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3. MÉTODO DA SUPERPOSIÇÃO MODAL E PSEUDOFORÇAS 
 
 
 
3.1 Formulação!
!

)5e0! >:! 686<5:0! 56<.><>.03! -86;.5<8^0-1! 5:! 535:5,<16! ]8,8<16*! <1<038^0,-1! N!
T.0>6! -5! 38Y5.-0-5*! -1<0-1! -5! 0:1.<5;8:5,<1! 486;161*! 5_D.5661! D1.! >:0! :0<.8^! cL!!
(,<?1*!6>0!5Z>02?1!-5!:148:5,<1!/!
!
!

QfLIV!
!
!
+!613>2?1!-1!D.1Y35:0!-5!0><14031.!
!
!

!QfLNV!
!
!
;1,->^! w6! ].5Zxa,;806! ,0<>.086! -5! 48Y.02?1! ωωωωi,  i = 1,2,...,N, 5! 016! :1-16! -5!!!!!!!!
48Y.02?1! ;1..56D1,-5,<56! φφφφi,  i = 1,2,...,N. $6! :1-16! -5! 48Y.02?1! 6?1!!!!!!!!!!!
,1.:038^0-16!-5!0;1.-1!;1:!
!
!

!QfLfV!
!
!
1,-5!δ8e! /! 1! -53<0! -5!|.1,5;y5.L!+!:0<.8^!ΦΦΦΦ! ;>e06! ;13>,06! 6?1! 16!:1-16! ,1.:086! -5!
48Y.02?1!φ8! /! 0!:0<.8^!:1-03! 5! <5:! 06! D.1D.85-0-56! -5! 1.<1T1,038-0-5! 5:! .5302?1! w6!
:0<.8^56!-5!:0660!5!-5!.8T8-5^L!(6606!D.1D.85-0-56!6?1!5_D.56606!D1.!
!
!

!QfLKV!
!
5!
!

QfLpV!
!

).t(pkvvcvm =++ !!!

iii mk φφφφωωωωφφφφ 2=

,m ijj
T
i δδδδφφφφφφφφ =

ImT =ΦΦΦΦΦΦΦΦ

,kT ΛΛΛΛΦΦΦΦΦΦΦΦ =



!

! Ip!

!
!
!
!
!
1,-5!I!/!0!:0<.8^!8-5,<8-0-5!-5!1.-5:!N*!;>e16!535:5,<16!<a:!0!-8:5,6?1!-5!:0660*!5!!
ΛΛΛΛ! /! 0! :0<.8^! -80T1,03! ]1.:0-0! D5306! ].5Zxa,;806! ,0<>.086! -5! 48Y.02?1! 53540-06! 01!
Z>0-.0-1L!

+<.04/6! -0! :0<.8^! :1-03*! 06! ;11.-5,0-06! ]F68;06! Q-5631;0:5,<16V! v! 6?1!
<.0,6]1.:0-06!5:!;11.-5,0-06!T5,5.038^0-06*!86<1!/*!]0^5,-1!,0!(ZL!QfLIV!
!
!

!QfLoV!
!
!
1,-5!Y! /! 1!45<1.!-5! ;11.-5,0-06! T5,5.038^0-06*! D./@:>3<8D38;0,-1!0:Y16!16! 30-16!-0!
(ZL! QfLIV! D1.! ΦΦΦΦT! 5! ;1,68-5.0,-1! 06! (Z6L! QfLKV! 5! QfLpV*! 0! 65T>8,<5! 5Z>02?1! 5:!
;11.-5,0-06!:1-086!/!1Y<8-0!
!
!

!QfLPV!
!
!
B5660!5Z>02?1*!C!/!0!:0<.8^!-5!0:1.<5;8:5,<1!T5,5.038^0-0!-0-0!D1.!
!
!

!QfLOV!
!
!
5!P!/!1!45<1.!-5!]1.206!T5,5.038^0-06!-0-1!D1.!
!
!

!QfLJV!
!
!

h>0,-1!1! 0:1.<5;8:5,<1! -1! 686<5:0! /! ,?1@D.1D1.;81,03*!C ,?1! /! -80T1,03L!+!
T.0,-5^0! .530<840! -16! 535:5,<16! -5! ]1.0! -0! -80T1,03! -5! C! D0.0! 16! 535:5,<16! -0!!
-80T1,03!-5!C!/!5_D.5660!D1.!
!
!

QfLItV!
!
!
!
$!F,-8;5!-5!0;1D30:5,<1!-1!0:1.<5;8:5,<1!,1!686<5:0*!α*!/!-5]8,8-1!;1:1!1!:7_8:1!
4031.! -5! α8e! 5! /! >:! -16! 8,-8;0-1.56! -1! Z>0,<1! 535! /! ,?1@D.1D1.;81,03*! ;1,]1.:5!
D.1D16<1!D1.!M5,9,;81@=83U1!5!S30.5<!QIJJIVL!
!
!

,Yv ΦΦΦΦ=

.PYYCY =++ ΛΛΛΛ!!!

ΦΦΦΦΦΦΦΦ CC T=

.pP TΦΦΦΦ=

jjii

2
ij

ij CC

C
=α



!

! Io!

!
!
!
!
!
!
!

+!:0<.8^!-5!0:1.<5;8:5,<1!T5,5.038^0-0!Q,?1@-80T1,03V!D1-5!65.!D16<0*!;1:1!0!
61:0!-5!->06!:0<.8^56*!-0!65T>8,<5!]1.:0!
!
!

QfLIIV!
!
!
1,-5!Cd /! 0!:0<.8^! -80T1,03*! ;>e16! 535:5,<16! 6?1! 16! 535:5,<16! -0! -80T1,03! -5!C*! 5!!!!!!
Cf!<5:!535:5,<16!,>316!,0!-80T1,03!5!16!;1..56D1,-5,<56!535:5,<16!-5!]1.0!-0!-80T1,03!
-5!CL!)>Y6<8<>8,-1!C!-0!(ZL!QfLIIV!,0!(ZL!QfLPV*!1Y</:@65!
!
!

!QfLINV!
!
!

B5660! 5Z>02?1! 5:! ;11.-5,0-06! :1-086*! 1! 0;1D30:5,<1! -548-1! 01!
0:1.<5;8:5,<1!!!,?1@D.1D1.;81,03!!!/!!;1,68-5.0-1!!;1:1!!>:!!45<1.!!!-5!!!!!D65>-1]1.206!
!!!!!!!!!!!!!!,1! 65T>,-1! :5:Y.1L! C1.! 1><.1! 30-1*! 1! D.8:58.1! :5:Y.1! /! -560;1D30-1!!!!!!!
;1:1!1;1..5!,16!686<5:06!-1<0-16!-5!0:1.<5;8:5,<1!D.1D1.;81,03L!

+!(ZL! QfLINV!/! .561348-0!D1.!>:!D.1;5661! 8<5.0<841*!;>e1!y@/68:1!D0661!/!-0-1!
D1.!
!
!

QfLIfV!
!
!

+!;0.T0!/!0D.1_8:0-0!D1.!>:0!D138T1,03*!;1:1!]18!]58<1!D1.! "Y.0U8:Y5T148;!5!
b8361,! QIJOJVL! (:! ;0-0! D0661*! 1! 8@/68:1! 535:5,<1! -5! Y(k), Yi

(k) /! ;03;>30-1! D530!
8,<5T.03n!
!
!

!QfLIKV!
!
!
!
;1:!;1,-82[56!8,8;8086!8T>086!w6!;1,-82[56!]8,086!,1!D0661!0,<5.81.L!B0!(ZL!QfLIKV*!ωdi!/!
0! ].5Zxa,;80! 0:1.<5;8-0! ,1! 8@/68:1! :1-1! -5! 48Y.02?1! 5! ! ! ! ! ! /! 0! 4531;8-0-5! -0!!!!!!!!!!!!!!!!!!!!!
e@/68:0!;11.-5,0-0!T5,5.038^0-0L!
!
!
!
!

,CCC fd +=

.YCPYYCY fd
!!!! −=++ ΛΛΛΛ

( )YCf
!−

( ) ( ) ( ) ( ).YCPYYCY 1k
f

kk
d

k −−=++ !!!! ΛΛΛΛ

( ) ( ) ( ) ( )∫ ∑
≠
=

τ−ξω−− ττ−ω−
ω

=
<

t

B

Ie
Ie

8-
<Iy

e8e8
8-

y
8 *-<68,5V�SQC!I� V<Q !

( )Iy
e�

−!



!

! IP!

!
!
!

!
!
!
!
':! ;.8</.81! -5! ;1,45.Ta,;80! -1! D.1;5661! 8<5.0<841! 56<0Y535;8-1! ,0! (ZL! QfLIfV!

D0.0!0!8@/68:0!;11.-5,0-0!/!!
!
!

QfLIpV!
!
!
1,-5! ! ! ! ! ! /! 6>]8;85,<5:5,<5! D5Z>5,1! 5! <eQe! �! I*N*LLL*~V! /! 1! <5:D1! -86;.5<1! ,1! Z>03! 0!!
8,<5T.03!/!;03;>30-0L!

+<.04/6! -5! -845.616! 5_5:D316! ,>:/.8;16*! 1Y65.40@65! Z>5! 0D5,06! /! ,5;5667.81!
45.8]8;0.!0!;1,45.Ta,;80!-16!4031.56!:7_8:16!-06!;11.-5,0-06!T5,5.038^0-06L!+668:*!1!
;.8</.81!-5!;1,45.Ta,;80!-0!(ZL!QfLIpV!D1-5!65.!5_D.5661!D1.!
!
!

QfLIoV!
!
!

C1.! 1><.1! 30-1*! >:0! D.5;86?1! 0-5Z>0-0! /! 1Y<8-0! ,1! ;73;>31! -0! .56D16<0*! 65! 1!
;.8</.81! /! 60<86]58<1! ,16! :1-16! :086! 68T,8]8;0<8416L! (665! ]0<1! 45:! .5->^8.! 1! 56]1.21!
;1:D><0;81,03! 5_8T8-1! D531! :/<1-1L! (_5:D316! ,>:/.8;16! 65.?1! 0D.565,<0-16! ,1!
;0DF<>31!KL!
!
!
!
3.2 Condição de Convergência!
!
!

!
)5e0!�8θQ<V!1!4031.!5_0<1!-0!8@/68:0!;11.-5,0-0!T5,5.038^0-0!,1!y@/68:1!D0661!5!

65e0! �8αQyVQ<V! 1! ;1..56D1,-5,<5! 4031.! 0D.1_8:0-1! ,1! y@/68:1! D0661L! $6! 5..16! ,0!
;11.-5,0-0! T5,5.038^0-0! 0D.1_8:0-0! 5! 6>06! -5.840-06! ,1! y@/68:1! D0661! -1! D.1;5661!
8<5.0<841!6?1!-5]8,8-16!D1.!

!
!
!
!
!
!
!
!
!
!

,
)t(Y

)t(Y)t(Y

j
)k(

i

j
)1k(

ij
)k(

i ε<
− −

( ) ( )

( ) . 
Y

YY
k

maxi

1k

maxi
k

maxi
ε<

− −



!

! IO!

!
!
!
!
!
!
!

!QfLIPV!
!
!

QfLIOV!
!
!

!QfLIJV!
!
!
$! D.1;5661! 8<5.0<841! /! ;1,45.T5,<5! 65*! -0-1! ε! D168<841! 5! 0.Y8<.0.80:5,<5! D5Z>5,1*!!!
5_86<5!k*!<03!Z>5!
!
!

!QfLNtV!
!
!

+! ;1,-82?1! -5! ;1,45.Ta,;80! -1! D.1;5661! 8<5.0<841! /! 1Y<8-0*! 5:! 65T>8-0*! 5:!
]>,2?1!-06! ].5Zxa,;806! ,0<>.086!-5!48Y.02?1!5!-16! 535:5,<16!-06!:0<.8^56!-5!:0660! 5!!!
-5! 0:1.<5;8:5,<1! T5,5.038^0-06L! +! D.5:8660! Y768;0! D0.0! 0! 1Y<5,2?1! -0! ;1,-82?1! -5!
;1,45.Ta,;80! ;1,686<5! ,0! -5]8,82?1! -5! >:0! 48^8,U0,20! -5! �8θQ<V! w! Z>03! D5.<5,20!!
�8αQyVQ<VL!+!65T>8,<5!-5]8,82?1!/!D.1D16<0!
!
!

!QfLNIV!
!
!
1,-5! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! /!1!:`->31!-1!:7_8:1!5..1!,0! 8@/68:0!;11.-5,0-0!T5,5.038^0-0!!!!!!!!!!!!!!!!!!!!!!!!
,1! D0661! y! 5! θy! /! <03! Z>5! ! ! ! ! ! ! ! ! ! ! ! ! .0-80,16! ,1! 8,6<0,<5! 5:! Z>5! ς8QyV! 1;1..5L!!!!!!!!!!!!!!!!!!!!!!!!
(660!-5]8,82?1!/!83>6<.0-0!,0!=8T>.0!fLI!1,-5!/!0-:8<8-1!1!68,03!D168<841L!!

S1,68-5.5! ,0! (ZL! QfLIfV! 0! 5_D.566?1! -0! 8@/68:0! ;11.-5,0-0! T5,5.038^0-0*! 1>!
65e0*!!
!
!
!

QfLNNV!
!
!
!
!
!
!
!

( ) ,YYY )t(i)t(
)t(

i)t(
k

i
θα −=∆

( ) ,YYY )t(i)t(
)t(

i)t(
k

i
θα −=∆ !!!

( ) ,YYY )t(i)t(
)t(

i)t(
k

i
θα −=∆ !!!!!!

( ) . Y )t(
k

i ε<∆

( ) ( ) ( ) ( ),tsenYY ki
k

i)t(i)t(
k

i θ+ως±= θα

( ) ( )k
max,i

k
i Y∆=ς

( ) 2t ki
π=θ+ω

( ) ( ) ( ) ( )∑
≠
=

−αααα −=ω++
N

1j
1j

),t(
1k

iiji)t(
k

i
2
i)t(

k
iii)t(

k
i YCPYYCY !!!!



!

! IJ!

!
!
!
!
!
!
!
1,-5! C8! /! 0! ]1.20! T5,5.038^0-0! ,1! 8@/68:1! :1-1L! +! 8,<.1->2?1! -0! (ZL! QfLNIV! D0.0!!!!!!!!!!!!
1!Qy@IV@/68:1!D0661!,0!(ZL!QfLNNV!;1,->^!0n!
!
!
!

QfLNfV!
!
!
!
!
C1.!1><.1!30-1*!�8θQ<V!D1-5!65.!1Y<8-1!-0!(ZL!QfLINV!;1:1!
!
!

QfLNKV!
!
!
!

)>Y<.08,-1! 0! (ZL! QfLNKV! -0! (ZL! QfLNfV! 5! ;1,68-5.0,-1! 06! (Z6L! QfLIPV*! QfLIOV! 5!
QfLIJV*!1Y</:@65n!
!
!
!

QfLNpV!
!
!
!

+! (ZL! QfLNpV! -5]8,5! 1! U86<`.8;1! -5! .56D16<0! -1! 5..1! ∆�8QyVQ<VL! +! .56D16<0!
D5.:0,5,<5!-0!16;8302?1!.5D.565,<0-0!,5660!5Z>02?1!/!

!
!
!
!
!
!
!
!
!
!
!
!
!
!

( ) ( ) ( )

( ) ( ).tcosCYCP

YYCY

kj
1k

jj

N

1j
1j

N

1j
1j

ij)t(jiji

)t(
k

i
2
i)t(

k
iii)t(

k
i

θ+ωςω−

=ω++

−

≠
= ≠

=

θ

ααα

∑ ∑"!

!!!

∑
≠
=

θθθθ −=ω++
N

1j
1j

).t(iiji)t(i
2
i)t(iii)t(i YCPYYCY !!!!

( ) ( ) ( )

( ) ( ).tcosC

YYCY

1kj
1k

jj

N

1j
1j

ij

)t(
k

i
2
i)t(

k
iii)t(

k
i

−
−

≠
=

θ+ωςω

=∆ω++∆

∑"

!!!



!

! Nt!

!
!
!
!!

!
!
!
!
!
!

QfLNoV!
!
!

!
!
1,-5!λy!/!1!9,T>31!-5!]065!5!%e8!/!1!]0<1.!-5!0:D38]8;02?1!-8,9:8;0!5_D.5661!D1.!
!
!
!

QfLNPV!
!
!
1,-5! βe8! �! ωeRω8! 5! ξ8! �! S88RQNω8VL! +! .56D16<0! <.0,685,<5! -5660! 16;8302?1! -5;.56;5!
.0D8-0:5,<5! 5:! ]0;5! -1! 0:1.<5;8:5,<1! 5! <5:! D1>;1! 68T,8]8;0-1! ,0! .56D16<0! <1<03!
QS31>TU! 5! C5,^85,*! IJPpVL! S1:1! 1! <5.:1! 5:! ;1@65,1! ,0! 5ZL! QfLNoV! 65.7! 65:D.5!!!!!
:5,1.!Z>5!>:!1>!8T>03!w!>,8-0-5*!0!65T>8,<5!;1,-82?1!/!-5->^8-0!
!
!
!

QfLNOV!
!
!
)5! ςQy@IV! /! 1! :081.! -5! <1-16! 16! 5..16! ςeQy@IV*! 0! (ZL! QfLNOV! D1-5! 65.! <.0,6]1.:0-0!!!!!!!!!!!!!!!
5:!
!
!

QfLNJV!
!
!
!

S1,65Z>5,<5:5,<5*! 1! :081.! 5..1! ,0! .56D16<0! 0D.1_8:0-0! ,1! y@/68:1! D0661! /!
:5,1.!Z>5!1!;1..56D1,-5,<5!,1!Qy@IV@/68:1!D0661*!-56-5!Z>5!

!
!
!
!
!
!
!

( ) ( ) ( ),tcosC
D

Y k1kj
1k

jjij

N

1j
1j

2
i

ji
)t(

k
i λ+θ+ωςω

ω
=∆ −

−

≠
=
∑"

( ) ( )[ ] 2
1

2
jii

22
jiji 21D

−
βξ+β−=

( ) ( )∑
≠
=

−ςω
ω

≤∆
N

1j
1j

1k
jjij2

1

jik
i .|C

D
|  |Y|

max

( ) ( ) ( ) ∑
≠
=

− ω
ω

ς≤ς=∆
N

1j
1j

jij2
1

ji1kk
j

k
i .|C

D
|   |Y|

max



!

! NI!

!
!
!

!
!
!
!
!
!

QfLftV!
!

!
!
!
+!(ZL!QfLftV!/!0!;1,-82?1!-5!;1,45.Ta,;80!-1!D.1;5661!8<5.0<841L!+!T.0,-5^0!
!
!
!
!

QfLfIV!
!
!
!
/! -5]8,8-0! ;1:1! 1! F,-8;5! -5! ;1,45.Ta,;80! Q"SV! -1!:1-1! ,1.:03! iL!h>0,<1!:081.! ]1.!
Q"SV*!:081.!65.7!0!D.5;86?1!1Y<8-0!D0.0!0!8@/68:0!;11.-5,0-0!D0.0!>:!-0-1!,\:5.1!-5!
8<5.02[56L!
!
!
!
!
!
3.3 Processos Total e Parcial!
!

+! 8,<5T.02?1!-06!5Z>02[56!T5,5.038^0-06!-5!:148:5,<1!D1-5!65.! ]58<0!-5!->06!
]1.:06!-86<8,<06L!+!D.8:58.0*!-5,1:8,0-0!-5!processo total (total step method)*!;1,686<5!
5:! 65! ;03;>30.*! 0! D0.<8.! -1! 8,6<0,<5! <*! 0! .56D16<0! T5,5.038^0-0! 5:! <1-16! 16! -5:086!
8,6<0,<56�!0!65T>,-0*!-5,1:8,0-0!-5!processo parcial (single step method)*!;1,686<5!5:!
65!;03;>30.!0!.56D16<0!,1!8,6<0,<5!<!�!∆<!0!D0.<8.!-1!8,6<0,<5!<!5*!0668:*!6>;566840:5,<5L!

B1! D.1;5661! D0.;803*! ,1406! ;1,-82[56! 8,8;8086! -5! :148:5,<1! 6?1! ><838^0-06! 0!
;0-0!8,<5.4031!-5!<5:D1!5*!-5,<.1!-1!:56:1!8,<5.4031!-5!<5:D1*!0!;0-0!,140!8<5.02?1L!
!
!
!
!
!
!
!
!
!

.1C
DN

1j
1j

jij2
1

ji ≤ω
ω∑

≠
=

1

N

1j
1j

jij2
1

ji
i |C

D
|IC

−

≠
= 















ω

ω
= ∑



!

! NN!

!
!
!
B1! D.1;5661! <1<03*! 06! ;1,-82[56! 8,8;8086! D5.:0,5;5:! 8,03<5.0-06L! B5665! <.0Y03U1*!
-56;.545:@65!0!8:D35:5,<02?1!5!16!.56>3<0-16!1Y<8-16!;1:!1!D.1;5661!D0.;803L!

M5,9,;81@=83U1! 5! S30.5<! QIJJIV! 8:D35:5,<0.0:! 1! D.1;5661! <1<03! -1! :/<1-1!
D.1D16<1! D0.0! 0! 613>2?1! -5! 686<5:06! 56<.><>.086! 38,50.56! ;1:! 0:1.<5;8:5,<1! ,?1@
D.1D1.;81,03L! "Y.0U8:Y5T148;! 5!b8361,! QIJOJV! 8:D35:5,<0.0:! 1! D.1;5661! D0.;803! -1!
:56:1!:/<1-1L!'-}0-80!5!|>:0.!QIJJKV!5:D.5T0:!1!D.1;5661!D0.;803!5:!56Z>5:06!
8<5.0<8416! D0.0! 0,73865! -5! 686<5:06! -8,9:8;16! 38,50.56! ;1:! 0:1.<5;8:5,<1! ,?1@
D.1D1.;81,03*! 1,-5! ><838^0:! </;,8;06! -8]5.5,<56! D0.0! 0! -5;1:D1682?1! -0! :0<.8^! -5!
0:1.<5;8:5,<1!T5,5.038^0-0L!!
!
!
!
!
3.4 Algoritmo para Solução de um Sistema Linear Usando o Método de 

Superposição Modal Clássico com Pseudoforças –  
Processo Parcial 

 
"L!"BiS"$!
!
IVA1,<0T5:! -06! :0<.8^56! m, c 5! k, 1,-5! c! /! -1! <8D1! D.1D1.;81,03*! 1.<1T1,03! 1>!!
;37668;0L!
!
NVS73;>31!-06!]1.:06!:1-086!φφφφi 5!-0!:0<.8^!-80T1,03!ΛΛΛΛ*!;1,]1.:5!0!(ZL!QfLNV*!<5,-1!68-1!
><838^0-1!0Z>8!1!:/<1-1!-5!~0;1Y8!
!
!

!
!
!
fV!S73;>31!-0!:0<.8^!-5!0:1.<5;8:5,<1!T5,5.038^0-0*!;1,]1.:5!0!(ZL!QfLOV!
!
!
!
!
!
KV!S73;>31!-1!:7_8:1!F,-8;5!-5!0;1D30:5,<1*!αααα*!5!-06!-8.52[56!1,-5!1;1..5*!;1,]1.:5!
0!(ZL!QfLItV!
!
!
!
!
!
!
!
!
!

n.1,..., i , mk i
2
ii ====ΦΦΦΦωωωω====ΦΦΦΦ

.cC T ΦΦΦΦΦΦΦΦ====



!

! Nf!

!
!
!
!
!
!
!
!
!
!
!
!
pV!)5352?1!-1!8,<5.4031!-5!<5:D1!∆<!5!-1!<5:D1!<1<03!-5!0,73865L!
!
oV!E58<>.0!5!8,<5.D.5<02?1!-16!-0-16!-5!;0.T0!p(tj)L!
!
""L!"BW(&#+cq$!%+)!(h'+cd()!%(!A$M"A(BW$!
!
IV!)5352?1!-1!,\:5.1!-5!8<5.02[56!5!-1!4031.!-5!<135.9,;80*!!!!!*!D0.0!0<5,-5.!01!;.8</.81!
-5!;1,45.Ta,;80L!
!
NV!E58<>.0!-06!;1,-82[56!8,8;8086!!
!
fV!W.0,6]1.:02?1!-0!;0.T0!5!-06!;1,-82[56!8,8;8086!5:!;11.-5,0-06!:1-086!
!
!
!
!
!
!
!
!
KV!%5;1:D1682?1!-0!:0<.8^!T5,5.038^0-0!-5!0:1.<5;8:5,<1*!;1,]1.:5!0!(ZL!QfLIIV!
!
!
!
!
!
pV! S73;>31! -16! ;15]8;85,<56! -5! 0:1.<5;8:5,<1! :1-086*! 65T>,-1! S31>TU! 5! C5,^85,!
QIJPpV!
!
!
!
!
!
!
!
!
!

L
SS
S

ee88

N
8e

8e =α

ε

.y e y 00!

.yY

,yY

),t(pP)t(P

0
T

0

0
T

0

j
T

jj

!! ΦΦΦΦ====

ΦΦΦΦ====

ΦΦΦΦ========

.CCC fd ++++====

L
N
S

8

-
8

8

ω
=ξ



!

! NK!

!
!
!
!
!
!
!
!
!
oV! S73;>31! -0! .56D16<0! D1.! 6>D5.D1682?1! :1-03! ;37668;0! 65:! ;1..52?1*! ><838^0,-1! 0!
8,<5T.03! -5! %>U0:53! 0661;80-0! 0! D.1;5-8:5,<1! ,>:/.8;1! -5! 8,<5T.02?1L! (660!!!!
5_D.566?1! /! ;1,65T>8-0! 38,50.8^0,-1! 0! ;0.T0! 0668:830-0! 0! >:0! D138T1,03*! ;1,]1.:5!
6>T5.8-1! D1.!M5,9,;81@=83U1! 5!S30.5<! QIJJIV! 5! "Y.0U8:Y5T148;! 5!b8361,! QIJOJV! D0.0!!!!!
0!;11.-5,0-0!T5,5.038^0-0!{8!
!
!
!
!
!
!
"""L!SkES'E$!%+!#()C$)W+!B$!AmW$%$!C+#S"+E!
!
C.1;5661!8<5.0<841n!
!
IV! B0!8<5.02?1!yn!
ILIV!S1..52?1!-0!;0.T0n!
!
!
!
!
!
ILNV!S73;>31!-0!.56D16<0!D1.!6>D5.D1682?1!:1-03!;37668;0n!

!
!
!
!
!
NV! S73;>31! -0! ,1.:0! 5>;38-80,0! D0.0! 45.8]8;02?1! -0! ;1,45.Ta,;80*! Z>5*! ,1! D.1;5661!
D0.;803*!/!5_D.5660!D1.!
!
!
!
!
!
!
!
!
!
!

{ } L<;16V<Qg<68,V<Q+
:
5V<Q{ 8%8%8%8%

%

<

8

8

ω−ω
ω

=
ξω−

( ) ( ) ∑
≠
=

−− −=
B

I6
I6

VIyQ
6e86

Iy
8e

y
8e *�SCC !

( ) ( ) VL<Q�!5!V<Q� e
y
8e

y
8

!

( ) ( )

( ) L!
�
��
y
8e

Iy
8e

y
8e ε<

− −



!

! Np!

!
!
!
!
!
!
!
!
fV!S061!0!;1,45.Ta,;80!65e0!0<5,-8-0*!;73;>31!-1!-5631;0:5,<1!5:!;11.-5,0-06!]F68;06!5!
8:D.566?1!-5!.56>3<0-16n!
!
!
!
!
 
KV! S061! 0! ;1,45.Ta,;80! ,?1! 65e0! 0<5,-8-0*! .5<1.,0@65! 01! 6>Y8<5:! """LI! 0</! Z>5! U0e0!
;1,45.Ta,;80L!
!
pV!S73;>31!-1!F,-8;5!-5!;1,45.Ta,;80*!;1,]1.:5!0!(ZL!QfLfIV!
!
!
!
!
!
!
!
!
!
!
!
!
!
!
!
!
!
!
!
!
!
!
!
!
!
!
!
!
!
!

VL<Q�V<Q{ e88e8 Φ=

I

B

Ie
Ie

e8eN
I

e8
8 ��S

�
%

�"S

−

≠
= 















= ∑



!

! No!

!
!
!
!
!
!
!
!
!
!
!
!
!
!
!
!
!
!
!
!
!
!
!
!
!
!
!
!
!
!
!
!
!
!
!
!
!
!
!
!
!
!
!
!
!
!

=8T>.0!fLI!#56D16<06!5_0<0!5!0D.1_8:0-0!,1!D.1;5661!8<5.0<841L!
!
!



!

! NP!

!
!

 
 
 
 
 

4. EXEMPLOS NUMÉRICOS 
 
 
 

4.1 Exemplo 1: Sistema mecânico flexível com amortecedor concentrado!
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;15]8;85,<56!-5!0:1.<5;8:5,<1!:1-086!5!16!F,-8;56!-5!;1,45.Ta,;80L!
!
!
W0Y530!KLILI!=.5Zxa,;806!,0<>.086!-5!48Y.02?1*!;15]8;85,<56!-5!0:1.<5;8:5,<1!:1-086!5!

F,-8;56!-5!;1,45.Ta,;80!
!

A1-1! =.5Zxa,;80!B0<>.03!Q.0-R6V! ξ! "S!
I! fLI! LINPK! IfLIt!
N! NtLt! LtNtK! NNLoP!
f! poLf! LttPt! fNLOp!
K! ItJLI! LttfO! KfLtp!
p! IOPLt! LttNN! pOLpO!
o! fIpLJ! LttIN! PNLIf!
P! KtfLo! LtttO! OoLoI!
O! otILI! LttII! ItOLtt!
J! JJfLN! LtttP! IfJLot!
It! IfpfLt! LttNI! IPfLNt!

!
!
!

$!F,-8;5!-5!0;1D30:5,<1!/!α!�!ILt!5!1;1..5!,06!-8.52[56!I!_!It*!8,-8;0,-1!Z>5!1!
686<5:0! <5:! 0:1.<5;8:5,<1! ]1.<5:5,<5! ,?1@D.1D1.;81,03L! $6! -0-16! -5! 8,<5T.02?1!
;1,68-5.0:!Z>5!U0e0!fpt!D1,<16!,0!.56D16<0*!It! 8<5.02[56!5!>:!8,<5.4031!-5! <5:D1!-5!
tLttp!6L!$6!:1-16!-5!48Y.02?1!6?1!:16<.0-16!,0!=8T>.0!KLILfL!

!
+!W0Y530!KLILN!:16<.0!16!.56>3<0-16!1Y<8-16!D0.0!16!-5631;0:5,<16!:7_8:16!,06!

-8.52[56! I! 0! It*! ;1,68-5.0,-1! >:! <5:D1! <1<03! -5! 0,73865! 8T>03! 0! K! 65T>,-16*!
5:D.5T0,-1@65! 1! :/<1-1! D.1D16<1! QD.1;5661! D0.;803V*! 5! 1! :/<1-1! -5! 6>D5.D1682?1!
:1-03!;37668;1!QA)ASV*!1!5..1!8,-8;0-1!/!1!-5!A)AS!5:!.5302?1!01!:/<1-1!D.1D16<1L!
!
!
!
!
!
!
!
!



!

! NJ!

!
!

!
!
!
!
!

W0Y530!KLILN!C.5;86?1!-16!#56>3<0-16!
!

C1,<1! C.1;5661!C0.;803! A)AS! (..1!Q�V!
I! oLKN(@tf! NLIf(@tN! @oJLOpJ!
N! ILIP(@tN! fLKf(@tN! @opLOOJ!
f! NLNN(@tN! KLoN(@tN! @pILJKO!
K! NLtf(@tN! fLPO(@tN! @KoLNJo!
p! KLKo(@tN! oLIP(@tN! @NPLPIp!
o! NLpt(@tN! pLII(@tN! @pILtPo!
P! PLtf(@tN! PLoO(@tN! @OLKoK!
O! NLoK(@tN! oLII(@tN! @poLPJN!
J! JLPI(@tN! JLJP(@tN! @NLotO!
It! NLPp(@tN! OLPN(@tN! @oOLKof!

!
!

B0! =8T>.0! KLILK*! Z>5! 0,03860! 0! .56D16<0! -5! -5631;0:5,<1! D0.0! 0! -8.52?1! P*!
1Y65.40@65! Z>5! 16! .56>3<0-16! 1Y<8-16*! D0.0! 16! -8]5.5,<56! 4031.56! -1! 8,<5.4031! -5!
8,<5T.02?1*! :16<.0:! Z>5! 1! D.1;5661! D0.;803! 8,-5D5,-5! -1! 8,<5.4031! -5! <5:D1!
6535;81,0-1!5!U7!D35,0!;1,;1.-9,;80!-5! .56>3<0-16!;1:!1!:/<1-1!-5! 8,<5T.02?1!-8.5<0!
Qb8361,@θV*!;1,]1.:5!:16<.0:!06!=8T>.06!KLILp@0!5!KLILp@eL!B56<06!]8T>.06*!1Y65.40@65!0!
D.5;0.85-0-5!-16!.56>3<0-16!-1!:/<1-1!-5!6>D5.D1682?1!:1-03!;37668;1!;1:!1!0Y0,-1,1!
-16!535:5,<16!-5!]1.0!-0!-80T1,03!,0!:0<.8^!-5!0:1.<5;8:5,<1!T5,5.038^0-0!5:!.5302?1!
016! 1><.16! -186!:/<1-16*! 548-5,;80,-1!Z>5! 1!:/<1-1!-5! 6>D5.D1682?1!:1-03! ;37668;1!
.503:5,<5! ,?1! /! 0-5Z>0-1! D0.0! 1! <.0<0:5,<1! -1! 0:1.<5;8:5,<1! ]1.<5:5,<5! ,?1@
D.1D1.;81,03L!!
!
!
!
!
4.2 Exemplo 2: Sistema Massa-Mola-Amortecedor com 2 Graus de Liberdade  
!
!

W.0<0@65!-5!>:!686<5:0!-5!N!T.0>6!-5!38Y5.-0-5*!;1:1!:16<.0!0!=8T>.0!KLNLI*!Z>5!
]18!D.1D16<1!D1.!b0.Y>.<1,!5!)1,8!QIJPPV!5!<0:Y/:!0,03860-1!D1.!S30.5<!QIJJIVL!B5665!
686<5:0*! 06! :1306! <a:! .8T8-5^! yI! �! yN! �! ItABR:! 5! 06! :06606! 6?1!!!!!!!!!!!!!!!!!!!!!!!!
:I! �! :N! �! ItLttt! yTL! +6! ].5Zxa,;806! ,0<>.086! -5! 48Y.02?1! 6?1!ωI! �! IJLpK! .0-R6! 5!!!!!!!!!!
ωN!�!pILIP! .0-R6L!$!;15]8;85,<5!-5!0:1.<5;8:5,<1!;I!/!40.87453*! 65,-1!;I!�!δ! ;N*!D0.0!!!!
16! -845.616! ;0616! 56<>-0-16! ;1:1! 8,-8;0! 0! W0Y530! KLNLIL! +! ;0.T0! .5661,0,<5!!!!!!!!!!!!!!!!!!
DQ!<!V!�!I!yB!65:!IJLpK!<!/!0D38;0-0!w!:0660!N*!;1:1!:16<.0!0!=8T>.0!KLNLNL!

C0.0!<1-16!16!;0616!56<>-0-16*!06!:0<.8^56!-5!:0660!5!.8T8-5^!6?1!-0-06!D1.n!
!
!



!

! ft!

!
!
!
!
!
!
!
!
5!
!
!
!
!
!
!

W0Y530!KLNLI!S15]8;85,<56!-5!0:1.<5;8:5,<1!
!

S061! SN! δ! SI!
"! ItN! It! Itf!
""! ItN! !ItN! ItK!
""! ItN! !Itf! Itp!
"M! Itf! It! ItK!
M! Itf! !ItN! Itp!
M"! Itf! !Itf! Ito!
M""! ItK! !ItN! Ito!

!
!

+6!].5Zxa,;806!,0<>.086!-5!48Y.02?1!6?1!-0-06!,0!W0Y530!KLNLNL!
!

W0Y530!KLNLN!=.5Zxa,;806!,0<>.086!-5!48Y.02?1!
!

A1-1! =.5Zxa,;80!B0<>.03!Q.0-R6V!
I! IJLpK!
N! pILIP!

!
!

$6!:1-16!-5!48Y.02?1!6?1!-0-16!,0!=8T>.0!KLNLfL!
!
!
4.2.1 Caso I!
!

+!:0<.8^!-5!0:1.<5;8:5,<1!/!!
!
!
!
!
!
!
5!0!:0<.8^!-5!0:1.<5;8:5,<1!T5,5.038^0-0!/!









+
++

=
tp5ItttLL68:
tt5ttttLtp5ItttL

:

L
tO5ItttLL68:
tO5ItttLtO5NtttL

y 







+
+−+

=









+
+−+

=
tf5ItttLL68:
tf5ItttLtK5IIttL

;



!

! fI!

!
!
!
!
!
!
!
!

$6! ;15]8;85,<56! -5! 0:1.<5;8:5,<1! :1-086! 5! 16! F,-8;56! -5! ;1,45.Ta,;80! 6?1!
:16<.0-16!,0!W0Y530!KLNLILIL!
!
!
W0Y530!KLNLILIL!S15]8;85,<56!-5!0:1.<5;8:5,<1!:1-086!5!F,-8;56!-5!;1,45.Ta,;80!

!
A1-1! ξ! "S!
I! LtttP! ItOoL!
N! LtttO! NOKfL!

!
!

$!0;1D30:5,<1!:7_8:1!/!LoIOf!5!1;1..5!,06!-8.52[56!N!_!IL!
!
!
!
4.2.2 Caso II!
!

+!:0<.8^!-5!0:1.<5;8:5,<1!/!!
!
!
!
!
!
5!0!:0<.8^!-5!0:1.<5;8:5,<1!T5,5.038^0-0!/!
!
!
!
!
!

!
$6! ;15]8;85,<56! -5! 0:1.<5;8:5,<1! :1-086! 5! 16! F,-8;56! -5! ;1,45.Ta,;80! 6?1!

:16<.0-16!,0!W0Y530!KLNLNLIL!
!
!

W0Y530!KLNLNLI!S15]8;85,<56!-5!0:1.<5;8:5,<1!:1-086!5!F,-8;56!-5!;1,45.Ta,;80!
!

A1-1! ξ! "S!
I! LttPtJO! JOLPI!
N! LttPNpo! NpOLKt!

!
$!0;1D30:5,<1!:7_8:1!/!LJpIp!5!1;1..5!,06!-8.52[56!N!_!IL!

L
tI5JIftLL68:
tI5KtNpLtI5NOPtL
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=
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+−+

=
tf5ItttLL68:
tf5ItttLtp5ItItL

;

L
tt5PKNoLL68:
tt5KKNPLtt5NPPKL

; 







+
++

=



!

! fN!

!
!
!
!
!
4.2.3 Caso III!
!

+!:0<.8^!-5!0:1.<5;8:5,<1!/!
!
!
!
!
!
5!0!:0<.8^!-5!0:1.<5;8:5,<1!T5,5.038^0-0!/!
!
!
!
!
!

$6!;15]8;85,<56!-5!0:1.<5;8:5,<1!:1-086!5!16!F,-8;56!-5!;1,45.Ta,;80!6?1!
:16<.0-16!,0!W0Y530!KLNLfLIL!
!
!

W0Y530!KLNLfLI!S15]8;85,<56!-5!0:1.<5;8:5,<1!:1-086!5!F,-8;56!-5!;1,45.Ta,;80!
!

A1-1! ξ! "S!
I! LtNPt! tLNKt!
N! LIOpI! KLNKp!

!
!

$!0;1D30:5,<1!:7_8:1!/!ILt!5!1;1..5!,06!-8.52[56!N!_!IL!
!
!
4.2.4 Caso IV!
!

+!:0<.8^!-5!0:1.<5;8:5,<1!/!!
!
!
!
!
!
5!0!:0<.8^!-5!0:1.<5;8:5,<1!T5,5.038^0-0!/!
!
!
!
!
!

$6!;15]8;85,<56!-5!0:1.<5;8:5,<1!:1-086!5!16!F,-8;56!-5!;1,45.Ta,;80!6?1!
:16<.0-16!,0!W0Y530!KLNLKLIL!
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+−+

=
to5ItttLL68:
to5ItttLto5ItItL

;

L
tN5IOJKLL68:
tI5KKPNLtI5ItpoL

; 
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=
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+−+

=
tK5ItttLL68:
tK5ItttLtp5IIttL

;

L
tt5JIftLL68:
tt5KtNpLtt5NOPtL

; 







+
++

=



!

! ff!

!
!
!

W0Y530!KLNLKLI!S15]8;85,<56!-5!0:1.<5;8:5,<1!:1-086!5!F,-8;56!-5!;1,45.Ta,;80!
!

A1-1! ξ! "S!
I! LttPfKI! ItOLo!
N! LttOJNN! NOKLf!

!
!

$!0;1D30:5,<1!:7_8:1!/!LoIOf!5!1;1..5!,06!-8.52[56!N!_!IL!
!
!
4.2.4 Caso V!
!

+!:0<.8^!-5!0:1.<5;8:5,<1!/!!
!
!
!
!
!
5!0!:0<.8^!-5!0:1.<5;8:5,<1!T5,5.038^0-0!/!
!
!
!
!
!

$6!;15]8;85,<56!-5!0:1.<5;8:5,<1!:1-086!5!16!F,-8;56!-5!;1,45.Ta,;80!6?1!
:16<.0-16!,0!W0Y530!KLNLpLIL!
!

!
W0Y530!KLNLpLI!S15]8;85,<56!-5!0:1.<5;8:5,<1!:1-086!5!F,-8;56!-5!;1,45.Ta,;80!

!
A1-1! ξ! "S!
I! LtPtJO! JLOJ!
N! LtPNpo! NpLJt!

!
!

$!0;1D30:5,<1!:7_8:1!/!LJpIp!5!1;1..5!,06!-8.52[56!N!_!IL!
!
!
4.2.4 Caso VI!
!

+!:0<.8^!-5!0:1.<5;8:5,<1!/!!
!
!
!
!
!









+
+−+

=
tK5ItttLL68:
tK5ItttLto5ItItL

;

L
tt5PKNoLL68:
tt5KKNPLtt5NPPKL

; 







+
++

=



!

! fK!

!
!
!
!
!
5!0!:0<.8^!-5!0:1.<5;8:5,<1!T5,5.038^0-0!/!
!
!
!
!
!

$6!;15]8;85,<56!-5!0:1.<5;8:5,<1!:1-086!5!16!F,-8;56!-5!;1,45.Ta,;80!6?1!
:16<.0-16!,0!W0Y530!KLNLoLIL!
!

!
W0Y530!KLNLoLI!S15]8;85,<56!-5!0:1.<5;8:5,<1!:1-086!5!F,-8;56!-5!;1,45.Ta,;80!

!
A1-1! ξ! "S!
I! LPtPK! ILIp!
N! LPtJt! fLtf!

!
!

$!0;1D30:5,<1!:7_8:1!/!LJJpt!5!1;1..5!,06!-8.52[56!N!_!IL!
!
!
4.2.4 Caso VII!
!

+!:0<.8^!-5!0:1.<5;8:5,<1!/!
!
!
!
!
!
5!0!:0<.8^!-5!0:1.<5;8:5,<1!T5,5.038^0-0!/!
!
!
!
!
!

$6!;15]8;85,<56!-5!0:1.<5;8:5,<1!:1-086!5!16!F,-8;56!-5!;1,45.Ta,;80!6?1!
:16<.0-16!,0!W0Y530!KLNLPLIL!

!
!
!
!
!
!
!
!









+
+−+

=
tK5ItttLL68:
tK5ItttLtP5IttIL

;

L
tN5PNppLL68:
tN5KKoOLtN5NPopL

; 







+
++

=









+
+−+

=
tp5ItttLL68:
tp5ItttLtP5ItItL

;

L
tN5PKNoLL68:
tN5KKNPLtN5NPPKL

; 







+
++

=



!

! fp!

!
!
!
!

W0Y530!KLNLPLI!S15]8;85,<56!-5!0:1.<5;8:5,<1!:1-086!5!F,-8;56!-5!;1,45.Ta,;80!
!

A1-1! ξ! "S!
I! LPtJO! ILIo!
N! LPNpo! fLtO!

!
!

$!0;1D30:5,<1!:7_8:1!/!LJpIp!5!1;1..5!,06!-8.52[56!N!_!IL!
!

!
C0.0!<1-16!16!;0616!0,03860-16*!1!,\:5.1!-5!D1,<16!0-1<0-1!,0!.56D16<0!/!Itt*!

6?1!]58<06!It!8<5.02[56!5!1!8,<5.4031!-5!<5:D1!/!tLtI!6L!
+! W0Y530! KLNLf! :16<.0! 16! .56>3<0-16! -5! -5631;0:5,<16! :7_8:16! 1Y<8-16! ,06!

-8.52[56!I! 5!N!D0.0!16!:/<1-16! 5:D.5T0-16n!:/<1-1!D.1D16<1*! Z>5!><838^0!1!D.1;5661!
D0.;803*! :/<1-1! -5! 6>D5.D1682?1! :1-03! ;37668;1! 5! :/<1-1! -5! 8,<5T.02?1! -8.5<0!!!!
Qb8361,@θV*!03/:!-5!:16<.0.!0!D.5;86?1!-16!.56>3<0-16!-1!:/<1-1!D.1D16<1!5:!.5302?1!
01!:/<1-1!-5!8,<5T.02?1!-8.5<0!Qb8361,@θVL!
!
W0Y530!KLNLf!C.5;86?1!-16!.56>3<0-16!-1!:/<1-1!D.1D16<1!5:!.5302?1!01!:/<1-1!-5!

8,<5T.02?1!-8.5<0!Qb8361,@θV!
!

! ! %5631;0:5,<16!Q_It5@tf!:V! ! !
S061!! C1,<1! )>DL!A1-03! A/<L!C.1D16<1! ",<L!%8.L! (..1!Q�V!
"! I! tLKPpK! tLfoot! tLfopP! tLtON!
! N! tLPtot! tLpJIK! tLpJIp! @tLtIP!
""! I! tLKptp! tLfpOo! tLfpPJ! tLIJo!
! N! tLoPIo! tLpPfJ! tLpPNP! tLNIt!
"""! I! tLNOoK! tLNOJN! tLNJNJ! @ILNof!
! N! tLpNIK! tLKOfp! tLKOtI! tLPtO!
"M! I! tLKJNO! tLfpOI! tLfpPK! tLIJo!
! N! tLooOP! tLpPfK! tLpPNf! tLIJN!
M! I! tLNOKI! tLNOOO! tLNJNo! @ILNJJ!
! N! tLpNtt! tLKONJ! tLKPJP! tLooP!
M"! I! ILIKOf! tLKNoN! tLtOPI! fOJLfNf!
! N! tLPtIN! ILpofN! tLNNPI! IPJLNKp!
M""! I! tLtPKK! tLtOKo! tLtONJ! ItLftt!
! N! tLIKfp! tLNtoP! tLNtKP! NJLJtt!

!
!

+6! =8T>.06! -5! KLNLK@0! 0! KLNLK@1! :16<.0:! 16! -5631;0:5,<16! -06! :06606! I! 5! N!
1Y<8-16! D531! :/<1-1! D.1D16<1*! D531! :/<1-1! -5! 8,<5T.02?1! -8.5<0! Qb8361,@θV! 5! D531!
:/<1-1!-5!6>D5.D1682?1!:1-03!;37668;1!;1:!0Y0,-1,1!-16!535:5,<16!-5!]1.0!-0!:0<.8^!
-5!
!



!

! fo!

!
!
!
!
0:1.<5;8:5,<1!T5,5.038^0-0L!$Y65.40@65!Z>5!65!α!/!Y08_1!5!"S!/!03<1*!0!.56D16<0!1Y<8-0!
D531!:/<1-1!D.1D16<1!/!D.0<8;0:5,<5!8-a,<8;0!w!1Y<8-0!D531!:/<1-1!-5!8,<5T.02?1!-8.5<0�!
Z>0,-1! α! 5! "S! 6?1! 03<16*! 16! 5..16! -1! :/<1-1! D.1D16<1! D0.0! 1! :/<1-1! -5! 8,<5T.02?1!
-8.5<0! 6?1! D5Z>5,16�! ,16! ;0616! 5:! Z>5! α! /! 03<1! 5! "S! /! Y08_1*! 16! 5..16! -1! :/<1-1!
D.1D16<1!5:!.5302?1!01!:/<1-1!-5!8,<5T.02?1!-8.5<0!6?1!68T,8]8;0<8416L!
!
!
!
4.3 Exemplo 3: Modelo de Usina Nuclear Simplificado em um Sistema de Oito 

Graus de Liberdade 
!

(665! 5_5:D31*! 0,03860-1! D1.! "<1U! QIJPfV*! A0>! QIJOOV! 5! S30.5<! QIJJIV*! /!
;1:D16<1!-5!Z>0<.1!-8]5.5,<56!<8D16!-5!56<.><>.06!.FT8-06!8,<5.;1,5;<0-06!5306<8;0:5,<5n!
,\;351*!4061!-5!D.566?1!-5!;1,;.5<1*!Y065!5!5-8]8;02?1*!;0-0!>:0!-5306!<5,-1!N!T.0>6!-5!
38Y5.-0-5!-86<8,<16L!

+6!:0<.8^56!-5!:0660*!.8T8-5^!5!0:1.<5;8:5,<1!6?1*!.56D5;<840:5,<5n!
!
!
!
!
!
!
!
!
!
!
!
!
!
!
!
!
!
!
!
!
!
!
!
!
!

+!:0<.8^!-5!0:1.<5;8:5,<1!T5,5.038^0-0!/!
!
!
!
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Figura 4.1.1 Sistema dinâmico amortecido (Exemplo 1). 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Figura 4.1.2  Carga aplicada ao nó 5 (Exemplo 1). 
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Figura 4.1.3 Modos de vibração (Exemplo 1). 
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Figura 4.1.4  Deslocamento na direção 7 (m) x tempo (s). 
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Figura 4.1.5-a  Deslocamento na direção 1 (m) x tempo (s).  
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Figura 4.1.5-b  Deslocamento na direção 2 (m) x tempo (s).  
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Figura 4.1.5-c  Deslocamento na direção 3 (m) x tempo (s). 
 



 

 46 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Figura 4.1.5-d  Deslocamento na direção 4 (m) x tempo (s). 
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Figura 4.1.5-e  Deslocamento na direção 5 (m) x tempo (s). 
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Figura 4.1.5-f  Deslocamento na direção 6 (m) x tempo (s). 
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Figura 4.1.5-g  Deslocamento na direção 7 (m) x tempo (s). 
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Figura 4.1.5-h  Deslocamento na direção 8 (m) x tempo (s). 
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Figura 4.1.5-h  Deslocamento na direção 8 (m) x tempo (s). 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Figura 4.1.5-i  Deslocamento na direção 9 (m) x tempo (s). 
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Figura 4.1.5-j  Deslocamento na direção 10 (m) x tempo (s). 
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Figura 4.2.1  Sistema massa-mola-amortecedor (Exemplo 2). 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Figura 4.2.2 Carga aplicada à massa 2 (Exemplo 2). 
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Figura 4.2.3  Modos de vibração (Exemplo 2). 
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Figura 4.2.4-a  Deslocamento na direção 1 (m) x tempo (s). 
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Figura 4.2.4-b  Deslocamento na direção 2 (m) x tempo (s). 
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Figura 4.2.4-c  Deslocamento na direção 1 (m) x tempo (s). 
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Figura 4.2.4-d Deslocamento na direção 2 (m) x tempo (s). 
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Figura 4.2.4-e Deslocamento na direção 1 (m) x tempo (s). 
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Figura 4.2.4-f  Deslocamento na direção 2 (m) x tempo (s).  
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Figura 4.2.4-g  Deslocamento na direção 1 (m) x tempo (s).  
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Figura 4.2.4-h  Deslocamento na direção 2 (m) x tempo (s). 
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Figura 4.2.4-i  Deslocamento na direção 1 (m) x tempo (s). 
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Figura 4.2.4-j  Deslocamento na direção 2 (m) x tempo (s). 
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Figura 4.2.4-l  Deslocamento na direção 1 (m) x tempo (s). 
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Figura 4.2.4-m  Deslocamento na direção 2 (m) x tempo (s). 
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Figura 4.2.4-n  Deslocamento na direção 1 (m) x tempo (s). 
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Figura 4.2.4-o  Deslocamento na direção 2 (m) x tempo (s). 
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Figura 4.3.1  Terremoto El-Centro (Exemplo 3). 
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Figura 4.3.2  Modos de vibração (Exemplo 3). 
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Figura 4.3.3  Comparação entre métodos. 
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Figura 4.3.4-a  Deslocamento na direção 4 (m) x tempo (s).  
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Figura 4.3.4-b  Deslocamento na direção 5 (m) x tempo (s).  
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Figura 4.3.4-c  Deslocamento na direção 6 (m) x tempo (s).  
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Figura 4.3.4-d  Deslocamento na direção 7 (m) x tempo (s).  
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Figura 4.3.4-e  Deslocamento na direção 8 (m) x tempo (s). 
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5.3 Algoritmo para Solução de um Sistema Não-Linear Usando o Método de 

Superposição Modal Clássico Combinado com Pseudoforças – Processo 
Parcial 
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6. EXEMPLOS NUMÉRICOS 
 
 
6.1 Exemplo 1: Sistema de Dois Graus de Liberdade Representando              

Modelo Simplificado de Usina Nuclear 
!
!

W.0<0@65!-1!:56:1!5_5:D31!0,03860-1!D1.!S30.5<!QIJJIV!.5D.565,<0,-1!1!:1-531!
68:D38]8;0-1! -5! -186! T.0>6! -5! 38Y5.-0-5! -5! >:0! >68,0! ,>;350.*! ;1,]1.:5!:16<.0:! 06!
=8T>.06! oLILI! 5! oLILN*! 65,-1! 0! :0660! -0! ]>,-02?1!mf = 1.0e+08 yT! 5! 0! :0660! -0!
5-8]8;02?1!ms = 3.0e+07 yTL!+!;1,6<0,<5!-5!0:1.<5;8:5,<1!486;161!-1!6131!/!;03;>30-0!
D530!W0Y530! -0-0! D1.!#8;U0.<! QIJPtV! 5!B140y! QIJPfV! 5:! ]>,2?1! -06! D.1D.85-0-56! -1!
6131L! +668:! 65,-1*! cf = 3.79e+09! B6R:L! +! ;0.T0! -5! 8:D0;<1! 0<>0! ,0! -8.52?1! N! 5!
;1..56D1,-5! 01! ;U1Z>5! -0! 56<.><>.0! ;1:! >:0! 05.1,045! 65T>,-1!b13]! QIJOPV*! =8T>.0!
oLILfL!

+6!:0<.8^56!-5!:0660*!.8T8-5^!5!0:1.<5;8:5,<1!6?1*!.56D5;<840:5,<5n!
!
!
!
!
!
!
!
!
!
!
!

!
+!:0<.8^!-5!0:1.<5;8:5,<1!T5,5.038^0-0!/*!D1.<0,<1n!

!
!
!
!
!
!

$! 686<5:0! <5:! F,-8;5! -5! 0;1D30:5,<1! ILt*! Z>5! 1;1..5! ,06! -8.52[56! I! _! NL! +6!
].5Zxa,;806!,0<>.086!-5!48Y.02?1!6?1!-0-06!,0!W0Y530!oLILIL!

!
!

W0Y530!oLILI!=.5Zxa,;80!,0<>.086!-5!48Y.02?1!
!

!
!
!
!
!
!
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!

! OP!

!
!

Modo Freqüência         (rad/s) 
1 31.26 
2 56.33 

!
$6!:1-16!-5!48Y.02?1!,06!-8.52[56!I!5!N!6?1!:16<.0-16!,0!=8T>.0!oLILKL!
$6!F,-8;56!-5!;1,45.Ta,;80!5!16!4031.56!-5!ξ!6?1!:16<.0-16!,0!W0Y530!oLILNL!

!
W0Y530!oLILN!@!i,-8;56!-5!;1,45.Ta,;80!5!16!4031.56!-5!ξ!

!
Modo ξ IC 

1 0.2824 2.3 
2 0.1797 3.9 

!
!

$!,\:5.1!-5!D1,<16!><838^0-16!,0!.56D16<0!/!Itt*!1!,\:5.1!-5!8<5.02[56!/!It!5!!!
1!8,<5.4031!-5!<5:D1*!tLtN6L!
!
!
Caso 1 - Fundação e estruturas lineares!
!

+!56<.><>.0! <5:! .8T8-5^!ks!= 0.6e+11 BR:*! ;1,]1.:5!:16<.0! 0!=8T>.0!oLILILI!!!!!
5!1!6131!<5:!.8T8-5^!kf!= 1.55e+11 BR:*!;1:1!:16<.0!0!=8T>.0!oLILILNL!

$6! -5631;0:5,<16! :7_8:16! 1Y<8-16! D531! :/<1-1! -0! 8,<5T.02?1! -8.5<0*!!!
03T1.8<:1! -5! b8361,@θ! Q.56>3<0-16! .5]5.8-16! ;1:1! %8.5;<V! 5! D531! :/<1-1! D.1D16<1!
Q.56>3<0-16!.5]5.8-16!;1:1!C0.;803V!56<?1!,0!W0Y530!oLILILIL!
!
!

W0Y530!oLILILI!%5631;0:5,<16!:7_8:16!
!

%8.52?1! %8.5;<! C0.;803!
I! LNNIK5@N! LNfoN5@N!
N! LONIt5@N! LOfPf5@N!

!
$6!-5631;0:5,<16!,06!-8.52[56!I!5!N! 6?1!:16<.0-16!,06!=8T>.06!oLILILf*! 65,-1!

Z>5! 16! .56>3<0-16! 1Y<8-16! D531! :/<1-1! D0.;803! D0.0! 0! 0,73865! ,?1@38,50.! 6?1!!!!
;1:D0.0-16! ;1:!16!-0-16!-1!:/<1-1!-5! 8,<5T.02?1!-8.5<0L!B5665! ;061*! U7!>:0!D35,0!
;1,;1.-9,;80!-5!.56>3<0-16L!!

!
!
!
!
!
!
!
!
!
!
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!
!

Caso 2 - Fundação Linear e Estrutura com Material Elastoplástico Perfeito 
!

+! 56<.><>.0! <5:! .8T8-5^! ks! = 0.6e+11 BR:*! ;1,]1.:5! :16<.0! 0! =8T>.0!!!!!!!
oLILNLI!!!!!5!1!6131!<5:!.8T8-5^!kf!= 1.55e+11 BR:*!;1:1!:16<.0!0!=8T>.0!oLILNLNL!

$6! -5631;0:5,<16! ,06! -8.52[56! I! 5! N*! 1Y<8-16! D531! :/<1-1! D.1D16<1*! 6?1!
:16<.0-16! ,06! =8T>.06! oLILNLf*! 65,-1! Z>5! 16! -5631;0:5,<16! :7_8:16! ;1,6<0:! -0!!
W0Y530!oLILNLIL!
!

W0Y530!oLILNLI!%5631;0:5,<16!:7_8:16!
!

Direção Parcial 
1 .2903e-2 
2 .7074e-2 

!
!
!
6.2 Exemplo 2: Sistema Massa-Mola-Amortecedor com Dois Graus de  

Liberdade 
!

W.0<0@65! -1!:56:1! 5_5:D31! 0,03860-1! ,1! 6>Y8<5:!KLN*! ;1,68-5.0,-1! 0!:130! N!
Y838,50.! ;1:! 06! .8T8-5^56! -5! 0;1.-1! ;1:! 0! =8T>.0! oLNLIL! +! ;0.T0! -0! =8T>.0! oLNLN! /!
0D38;0-0!w!:0660!N!-1!686<5:0L!!

B5665! ;061*! ]1.0:! ]58<06! 0,738656! D531! :/<1-1! D.1D16<1! ;1,68-5.0,-1! 1!
0:1.<5;8:5,<1! 0D.1_8:0-0:5,<5! D.1D1.;81,03! Q.56D16<0! +C%V*! 0<.04/6! -1! 68:D356!
0Y0,-1,1!-16!535:5,<16!-5!]1.0!-0!-80T1,03!,0!:0<.8^!-5!0:1.<5;8:5,<1!T5,5.038^0-0*!
5! D531! :/<1-1! D.1D16<1! ;1,68-5.0,-1! 1! 0:1.<5;8:5,<1! ,?1@D.1D1.;81,03! Q.56D16<0!
BC%VL! +6! =8T>.06! oLNLILIL0! 5! oLNLILILY! :16<.0:! 16! U86<`.8;16! -5! .56D16<0! 1Y<8-16L!
$Y65.40@65!>:0!0:D38]8;02?1!-5!;5.;0!-5!Kt�!-0!.56D16<0!+C%!5:!.5302?1!w!.56D16<0!
BC%L!
!
!
6.3 Exemplo 3: Sistema Solo-Estrutura do Tipo “Shear Building” de Sete  

Andares  
!

+,03860@65!1!;1:D1.<0:5,<1!-8,9:8;1!-5!>:!686<5:0!6131@56<.><>.0*!:16<.0-1!
,06!=8T>.06!oLfLI@0!5!oLfLI@Y*!;1,]1.:5!D.1D16<1!D1.!S30.5<!QIJJIVL!W.0<0@65!-5!>:0!!

!
!
!
!
!
!
!
!
!
!
!
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! OJ!

!
!

56<.><>.0!8-5038^0-0!5:!>:!r6U50.!Y>83-8,Ts!-5!P!0,-0.56*!56<0,-1!:I!5!:N!<1<03:5,<5!
5,<5..0-16*! ]1.:0,-1! 0! ]>,-02?1L!+! 03<>.0! -5! ;0-0! 0,-0.! /! U�f!:�! 0!:0660! -5! ;0-0!
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Figura 6.1.1.3.a  Deslocamento na direção 1 (m) x tempo (s). 
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Figura 6.1.1.3-b  Deslocamento na direção 2 (m) x tempo (s). 
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Figura 6.1.2.1  Rigidez na estrutura. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Figura 6.1.2.2  Rigidez no solo. 
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Figura 6.1.2.3-a  Deslocamento na direção 1 (m) x tempo (s). 
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Figura 6.1.2.3-b  Deslocamento na direção 2 (m) x tempo (s). 
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Figura 6.2.1  Rigidez de mola para as massas 1 e 2 (Exemplo 2). 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Figura 6.2.2  Carga aplicada à direção 2 (Exemplo 2). 
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Figura 6.2.1.1-a  Deslocamento na direção 1 (m) x tempo (s). 
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Figura 6.2.1.1-b  Deslocamento na direção 2 (m) x tempo (s). 
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Figura 6.3.1-a  Sistema solo-estrutura (Exemplo 3). 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Figura 6.3.1-b  Shear Building (Exemplo 3). 
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Figura 6.3.2-b  Rigidez no solo (Exemplo 3). 
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Figura 6.3.3-a  Deslocamento da direção 1 (m) x tempo (s).  
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Figura 6.3.3-b Deslocamento da direção 2 (m) x tempo (s).  
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Figura 6.4.1-a Deslocamento da direção 2 (m) x tempo (s) – Resposta estática 
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Figura 6.4.1-b Deslocamento da direção 1 (m) x tempo (s) – Resposta não-linear 
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Figura 6.4.1-c Deslocamento da direção 10 (m) x tempo (s) – Resposta não-linear 
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Figura 6.5.1  Edifício sujeito a  movimento na base (Exemplo 4). 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Figura 6.5.2  Deformação elastoplástica (Exemplo 4). 
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Figura 6.5.3  Deslocamento da direção 1 (in) x tempo (s) 
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Figura 6.5.4  Deslocamento da direção 5 (in) x tempo (s) 
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Figura 6.5.5  Deslocamento da direção 10 (in) x tempo (s) 
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Figura 6.5.6  Deslocamento da direção 15 (in) x tempo (s) 
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Figura 6.5.7  Deslocamento da direção 20 (in) x tempo (s) 
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CONCLUSÕES E SUGESTÕES 
 
 
 
7.1 Conclusões 
 
 

O método proposto é adequado para a análise de sistemas dinâmicos não-
lineares dotados de amortecimento não-proporcional. Os exemplos analisados 
mostram boa precisão das respostas obtidas pelo método proposto, nos casos em que 
os sistemas têm altos índices de convergência nos modos predominantes na resposta, 
mesmo que o amortecimento seja fortemente não-proporcional. 

O método proposto foi aplicado a sistemas bilineares com “softening” e a 
sistemas de materiais elastoplásticos perfeitos. As respostas observadas são também 
precisas se comparadas a respostas obtidas por integração direta.  

O método proposto é de simples implementação, não exigindo esforço 
computacional elevado, porque a extração modal é processada apenas uma vez. O 
significado físico dos modos normais de vibração pode ser utilizado na interpretação 
do comportamento do sistema. O truncamento modal ser empregado na formulação 
apresentada.  
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7.2 Sugestões 
 

O método proposto de deve ser aplicado a sistemas de grande porte, medindo-
se sua eficiência computacional em relação a outros métodos de integração direta. Do 
ponto de vista analítico, sugere-se examinar a influência da linearização das 
pseudoforças na precisão da resposta nos casos em que o índice de convergência é 
baixo. 

A convergência do método proposto pode ser estudada através da Teoria de 
Perturbações, aumentando a compreensão do método e, eventualmente, expandindo 
sua aplicabilidade a sistemas com não-linearidade geométrica.  
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