for a + 1 < 2m, which proves the item (a).

The item (b) follows from the item (a) and from

f"" sds f‘” s%(1 +5%) ds—fm s%ds +f°° s4*+24s
0 (1 +52)m - o (1 +52)m+1 - o (1 +52)m+l 0o (1 +52)m+1 :

To prove the item (c), observe that, by the item (a),

f"o stds  2(m—1) f’“’ s%*+2(s
o (I+s2m1 a+1l Jy (1+s2)m

for a + 3 < 2m. But, by the item (b), we have
f°° s%ds 2(m—1) f‘x’ s%ds
0o (1+s2y=1 2m-1)-a-1]J;, (1+s2)m’

Lemma B-2. Form >k+1,

k!
fo 1+ t)mdt S m-1D(m=-2)..(m-1-k)’
Proof. Integrating by parts,

f f1 1 ptmgr = T [ ke pmar
0 k 0

On the other hand,

fomtk'l(1+t)l_mdt:j(; f““” f(l f(l
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Hence,
00 tk k 00 tk_l
| it = | it
0 (1+t)m m—1-k 0 (1+t)m
Now the result follows observing that j(;w afwdt =L m]

Corollary B-3. Set ] = fo ﬁds. Then

(i) [ ) _gngs = 1[5+ 1) 4 SEL (2 — 1) (¢ + 1)1,

ErE)eTS

(ii) [y S g 2ds = I{(t+ 1) + (2 - 1)t + 1) );

(32+(t+1 2)"

(i) [} s 2ds = {2221+ 137" + 2(2 — 1)(¢ + 1))

Proof. By a change of variables we obtain

S +(t —-1) 1— gh+2 ) 1—
fO (52+(t+1)2 n+1 SndS - (t + 1) - j(; (Sz+1)n+1 dS + (t )(t + 1) - ﬁ) (52+1)n+1 dS

00 2_1
A —(:2 s = (£ + 1) [ (s2+1)nds+(t2—1)(t+1) fon = (52+1)nds
SPHE-1) -2 . _ 3- 2 1-
I Ty s = (t+1)° I (Szﬂ)n SEds+ (-1 (t+ 1) [T (sz+1>n ~ds.

n+2

Then we use Lemma B-1 to see that fo W = ”“I fo (52+1)n+1 = ”2—_7111,
5~ -2

g~ 2 _ 1 _
b Ers T =1 [ (s2+1)”1 27531 and [ @y = 2L .

Appendix C

In this section we will state some technical results used in Chapter 3.
Our first result is a modification of Proposition 2.7 in [34]. The proof is
similar.

Lemma C-1. Let (M, g) be a Riemannian manifold with boundary M. Let x € oM
and U C M be an open set containing x. Let u be a a weak solution to

Au=0, in U\{x}
(ain +¢)u =0, OﬂﬂnaM\{x}r

where r[ is the inward unit normal vector to IM. Suppose that u € L1(U) for some
q > = and u, Ypu € LY(U N M). Then u is a weak solution to

Au =0, inU,
(%+1,b)u:0, onU N M.
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The proof of the following lemma is similar to the result in [28], p.150
(see also [5], p.108).

Lemma C-2. Let p > 0 be small and suppose that p < p < pf-p <a <n-p.
Then there is C = C(n, p) > 0 such that

ly — xP7"(1 + |x])"¥dx < C(1 + |y|)P ™
R”

foranyy € R™k > R"

For the proof we decompose R" in three regions
A= (x e R -yl < 30yl +3),
B:={xeR" |x—yl > Syl + 3, Ix| < 2lyl + 1},
C:={xeR"% x| > 2|yl +1},
and perform the estimates in each one separately.

The following Harnack-type inequality is Lemma A.1 of [29]:
Lemma C-3. Let L be an operator of the form
Lu = 9, (agp(x)datt + Ba(x)11) + ya()daut + C(x)u
and assume that for some constant A > 1 the coefficients satisfy
ATER < agéaty < AlEP,

IBa()] + [ya(¥)] + 1C(X)] < A,
for all x € B} =£§(O) and all & € R". If |g(x)| < A, for any x € d'B], and
u € C*(B}) N C(BY) satisfies

Lu=0, u>0, int,

ap(x)Ipu = q(x)u, ond'Bj,

then there exists C = C(n, A) > 1 such that

maxu < Cminu.
B 5
1
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