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Endogenous Growth with Deferred
Technological Change

Marcelo Zouain Pedroni

Abstract

Lucas (2009) has proposed a two-sector model to account for patterns in growth
data. However, Lucas’s analysis does not involve any inter-temporal decision by
the consumers. The behavior of the variables is determined a priori by the
technology that is chosen. Rodriguez (2006) proposed a model with the two-
sector technology presented by Lucas adding an inter-temporal decision
process for the consumer. In addition to the results obtained by Rodriguez, we
characterize sufficiency and provide elucidating examples of particular cases of
the model. Moreover, we make an effort to derive new insights from the model
and clarify some technical points. Finally, we obtain conditions under which the
economy invests in human capital even though benefits are deferred.

Keywords: Endogenous growth, development, human capital, income distribution.

JEL Classification codes: 011, 0O15.

Resumo

Lucas (2009) propés um modelo com dois setores para explicar padrdes
observados em dados de crescimento. Entretanto, a analise de Lucas né&o
envolve uma decisao intertemporal para o consumidor. O comportamento das
variaveis é determinado a priori pela tecnologia escolhida. Rodriguez (2006)
propds um modelo com a tecnologia com dois setores apresentada por Lucas
adicionando um processo de decisdo intertemporal para o consumidor.
Adicionalmente aos resultados obtidos por Rodriguez, nds caracterizamos
suficiéncia e apresentamos exemplos esclarecedores de casos particulares do
modelo. Ademais, nds fazemos um esforgo para derivar novos insights e
esclarecer alguns pontos técnicos. Finalmente, nés obtemos condi¢cbées sob as
quais a economia investe em capital humano mesmo com beneficios diferidos.

Palavras-chave: Crescimento enddgeno, desenvolvimento, capital humano,
distribuicdo de renda.
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1 Introduction

In 1798, Thomas Malthus proposed his Principle of Population:

"The power of population is indefinitely greater than the power
in the earth to produce subsistence for man. Population, when
unchecked, increases in a geometrical ratio. Subsistence increases
only in an arithmetical ratio. A slight acquaintance with numbers
will show the immensity of the first power in comparison with the
second."

However, soon after that came the industrial revolution and this logic
was not fitting anymore, since production increases had also become of geo-
metrical proportions. Lucas (2009) postulates that much of the evolution of
cross-country GDP differences from that point on can be explained by how
much each country has taken advantage of this revolution:

"(...) a study of economic growth in the world as a whole must
be a study of the diffusion of the industrial revolution across
economies."

Parente and Prescott (2002) present compelling evidence on this. Figure
1 uses data from Maddison (2003) and it plots the number of years it took
for each country’s income to grow from $2000 (1990 U.S.) to $4000 against
the date that country reached $2000.

FIGURE 1: INCOME DOUBLING TIMES, 52 COUNTRIES
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It is clear in Figure 1 that as the years go by it takes less time for a
country to double its income (after it reaches the level of $2000). It took
the first countries to industrialize around 50 years to double their income
while the average number of years that took the countries that doubled their
income in the 1950’s and 1960’s is around 15.

Much work has been done in an endeavor to reconcile these facts. Lu-
cas (2009) provides two deliberately mechanical models that assess these
attempts.

The first model is a simpler version of the one used in Tamura (1991)
and Lucas (1993) that introduced the idea of modifying the usual human
capital accumulation technology so that any one country’s rate of human
capital growth is influenced by the world’s level of human capital. It can be
summarized by these bare equations:

n(t) =mnee,  h(t) = puh ()" n ()

where 7 (t) is the human capital of a leading economy that grows at the
constant rate p, h(t) is the human capital of other countries and 6 is an
externality parameter.

The idea is that the world’s human capital (represented by the leading
economy’s human capital) generates an externality on the human capital
accumulation technology of the other countries. This externality is added in
order to account for the fact that once a country develops some knowledge;
the other countries need only to learn it and not reinvent it. Hence, the
higher the world’s level of knowledge is the easier it should be for a country
to develop human capital.

With this simple model at hand, choosing i and 6 adequately, Lucas
(2009) is able to generate the pattern in Figure 1. Notice, however, that
the countries do not make any decisions in this model; the environment
determines exogenously the evolution of the variables!.

Nevertheless, this model generates the groundless prediction that the
poorest countries have the highest growth rates. This is the usual conver-
gence result predicted by the neoclassical growth theory. In his seminal paper
Lucas (1988) establishes that a theory of development needs to be able to
reconcile the known fact that:

'Building on these equations, Rodriguez (2004) introduces an inter-temporal decision
by adding the problem of how to allocate an endowment of time each period between
capital accumulation and the production of a consumption good.



“(...) the poorest countries tend to have the lowest growth; the
wealthiest next; the ‘middle-income’ countries highest.”

Indeed, the sample in Figure 1 excludes the countries that did not reach
the arbitrary level of $4000 by 1990. The choice of this level was not fully
explained by Parente and Prescott. Lucas (2009) notices that the set of
countries excluded is compatible with the ones that have been classified by
Sachs and Warner (1995) as closed. To put it briefly, this is the connection
made by Parente and Prescott when they classify the impediments imposed
on international trade as "barriers to riches".

The second model in Lucas (2009) addresses this issue. In contrast with
the focus of the first model on the technology of capital accumulation the
second model focus on the production of a consumption good.

Production takes place in two sectors. The first, identified as modern, is
human capital intensive. The second is denominated traditional since it uses
less human capital. The idea is that countries that use relatively more the
traditional sector are less benefited by the world’s accumulation of capital.

Interpreting the employment share of agriculture as the level of use of the
traditional sector, Lucas motivates the following graph?:

FIGURE 11: ACRICULTURAL EMPLOYMENT SHARES. 1880
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2This is a reproduction of the graph presented by Lucas (2009). For employment it
uses data from the 1984 World Development Report and for real income Maddison (2003).
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It is clear that there is a negative correlation between a country’s employ-
ment share of agriculture and its per capita GDP. Perhaps, and a third model
in Lucas (2009) goes in the direction of this account of the facts, the more
industrialized a country is the more it gains from the world’s human capital
accumulation which, throughout time, explains the differences in GPD we
observe now.

Hence, there is a great deal that can be learned from the simple models
in Lucas (2009). Though, those models do not involve any decision making
on behalf of the consumers in a country. The behavior of the variables is
determined a priori by the technology that is chosen.

Rodriguez (2006)° proposed a model that introduces a consumer decision
process to this setting. His model comprises both of the features that issue
from Lucas (2009) analysis. That is, it incorporates a spillover effect in the
human capital accumulation technology and includes a two-sector produc-
tion technology. Furthermore, the model introduces a dynamic-optimization
problem for the consumer. At each moment in time the consumer will need
to choose how much it is willing to work on each sector and how much effort
it is willing to devote to human capital accumulation.

Rodriguez (2006) solves the model with a somewhat non-canonical ap-
proach. We propose to solve it through a more standard technique. The
solution we present uses only usual optimal control theory and enables us
to prove sufficiency which is not attempted by Rodriguez (2006). We also
provide elucidating examples without externality and with finite horizon.
Moreover, we make an effort to derive new insights from the model and clar-
ify some technical points.

At some stage in the process of solving the model we will need to deal
with the question of whether it is desirable for an economy to transition from
one technology to the other. The country would need to forfeit consumption
during a transitional period in order to increase its productivity in the future.
We establish sufficient conditions under which a transition takes place.

Section 2 introduces the model proposed by Rodriguez (2006). Section 3
starts with the solution of the general case. Then, we tackle the particular
cases without externality and with finite horizon. Section 4 concludes.

3This paper was downloaded from http://home.uchicago.edu/~amr/RODRIGUEZ AL
EJANDRO PAPER.pdf. The author explicitly asks not to be quoted, however, since our
work greatly bennefited from his we thought it would not be fair not to give him credit.
Besides, we were not able to get in touch with him.



2 The Model

We will start by presenting the model put forward by Rodriguez (2006).
We intend to examine the behavior of a country that faces the problem of
deciding how much effort to put into producing a good (and thus consuming
it) and how much to allocate to human capital accumulation (which will
enhance the production possibilities in the future).

We will suppress any issue related to trade assuming the country is closed.
We will, also, be abstracting altogether from the economics of demography,
normalizing population to a constant.

Furthermore, we will assume the decision process of the country can be
embodied by a representative agent and that the time horizon is infinite. The
representative agent derives utility only from a non storable consumption
good, ¢, and the instantaneous utility of consumption will be given by the
standard constant elasticity of substitution function:

The country has an endowment of one unity of time per period. This
endowment can be allocated between human capital accumulation (or study-
ing), u (t), and working, [ (¢). Accordingly, we set:

u(t),l(t) > 0

u(t)+1(t) = 1

The production technology is divided into two sectors. The work devoted
to sector i at each period will be designated [; (t) and we will obviously need
to set: Iy (t) + 1o (t) =1 (t). Sector 1 will be referred to as traditional, seeing
as it uses only work as an input to produce the consumption good:

yi (1) = aly (t)

where a is a positive constant that represents the productivity of labor in
this sector. Sector 2, on the other hand, uses human capital as an input also;
hence, we call it modern. Its technology is given by:

ya (1) = h ()12 (1)



Observe that the productivity of labor in sector 2 is given by the level of
human capital. The aggregate technology function will be given by*:

y(t) =aly (t)+ h(t)l(t)

Moreover, we assume that labor is mobile, thus, the optimal allocation is
equivalent to the equilibrium allocation which we will solve for. This linear
technology, proposed by Rodriguez (2006), is a very convenient simplifica-
tion of the two-sector technology presented by Lucas (2009). The linearity
assumption makes to model a lot tractable and makes it possible to introduce
the inter-temporal decision for the consumer. All credit to this insight is due
to Rodriguez (2006).

We will use the concept of human capital that is typical in growth models.
This concept is broader than the labor market type of human capital, as noted
by Romer (1990), incorporating not only person specific abilities but also a
notion of knowledge, or technology, in a sense that trespasses individuals. In
this sense human capital is unbounded, since it is not tied to individuals.

Following our motivation to generate the Parente and Prescott result in
Figure 1, we will introduce a technology spillover to the law of motion for
human capital, so that we will have:

h(t) = 6h(6)"" ()" u (1)
where 7 (1) is an exogenous variable that varies according to:

0 (t) =n(t)

Thus, the evolution of 1 () has an external impact on the capital accu-
mulation process of the country. We could just assume that 7 (t) is some
measure of the rest of the world’s human capital in order to generate the
technology spillover intuition. Though, following Rodriguez (2004) we will
assume that 7 (¢) is the human capital of the most advanced country (where
most advanced means with the highest human capital level)>. This allows us

4Since Iy (t) and Iy (t) are measured in unities of the time endowment and the output
is going to be the consumption good, we need to adjust the unities of a and h (t) to be
unities of consumption good over unities of the time endowment good.

5Lucas (1993) and Tamura (1996) use the world’s average human capital instead of the
leader’s. Though in order to extend the model in one direction (here extending to a two
sector technology) we need to make simplifying assumptions on other.



to determine v endogenously by solving the problem of the leader assuming
that he behaves as any other country.

Notice that this human capital accumulation technology is not affected
by movements in labor from one sector to the other. That is, with regard
to the effects on human capital accumulation all that matters is the time
that is not spent working, 1 — (I3 + l3), and not in which sector the work is
done. This fact together with the linearity in labor on both sectors entitles
a simplification to the production technology. Both sectors will not be used
together in any case but if h(t) = a. In other words, h(t) > a implies
l1(t) = 0 and h(t) < a implies Iy (t) = 0. Though this is a maximization
argument and it does not quite belong to the definition of the environment,
we will work from now on with®:

y (t) = max (a, h (t)) (1 — u (1))
We can, now, determine the problem faced by the representative agent:

Problem 1

* e (max (o, h (1) (1= u (8)"
max}tozo/o e »

{u(t)€l0.1] 1—o0o
subject to

h(t)=0on)""n®) u(t), h(0)=he
n(t)=n@), n(0)=mn

Whenever we refer to Problem 1, we will presume that the following
assumptions are being satisfied:

Assumption 1.1 (6,p,0,a,ho,v) € RS, and 6 € (0,1).
Assumption 1.2 p > v (1 —o0).

Assumption 1.3 p < 4.

Assumption 1.4 7, > a.

. 0 146
Assumption 1.5 —; <o < =5~.

STf you prefer just take this as the definition of the technology function.
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Assumption 1.1 is set in order for the parameters to have reasonable val-
ues. For a solution to exist we need the objective function of the problem to
be bounded under all feasible paths of u (t), accordingly, we need Assumption
1.2. To assure that the solution is interior’” we need Assumption 1.3. As-
sumption 1.4 is imposed in order for the leader to start with enough human
capital to use the modern sector. Finally, we will need Assumption 1.5 to
establish sufficiency®.

After the solution to this problem is established, we will analyze the
particular case in which there is no externality in the human capital accumu-
lation technology, that is, # = 0. We will work, then, with the very standard
law of motion that was used by Uzawa (1965) and latter on by Lucas (1988):

This means that there are constant returns to human capital accumu-
lation and there is a constant ¢ that affects its productivity. If the agent
decides to devote no effort to human capital accumulation, u(¢) = 0, then
none accumulates. If all effort is devoted to this purpose, u(t) = 1, h(t)
grows at its maximal rate 0.

Observe that the simplification in the production function applies once
again. Therefore, the problem faced by the country is:

Problem 2

t

* _p(max (e h () (1= u(®)'
max}?io/o e ;

{u(t)€l0,1] l1—0

subject to
ht)=06h(t)u(t), h(0)=hg

When we refer to Problem 2 we will always assume that these assumptions
are valid:

Assumption 2.1 (4,p,0,a,ho) € R, .

" Actually this assumption assures only that the solution of the Modern Economy Prob-
lem as defined below is interior.

8Note that since 6 € (0, 1), the restriction 6/ (14 6) < o < (1 + ) /6 is not very tight.
For instance, if § = 1/2 then the restriction is 1/3 < ¢ < 3 and if 1/2 < ¢ < 2 the
restriction is satisfied for any choice of 6.



Assumption 2.2 p > § (1 —o0).
Assumption 2.3 p < 4.

Observe that these assumptions are analogous to those of the first prob-
lem. We choose to restate them to easy referencing.

3 Main Results

Here we solve both of the problems that have been described. We start with
Problem 1; the general case. We, then, turn to Problem 2 following the same
steps.

3.1 The Problem With Externality

We will start by solving Problem 1, the case in which there is externality.
The reason we do not have a trivial solution to the problem lies on the fact
that the integrand in the objective function is not differentiable on the state
variable. In particular it is not differentiable at h (¢) = a since the function
max (a, h (t)) is not differentiable at that point. Therefore we need to separate
the solution on the sets of h (t) for which the function is differentiable.
First, we will solve the much simpler case in which the country starts with
enough human capital to work on the modern sector, that is hy > a, we call
this the Modern Economy Problem. We will, then, analyze the Traditional
Economy Problem for hy < a. In order to do that, we first try to answer
the question: will this economy accumulate enough capital to transition to
the modern technology? We prove that the answer is always yes. Then, we
characterize the optimal solution and provide a numerical example.

3.1.1 Modern Economy Problem

Here we will just follow Rodriguez (2004). The solution for hy > a is easy
to determine. Since h (t) is non-decreasing (see the law of motion for human
capital), hg > a implies h (t) > a for all t. Therefore the traditional sector
will never be used, that is max (a, h (t)) = h (t) for all ¢. Then, the problem

10



can be restated in the following way:

( —o )
I
h = dn’ht=%u
max =
{u(t)€[0,1]}52, ) s.t. h (0) &
n="n
L n(0) =ng J

Since the path of 7 is independent from the other variables, the ones that
are under the control of the agent, it can be interpreted as a continuum of
parameters. Having this in mind we define a new state variable: x := h/n.
This way we incorporate the fact that what is relevant to the decision making
of the agent is the relation between its human capital and the leader’s, since
the leader’s follows an exogenous process. Therefore, we can rewrite the
problem in the following way:

—0

o0 1
max / n(l)—ae—(p—(l—a)y)t (ZIZ’ (1 _ U)) dt
0

{u(t)€0,1]}=, l—-0o
subject to
: 1-0 ho
t=dx "u—nvyzr, z(0)=—
"o

Current value Hamiltonian (assuming the solution is interior):

(o (1 —u)"™”

+ ¢ (02" Pu — yz)
Necessary conditions for maximization:

g (e (L )7 8at 0 = 0 1)

p=(p—(1=0a)N¢—ny " (w(1—u) " (1—u) —¢((1—0)dz u—1n

~—

, (2)
i =620 — vz, x(0)=— (3)
"o
tli)m e~ A=Mty (Y (t) =0 (4)
Substituting (1) in (2):
?=p+a’y—§x’9(1—9u) (5)

¢
11



And from (1):

o = B
¢ i
e L (6)

Then, (5) and (6) imply, using (3):

o [p+497—5x* (1—Uu)] (1 —u) )

o

Hence, (3) and (7) form a system of differential equations which com-
bined with the initial condition in (3) and with the transversality condition,
determine the optimal® paths u* (t) and z* (¢).

On the steady state we have:

i = 0= pt+by—bz"(1—ou)=0
r = 0 = 6" %u—yx=0

Solving we find the steady state of the system:

LS5 _ ((0+96)7+p>_ (8a)

ss g
R ) P (85)

S

We can, now, calculate the rate of growth of the product in this economy:

o) -

h o
Observe that a higher level of human capital, h, implies a lower rate of
growth. Thus, for the economies that make use of the modern sector the
model predicts the usual convergence result.
Also, the growth rate is increasing with 7, this is consistent with the
evidence from Parente and Prescott (2002) of Figure 1. As time goes by the
world’s (or leading economy’s) human capital increases. Hence, countries

ISufficiency is established in Appendix D using the Arrow Theorem and Assumption
2.5.
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that start their growth period later on will have a higher productivity in
their human capital accumulation technology which essentially induces faster
growth.

Furthermore, if the only technology available was the modern one, we
would have the ungrounded prediction that the poorer a country the higher
is its rate of growth. That is the reason we introduced the traditional sector
in the first place.

To facilitate a procedure in the solution for the Traditional Economy we
define the value function of this solution, W, if the initial time is ¢y:

W (to, h (o)) := /Oo esti—to)y (gt WD L= )"

tO ]_—O-

t

Given ty and h(ty) we can calculate the value function. The path for
n (t) is determined exogenously and the solution (u* (t),z* (t)) is determined
by the system of differential equations (3) and (7) with the initial condition
x (tg) = h(to) /n (to) and the terminal condition in (4). Although we cannot
solve this explicitly we will present a numerical example below.

3.1.2 Transition

Before we tackle the Traditional Economy Problem we will provide a helpful
and strong result regarding the question of when it will be desirable for the
country to transition to the modern sector.

Proposition 1 If Assumptions 1.1— 1.} are satisfied then the solution
(u* (t),h*(t)) to Problem 1 with hy < a will always involve capital accumu-
lation and there exists a finite t* such that h* (t*) = a.

Proof. In Appendix B. m

The rationality behind this proposition is based on the law of motion for
the human capital, h = Sh'=n%u. Observe that for the set of parameters
we are taking under consideration, the return (in unities of human capital)
of allocating time to human capital accumulation, 5h'~%7?, goes to infinity
as 1 — 00. Therefore, there will be a time in which the level of the leader’s
human capital is so large that if the country devotes a small portion of his
time endowment for a infinitesimal period it can multiply its human capital
by a very large factor.

13



In other words, the cost of making a transition tends to zero and the
benefits, collected as improvements on the labor productivity, are significant.
Consequently, at some point it must become optimal to make a transition.

3.1.3 Traditional Economy Problem

The result in Proposition 1 entitles the following simplification to Problem
1. There is always a finite time, t*, such that h (t*) = a, i.e., there is a
transition to the modern sector. Therefore, using the Bellman Principle of

Optimality!®

max
{ult)el0.1]} 2,

\

s.t.

, we can rewrite the problem as

fot e—ptlal—w) 7 4y
h:5n9h1 0
h(O):ho,h(t*):a

n ="M

1(0) =19, 1 (t*) = nee™™

+ max

{u(t)€[0,1]}2

J

\

ft* empr ) 7 gy
h _ (57]9}11 6
h(t*) =a
=1
n(t*) = noew

Observe that the second maximization has been solved above, except for
a multiplying constant e, it is precisely the Modern Economy Problem

with hg = a and 1y = nye’" .

e "W (t, a)

where W (-,

Thus

max
{u(®)€l0,1]}5Z 4« s.t.

\

et
t*

(a—w) 7 g
h _ 5n0h1 0
h(t*)=a
=1
n(t) = 77057'5*

)

-~

/

-) represents the value function of the Modern Economy Problem.

Therefore, the Traditional Economy Problem can be restated in the following

way:

max

3
{u@®e01]}2,«

fot*e_pt((1 —dt

h—5779h1 &

h(0) = ho, h(t") =
=

s.t.

\ n(0) =g, n(t*) = nee™” |

+ e MW (t7, a)

10 Principle of Optimality: An optimal policy has the property that whatever the initial
state and initial decision are, the remaining decisions must constitute an optimal policy
with regard to the state resulting from the first decision" Bellman (1957).

14
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To conclude the simplification, note that the path of 7 is exogenous,
hence, the agent will solve:

t* 1 - 1—0o X
max / efptht—i— o Pt W (t, a)
{u(t)e[o’l]}i*:() 0 1 — 0
subject to
h= 5778679%179% h(0) =ho, h(t")=a, " free (9)

Where e ?"" W (t*,a) will be treated as a salvage term and t* as a free
endpoint to be determined optimally. Also, in addition to the initial condition
on the state variable we also have a terminal condition. We can, now, solve
it using the standard optimal control theory. We first define the Hamiltonian

1— l1-o
H (u,h, A\ t) = )\ert% + A (onhe™®h' =)

Assume that (u* (t) , h* (t)) is a solution to our problem, then A (t) satisfies

COH (w bt N

A= 5 = — (1= 0) Al (h*) P u* (10)

Since we are dealing with a free endpoint problem, the following transver-
sality condition must be satisfied

d (e "W (t*,a)) =0 (11)

H (w" (87) 1" () A (), 87) + —

Also, for each t € [0,t*], u* (t) is a value of u € [0, 1] which maximizes

(a(l—u)"™

g(u):=H(Rh*(t),u,\(t),t) = Xo + A (1) 07 (b (1) u

l-0o
Differentiating:
g () = —Xe " (1—u)™" + (&) dnhe?® (h* ()"
g"(u) = —oxe a7 (1 —u) 7"
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Observe that ¢’ (u) — —o0 as u — 1, thus u = 1 cannot maximize g (u).
Furthermore, g (u) is strictly concave on [0, 1). Then the following must hold:

u* (t) = 0 maximizes g (u) < ¢' (0) <0 &
S A1) < At ? (b (1) e D17 (13a)
u* (t) € (0,1) maximizes g (u) & ¢ (u*(t)) =0<
S A = N0 g (b (1)) e Do (1 —w (£))77 (13D)

First note that if Ay = 0, then the fact that (Ao, A(t)) # 0 for all ¢
combined with (10), (13a) and (13b) imply that A (t) = A < 0 and we must
have u* (t) = 0 for all t. Consequently, we have a contradiction with the
result in Proposition 1. Thus \g = 1.

We know, from Proposition 1, that the optimal path involves a transition
and this can only occur if the country is accumulating human capital in a
final period before the transition. Thus, we guess that either u* (t) € (0,1)
for all ¢ € [0,¢*] or there exist a ¢ € (0,¢*) such that u* (t) = 0 for ¢t € [0, {]
and u* (t) € (0,1) for all t € (£,t*].

If u* (t) € (0,1) we know that (13b) must apply, then differentiating it we

get :
_ h* (t)
o~V
Observe that (9) and (10) imply that

ur ()
1 —u*(t)

—(p+10)+o

Then, we obtain that if u* (t) € (0, 1) it must follow this law of motion

w (t)  p+~0
1—u(t) o

which implies the one parameter solution

y0+p )t

ut(t)=1- Cre (7% (14)

This means that, if u* (¢) € (0, 1), the path for u* (¢) is increasing implying
that once the country starts accumulating human capital it will accumulate
more and more until it gets to the point of the transition. This is in agreement
with our guess for the possible paths of u* (t).
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Furthermore, notice that equation (14) accounts for the possibility that
u* (t) = 0 for an initial period, seeing as C; > 1 implies u*(0) < 0. In
that case we would have u* (t) = 0 for t € [0,¢] with ¢ being defined by the
equation A (£) = 6 'y’ (h* (f))e_l e~ (Pt10ig1=o considering (13a), which is
equivalent to u* (f) =0.

Then, substituting (14) into the differential equation in (9) we get for
t>0:

S

on? Qo onf (10(e=1)—p)
)= [ C 2o 0t 0 — tC
" (2+'76 Wo—1)-p" 1

and using the initial and final conditions in (9) we determine

o 1) —p (7 ) (o 1))

C, =

‘905778 (6(70(0;1)*0)75* B 6(79(0;1)*”{)
onl .- Ooonf (0=D)=p);
Cy, = h— 9o i 99Mo W%tcl
ot (o —1)—p

Moreover, with the optimal!! path already determined for each t* we can
use equation (11) to determine the optimal ¢*; substituting for A (¢*) using
(13b) we obtain

a7 (T—ou(t)\ . . o O .
1_O_<<1_u*(t*))a)_pe W(taa)_e aw(taa’)

The growth rate of a country that starts with hg < a will have three
stages:

. 0 te[0,i]
R R
Tl - te o)

Thus, as in the case with no externality, the country will have to forfeit
consumption for an intermediate period during which it will have a negative
growth rate. After that, it will enjoy ever increasing growth rates until the
convergence is over with and it enters the balanced growth path.

" Sufficiency is established in Appendix D.
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3.1.4 A Numerical Example

We will, now, present a numerical example of the solution we have just arrived
at. Following the calibrations in Lucas (2009) we set the leader’s growth rate,
v, to 0.02, and take his calibrated level for the externality parameter, 6, 0.67.
For the elasticity of substitution and discount parameters we use the standard
numbers: o = 2 and p = 0.04. In order to have 2°% in (8a) equal to 1, so
that the leader always remains the leader and that there is convergence in
the long run, we set 6 = 0.0934. Also, we normalize the parameters a and 7,
to 1.

Then, we calculate the optimal paths for three initial levels of human
capital, hg: 0.25, 0.5, 0.75. We first present the times in which the country
starts accumulating capital, £, and the time of the transition to the modern
sector, t*, for each initial level of human capital:

ho | 0.25 ] 0.5 | 0.75
t | 64.0 | 44.0 | 18.2
t* | 81.4 | 56.6 | 31.0

With a higher initial level of human capital a country will start accu-
mulating earlier and, thus transition earlier. This is what we would expect,
since the cost of the transition is lower when A is higher. Also, the transition
period, t* — ¢, is reduced. A difference in the initial level of human capital
from 0.75 to 0.5 practically doubles the time in which the transition will take
place.

18



Now, we look at the optimal paths for the control variable u:

u*(t) 04

035 -

03 -

025 -

02

015 -

01

005 -

) :
0 18.2 310 50 64.0 814 100 150
440 566 t

Notice that with a higher initial level of human capital the country needs
to invest less time to human capital accumulation in order to transition. After
the transition, the country will invest decreasing amounts. What happens
is that increasing levels of human capital will enhance both the productivity
of the human capital technology, as it did before the transition, and the
productivity of the consumption good production technology. The second
effect dominates.

19



Next, we present the plot for the growth rates:

y(t) 012
y(t) 2 h0=0.25

01 i
008 |- 5 .

006 |- \ s
h0=075 N

004 - ~

~~
-~ .
- ce.
- ...
—_— L Tteeeen..
S

002 e

-002 - ! -

-0.04 L !
0 50 100 150

In the beginning the country does not invest in human capital and uses
only the traditional sector technology, thus, the paths are constant and the
growth rate is zero. Then, as the country starts to invest, human capital
starts to increase. Though, since it is still using the traditional sector the
output decreases and at this transition period the growth rates are negative.
After the transition to the modern sector the growth rate will always be
positive.

The country is willing to face the negative growth rate period because
after the transition it will have positive growth rates forever. It will start
with really high growth rates (a period that can be interpreted as a "miracle")
and in the long run its growth rate tends to the leaders growth rate level,
v = 0.02.

3.2 The Problem Without Externality

In this subsection we will follow closely the steps taken in the previous sub-
section since the absence of externality is a particular case, with § = 0, of
the problem solved above. However the solution is not completely analogous.
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For instance, the result in Proposition 1 is not valid if there is no externality.
We arrive at a similar result that gives us sufficient conditions under which
a transition takes place, however our condition is not necessary. We start,
again, by solving the Modern Economy Problem.

3.2.1 Modern Economy Problem

We search for a solution to Problem 2 with iy > a. Since h(t) is non-
decreasing (see its law of movement), hy > a implies h(t) > a for all t.
Therefore, the traditional technology will never be used. In this case, the
problem can be restated as:

* (A —u@®)
max}?io/o e dt

{u(t)€l0,1] 1—0

subject to
h(t)=6h(t)u(t), h(0)=he>a, lim h(t) free

The solution to this problem is fairly simple, though the familiar transver-
sality condition limy; . p () (t) = 0, 2 (t) being the state variable and p ()
the costate variable, does not apply. In view of the fact that the state vari-
able h (t) might be unbounded for some paths of the control w (¢). This does
not allow the determination of a solution through the usual steps. Therefore
we need a different approach to arrive at the solution.

In Appendix A we solve the same problem with a finite horizon T'. Having
that solution at hand we now use its limit as 7" — oo, say (u* (), h* (t)), as a
candidate for the optimal solution to the infinite horizon problem. Seeing as
it seems sensible that the limit of the finite horizon solution as 7" — co would
be optimal for the infinite horizon problem. Then we show that this path
satisfies the necessary condition in the Maximum Principle. We conclude
proving that it is indeed the optimal solution to the infinite horizon problem
by checking the sufficiency conditions of an infinite horizon version of the
Arrow Theorem!?.

Let us see what happens to the solutions in (52a) and (52b) when 7" — oo.
First notice that ¢ — oo as T — oo. Thus, using L’Hopital’s rule we can

2Here we use Theorem 3.14 in Seierstad and Sydsaeter (1999).
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easily calculate the limits for the equations in (52a), (52b) and (52¢) as
T — oo that provide the following candidates for (u* (¢),h* (t)) and ¢ (t):

w(t) = 55_0’) t>0 (16a)
W (t) = hoel’s")! t>0 (16b)
o = (P50) e zo s

Notice that this means that an economy that starts with hy > a will
be on a balanced growth path at all times. We use the Arrow Theorem to
prove that this solution is effectively optimal. To begin we need a convex
set A (t) for each ¢t > 0 such that for all admissible pair (u (¢),h (t)) we have
h(t) € A(t). So, we take A (t) = [0,00) for all t > 0. We need ¢, = 1 as
well. Then, we need to check if our candidate satisfies the conditions in the
Maximum Principle. Moreover, we need to check if

H (h, ¢, t) = maxycp1] H (h,u, ¢ (), t) exists and is concave in h

for h € A(t) and eacht >0 (17)
and if for all admissible h ()
lim infe ¢ (t)(h(t)—h*(t)) >0 (18)

First observe that (u* (t),h* (t)) is admissible. Also, the function ¢ ()
is easily seen to satisfy the differential equation in (43). Furthermore, the
Hamiltonian g (u) = H (h* (t),u, ¢ (t),t) has been shown to be strictly con-
cave on [0, 1). In addition, we know that lim,_,; ¢’ (u) = —oo then v = 1 can
never be optimal and it is easy to see that ¢ (t) > § ' (h*(t))™7 < § > p
which has been assumed. Then for all ¢ > 0, g (u) is maximized by u* = %
since ¢ (u*) = 0.

The concavity condition (17) has been verified above, so it remains to
verify the limit condition (18). For any admissible path (u (t),h (t)) the law
of motion A (t) = 6h (t)u (t) with initial condition % (0) = hg must apply.
Hence, integrating we obtain

b (t) _ h0€5 fg u(T)dr
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Then using (16¢) we can calculate the limit for any admissible path of
h ()

_ _ -0 11—0 .
thm inf e*ptd) (t) h (t) _ (p ) (1 0')) hoé lim inf eé(fo u(r)dT—t) >0

50’ t—00

where the inequality follows from the assumption that p > § (1 — o). More-
over

_ 1 — —0 pl-0o bl
b o ) = (P55 ) e

t—o00 (50’ 5 t—o00

where the last equality follows, again, from the assumption that p > § (1 — o).
This implies that for all admissible h ()

Tim inf e '6) (¢) (h (1) = h* (1)) > 0

which verifies condition (18). Thus the optimality of our candidate path
(u* (t),h*(t)) is assured.
At last, we calculate the value function of this optimal path, V:

Vo« = [Cerli0O o),

l1—0

Vih) = 7= (00)" " (p=3(1-0) " hj™"

The growth rate generated by this path can be easily calculated:
y o—p

Y o

Since the economy is in a balanced growth path the rate of growth is
evidently constant.

3.2.2 Transition

We will, now, provide a condition on the exogenous parameters of the Tra-
ditional Economy Problem, that is the problem for hy < a, under which we
can guarantee that there will be capital accumulation and a transition to
the modern sector technology on the optimal path. Proposition 1, for the
reasons stated at the end of the proof in Appendix B, is not valid if § — 0.
Thus, for the case at hand, with § = 0, if have a weaker result.
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Proposition 2 If Assumptions 2.1— 2.3 are satisfied then there exists an ex-
ogenous and unique h* < a such that if ho € (h*,a) the solution (u* (t),h* (t))
to Problem 2 with hy < a involves capital accumulation and there exists a
finite t* such that h* (t*) = a.

Proof. In Appendix C. m

In other words, we show that it will be optimal to accumulate human
capital until the country’s human capital reaches the level a and the sector
2 is used as long as we have hy € (h#, a) for some h* < a. The proof follows
the steps we describe now.

First notice that if only the traditional sector is ever used, that is, if
h(t) < a for all t, it cannot be optimal to accumulate any human capital
since it is only used as an input to the technology in the modern sector. This
means that the best path amongst those that do not involve a transition to the
modern sector is the path with no human capital accumulation whatsoever.
Then, in order to show that it is optimal to transition to the modern sector,
it is sufficient to show that w (t) = 0 for all ¢ > 0 is not an optimal path.

After establishing this, we show that the path with no human capital
accumulation is dominated by the path wu (t) = % for all '3, as long as
ho € (h#, a) with h# being defined by:

e () (52 )

Finally, we show that h# < a for all set of parameters and the result is
established.

To illustrate the relationship between A* and the model’s parameters we
present in following graphs. First we take a = 1, 0 = 2 and § = 1 and we

13This is the solution to the Modern Economy Problem applied to the Traditional Econ-
omy Model.
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graph h* on the y-axis and p on the x-axis:
10T
0.8 !
06
0.4 !

02T

0.0 A=
00 01 02 03 04 05 06 07 08 09

Notice that there is a positive relation between h# and p. The higher is
the agent’s discount factor the less she will care about the future. Then, we
need a higher initial level of human capital, hg, to assure that it is desirable
for the agent to incur on the cost of accumulating capital knowing that
the benefits are deferred. Notice that for all values of p plotted we have
d(l—0)<p<o.

To analyze the impact of § we again trace the graph of h* now with § in
the x-axis, taking a =1, 0 = 2 and p = 0.5:

1.0 7
0.9 7
0.8 7
0.7 7

0.6 1

0.5

The correlation is negative seeing as a higher level of § implies a higher
productivity of human capital accumulation. Thus, increasing § makes it
easier for the agent to transition to the modern sector; with less effort she
can accumulate more capital. Therefore, a lower level of hq is required for
the transition to be desirable. Notice that for all values of § plotted we have
d > p.
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Lastly, we look at the relationship between h# and o, takinga =1, = 1
and p = 0.5:

0.0 H—H——————————————

The intuition is again very simple. The instantaneous elasticity of substi-
tution'* is given by 1/0, as a result we have that a higher level of o implies
a lower level of the instantaneous elasticity of substitution which entails a
lower tolerance to delay consumption. Hence, higher levels of o lead to a
tighter restriction on hg in order to have the transition being optimal.

3.2.3 Traditional Economy Problem

We, now, search for the solution to the slightly more complicated problem
of an economy that starts with hy < a. Evidently, it is either optimal to
accumulate human capital and transition to the modern sector or not, and
the result in Proposition 2 implies that there are cases in which it is optimal
to transition. If the solution does not involve a transition it is straightforward
to see that the solution is to never accumulate human capital at all, that is,
choose u (t) = 0 for all t. If the a transition will never take place, human
capital will never be used to enhance utility, thus, there is no reason to

accumulate it!®.
14Remember that, when u (c) = 011_—_;, the instantaneous elasticity of substitution is
given by:
_ul(es) ful(e)  dles/e) 7/ ” dfes/e) 1
csfer AW (cs) [ (cr)) csfer d(es7)e;7) o

15This point is formally made in the proof of Proposition 1.
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Therefore, in order to characterize the solution for every case all that is
left to do is to establish the solution for the cases in which the transition is
optimal. This is what we do now.

In order to get to the solution we need first to restate the problem in
a more tractable manner. We search for the best path amongst those that
have a transition to the sector that is human capital intensive. So that we
will have h (t*) = a for some t*. Thus, f this is the case, we can rewrite the
problem in the following way:

ta(l U) Y
f e P ' dt ft*e”t lu (rQ—w) 7 3

h = 5hu .
max + —
{u(t)el0, 1}, s.t. h(0) = hyg {u(t)e [ }}t - s.t. hh(t*)éﬁua
h(t*)=a N

Notice that

—0o

[Zertt 11; dt

) 1
e PV (a) = max -
(a) {u(t)€[0,1]}52 5.1 hh(t*fﬁua

Then the problem simplifies to the following:
t* 1— 1—0 )
max / e_ptht + e—pt 174 (a)
{u(t)€0,11}Z, Jo l—o

subject to '
h =0d0hu, h(0)=ho, h(t")=a, t*free (19)

We define the Hamiltonian:

l—0o
H (u,h, A\ t) = )\oeptm(ll—u)) + Aohu

-0
Denoting (u* (t),h* (t)) as a solution to our problem, then A (¢) satisfies
OH (u*, h*, \, 1)

A=— = —A\u* 20
Oh v (20
The free endpoint implies the following transversality condition
d *
H (u* (t%) ,h* ()N ("), t*) + e (e V (a)) =0. (21)
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Since for this case we do not have the usual transversality condition that
implies Ao = 1'%, we need to contemplate the possibility that we might have
)\0 =0.

Also, the Maximum Principle requires that for each ¢ € [0,¢*], u* (¢) is a
value of u € [0, 1] which maximizes

(a(l—u)™

g (u):=H(Rh"(t),u,A(t),t) = Xo + A ()R (t)u

1—-0
Differentiating:
g () = —Xe a7 (1 —u)"7 +A(t)5h* (t)
" (u) = —ore ar " (1—u) 7!

Observe that ¢’ (u) — —oo as u — 1, thus v = 1 cannot maximize g (u).
Besides, g (u) is strictly concave on [0, 1). Then the following must hold:

u* (t) = 0 maximizes g (u) < ¢ (0) <0<
S (1) < X0 H (R (1) e a0 (23a)
u* (t) € (0,1) maximizes g (u) < ¢ (v* (1)) =0 &
SAE) =0 L) e a T (1 —u)? (23b)

First note that if A\g = 0, then the fact that (Ao, A (t)) # 0 for all ¢
combined with (20), (23a) and (23b) imply that A (t) = A < 0 and we must
have u* (t) = 0 for all . Consequently, for hy > h# this contradicts the result
in Proposition 1. Thus, \g = 1 if hg > h.

Furthermore, notice that hy > h* is a sufficient condition for Proposition
1 to apply, not necessary. Hence, there could be hy < h? such that it is still
desirable to make a transition. If \j = 0 we know that there will not be a
transition and the value function of the solution, V7, is:

00 -0
Vi = / et gt
0 l1—o

1 al—cr

16For example, on the simplest optimal control problem with finite fixed endpoint, T,
the transversality condition implies A (7)) = 0. Then, since the Pontryagin Maximum
Principle requires (Ag, A (t)) # (0,0) for all ¢ and Ay to be either 0 or 1, we can establish
that A\g must be 1.
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We will, now, solve for the case with \y = 1. In the usual case in which we
can assure that \y = 1, the solution that we arrive after solving the necessary
conditions is our obvious candidate for the optimal solution. Since in this
case we might have \g = 0, we need to check if the solution with \g = 1 is
better than the solution with \y = 0. When we arrive at the solution, we
will be able to calculate its value function. We will, then, compare it to (24)
in order to check which one is better and, finally, choose our candidate for
the optimal solution.

In order for the solution with A\ = 1 to be better then the one with
Ao = 0 it must involve a transition. Thus, there must be human capital
accumulation in a final period before the transition. Hence, we guess that
either u* (t) € (0,1) for all ¢ € [0,¢*] or there exist a £ € (0,t*) such that
u* (t) =0 for t € [0,¢] and u* (¢) € (0,1) for all t € (£,¢7].

If u* (t) € (0,1) we know that (23b) must apply, then differentiating it we

get ‘
) _ h* () (1)

Y0
o T T
nd

(20) imply that

Notice that (19) a

Then, if u* (t) € (0,1) it must follow this law of motion

u(t)  _p

1—u*(t) o
Solving this differential equation we get
u(t)=1—Cse ! (25)

This means that, if u* (¢) € (0,1), the path for v* () is increasing. Then,
once the country starts accumulating human capital it will accumulate more
and more until it gets to the point of the transition. This is in agreement
with our guess for the possible paths of u* ().

Furthermore, notice that equation (25) takes account of the possibility
that u* (t) = 0 for an initial period, seeing as if C3 > 1 it implies u* (0) < 0.
In that case we would have u* (t) = 0 for ¢t € [0,{] with ¢ being defined
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by the equation A (f) =o' (h* (f))_l e~ Ptal=7 considering (23a), which is
equivalent to u* (f) =0.

Then, substituting (25) into the differential equation in (19) we get for
t>0:

R (t) = 0465”0367067%

and using the initial and final conditions in (19) we determine

o (n () -o(~1))

% e~ otr _ o2t
Co = hoe (i) -0(r=0)) (8 -8t et

The solution path (u*(t),h*(t)) defined by the last four equations is
precisely the limit of the solution of Traditional Economy Problem with ex-
ternality as € tends to 0. This conclusion can be arrived at through tedious
calculations, using L’Hopital’s rule, which we choose not to present here.

Then, with the optimal'” path already determined for each t* we can use
equation (21) to determine the optimal ¢*:

e la (L= )
1—0

CAE) S (1)t () + % (™' V (a)) =0

Using (23b) to substitute for A (t*) we have, with some algebra:
L—ou*(t*)  V(a)
Q—w (@) W

The value function of this solution will be given by:

¢ l-o t % 1—0o
ng/ eptla_dH/ T T C)) R
0 i

(26)

— 0 1—0

Notice that the growth of a country that never transitions to the modern
sector is always equal to zero. For an economy that does transition we have:

0 telo,i
== =2 te(it]
y 0t e (1, 00)

"For \g = 0 and for \g = 1 and u* (t) = 0 sufficiency is easily established through the
Arrow Theorem. However, for A\g = 1 and u* (¢t) € (0,1) we were not able to establish
sufficiency.
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Therefore, the country goes through a period during which it has a nega-
tive growth rate in order to have a positive growth rate after the transition.
We can solve all of the equations above numerically. Taking a =1, § = 1,
p = 0.5 and 0 = 2, we get the following graph of V; (red), V5 (green) and
of the value function of the path used in Proposition 1, V3 (blue) with hg

varying on the x-axis'®:
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For the set of parameters chosen, the threshold level given by Proposition
1, h*, is around 0.866 which is precisely the value for hy that gives V; = V3
(this was, by the way the equation used to determine h#). Obviously we
have V5 < V; for hy < h* and V5 > V; for hy > h¥.

Since the condition given by Proposition 1 is sufficient and not necessary
for the transition to be desirable, we have an interval ranging from around
0.86 to h* in which we have V3 < V; but V5 > V;. For these values of hg it
is desirable to transition even though the condition given by Proposition 1 is
not being satisfied.

Also notice that, since V5 is the value function of the best path with
capital accumulation we never have V5, < Vj or V4 < V3. Now, for any value

18The restriction C; < 1 was checked for each computation and was never binding.
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of hy lower than 0.86 equation (26) has no solution. This means that the
optimal path does not involve a transition to the modern sector. Then it is
best for the country never to accumulate human capital and keep using the
traditional technology perpetually.

Finally, observe that the value function of the optimal solution, V; for
low values of hy and V5, for high enough values of hg, has a kink at the point
in which the country is indifferent from making a transition or not. We
would not expect this since, usually, the value function is differentiable with
respect to the initial level of the state variable. This could be explained by
the fact that we are not dealing with a usual case of optimal control; our
objective function is not differentiable at h = a. Also, if the country will
never transition we would expect a zero derivative, because human capital
will never be used and changes in its initial level should not change the value
function. On the other hand, if the a transition takes place, changes in human
capital will have a direct positive impact on the value function. However, we
have not reached any definitive conclusion in this respect.

We also present the following graphs that will only corroborate the obvi-
ous intuition for the impact of the parameters on the time that the transition
takes place, t* (evidently we choose parameters for which a transition takes
place). We again take a =1, § = 1, p = 0.5, 0 = 2 and ho = 0.95. For the
graph of each parameter we vary its value around those set up:

ES

p 028 t* 0,26
0.26 1
0.24

0.24 i
022 0227
0.20 0.20
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The higher the value of the discount the longer it takes to transition,
since the agent has a lower tolerance for delaying consumption. For the
other parameters the reasoning is the same.

3.2.4 Example with Finite Time Horizon

The idea of this example is to show that infinite time horizon is not necessary
for the transition to modern sector to be desirable. We present an example
in which the agent has a finite time horizon, still with no externality, and
demonstrate that a transition might be desirable.

The agent’s problem is the same we have been working with, adding the
simplifying assumptions that ¢ = 0 (then the instantaneous utility function
is linear), d =1 and p € (0,1). Hence, the agent solves

T
max / e " max (a,h) (1 —u)dt
0

{u(el0,11}{_,
subject to '
h =hu, h(0)=hg

We first look at the problem faced by a country that starts with hy > a.
Since h (t) is non-decreasing we have max (a, h (t)) = h(t) for all t. Thus,
the problem can be restated in the following way':

T
max / e "h (1 —u)dt
{0, Jig

subject to .
h = hu, h (to) = ho

19We will solve with an initial time ¢, because that we facilitate a procedure done bellow.
However, the solution applies, in particular, to the case where ty = 0.
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The current value Hamiltonian is
H (u,h,¢,t) = h (1l —u) + phu

These are the necessary conditions that follow from the Maximum Prin-
ciple:

27
28

p=pp—Hy, = ¢=pp—1+(1—-¢)u (27)
u € arg max H (28)

e ") (T) =0 (29)

h = hu, h(ty) = ho (30)

Observe that the linearity of the Hamiltonian on the control variable will
generate a bang-bang type of solution. From (27) and (28) we have that:

Ifgp < 1 = u({t)=0and p=pp—1
Ifop > 1 = uw{t)=1landop=(p—1)¢
Note that, using the fact that p € (0,1), in both cases ¢ (t) is decreasing,
since:
Ifop < 1 = ¢o=pp—1<0
¢

Ifo > 1=¢$:p—1<0

Hence, we know that ¢ (t) is a decreasing function for all ¢t € [ty,T].
Furthermore, since from (29) we have ¢ (T') = 0 < 1, there is a final interval,
t <t < T, during which ¢ < 1, u* (t) = 0 and ¢ = p¢ — 1. Thus, using (30):

¢* () =1 (1 — e rT1) t<t<T (31)
The time ¢ is determined by the equation ¢* (f) =1, that is,

In (1 - p)
P

t=T+

provided that
In (1 - p)
P

tA>t0 — T —tyg > —
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Otherwise, the solution is given by (31) with ¢ = t,. If £ > ¢y, then
there is an initial interval ¢ty < t < ¢ during which ¢ > 1, u*(t) = 1 and
¢ = (p—1)¢. Using (30), the initial condition for & (¢) and the required
continuity of ¢ (t) at ¢:

u* (t ) 1
& (t) = el >( ) to<t<i (32)
W (t) = hoet™

Making use of (32) we can determine /" (%)
h* (£) = hoe' ™
and substituting for f we obtain
(1) = ho (1= p)7 "

Let us calculate the value function of this optimal®” solution, F (hg, o, T')
(assuming ¢ > tg):

T
F (ho,to,T) = / e Pt p* () dt
t

F (ho,to, T) = ho (1 — p) 7 e1=A(T—t0)

Having established this, we can tackle the problem of the economy that
starts with hy < a. Once again it is possible that the optimal solution
does not involve a transition to the modern sector. Following an argument
already made above, we know that amongst the paths that do not involve a
transition there is a clear dominant path which is to never accumulate capital
whatsoever choosing u (t) = 0 for all .

We calculate the value function related to this path f:

T
Fi1 = / e Pladt
0

a
Fi = —(1—e?"
D= G-

20Since H (0,h, A (t),t) = h and H (1,h,A(t),t) = A(t) h are both obviously concave
functions of h, the Arrow Theorem establishes sufficiency.
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From now on, we focus on the search of the best path that involves a
transition. For these paths we know that h (t*) = a for some t* € (0,T). The
Bellman Principle of Optimality implies that for all ¢ > ¢* the solution will
be the same as the one determined above. Thus making use of (31) e (32)
we have:

assuming that 7' is large enough, that is, 7' > t* 4 1.
Moreover, for t € [0, t*] we can rewrite the agent’s problem in the following
manner:

ftT e Pth (1 —wu)dt
max + max h = hu
{u(t)G[O,l]}i*:o sit. h (0) = ho {u(t)E[O,l]}?:t* s.t. h (t*) _
h(t* -

Observe that:

e ™ F (a,t",T)= max g fr=hu
e | 55 ) =

Therefore, the agent will solve
t*
max / e Pa(l—u)dt+e " F (a,t*,T)
{u(t)€0,11}i2, Jo

subject to .
h=hu, h(0)=hy, h(t)=a, t*free

The current value Hamiltonian is

H (u,h, A\ t) = Noa (1 —u) + Ahu
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Then we have the following necessary conditions:

A=p\—H, = A=(p—u)A (33)
u € argmax H (34)
. d .
e " H (u (), h(t) N (t), 1) + 7 (e F (a,t*,T)) =0 (35)
h=hu, h(0)=he, h(t')=ua (36)
From (33), (34) and (36) we have that:
A h
If \h < )\Oa:>u*(t):O,X:pandE:0 (37)
. A h
IfAh > Na = u (t)zl,X:(p—l) andﬁzl
Observe that in both cases the growth rate of Ah is
Ajh_
N f

So Ah is an increasing function. Consequently, one of these possibilities
must be true: [1] M < \ga for t € [0,¢*] or [2] Ah < Moa for ¢ € [0,%) and
Ah > Aga for t € (I, t*] with ¢ being determined by A (£) h () = Aoa provided
that ¢ > 0, otherwise ¢t = 0.

We can dismiss the first possibility since we are searching for a path that
involves a transition. Seeing as if that was the case (37) implies that u (¢) =0
for all £ € [0,¢*] and, in fact, this means that there will never be any capital
accumulation.

Therefore, a transition can only occur if we are on the second case. Hence,
we know that there is an interval [f, t*] during which Ah > Aga and, thus,

uw (t) =1, % =(p—1) and 2 = 1. In order to determine these functions
explicitly we will, first, arrive at a terminal condition for the costate variable
A(t). Using the fact that h (t*) = a and u (t*) = 1 on (35) we obtain

A(E) = (1= p) " i)

Notice that this condition is equivalent to A (t*) = ¢ (¢t*). Then, using the
terminal conditions for A (t) and h (t) we get:

u
N (1) = e D(tH) i<t<t (38)
( p—



If £ > 0, it is determined by \* (f) h* (f) = Aoga. Now, to carry on with
the solution we will need the value of A\g. From the Maximum Principle we
know that A is either 0 or 1. Since our transversality condition is different
than the usual one it is not straightforward that A\g = 1. Thus, we need to
take under consideration the possibility that A\g = 0. We will, then, solve the
problem for both values of \g. With the solutions at hand we will be able to
compare the value functions and, finally, determine the value of \g.

We first solve with Ao = 1. If that is the case, we have that for ¢; > 0,
the equation \* (51) h* (fl) = a applies, therefore

- 1 1\ .
j :—t*+(1——>t (39)

ot p
otherwise, the solution is given by (38) with £; = 0. Notice that ¢! < # implies
ty < ti. For t € [0,1), we have that Ah < a and, accordingly, u* (t) = 0,
A/ = pand h/h = 0. Using the initial condition for i (¢) and the required
continuity of \ () at :

u*(t) =0
N (1) = ele V(D) ee(t=0) & 0 <t<i (40)
h* () = ho

From the continuity of & (¢) at f; we know that h* (fl) = hg. This provides
another equation for ¢; and ¢3:

.- h
tr=1% —In (E(’) (41)

Equations (39) and (41) compose a system that determines #; and t}.
Solving it we obtain:

- 1 1 a
tiy, = T+ —-In(l—p)— In( —
1 +pn( p) 1_pﬂ<h0>

1 p <a>
o= To-ln(l-p) - L m(Z

The solution is established and we can calculate its value function:

t1
Fo = / e Padt + e P5F (a,t5,T)
0

a a fpp
Fo = 2{1- (L) "eer
’ p( (hO) )



AN\
]_ _
= (hO)

We, now, solve for A\g = 0. Observe that, since \* () h* (t) = aeP (=) gt=t 5
0 for all t we have £, = 0. Then, the solution in this case will be given by
(38):

N () = et (D) L 0<t <t

Calculating the value function of this solution?!

Fs = e"F (a,83,7)

1 B\ P
Fo = ali-p)'F (B)on

First notice that the assumption p € (0,1) implies F 5 < F ;. Therefore,
a transition can only be optimal if 3 > F 5 which implies A\g = 0. Hence, in
order for a transition to be desirable we must have F 3 > f 1, and we obtain
the following condition:

e (ho\" (1-pT o ¢ —pT
a(l—p)» " e >;(1—e )

Observe that this is true if: [1] the traditional sector is not too productive
(i.e. a is small); [2] the level of initial human capital is high enough (i.e. hyg
is large); [3] the agent’s time horizon is high enough (i.e. T is large); and
the agent does not discount too much the future (i.e. p is small). This last
affirmative is not obvious and to clarify it we provide the following table
where we calculate fF 3 — f 1 for a = 1 and hy = 0.5 (the condition t>t*is

2 Qufficiency is once again established since H (0,h,¢(t),t) = ¢pa and
H (u,h,¢(t),t) = ¢ (t) h are clearly concave functions of h.
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satisfied for all of the parameters we use):

p=0.1 | p=0.2 | p=0.3 | p=0.4 | p=0.5 | p=0.6 | p=0.7 | p=0.8 | p=0.9

T=2 -0.56 -0.48 -0.42 -0.36 - - - - -

T=3 0.50 0.34 0.21 0.11 0.03 -0.03 -0.06 -0.08 -

T=4 4.30 3.02 2.07 1.38 0.88 0.52 0.27 0.10 0.00
T=5 14.75 9.68 6.28 4.00 2.47 1.46 0.79 0.36 0.09
T=6 41.46 25.09 15.08 8.95 5.20 291 1.53 0.69 0.21
T=T7 108.03 59.85 33.04 18.10 9.77 5.12 2.54 1.12 0.35
T=8 | 272.58 | 137.60 | 69.39 34.86 17.34 8.44 3.92 1.64 0.50
T=9 | 678.04 | 310.93 | 142.74 | 65.46 29.85 13.40 5.79 2.27 0.67
T=10 | 1676.00 | 696.96 | 290.53 | 121.25 | 50.49 20.80 8.31 3.05 0.85

Notice that if 7" is low enough and p is high enough we might have f; >
F 3. We also plot F3— F; taking a =1, T = 10, p = 0.8 and hg = 0.5. For
the graph of each parameter we vary only its value:

8 —
37T 6+
s
1 1
2+
: : : : — : : : :
0.2 0.4 0.6 0.8 6 8 10 12 14
ho T

The intuition for each graph is quite obvious. For instance, the higher is
initial level of human capital, hg, the more it be worth to transition, thus,
the greater will be the difference between the value functions F 3 and F ;.

4 Conclusions

We have solved a model that generates the usual convergence result for the
countries that have a high enough level of human capital. If a country does
not satisfy this prerequisite we provide conditions under which it will, at
some point, enter the convergence group. This is in agreement with the fact
brought up by Lucas (1988) that the convergence result does not apply to
all countries; in particular that it does not apply for the poorest countries.
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Though, without externality the model does not predict the pattern in
Figure 1. That is why we introduce in a knowledge spillover in the human
capital accumulation technology. Then the pattern in Figure 1 is generated
for the countries that use the modern technology. The externality generated
from the world’s human capital accumulation pulls countries with low human
capital into the growth stage; that is the result in Proposition 2. The level
of human capital of a country that is not on the growth stage does not affect
its output since the traditional technology uses only labor. Nevertheless, it
will affect their transition date seeing as it will be more costly to make a
transition.

We fancy this model-construction as a preliminary attempt to incorporate
the dual-sector technology to endogenous growth models. The attractiveness
of this would be that it could potentially provide a theory that would alto-
gether reconcile the fact in Figure 1 and predict convergence only for a set
of countries. This set being the ones that use the modern technology; the
countries that can take advantage of the externality generated by the world’s
accumulation of human capital.

However, there is much to advance. For instance, we work with the
simplifying assumption of linearity on labor in each sector’s technology. This
entitles a bang-bang type of solution; both sectors are never used at the same
time. This is a baseless prediction and it would not apply had we assumed a
more general technology function for each sector.

Also, the results on Propositions 1 and 2 are highly dependent on the
strong assumptions that the traditional sector does not use any human capital
and that there are no costs involved in moving labor from one sector to the
other. It is hard to imagine a production sector that does not benefit from any
type of knowledge. Moreover, as noted by Lucas (2009), there are significant
reasons to believe that moving labor to a more industrialized sector imposes
a learning cost.

Regarding the discussion in Lucas (1993) about the forces that generate
a "miracle", this model provides a compelling intuition. The miracles would
occur once a country transitions to the modern sector. If the world’s level
of human capital is high enough, during the period subsequent to the tran-
sition, then the country would experience extremely high growth rates until
it converges to the leading economy’s level of GDP. However, the model also
predicts that during the transition period the country has a negative growth
rate, a pattern that does not agree with the data.

Finally, we fully suppress physical capital from the analysis. The only
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variable that differentiates one country from the other is human capital.
Introducing physical capital would provide another state variable that can
be affected by the countries decisions. This might present new and interesting
insights.
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5 Appendix

5.1 Appendix A - Solution of the Modern Economy
Problem Without Externality and With Finite Hori-
zon

We assume that together with Assumption 2.1 we have T > —p~!1n (1 — 5_1p).

T —u®))
max}tTo/O e dt

{u(t)el0,1] l—o

subject to
h(t)=06h(t)u(t), h(0)=hy>0, h(T) free (42)

We set the following strategy for solving the problem: We first search
for a path (u* (t),h* (t)) that satisfy the condition of the Maximum Princi-
ple. Having this path at hand, we conclude by checking that it satisfies the
sufficiency conditions provided by the Arrow Theorem.

The Current Value Hamiltonian is

(h(L—w)"™”

l1—0

H (hyu, \,t) = Ao + Aohu

Note that since h (T') is free we have A\g = 1. Assume that (u* (t),h* (t))

is a solution to our problem, then A (¢) satisfies

. OH (h*,u*, \, 1)
A= ph—
p oh

= pA— ()7 (1 —u*)' "7 = \ou*, A(T) =0 (43)

Moreover, for each t € [0, T, u* (t) is a value of u € [0, 1] which maximizes

o) = HE (), u (1), 8) = POEZD) 7oy smt (1)

1—0
Differentiating:
g () = =@ (1) 7 (1=u)" +A(t)oh" (1)
g'(W) = —o (B ()T (1—u)
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Observe that ¢’ (u) — —oo when u — 1, thus v = 1 cannot maximize
g (u). Furthermore, g (u) is strictly concave on [0,1). Then the following
must hold:

(t) = 0 maximizes g (u) < ¢’ (0) <0< A(t) <6 (A" (1)  (44a)
(t) € (0,1) maximizes g (u) < ¢ (u* (¢)) =0<
SAt) =0 (" (1) (1 —u(1)7 (44b)

u*
u*

Now, in order to determine the time interval in which u* (¢) = 0, let us
define the function ¢ (s) = A(s) — &6 ' (h*(s))™7 on [0,7]. From (43) we
know that A (7) = 0 which implies that ¢ (7)) < 0. Let ¢ be the smallest
number ¢ such that ¢ (s) < 0 for all s € (¢, T]. Then if £ > 0 it is determined
by the equation ¢ (f) =0& A (f) =5t (h* ({)),0 otherwise ¢t = 0. Thus,
from (44a) we can see that there is a final interval (£, 7 in which u* (t) = 0.

Therefore, (42) and (43) imply that for ¢ € (£,T7:

W (t) = hr (452)
(D) = o (he) 7 (1 e T0) (45h)

with the constant hr yet to be determined. In particular,
A(E) = p7 () (1= ()
and since we also know that A (£) = 6" (hy) ™, we can determine ¢:
t=T+p ' 'In(1-5"p) (46)

Hence, since we have assumed 7" > —p~!1n (1 —5! ,0), tis > 0 and there
will be an initial interval [0,] in which u* (¢) € (0,1). Then, from (44b) we
know that A(t) = 6 ' (h* (t) (1 —u* (t)))"7 in [0,]. Plugging this expres-
sion for A (t) into (43) we obtain A (t) = (p—6) A(t). Using the required
continuity of \ (t) at £ we arrive at the following solution for this differential
equation??:

A(t) =672 (hy) ™7 D) (47)

22Notice from (45b) and (47) that A < 0 for all ¢ € [0,T]. This, along with (44a) and
(44b), justifies our search for a path that has u € (0,1) in an initial interval and u = 0 in
a final interval.
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Moreover
57 (" (1) (L= (1)) = 87 (hy) 7l (48)
By (42), h* (t) = 6h* (t) u* (t), substituting we get
B (t) = 8h* (t) — Shpe 7 (=)

The solution to this differential equation, using the fact that h* (f) = hr

is
p—20 (1 — 06_(,;75(01,0)) (t_f)) (-1
h*(t) = h N 49
( ) D— 5 (1 — 0') T¢ ( )
Using the initial condition h* (0) = hg, we determine the constant hy:
51— A
hT _ P ( U) h065t (50)

h—d <1 e (976(1*0)),§>

Furthermore, using (48) we can find the following proposal for the optimal

control for ¢t € [O, t}

() = 1= (hy) (b (1) e+ ()

Substituting for h* (¢), using (49) we obtain

. p—06(1—o0) _(p=30-0) (; ¢
wit)=1- Gt )\ ¢ T (=)
p—90 <1 —oe g >

At last we have our candidate for the optimal path. We propose the
following control

(51)

con Jur(t) givenin (51) t € [0,7]
u* (t) = { 0 Le (i,1] (52a)
the associated path for the state variable
con  J h*(t) givenin (49) t € [0,1]
het) = { hr given in (50) t € (£,T] (52b)
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and for the costate variable

hy) 0 ==t e o,i
W)_{ (()?’(1—6 ) te([f,:r]] (52¢)

where £ is given in (46) and Az in (50).

We are now in possession of a path that satisfies all the conditions in the
Maximum Principle (demonstrating that this is true is straightforward and
we leave it for the reader). Then we will carry on to the next undertaking
which is to prove that this condition satisfies the sufficiency conditions in the
Arrow Theorem??.

We define for all h € [0, 00),

H(hA(),t) = max H(h,u,\(t),1)

ue[0,1]
1 — -0
= max (M + A (1) 5hu>
u€[0,1] 1—0

Our aim is to prove that for all t € [0,T], H (h,A(t),t) is a concave
function for h € [0, 00). Note that A (¢) is given by (52c¢).

Consider first those ¢ for which A () < § 'h™7, that is, h < (0A (1)) ~.
In this case, we know from (44a) that u = 0 maximizes H for u € [0, 1], then

Q=

hlfo

— 0

H(h,A(t),1) = for h < (5A ()7

which is, obviously, a concave function of h.

Consider next those ¢ for which A () > 6 'h=7, that is, h > (0A (t))_%
In this case, we know from (44b) that H is maximized by some u € (0,1)

that satisfies A (1) =61 (h (1 —u)) ™7, ie., hu = h — (0A (t))fi then

H(h A1), 1) = GN1)5T 40N R forh > (OA(t) 7

l1—0

which is once again a clearly concave function of h. )
All that that is left to establish the concavity of H for all h € [0, 00)

is to analyze how the function behaves at h = (J\ (t))_é. Observe that

23 More specifically, we will use the Theorem 2.5 in Seierstad and Sydsaeter (1999), page
107, with the adjacent note 11.
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H is continuous at h = (6X (t))fi taking the value of (1 — o)~ (6X (t))(%1
Furthermore, the left-hand derivative of H at h = (A (t))_i is 0\ (t) and
it is equal to the right-hand derivative. Hence, H is differentiable at h =
(0N (t))fi. Therefore, we have demonstrated for all ¢ € [0,7] that H is a
concave function of h for all h € [0, 00).

Accordingly, the conditions in the Arrow Theorem are satisfied and we
have verified that the path (u* (t),h* (t)) given by (52a) and (52b) is, in fact,
optimal.

5.2 Appendix B - Proof of Proposition 1

Proposition 1 If Assumptions 1.1— 1./ are satisfied then the solution
(u* (t),h*(t)) to Problem 1 with hy < a will always involve capital accumu-
lation and there exists a finite t* such that h* (t*) = a.

Proof. Let u* (t) be the solution to Problem 1, and h* () the associated
path for human capital. First notice that we will have u* (t) > 0 for some t
only if h* () > a for some t. Given that if u* (£) > 0 for some ¢ the country
will spend some time accumulating capital instead of working and this can
only be optimal if the accumulated human capital will be used to increase
utility at some point?*. Since human capital is an input only in sector 2,
this means that in order to have u* (t) > 0 for some ¢ it is necessary that
h* (t) > a for some t.

This implies that if h* () < a for all ¢ then u* (t) = 0 for all ¢, i.e. if there
is not going to a transition to the modern sector then it is optimal never to
accumulate human capital whatsoever.

Hence, if we can prove that u (t) = 0 for all ¢ is not the optimal path we

24Observe that any path @ (¢) in which the country accumulates human capital, choosing

U Q . . . .
{ a(t)>0 , L€ where Q C R, is a set with a nonzero measure, but in which

w(t)=0 , teRy/Q
h (t) never reaches a, that is [~ 6h'~%n%a (t) dt < a — hg, cannot be better than the path
with no human capital accumulation, since:

5 1-0o l1—0o
[ @O [y
Q Ry /Q

1—0 — 0

1-o l1-0o l1—0c
< / et gt —|—/ et g = / et g
Q 1—0 R+/Q 1—0o Ry 1—0
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will have established that h* (¢) > a for some t. Then, the continuity of h (t)
establishes the result.

First let us calculate the value function of the best path amongst those
that do not involve capital accumulation, W:

[ee] l1—0o
W, = / et gt
0

1—0

1 1-0o
‘/'/1:—a
pl—o

We search for an arbitrary path that is better than this and that has a
simple value function. We set the following path (11 (t),h (t)): [1] during

an initial period [O,ﬂ the country chooses % (f) = 0 and only waits until
the leader reaches a human capital level of z > 7,; [2] then there will be a
period (#,7] during which it will choose @ () = ¢ € (0, 1) until its own human
capital reaches 2a (we also choose Iy (t) = 0 for ¢ € (i,1]); [3] after this, i.e.
for t € (f,00), he chooses u (t) = 0. That is:

w(t)=0,t € 0.)
u()—z—:te[}f,)
u(t) =0,t€[t,00)

Therefore, £ and ¢ are such that n (f) = z and h (f) = 2a. We first
determine :

=71, n(0) =mn9,n(f) =2
n(0) =n, = W:ﬂoevt
- 1 z
l)=2 = t=—-—In| —
77() : ’Yn(ﬂo)

Next, we can determine #:
h = onee"n* 0, h (ﬂ = hg, h (f) =2a
h@ — 5?7066797& 4 C

)
0
e'y@t . (ia>
Mo
W) =20 — f= L~ (i)e + 1 [(20)" - 1]
0 Mo o10e 0
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Hence, we can calculate the value function of this arbitrary path, Wj:

t 1—0c i 1 - 1—0o 00 1l—0o
W, = / i — s / A L B / et g
0 1 t i 1

—0 1—0 —0

— =1+4w(2) [(1 — 5)1_” — 1} + wa (2) [(2)1_0 —(1- 5)1_0}

where w; (2) and ws (2) are defined as follows:

wa (2) :<(§0)9+577?[(2a)9—h8]> :

We want to prove that there is a z > 7, such that Wy, > W;. Let us
define

M(2) i=wi (2) [1—e)" 7= 1] +wa(2) [(2) 7= (1—e)7]

We need to separate the proof for different values of o:

o For o > 1, since WW; and W5 are negative numbers, we need to show
that IT (z) < 0. Note that [(1 — ey 7 — 1] > 0 and [(2)1_0 —(1— 6)1_”] <
0. Then, we have to choose z > 7, such that II (z) < 0, with some algebra
we arrive at the following restriction for z:

7 ((20) = nf)

z >, —
((2)1—07(175)1—0) ) _ 1

=¢

1—(1—e)t=°

Therefore, taking z = n, + £ we establish the result.

o For ¢ € (0,1), W; and W, are positive numbers and we need to
show that IT (z) > 0. Note that [(1 — e) 7 — 1] <0and [(2)170 —(1- 6)170] >
0. Then, we have to choose z > 7, such that II(z) > 0, with some algebra
we arrive at the same restriction for z:

z>¢&

Thus, taking z = 7, + £ we establish the result once again.
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o For 0 = 1 the result follows by continuity. Using L’Hoépital’s rule
we can determine the restriction on z taking the limit of £ as ¢ — 1:

0

L ((20)" - 1f)
z > lim & =7, e 20 =&,

o=l m@2) \r
(1 B ln(175)> —1

So, choosing z = 1, + £, we again achieve the result.

Observe that if Assumptions 1.1—1.4 are valid then & and &, are finite
numbers. However, if § — 0, £ and &, tend to infinity. Thus, the presence of
externality is crucial to establish the result. m

5.3 Appendix C - Proof of Proposition 2

Proposition 2 If Assumptions 2.1— 2.3 are satisfied then there exists an ex-
ogenous and unique h* < a such that if ho € (h¥#,a) the solution (u* (t), h* (t))
to Problem 2 with hy < a involves capital accumulation and there exists a
finite t* such that h* (t*) = a.

Proof. Let u* (t) be the solution to Problem 2, and h* () the associated
path for human capital. Following the same reasoning as Proposition 1 we
get that if h* (t) < a for all ¢ then u* (t) = 0 for all ¢, i.e. if there is not going
to a transition to the modern sector then it is optimal never to accumulate
human capital whatsoever?.

Hence, if we can prove that u (t) = 0 for all ¢ is not the optimal path for kg
large enough (that is hg € (h#, (z) for some h* < a) we will have established
that h* (t) > a for some t if hy is large enough. Then, the continuity of & (t)
establishes the result.

25 Observe that any path @ () in which the country accumulates human capital, choosing
w(t) >0 , teq
{ uw(t)=0 , teRL/Q
h (t) never reaches a, that is [;° 6k (t) @ (t) dt < a — hg, cannot be better than the path
with no human capital accumulation, since:

1—a(t)'° 1o
/e—pt(a’( ’LL( ))) dt+/ e—pta’ dt <
0 1—0 R, /Q 1—0

l1—0o l1-0o 1—0o
</e‘ptLdt+/ e‘ptLdt:/ e
Q 1—0 R+/Q 1—0 Ry 1—0

where  C R, is a set with a nonzero measure, but in which
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With that in mind, we first calculate the value function of the path with
no human capital accumulation, V;:

o l1-0
Vi= / et L gt
0

l1—0

1 l1—0o
Vi=-<
pl—o

Now, we search for an arbitrary path that is better than the one with no
human capital accumulation and one that we can easily calculate the value
function. For an @ € (0,1) we set u* (t) = @ for all t > 0. In order to
calculate the value function, we first determine the path for i (t) related
to this path for u# (¢) and the time ¢ in which h* (t) = a. Using the law of
motion for the human capital:

h* (t) = 6h7 () @
h#(0) = hg = h¥ (t) = hoe®™

1 a
# _ _
() —a = = 5um<%>

We can, now, calculate the value function of this second path, Vj:

%Fiégfgau—u»kzﬁ+¢mepAha—u»“iﬁ

1—0 l1—0

(=)™ (L u— DR g
Ve = 1 or (1-0)sa—p)i
’ ( ) 1-0)(p—(1—0)a)"
(1—0)3a—p)

S ) ) )
e ) ()
oo (v (2) (5 20)

If we take u to be the balanced growth path solution to the problem of
an economy with hg > a, that is?0:

_0—p
- do

N

26 Assumption 1.3 implies @ > 0.

52



We get:

RIEL (H (2 (ii‘{f?;?))

Let we define II (i> = ¥ We want to show that V5 > Vi, then, for
o

ho "
o € (0,1) we need H( ) > 1 and for ¢ > 1 we need H(%) < 1. First

notice that:

) () () ()

By inspection (remember that Assumption 2.2 implies (1 — o) — p < 0)

L) <0ifoc©)andIl (&) >0ifo>1.

Let h be such that II (hi#
following;:

/N
~— ©

it is easy to see that IT' ho

= 1. Solving this equation for h# we get the

S—p

() (5 )

Consequently, for hy € (h#, a) we have V3 > V.

In theory we could have h# > a and in this case the interval would be
degenerate and there would be no hg that would make the transition to sector
2 desirable. Though, we can we can show that we will always have h* < a.
First, notice that h* < a is equivalent to:

(e (=42 ))

Observe that this is equivalent to:

(%) <<#> . 1) < (6—p) (53)
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Now, we have to separate in three cases. If o € (0, 1), then the inequality
(53) is equivalent to:

(p—<1—0>5><($)0_ —1) <(l-0) (- p)

(p—(1=0)6)" (60) " =(p—(1=0)6) < (1—0) (5 —p)
(o +p—10)° _P
(00)” )

Since o € (0,1) the function f (z) = x7 is concave, then:
fle+k) < flo)+f(z)k
(z+k)° < () +o(@) "k
Taking © = do and k = p — ¢ we have:

(604 p—208)" < (00)" + 0 (60)" " (p—0)
(do+p—0)° p

607 5

For ¢ > 1 the logic is the same. In this case the inequality (53) is
equivalent to:

<p—<1—o>5>(($)0_ —1) > (1-0) (5 p)

(p=(1=0)0)7(60)"7 = (p=(1=0)0) > (1-0) (6~ p)
(o +p—10)°
(60)”
For o > 1 the function f (z) = x7 is convex, then:
flat+k) > fla)+f(2)k
(z+k)7 > (@) +o() "k

p
o

Again, taking © = 0o and k = p — § we have:

(60 +p—10)" > (00)" +0(06)" " (p—0)
(0o +p—0)° P

(00)” )
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For o = 1 the result follows by continuity. We first rearrange the inequal-
ity (53):

(p—(1=0)8)" (90)"" —(p— (1~ 0)$) <
(1-o0)
Notice that only the left side is dependent on o. Taking the limit for
o — 1, using L’Hopital, we have that:

i (0= (L= )07 (39)' ™"~ (p— (1= 0)5)
o—1 (1 — 0)

d—p)

=0

Since p < 0 by assumption, the inequality is once again suited. This
establishes the result. m

5.4 Appendix D - Sufficiency

We first establish sufficiency for our solution of the Modern Economy Problem
with externality:
Define for all z € [0, 00),

H(w.¢(),t) = max H(u,z,6(t),1)

u€el0,1] l1—0

= max (%M + ¢ (t) (62" u — vx))

A

Our aim is to prove that for all ¢ € [0,7], H (z,¢(t),t) is a concave
function for x > 0.
First observe that if we define g (u) = H (u,z, ¢ (t) ,t) we have:

(2 (1 —u)"™"

g(u) = L — + ¢ (t) (62" u — ya)
g (u) = —nez' 7 (L —u)" +¢(t)oa""
9" (u) = —ongz' 7 (1—u)"’

Therefore, g (u) is strictly concave and since ¢’ (u) — —o0 as u — 1,
u = 1 cannot be a solution at any t. Then, we have:

u* (t) = 0 maximizes g (u) < ¢ (0) <0< ¢ (1) <0 'y’
u* (t) € (0,1) maximizes g (u) & ¢ (u*(t)) =0
S () =0""nga"" (1 —u)”
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For ¢ such that ¢ (t) < 6 52?7

~ T

H = n, 1 -0 (t) yx
—0
H, = 77055_0 - ¢(t)’7
H,, = —onyx°

So H is concave on . While for ¢ such that ¢ (£) > 0 15,2777, we have
¢ (t) =0 'nux’ 7 (1 —u)~7 then:

- 1f 0 (09 (1) a5 4 9 (1)’ — 9 (1) 7w
R -1 (c—6+00)

He = 005 (56 (8)" 2= 4 (1= 0) 0 ()02~ — (1) 7
Ho = 02 (140)) o Go0)7 o5 -
~0(1-8) (1) 8

Hence since from Assumption 1.5 we have o > it is proven that H is

1+9
concave on . Then H is concave for all = > (0 and the solution satisfies all the
conditions in the Arrow Theorem. Thus we have demonstrated sufficiency.

Next we establish sufficiency for our solution of the Traditional Economy
Problem with externality:

Define for all h € [0, 00),

H(h,A(t),t) = max H (u,h,\(t),t)

u€(0,1]

— max <€Pt—(a (1—u)™” + A (%) (57]8679%1%))

uel0,1] l1—0

Again, we intend to prove that for all t € [0, 7], H (z, ¢ (t) ,t) is a concave
function for the state variable A > 0.
We start by recalling equations (13a) and (13b):

*(t) = 0 maximizes ¢ (u) < A(t) < 6ty fhf-te= POty 1m0

u g'(0)<0
u* (t) € (0,1) maximizes g (u )@g (u* ())—0@
)\( ) - thG 1 f(er'yG)t l1—0o (1 —u (t))—o
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For ¢ such that A () < § 'ny A0~ te=(rt0)tgl -0,

So H is obviously concave on z. While for ¢ such that A (£) > 0 'ng*
hO=te= (P10t q1=7 wwe have A (t) = 6 1 hf e~ (P11~ (1 — )7 then:

]_A{ _ ( g )6 (ﬂ+9“/g 90“/)t 1 o ()\5770) o—1 h- - 9)(1 o) /\5 9 'Yethl 0

1—0
(60— 9+)

~ (ﬂ+<9’Y GU’Y)t 1 1-0o (

H, = —(1-0)e /\5770) T b + (1 — ) Aénher”h~?

N B (1 —9(1 —U)) (1 —9)6 (p+0'y Go'y)t 1o (/\5770) o1 h_(a 9+90+1) B

g

—0 (1 — 0) ANonler? h= 0+

1+o9

Flnally, from Assumption 1.5 we have o < and it is proven once again

that H is concave on h. Then H is concave for all h > 0 and using the Arrow
Theorem we establish sufficiency. Observe that since we use the solution
of the Modern Economy Problem to find the solution to the Traditional
Economy Problem, we actually need 0/ (14 60) < o < (1 + 0) /6 to establish
the sufficiency for the whole Traditional Economy Problem.
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Livros Gratis

( http://www.livrosgratis.com.br )

Milhares de Livros para Download:

Baixar livros de Administracao

Baixar livros de Agronomia

Baixar livros de Arquitetura

Baixar livros de Artes

Baixar livros de Astronomia

Baixar livros de Biologia Geral

Baixar livros de Ciéncia da Computacao
Baixar livros de Ciéncia da Informacéo
Baixar livros de Ciéncia Politica

Baixar livros de Ciéncias da Saude
Baixar livros de Comunicacao

Baixar livros do Conselho Nacional de Educacdo - CNE
Baixar livros de Defesa civil

Baixar livros de Direito

Baixar livros de Direitos humanos
Baixar livros de Economia

Baixar livros de Economia Doméstica
Baixar livros de Educacao

Baixar livros de Educacdo - Transito
Baixar livros de Educacao Fisica

Baixar livros de Engenharia Aeroespacial
Baixar livros de Farmacia

Baixar livros de Filosofia

Baixar livros de Fisica

Baixar livros de Geociéncias

Baixar livros de Geografia

Baixar livros de Histdria

Baixar livros de Linguas
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