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Resumo

Nesta tese sao propostos novos métodos numéricos de multi-escalas para
a aproximacao de equagoes diferenciais parciais eliticas lineares de segunda
ordem, com coeficientes periddicos rapidamente oscilatérios em uma micro
escala. O objetivo principal destes métodos é capturar as oscilacoes da
solucdo que ocorrem na micro escala, mas sem resolver o problema dire-
tamente em uma malha fina comparada a micro escala. Os métodos aqui
propostos sao baseados em expansoes assintéticas e em teoria de homo-
geneizacao. Considera-se uma expansao assintética de primeira ordem da
solucao do problema original incluindo o corretor de fronteira, e posterior-
mente é feita a aproximagao numérica de cada termo fazendo uso da teoria
de elementos finitos.

A originalidade do trabalho se encontra no desenvolvimento de aproxi-
macoes numeéricas para os corretores de fronteira. Apresentamos uma andlise
de convergéncia rigorosa para os métodos propostos, que pode ser dividida em
duas partes. Primeiramente estimamos o erro entre a expansao assintética e
a solucao exata. Aqui podemos destacar a obtencao de estimativas de erro
com hipdteses mais fracas que as encontradas na literatura. Posteriormente
é estimado o erro entre a expansao assintética e sua aproximagao numérica.
Esta andlise é feita através da teoria de elementos finitos e inclui novas esti-
mativas de erro ao se fazer uso de uma formulagao mista para aproximar a
derivada normal de uma dada equacao.



Abstract

We develop a numerical discretization for linear elliptic equations with
rapidly oscillating coefficients. The major goal is to develop a numerical
scheme on a mesh size h > € (or h >> ¢), capturing the solution oscilla-
tions occurring in a scale e. The proposed method is based on asymptotic
expansion and a novel treatment on the boundary corrector term. We obtain
discretization errors of O(h? + €/2 + ¢h) and O(h + ¢) for the L? norm and
the broken semi-norm H'!, respectively. Numerical results are presented.
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Chapter 1

Preliminaries

1.1 Introduction

Under suitable hypothesis, the governing equations for the miscible displace-
ment of one incompressible fluid by another in a porous medium are given
by

(1.1) V-v=V-kVp=gq
$0,S —V - DVS 4+ v -V f,(ss) = (S — 9)q

where v and p are the total fluid velocity and pressure, S is the saturation
of the invading fluid, S is the specified injection or the resident production
saturation of the injected fluid, ¢ is the total volumetric flow rate at the well,
k is the permeability, ¢ is the porosity, and D is the diffusion-dispersion
tensor; see Equations (3.32) and (3.33) in [27]. The permeability & oscillates
in a very fine scale ¢ compared to the reservoir size, and the use of a fine
mesh compared to € to solve Equation (1.1) is very expensive and often
impossible, see Section 2 in [28]. The standard solution to circumvent this
problem is to up-scale the permeability; see [14, 19]. However, in this process
the information on v = kVp is lost; see [35]. In this thesis we propose
a numerical algorithm to approximate the solution of Equation (1.1) that
provide a good approximation for kVp, but requires much less computational
effort than approximating the equation using a fine mesh compared to e.
More specifically, this thesis is concerned with the development of numerical



methods to approximate u,, the weak solution of the problem:

0 0
(1.2)  Leue= —a—%(aij(x/e)a—%ue) =fin Q, u.=0 on 09,
where a(y) = (a;;(y)) is a positive symmetric definite matrix, z,y € R?

and € € (0,1) is the periodicity parameter. We assume a;; € L3, (Y) i.e.
aij € L*(R?) and Y-periodic, Y = (0,1)%, and that there exists a positive
constant v, such that a;;(y)&&; > 7.l|€||* for all £ € R? and y € Y. Here
we have changed the notation in order to follow the standard notation used
in literature for multiscale methods.

We note that when A > € standard finite element methods do not yield
good numerical approximations; see [32]. Recently new numerical methods
have been proposed for solving Problem (1.2) such as the multi-scale finite
element methods [24, 31, 4, 13, 26], the residual-free bubble function methods
[11, 5, 6, 45, 12], and the generalized FEM for homogenization problems [46].
There are also related methods for the case the homogenized equation is
not known; see HMM [20, 21, 2] and [23, 25]. The methods proposed here
are designed to work with a mesh size h > ¢ (or h >> ¢). In addiction,
as opposed to the methods [5, 31, 45, 4, 11], they are strongly based on
asymptotic expansions of ..

One of the first mathematical tools used to handle this problem was
homogenization theory [8, 9]. Based on this theory, a first order expansion
of u. plus a boundary corrector term are considered, i.e.

ue(z) m ug(x) + euy(z,x/€) + € (x),

and then each term is numerically approximated. The core of this thesis is
the design and analysis of numerical boundary correctors for approximating
0., defined as the weak solution of
0 9 f.)=0 in Q, 6. = o002
a—xi(aij(x/ﬁ)%j )=0in Q 6.=u; on :
We note that the coefficients a;;(x/€) and the boundary values —u:(z, £) in
the above equation are highly oscillatory, hence obtainning a good discrete
approximation for 6. is not a trivial problem. We propose an analytical
approximation for 6., denoted by ¢., which satisfies the oscillating boundary
condition and is suitable for numerical approximation. In order to perform
the convergence analysis we consider a slightly modification of the theoretical
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approximation for the boundary corrector proposed in [3, 41]; see Remark
2.1.2.

In this thesis a rigorous convergence analysis for the numerical methods
is considered and performed in two parts. First we prove error estimates
between u, and ug+eu; +e¢, in L? and H* norms. We note that Propositions
2.1.1 and 3.2.1 generalize respectively, Propositions 2.1 and 2.3 from [41] to
the case a;; € L. (Y) and Q C R®. The second part of the convergence
analysis is based on finite elements theory. The main difficulty here lies in the
fact that we use the trace on 0 of finite elements approximations of PDEs
in 2 as boundary condition in subsequent problems. We then develop error
estimates for the discrete Lagrange multipliers in the case of W? spaces; see
Proposition 5.1.3.

This thesis is organized as follows. In the rest of Chapter 1 we recall
some background from Sobolev spaces, regularity theory for second order
elliptic equations, and finite elements methods. Chapter 2 introduces the
asymptotic expansion of u., describes a theoretical approximation for the
boundary corrector term, and presents the main theorems for estimating the
errors due to the asymptotic expansion approximation. Chapter 3 presents
the proof of the main theorems from Chapter 2. Chapter 4 describes the
two numerical methods developed for approximating u.. The first method
is designed for the case when 2 is a rectangular domain and when bilinear
finite elements are used to approximate ug. The second method introduces
the Lagrange multiplier space used to approximate 0,uo on 0f2, allowing the
generalization of the method to the case where the domain (2 is a convex
polygon with rational boundary normals, see the Appendix. We note also
that we are able to prove the L? convergence for the second method under
weaker assumption on ug, than in the first method. Chapter 5 develops
the error analysis due to the finite element approximation, and Chapter 6
presents numerical results and conclusions. Finally, in the Appendix we
present a generalized version of the second method from Chapter 4 for the
case when () is a convex polygon with rational boundary normals.



1.2 Sobolev Spaces

Let D C R" be a open set, m be a non-negative integer, and @ € R" such
that o; is a non-negative integer. Define the norm

(1.3) lllmp,p = D ID%ullLoo)

al<m

where D*=01...097, and |a| = Y . 0;. For s € [0,00), s = m + o and
€ (0,1) we set

1/p

o | Du( “u(y)P
s = | D IIDullfpy + D // |x_ ‘nw dzdy

laj<m laj=m

I

Definition 1.2.1 W*?(D) is the closure of C*(D) with respect to the
norm || -

|57p7D'

Definition 1.2.2 Wy*(D) is the closure of C§°(D) with respect to the
norm || -

|s.p.0-
Definition 1.2.3 W, *¥ (D) s the dual space of WS (D), with 1/p+1/p’=1.

We also introduce the following norms and semi-norms

[Vllm,0,0 = max{ess.sup [0%v(z)]},
|a|<m €D
lv = max{ess.sup |0%v(z)|},
|a|=m zeD
and for 1 < g < o
1/q

|U|m

g, D / Z |Dv|vdx

\al=m

We now present important results concerning Sobolev spaces used in this
thesis.
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Theorem 1.2.1 (The Sobolev embedding theorem) Let D be a domain in
R™, j and m be nonnegative integers and p satisfy 1 < p < co.

Part I If D has the cone property, see [1], then there exists the following
embeddings:

Case A. Suppose mp < n

WitmP(D) — W™4(D), p<gq<np/(n—mp),

Case B. Suppose mp =n

Witm? (D) — W™4(D), p<q< oo,
Moreover, if p =1 the above embedding exists with ¢ = oo as well; in fact,
W7t Y(D) — CU(D),  p<q <o

Case C. Suppose mp >n

W7tm?(D) — C/(D), p<q<oo,

Part IT The results above are valid provided the spaces W are replaced
by their respectively spaces Wy.

Proof: See Theorem 5.4 in [1]. O

Theorem 1.2.2 Let D be a bounded open subset of R? whose boundary 0D =
UNT; is a polygon and ~y; : (0,1) — Ty is a parametrization of T;. Then the
mapping u — ulr, is a linear continuous mapping from W'?(D) onto the
subspace [N W=1/P»(T;) defined by:

(a) no extra condition when 1 < p < 2,

(b) u|r,(si) = ulr,,,(55), 1 <3 <N when 2 <p < oo

(c) f0‘5i |U(%'(S))*us(%+1(*s)|2d8 <00, 1<i<N whenp=2.
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Proof: See Theorem 1.5.2.3 in [29]. O

Given two Banach spaces B; — By, for any u € By and t > 0, let
K(t,u) = inf ([lu— |5, +t||v]5)
vEB)

For 0 <o <1 and 1 < p < oo define the norm

S 1/p
04 lullanan., = | oK)
0

The set
[Bo, Bilop = {u € Bo; ||ulliBy,B11,, < o}

is a Banach space with norm (1.4).

Theorem 1.2.3 Let 0 < s < 1. If D has a Lipschitz boundary, then
Wsa(D) = [WmP(D), W Ha(D)],,,

and the norms are equivalent.

Proof: See Theorem 12.2.3 in [10]. O

We also have:

Theorem 1.2.4 Suppose A;, B;, © = 0,1 are two pairs of Banach spaces
such that Ay — Ay and By — By. Let T be a linear operator that maps A;
to B;, i =0,1. Then T maps [Ao, A1]op to [Bo, Bilsp. Moreover,

l—0o

17Nl (140,410 (B0, Blos) < N T M| £, B0) 1T 1 21,1 -

Proof: See Proposition 12.1.5 in [10] O

Let a < b € R, we define the space

Hy?((a,b)) = [L*((a, b)), Hy((a,b))]1/22-
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1.2.1 Periodic Sobolev Spaces

Let Y = (0,1)", G = {[0,00) x (0,1)}, and Cp¢.(Y) be the subset of C*°(R")
of the Y-periodic functions. We introduce the following spaces

Definition 1.2.4 W;2(Y') is the closure of C55.(Y'), with respect to the norm

per

| - [s,p,5 in the case p =2 we also use the notation H,,.(Y).

Definition 1.2.5 H,,.(G) is the closure of {¢ € C*(G) N HY(G), ¢(y1,")
is (0,1)" -periodic ¥ y; € [0,00)}, with respect to the norm || - |

In the case Y = (0,1)?
Definition 1.2.6 Hy/7((0,1)) = {g € H'/*((0,1)); 3 ¢ € H},(Y) and g =
90\0><(0,1)}-

Interesting properties concerning the space H;GT(Y), are given by the
following propositions.

Proposition 1.2.1 Let u € H,,.(Y). Then, u has the same trace on the
opposite faces of Y.

Proof: See Proposition 3.49 in [16]. O

1,G-

Given g € LP(Y), let g* denotes the Y-periodic extension of g to R".

Proposition 1.2.2 Let u € H!, (Y). Then u* € H} (R").

per loc

Proof: See Proposition 3.50 in [16]. O

1.3 Regularity Results

In this section we present some results from the regularity theory for second
order linear elliptic equations. More specifically, we are interested in the
following equations

(1.5) V-A(@)Vu=f, in D, and u=0 on 0D,
and
(1.6) V-A@x)Vu=0, in D, and u=g on 0D,

where D C R" is a bounded open convex domain, g € H'?(dD), f €
H™Y(D), and A(z) = (a;(z)), a;; € L*(D) and a;(2)6& > 7alléll?,
a.e. in D.

13



Theorem 1.3.1 Let u € H} (D) be defined as the weak solution of equation
(1.5). Assume a;; € C%'(D) and f € L*(D). Then u € H*(D) and there
exists a constant ¢ > 0 such that

[ull22,0 < cl[fllo,2,0-
Proof: See Theorems 3.1.3.1 and 3.2.1.2 in [29]. O
Theorem 1.3.2 Let u € H}(D) be defined as the weak solution of equation
(1.5). Assume D is bounded open convex polygon , a;j(x) = ¢, ¢ij € R,

f € LP(D) and u € W*P(D), for p > 2 . Then there exists a constant ¢ > 0
such that

lull2p,0 < || flop,D-

Proof: From Theorem 4.3.2.4 and Remark 4.3.4.5 in [29] we obtain

llullop,0 < e[| fllop,p + [ullop,n),

and from the Sobolev embedding theorem ||u|/op,p < c||u||;. Hence the the-

orem follows from Theorem 1.3.1. O

Theorem 1.3.3 Let u € H*(D) be defined as the weak solution of equation
(1.6). Assume g € H'/>(dD) N C°(0D). Then u € C°(D) and

i < mi < <
i ) < mipu(o) < maxu(o) < magula)

Proof: See Theorem 2.5 and (3.5) in [40]. O

Theorem 1.3.4 Let D be a bounded domain of class W4, see pg 7 [36], and
u € Hy(D) be the weak solution of equation (1.5). Assume a;; € W1(D),
for g > n, then

u€ W>(D)nC"(D), a=1-n/q.

Proof: See Theorem 15.1 in [36]. O
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Theorem 1.3.5 Let D C R? be a bounded convex polygonal domain, 0D =
UNT;, where T'; are line segments, and define w € Hy (D) as the weak solution
of the equation (1.5). Assume that v € H?(D), then g—z € H&({Q(Fi) and there
exists a constant c such that

N

D

=1

ou

an < cllull2,

Hod?(T3)

where a% denotes the normal derivative.

Proof: See Theorem A.2 in [44]. O

The following theorem is a generalization of Theorem 6.1 [44]

Theorem 1.3.6 Let D C R? be a polygonal conver domain, dD = UNT,
where T; are line segments, and g € H'/2(0D). Define define v € H'(D) as
the weak solution of the equation (1.6). Assume a;; = c;j, ¢ij € R, then there
exists a constant c such that

N
lullog,n < e Ngllu-12ay
=1

Proof: By the Green formula we obtain for all v € Hy(D) N H?(D)

/(—V-AVU)U = /A,-jaxiuawjvdx—/ Op,v9ds
D D aD

(1.7) = —/ Oy,vgds, by (1.6),

aD
where 9,,v = (AVv)-n. Let v € Hj(D) be the weak solution of the problem
(1.8) —V-AVv=u, in D, and v=0 on 9D.

Since D is convex, regularity theory ensures that v € Hy(D) N H*(D) and
that

[v

l2,2,0 < cl|ullo,2,p-

From the trace theorem we have that 9,,v € H&éQ(Fi) and that

1Bnatll ey < el

(1.9) < cllulloz,p-

2,2,D
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Applying the definition of v, (1.8), we have

lu

oo = /(—V-AVv)udx
D

N
< S8l ol ey, by (L)

i=1

N
(1.10) < e lullozollglla-1e,:
=1

1.3.1 Equations with Periodic Boundary Conditions

Let Y = (0,1)", A(y) = a;;(y) and a;; € Lgg,.(Y). We define the u, the weak
solution of the equation

(1.11) —V - AVu=f, inY, wis Y-periodic,

as the solution u € Wy, (Y) = {v € H,,,.(Y); [, vdy = 0} of the following
variational problem

(1.12) /Yaijayiuaij = (f,v)

Theorem 1.3.7 where f € (Wye,(Y))'. Then problem (1.12) has a unique
solution and

||u||Wper(Y) S a_1||f||(Wper(Y))"

Proof: See Theorem 4.26 in [16] O

Theorem 1.3.8 Let A(y) = aij(y), aij € LL.(Y), h € (L2, (Y))". Let

per per

u € H,,,.(Y)/R be the solution of Equation (1.12), for f =V - h, and recall
the notation u* from Section 1.2.1. Then u* is the unique solution of

Jan af;-(y)ayiu#aijdy = [gn h-Vudy, ¥V veCPRY)

u# Y — periodic, and [, u* = 0.

16



Proof: See Theorem 5.4 in [16]. O

Theorem 1.3.9 The following equation
Lig=F inY, ¢€ Hy (V)

admits a unique solution in H),.(Y)/R iff

/dezO.
Y

Proof: Note that (F,-) : H,.(Y)/R — R define by

(F,p) = / Fody,
Y

belongs to (H,,,(Y)/R)" if and only if [, F'dy = 0. Hence the theorem follows
from Theorem 1.3.7 [

Let G = {[0,00) x [0,1]} and define v € H,,,(G) as the solution of the
problem

(1.13) -V, a(y1,42)Vyo =01in G,
U(Oﬂ y2) = g(y2)7

where g € Hy((0,1), aly) = (a;(v)). ay; € L2 ((0,1)?) and ay(y)&&; <
c||€]|?>. The above problems have been studied by several authors, see [43, 38,
35, 41]. Here we give a theorem that guarantees the existence of a unique
solution for the above equation.

Theorem 1.3.10 There exists a unique solution v € H} (G) for Equation

(1.13). Furthermore, there exists constants y,c > 0 and a unique x € R such
that
exp(yy1)0,v € L*(G) i=1,2,

and
lv(y) — x| < cexp(yy1) as y1 — o0

Proof: See Theorem 10.1 section 10.4 in [38] and Theorem 3 in [43]. O
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Lemma 1.3.1 A function v € L?_(Y)?, (v € L% (Y)?) satisfies

per per
(1.14) V-v=0
and [, vidy = 0 iff there exists a function ¢ € H,,.(Y) (¢ € Hp,.(Y)?) such

that:
(1.15) v = curle.

Proof: (=) Consider the discrete Fourier transform associated to v; (see [33]),
writing Equations (1.14), (1.15) in terms of Fourier coefficients we obtain

(116) ]{]1@1(]{1) == kg’ﬁg(k),
(1.17) 01(k) = ickod(k) and do(k) = ick (k).
Take

0 otherwise.

Qg(k) _ { ’ﬁl(k‘)/’LCk'Q if kl,kg # 0,

Since [, vidy = 0, we obtain 9;(0,0) = 0 and by Equation (1.16) we imme-
diately get that relation (1.17) is satisfied V k& € N?. In addition,

Z(1+|k| <ch2 +ZU1

kez? kez? kez?

hence ¢ € H,,,(Y) (see Proposition 3.194 in [33]).
(<) In this case we note that vy, v, defined by equation (1.17) satisfies

(1.16). And since ¢ € H,,.(Y),
villgo,p < ¢ Y Bilk)” < Y (1+[k))b(k)* < cllg]l5.
kez? kez?

The case (v € L2, (Y)?) follows from the proof of Theorem 3.4 in [30],

per
replacing continuous Fourier transforms by discrete Fourier transforms. [

1.4 Finite Elements Theory

Let D C R? polygonal domain, and denote by 7"(D) a regular partition of
the domain D by triangular or rectangular elements K;. Let P;(K;) be the

18



space of polynomials of degree less or equal to ¢, then we define the finite
element space V(D) = {¢ € HY(D), ¢|x, € Pi(K;)}-

We also define the non-conforming norms related to a partition 7, (D) =
Kl, KQ, . KN of D by

[v]lmp,n = Z ||U||2WWP(KJ-)'

KjE'ﬁL(D)

We now recall some important results from finite element theory.
The standard finite element interpolation operator Z" : C°(D) — V*(D)
is defined by

Th(z) = v(2),
for all z € D, z being a vertex of an element K; € T"(D).

Theorem 1.4.1 Assume that v € W™P(D), with m — 2/p > 0. Then for
K € T"(D) there ezists a constant ¢ such that

v = Z"0||1p,x < h™H0||mp s
for 0 <1 <m.

Proof: See Theorem 4.4.4 in [10]. O

In the case of non-continuous functions the interpolation operator Z" is
not well defined. For this reason, we introduce the interpolation operator
T, : L*(D) — V(D) defined as follows. Given z a nodal point of Tj(D), let
w, = Ug,n, 0K, and Py, : w, — V*(D)ly, be the L? projector to V*(D)ly, .
Then set

TM(2) = Py ,v(2).

Theorem 1.4.2 Assume that v € W™P(D). Then there exists a constant ¢
such that 5
lv = Zuollipn < ch™ o]

m,p,D»
for0 <1l <m.
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Proof: See Theorem 4.8.7 in [10]. O

We also introduce the interpolation operator IT : L?(D) — V*(D), defined
as follows. If z is an interior nodal point of 7,(D) then II(z) = Z,(z),
if z is a nodal point and z € 0D then let w, = U?mzﬂfi N 0D, and
By, : w, — V"(D)|,, be the L? projector to V"(D)|,,. Then set

Mv(z) = Py ,v(z).
( see (2.3) in [47]). II has the following property:
if v € L*(D) and v|sp € V*(D)|sp then Mv|sp = v|ap.

Lemma 1.4.1 Let I1: L?(D) — V*(D) C H*(D) be defined as above, then
there exists a constant ¢ depending only on D such for v € L*(D)

lv = vllo2,p < cl|v]|oz,p,

and for v € H'(D)

|v = || 2,0 < cl|v]|1,2,p-

Proof: See Theorem 2 in [47]. O

Theorem 1.4.3 (Inverse estimate) Assume that ¢ € V*(D), with m—2/p >
0. Then for K € T"(D), there exists a constant ¢ such that

I i AP
for 0 <m <.
Proof: See Theorem 4.5.11 in [10]. O
Consider the following problem
(1.18) —V-AVyY=fin D ¢ =0o0n 0D

where the matrix (A = (a;;(x))) is symmetric positive definite, and assume
that there exist constants v; and 7s, such that v ||€]|* < a;;(2)&E; < 7el/€])?
for all ¢ € R? and = € D.
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We define the weak solution of the above equation as the solution of the
following variational problem. Find ¢ € H;(D) such that

(1.19) /Dawazwajgbdx ZLf¢d$, Voe H&(D),

and define the finite element approximation " € V*(D) N H}(D) as the
solution of

(1.20) /D a;;00"0; 0" da = /D fo'dz, ¥ ¢" € V*(D)n Hy(D).

The error estimates between 1) and " are given by:

Theorem 1.4.4 Let ¢ and " be defined by equations (1.19) and (1.20),
respectively. Assume that a;; € WH4(D) for ¢ > 2. Assume also that Problem
(1.18) has the following reqularity, there exists u > 2, such that 1 € W24 if
fe Ll forl <q< . Then there exists a constant c such that

1 = "5, < chll$ll2p,0;
forl=1and 2 <p < oo,
1% = %Moo < ch?|[¥]lop,0,
forl=1and2 <p < oo, and
1 = %™ lo,00,0 < ch? In(h)[[%]]2,00,0-

Proof: See Chapter 7 in [10]. O

Theorem 1.4.5 Let ¢ and 9" be defined by equations (1.19) and (1.20),
respectively. Assume that a;; € L>(D). Then there erists a constant ¢ such
that

m2,n < ch' ™|

[ — "]

|1,2,D;

form =1 or 2.

Proof: See Theorems 5.4.4 and 5.4.8 in [10]. O
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1.5 Notation

Throughout this thesis when we use the norm || - ||s, 0 we do not make
reference to the domain D, or to the coefficient ¢ when D = €, or ¢ = 2,
respectively We always use the Einstein summation convention, i.e. repeated
indices indicate summation, except for the index k. In what follows ¢ denotes
a generic constant independent of € and mesh parameters.
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Chapter 2

Theoretical Approximation

2.1 Asymptotic Expansions Using Multiple
Scales

Let u, be the solution of Problem 1.2. We shall consider the following anzats

(2.1) ue(r) = uo(w, z/€) + eur(z,/€) + ug(w, 2/€) + - - -,

where the functions u;(z,y) are Y-periodic in y. Applied to the functions
u;(z,z/€) the operator J,, becomes 0,, + 1/€0,,, therefore we can write the
operator L, from (1.2) as

(2.2) Le=€’Li+€ 'Ly + €L,
where

L, = _ayi(aij(y)ayj)’

Ly = —0y(aij(y)0s;) — O, (aij(y)0y;)
and

Ly = —0z,(aij(y)0s,).

Applying (2.1) and (2.2) in Equation (1.2), and matching the terms of
the same order in € up order one we have

(23) L1U0 = 0,
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(24) Llul + LQUQ = O,

(25) L1u2 + L2U1 + L3’LL() = f

Theorem 1.3.9 implies that the only Y-periodic solution of (2.3) is
(2.6) uo(z,y) = uo(z),

and hence (2.4) reduces to

(2.7) Lyuy = (0y,ai5(y)) &Ejuo(x).

We obtain u; by exploring the separation of variables on the right hand
side of (2.7). By Theorem 1.3.9 there exists a unique weak solution x/ €
H!, (V) of the following problem

per
(2.8) lej:—aiwaij(y) in Y, x? is Y-periodic
Jy X?dy =0,

therefore the general solution of (2.7) is given by

(2.9) up (z, %) =—x’ <§) g—zj(x) + @ (x).

In this thesis we choose %; = 0 in (2.9), leading to

(2.10) uy (z, %) = —x’ (E) Oy ().

€ a’L‘j

Consider us in equation (2.5) as an unknown and z as a parameter. Then
by Theorem 1.3.9 there exists a solution uy for (2.5) iff

(2.11) /Y (Lous + Lyuo — f)dy = 0.
We observe that
/Lguldy = —&Ci/aik(y)aykuldy
v v
(2.12) = <o [ ata (v (2) G @) dy
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where we have used (2.9) to obtain the last equation. Finally from (2.11)
and (2.12) we obtain

(92 Ug

1 )
_ . j
(2.13) %4 /Y (a” Wik Oy, X ) 900

where |Y| = [,, 1dy. The above equation is know as the homogenized equa-
tion. Define the matrix

A, = ‘—;' /Y (a5(%) — ai )0y X (1)) dy

1 0 ;. :
(2.14) = m/Yalm(y)a—yl(yi—x“)@(yj—X”)dy, by (2.8).

dy = f,

J

It is easy to check that the matrix A is symmetric positive definite, and from
(2.13) we define uy € H}(Q) as the weak solution of

(2.15) —V.AVuy=f in Q, wup=0 on 0.

Note that we are looking toward an approximation for u. and that uy+eu,
does not satisfy the zero Dirichlet boundary condition on 02, imposed for
u. In order to overcome this, the boundary corrector term, 8, € H*(2), is
introduced as the solution of

(2.16) —V.a(z/e)VO. =0 in Q, 0. =—u(x, f) on 01,

€
and we obtain ug + eu; + €f, € H;(2). See Propositions 3.1.1 and 3.3.1
for error estimates between u, and uy + eu; + €, in norms || - ||; and || - [|o,
respectively.

We also define the term wuo, although it is not used in the numerical
method, it appears in the proof of Proposition 3.2.1. Set

o? 0 ,
bij = —aij + ag=— + — (arx?),
i i ik ayk ayk( kiX )
observe that b;; = A;j, where bj; = [}, bjdy. Define x € H}, (V) as the
weak solution with zero average over Y of

(217) Vy . aVyXij = bz'j — Ei]’,

and let

(2.18) us(z, 2) = —x (E) O uq (z)
) AL )= TX A Ox;0z; "
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2.1.1 Boundary Corrector Approximation

The coefficients a;;(x/€) and the boundary values —u;(x, £) in the Equation
(2.16) are highly oscillatory, hence to obtain a good discrete approximation
for 6. is not a trivial problem. We propose an analytical approximation for
0., denoted by ¢., which satisfies the oscillating boundary condition and is
suitable for numerical approximation. The approximation proposed here is
similar to the ones used in [3, 41].

Note that 4y vanishes on 052, therefore Vug|aq = n0,uo, where 1 denotes
the unity outward normal vector to 0 and J,uo denotes the unity outward
derivative of ug on 0€2. Hence in order to obtain the approximation ¢, for
6., we introduce the following decomposition 6, = 0, + 0, where

(2.19) =V -a(z/€)Vf. =0 in Q, 0, = (Xj(z)nj — X")Opup on OS2
€
and

(2.20) ~V-a(z/e)VO. =0 in Q, 0. =x"0us on 99,

where x*|r, = X}, £ € {e,w,n, s} are properly chosen constants, and ', =
{1} x [0,1], Ty, = {0} x [0,1], ', = [0,1] x {1}, and 'y = [0,1] x {0}. In
Remark 2.1.1 we show that x*9,uo and x?(£)n;0,uy € H'/?(09), therefore
the Problems (2.19) and (2.20) are well posed. Later in this section we
define the functions ¢, and ¢., which are the approximations for 6, and 6,
respectively, and define ¢, = ¢, + @..

Remark 2.1.1 Let Q C R? be a conver polygon and assume uyg € H?(Q) N

H(Q). We have by Theorem 1.3.5 that Onuolp, € H&éQ(Fk) and ||3,,u0||H1/z(Fk
00

< ||uo||2, therefore

)

X" Oguollazan) < c(x")luoll.
. v . 2
Note also that u,(z, %) = —x7 (%) giz?(ac) and‘g—gj =— (a_);j) giw?—xj (—ailggj).
If we assume ug € W*P(Q) and x? € Wyi(Y), forp > 2 and ¢ > 2 orp > 2
and g > 2, by a direct application of Sobolev embedding Theorem (5.4 [1]) we
obtain u; € H'(Q). In addition, from regularity theory of elliptic equations

we obtain x? € L®(Y)N H (Y) (see Theorems 1.3.4 and 1.3.8), hence we
also have u;|p, € HééQ(Fk).
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Calculating the Constants xj
We define the constants xj, such that the function qgé decays exponentially to
zero away from the boundary and satisfies the Dirichlet boundary condition

be(x) = —ui(z, T) — X*Opuo(w) for z € 0Q.
Associated to each side of 2 define the functions v, k € {e,w,n, s} as

1. Let G, = {(—00,0] x [0,1]} and v, the solution of

-V, - a(y1,92)Vyve =0 in G,

ve(0,2) = x*(1/€,52) for 0 <y, <1,
ve(y1,) [0, 1]-periodic for — oo < y; <0,
and Oy veexp(—yy1) € L*(Ge) i=1,2.

2. Let Gy = {[0,00) x [0,1]} and v,, the solution of

=V - a(y1,y2)Vyv, =0 in Gy,

v (0,70) = —x'(0,52) for 0 <y, <1,
Vw(Y1,-) [0, 1]-periodic for 0 < y; < oo,
and Oy, vwexp(yy1) € L*(Gy) i=1,2.

3. Let G,, = {[0,1] x (—00,0]} and v, the solution of

—Vy - a(y1,¥2)Vyv, =0 in G,

Vn(y1,0) = x2(y1,1/€) for 0 <y <1,

vn(+,y2) [0, 1]-periodic for — oo <y, <0,

and 9y vpexp(—yy2) € L*(Gn) i=1,2.
4. Let Gy = {[0,1] x [0,00)} and v, the solution of

_Vy : a'(yla y?)vyvs =0 in Gs,
vs(y1,0) = —x*(y1,0) for 0 <y <1,
vs(+,y2) [0, 1]-periodic for 0 < yo < 00,
and Oy, vpexp(yys) € L*(Gs) i =1,2.
By Theorem 1.3.10 there exists constants xj, such that
ve(y) — Xl < cexp(yy - m) as y -k — —o0,

where 7 denotes the unity outward normal on I'y.
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Approximating 6,

We note by Remark 2.1.1 that (ui(z, 2) — x*Opuo)|r, € Hé({Q(Fk). Thus, we
can split 0 = Dy crens) 0% where

(2.21)L6* =0 in Q, and éf:{ 5“1(% ) = X" Oyuo osnagk\ .

We approximate 6% by ¢* given by

22 dilm) = vl (vl 2 D) - ) T o),
Feanm) = —pulon) (m(2 )~ 1) F4on,00),
o) = palan) (2220 = 6 ) G2, ),
Bonm) = o) (12 2) - x2) G2, ),

where ¢, are nonnegative smooth functions satisfying

1 if se(2/3,1] 0 if se[2/3,1]
Pe(s) = Pals) :{ 0 if sefo,1/3, ) =es) :{ 1 if s€[0,1/3].

Hence

(2.23) b= ) &

ke{e,w,n,s}

approximates 6., and 456 =0, on the boundary of €.

Remark 2.1.2 We note that the approzimation considered here is slight dif-
ferent from the one considered in [41]. There it is defined

e (21, 29) = @e(a1) (%(gc1 — 1, ) XZ) V(z2)

€ €

where V € C§°((0,1)) and V (x2) approzimates Oyuolr, . Similar for the other
functions ¢F.
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Approximating 6,

The boundary condition imposed on Equation (2.20) does not depend on e.
An effective approximation for 6, is given by ¢ € H'(Q) the weak solution of

(2.24) —~V-AV¢=0 in Q, ¢=x*0uy on 5.

By Propositions 3.1.3 and 3.2.2, we have that ¢ is a good approximation for
0. only on the L? norm, since ||¢ — 0.||o is O(¢) and ||¢ — ]| is O(1). We
note, however, that the asymptotic expansion considered here to approximate
u, is given by ug + eus + €, + €., and by a triangular inequality we obtain
||u€—u0—eu1—eq§—60~€||1 < ce+||ue—uo—euy —eb||;. Hence, when estimating
the error on the H' norm between u, and its theoretical approximation, the
contribution due to the approximation of f. by ¢ is O(e).

Approximating u,

We finally define the theoretical approximation for u. as ug -+ eu; + ¢, where

(2'25) ¢€ = Qze + Q_S

Note that ¢¢|aq = Oc|sq, therefore uy + euy + €d. = 0 on 0S2. The following
theorems provide error estimates between u, and uy — eu; — e, on the H*
and L? norms. Theorem 2.1.1 estimates the error on the H' norm, while
Theorems 2.1.2 and 2.1.3 estimate the error on the L? norm. Theorem 2.1.2
assumes more regularity on uy and less regularity on a that is assumed in
Theorem 2.1.3.

Theorem 2.1.1 Let u. be the solution of the Problem (1.2), ug, ui and ¢,
defined by Equations (2.15), (2.10) and (2.25), respectively. Assume a;; €
L, (Y), up € W2P(), 37 € Wia(Y), v, and ¥ (v,—x:)exp(—m1) € L*(G.),
for1/s+3/p<1,s>2and1/p+1/q < 1/2. We also assume similar hypoth-
esis for the other functions v,. Then there exists a constant ¢ independent of

€ such that
[[we(+) —uo(-) — eur(-;-/€) — ede(:)[l1 < cefluol

Proof: See Section 3.1 [J

2,p-
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Theorem 2.1.2 Let u, be the solution of Problem (1.2), ug, u1, ¢, ¢ and x¥
defined by Equations (2.15), (2.10), (2.25), (2.24) and (2.17) , respectively.
Assume a;; € L2 (Y), ug € W3?(QQ), and ¢ € W*P(Q) and x* € W(Y),
forp>2and 1/p+1/q < 1/2. Assume also x/ € WH*°(Y), v, and V (v, —
X5 exp(—yy1) € L®(Ge). We also assume similar hypothesis for the other

functions vy. Then there exists a constant ¢ independent of € such that

[ue(-) = uo(-) = eur(-,-/€) = €de(-)llo < ce®?|luo|l3,p-
Proof: See Section 3.2 [
Theorem 2.1.3 Let u, be the solution of Problem (1.2), ug, uy; and ¢, be
defined by Equations (2.15), (2.10) and (2.25), respectively. Assume a;; €

C;;ﬁ(Y), B >0, uy € H*(Q). Then there ezists a constant c independent of
€ such that

lue(-) = uo(+) — eur (-, -/e) — ede()llo < ce*|luolls.

Proof: See Section 3.3 [J

Remark 2.1.3 Due to the Proposition 3.1.2, which under the hypothesis of
Theorems 2.1.2 and 2.1.3 gives that ||0. — ¢¢||o is O(€/?), we obtain a factor
€3/? in these theorems, rather than € as in Propositions 3.2.1 and 3.3.1.
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Chapter 3

Theoretical error estimates

Here we prove Theorems 2.1.1, 2.1.3 and 2.1.2.

3.1 Proof of Theorem 2.1.1

By the triangular inequality we have

1h < |ue—ug— ur — Oy
+6‘96 - ¢|1 + 6|0€ - ¢c‘1:

|Ue—uo—u1—¢e

and the theorem follows from Propositions 3.1.1, 3.1.2 and 3.1.3. OJ

We now prove the propositions used in the proof of Theorem 2.1.1. The
following proposition gives the same error estimate of Theorem 2.2 in [3],
however here we assume ug € W2P(Q2) and x?/ € WLi(Q) for 1/p+1/q <1/2

per /
while in Theorem 2.2 in [3] it is assumed uy € W*°(Q) and x? € H),.(Q). Tt

per
also generalizes Proposition 2.1 from [41] where it is assumed a;; € Cp2(Y),
up € H?(2) and Q C R?. We note here that Theorem 1.1 from [37] gives
conditions concerning the discontinuities of the functions a;; such that x? €
Wk (Y). Finally, we observe that in the case a;; € CL2(Y) a error estimate
similar to Proposition 3.1.1 can be obtained in the case a zero Neumann

boundary condition is used to define u; see [42].

Proposition 3.1.1 Let Q C R¢, d = 2,3 be a conver domain, u. be the
solution of Problem (1.2) and ug, u1, and 0. be defined by Equations (2.15),
(2.10), and (2.16), respectively. Assume a;; € L2 (Y), ug € W?P(Q) and

per
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X € WL(Y) for 1/p+1/q < 1/2. Then there exists a constant c independent

per
of ug and €, such that

[[ue(-) —uo(-) — €ur(-;-/€) = be(-)llx < celluo|2y-
Proof: Define
vw(z,y) = a(y)Vaue(z) + a(y)Vyu(z,y)

(3.1) = a(y)(Vyy; —vyx%y))g—jj(x).

From the definition of x? we have
| (a)es = Vi @) — 46) Vi60)dy =0, ¥ 6 € Hy, (V).
Y
Since the vector a(y)(e; — VyX?(y)) — Ae; is Y periodic and has zero aver-

age entries over Y, by Lemma 1.3.1 there exists ¢;(y) € Hp,,.(Y) with zero
average over Y such that

(3-2) a(y)(Vyy; — VyX! (y)) — Aej = —curlyd;(y).
Let 9
(3.3) o(z,y) = </>j(y)3—xj(fv)
and define
vn(z,y) = —curly¢(z,y)

—; (y) agzgozj (z) '
65 (V) 3e,e; (<)
Observe that a € L®(Y)>? and if d = 2 |curlyd;log = |¢jl1,4 Since

X € Wple’g(Y) and ¢; has zero average over Y, we apply a Poincare inequality

to obtain

Lgy < C|Curly¢j|0,q,Y < C(||X1| L,gY T+ ||X2| Lq,Y)-

1]

In the case d = 3 by Remark 3.11 in [30] ¢; € W,24(Y)?. From hypothesis
ug € W2P(Q) for 1/p+1/q < 1/2, hence vi(z,x/e) € L*(Q) and ||vi|lo <
c(IIX* llqy + IX°I1.0.) luoll2p- Moreover, by Lemma 1.3.1,

(3.4) Ve - vi(z,y) =0,
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and simple calculations give

Vy-vi(z,y) = Vy-curly (qu(y)axjuo(ac))
= —V;- C’U/I‘ly ((bj(y)axjuo(x))

(3.5) = —Vu-w(z,y) - [
Let
ze(x) = ue(x) — ug(x) — eur(z, z/€)
and
ne(x) = a(z/e)Vue(z) — vo(x, x/€) — evi(z, x/¢€).
Then

a(z/€)Vze(x) — ne(w)
= a(z/€)Vu(x) —a(x/e)Vyuo(z) — eal(z/€)Vyui(z, z/€)
—a(z/e)Vyui(z, x/€) — a(x/e)Vue(x) + vo(x, x/€) + evi(z,z/€)
=e(vi(z,z/€) — a(z/€)Vyui(z,z/¢€)),

and so
(3.6) la(-/€)Vze = nello < €l|vi(-;-/€) — al-/€)Vaur (-, -/€)lo.
Given g € L*(Q), let w. € H}(Q) be the solution of

(3.7) /Qa(:r/e)Vwe(:v)Vw(x)d:r:/g(x)¢(x)dx, Vi € Hy (),

Q

hence
/Qg(z€ — el )dr = /Qa(-/e)Vw€ - V(2 — €f)dx
= /Qa(-/e)Vw6 - Vzdr — 6/Q a(-/e)Vw, - VO.dx
(3.8) - /Q a(-/€)Vw, - Vzda.
Now observe that

(3.9)/Q a(-/€)Vw, - Vzdr = /Qa(-/e)Vw6 - (Vze = ne)dx + /Q Ne - Vwedx.

In order to estimate the second term on the right hand side of (3.9) we apply
the definition of 7. to obtain
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/Q ne - Vs = /Q (a(z/)Vue(x) — vo(z, 5/€) — evn (z,2/€)) - Vo, (x)dx
(3.10) _ /Q fwdz — /Q (vo(x, /€) — ev1(z, 2/€)) - Vawe(2)dz.
We note that
/Q (2, 2/e) -V (z)dx = /Q V- (22w, (x)da
= [V 1eV,) - a(o ) gmspgile)d
(3.11) - _?1 /Q (Ve - 00+ fweda,

where we have used (3.4) and (3.5) to obtain (3.11). Using the definition of
vy we have

/Qvo(x,x/e) -Vwe(z)dz = /Qa(x/e)(ej - Vyxj(x/e))g—Zj(x) - Vwe(z)dz,

and by the chain rule we obtain

8’11,0

/ vo(z,z/€) - Vwedr = / a(z/e)(e; — VX (x/€)) - V | =—we(z) | dx
Q Q O
; 8u0
(3.12) — [ a(z/e)(ej — VX! (z/e€)) - | wV-—(z) | dx.
Q O
In this paragraph we evaluate the first term on the right hand side of
(3.12). Let (5Y3)i-1,...i,, be a finite set of translated cells of £Y', recovering

Q, and consider a partition of unity p;, such that suppp; C %YZ-, where %Y;
denotes the cell %Y centered in £Y;. We note that

2
(3.13) supp(piwe) C §€Yz C €Y;

hence
aU()

/Q ale/e)(es = V! /6) - T (Gt
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= X [ alates = T/ - VGt a))de

1=1:m

(3.14) = 0.
Here to obtain (3.14) we first note that x/ € Wi(Y), HL,.(Y) <= Wi (Y)
for 1/¢’ =1—1/q, and (2.8) implies
[ @500 = )05, =0, ¥ e WL (1),
Y

Since 1/p+1/¢q < 1/2 and (3.13) holds we obtain p;0,;uow. € Wplégl(eY;) and
(3.14) follows.

For the second term on the right hand side of equation (3.12), we use the
definition of vy and it follows that

- [ ate/otes-5taa) (w952 ) do = = [ Vonto oo

j
Hence

(3.15) /Qvo(x,:v/e) -Vw(z)dr = _/sz -vp(x, x/e)we(z)dz.

From equations (3.10), (3.11) and (3.15) we obtain

/ Ne - Vwedr =0,
Q

and from (3.9)

(3.16) /Qa(-/e)wa -Vzdr = / a(-/€)(Vze — ne) - Vw,)dzx.

Q
From equations (3.8) and (3.16) we have
< clla(-/€)Vze = nellol|wellx

/ 9(ze — €6, )dx
Q

< o, -/e) = al-/)Vaur(,-/€)llollgll-1, by (3.6).
Dividing by ||g||-1 and taking the supremum for g # 0 we get

[ze(x) = €bclly < cellor(:,-/€) = al-/€)Vaur(:, -/€)llo
< ce(llx gy + 1X* gy lluol

2,p-

The following remark is used in the proof of Proposition 3.2.2.
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Remark 3.1.1 Let f € HY(Q), g € H/?(09Q) and define u. € H*(Q) as
the weak solution of the following problem

Lu.=f m Q u.=g9 on 09Q.

It is easy to see that Proposition 3.1.1 extends immediately to this case if ug,
defined as the solution of

—V.AVuy=f in Q, wuy=g on 09,
belongs to WP(Q).

The following corollary follows from Proposition 3.1.1 and is used in the
proof of Proposition 3.2.2.

Corollary 3.1.1 Let Q C R¢, d = 2,3, be a conver domain, u. and ug be
defined by Equations (1.2) and (2.15), respectively. Assume a;; € L. (Y),

per

ug € W™P(Q) and xJ € Whi(Y) for (m —1)p > 2 and 1/p+ 1/q < 1/2.

per
Then there exists a constant c independent of uy and € such that

[ue = uollo < celluo|lm,p-

Proof: The hypothesis uy € W™P(Q), (m — 1)p > d implies 0,,uq € C(2),
and x/ € C(Y) see Remark 2.1.1, therefore [[u1]|o < ¢||ug||m,p- From the max-
imum principle ||0]lo.co < [|0z;Uoll0,00,00lX"|l0,00,00, and hence the corollary

follows from Proposition 3.1.1. [J

The following proposition estimates the H' norm of 0, — q;e, and is used
in the proof of Theorem 3.1.

Proposition 3.1.2 Let ug, 0. and ¢, be defined by Equations (2.15), (2.19)
and (2.23), respectively, and the functions vy be defined as in Subsection
2.1.1. Assume ug € W?P(Q), and v, and V(ve — x3)ezp(—yy1) € L¥(Ge) for
s>2and 1/s+3/p < 1. We also assume similar hypothesis for the other
functions vy. Then there exists positive constants 0 < 6(p,s) < 1/2, and
c(0,7) independent of € such that

10 — &l < c(6,7)€’||al
+ ||ve — X

0,00 [ltoll,, max (I[V (vx — x5) ezp(=7y - n*)llo,s.c

|1535Gk) °

In addition, when p,s — oo then 6 — 1/2 with ¢(6,7y) bounded independent
of 0.
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Proof: By definition
10— delli < D 165 =l
ke{e,w,n,s}
Consider the case k = e, the other cases are treated in a similar way, and

the notation v$(x) = v.(%=L, 22) and af(x) = a(x/e). Let g € H} (), then

e e

we apply the definition of ¢¢ to obtain

/ aV(0¢ — ¢¢)Vgdr = / —a*V ((U: — X:)%%) Vgdz

Q Q 01,

(3.17) = —/( glaCV(v - Z)) Vygdx
T

€y Oug
_/Q ((ve - x)aVv (we&m)) Vgdzx.

We note that due to the Sobolev embedding theorem, the integrals above are
well defined. For the first term on the right hand side of Equation (3.17) we
have

dug € € * _ € € Lk %
/Q (soea—xla V(v xe)) Vgdz = /Qa V(v —x)V (weaxlg) dzx
(3.18) —/ a’V(ve —xi)- gV (goe%> dz.
Q 0z,

In this paragraph, we estimate the first term of the right hand side of
(3.18). Let I; = {( — 1)¢/3 — €/10 < zy < i€/3 4+ €/10,}, ipy = 1 +
sup,en(i3/€ < 1), and consider a partition of unity p; of Q, subject to

(0,1) x I;. Let If be the interval centered in I; with |If| = e. Since
supp(p;g) C [0,1] x If we have

[aV0i= 09 (egte) ds
. o,

Oug
- Z/ / U _Xe (pzﬁoeaul )dx2d$1

1<tm
(3.19) =
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where to arrive in (3.19) we have used the definition of v, and arguments
similar to the ones used to obtain (3.14).

For the second term on the right hand side of equation (3.18), applying
a Cauchy inequality we have

Ouyg
/ a’V(vg = xg) -V (weau ) gdzx
Q
< lallool®e Vuo|y

w ()

where 1/l = 1 —1/p —1/s. Taking y; = (21 — 1)/e and yo = x2/€, and
exploring the [0, 1]-periodicity of v, (y1, ) we have

.Tl—l

)

Vuiexp(—y

P

0,s

$1—1

(v/€) ' exp(yv——)g

1‘1—1

s
)
¢ 0,s

HV(UE — Xe)exp(—y

1 0 1
< o [ [ Oespim e,

(3.21) < e Vyveexp(—yy1) 15 5.6, -

Let g, € C°(Q), g — g in H' and I, = (0,1) N |g,| > 0, then integrating
by parts in z;

x — 1
H(v/e)”’eXp(v ]

11
= (/ / Lexp(iy™ )Ign\dﬂcldwz)
0
. 1/1
(3.22) = ( //—exp <l’y$1 )8|gn\ dxldx2>
I, € 8x1

)gn

1 5 1/t
1~ -1 9n
3.23 < S iy || o
2 N C( o ( e ) 0,1/ ol 0, 0)

' G- € ey 2
(3.24 < @@ -0 () T
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From (3.22) to (3.23) we have used a Cauchy inequality with 1/7'+1/s" = 1/2.
In order to obtain (3.24), we note that the last inequality in the proof of
Lemma 5.10 in [1] states

2t —
gnllosra—1) < 2“‘””( )IIgn for 2t/(2—1)=s'(1-1), 1<t <2

2 —

2t —1t
< U=/t (2—75) vol(Q)1/2)| g, |1, by Theorem 2.8 in [1]

2t —t
c(2) <2—) |gn|1, by the Poincare inequality.

Hence (3.24) follows from (3.23). Taking the limit n — oo we obtain inequal-
ity (3.24) for g.

Since 1/s+3/p < 1, there exists 7’ > 2 such that 1/lr'+1/I+1/s—1 > 0,
and hence from (3.18), (3.19), (3.20), (3.21) and (3.24) it follows

/% V(ve —x)Vgdzr < e(Q)(s'(1 = 1))V e alloole Vol

(3.25) 1V (ve — X2)exp(—y11)

where ' =1/lr' +1/1+1/s — 1.
For estimating the second term on the right hand side of (3.17), we apply
a Cauchy inequality with 1/r +1/p = 1/2 to obtain

/(vg —x5)aVv (gpe%> - Vgdz
Q 01

|g‘la

6u0 1/r
< oo e 52 (e [ 0o=x0rdy) " lal
L1 1,p e
1/r auo € *
(3.20) < elr)e 22| ot~ xilhn.lgh,
X1 1p

where we have used the Sobolev embedding Theorem to obtain the last in-
equality. o
Taking g = 0¢ — ¢¢ and using the ellipticity of a
b = Gty < " [ @V~ 39)- V- )
Q
c(r)

a

+ [[V(ve — x2)

IN

10 IV (ve = X3 )exp(—yy1)
) 16f = 8¢ 1o

€’ llallo,cole Vg
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where § = min{d’, 1/7}.

Observe that s,p — oo, implies [ — 1. Choosing ' = 1/(l — 1) in
Inequality (3.24) we have that (s'(1—1))¢=/ (¢/(F1y))Y ™Y = €1/2/(24). In
inequality (3.26) p — oo implies 1/r — 1/2 and c(r)e'/" — c€'/2. O

Finally, we prove the last proposition used in the proof of Theorem 3.1.
Proposition 3.1.3 estimates the H' norm of ¢ — ..

Proposition 3.1.3 Let Q be a convex polygon, and the functions ug, 0. and
é be defined by Equations (2.15), (2.20) and (2.24), respectively. Assume
that ug € H?(Q), then there exists a positive constant ¢ independent of € and
ug such that

|¢; - ée|1 S

~||uol|2.
a

Proof: Consider the notation a‘(z) = a(z/€), the same will be used for a;;.
Since (¢ — 6.) = 0 on 02 we have

/ afja(é - ée) 3((/]3 - 0_6) dr = / (If- aé a(é - 0_6) dx
Q

8$i 8.7)]' Q Y 895, (9.%‘]'

(f |v¢|2dx) ([ 1v60-0)7a0) "

and from the ellipticity of a we obtain

_ _ a _
6 —0,|; < ””07@0”” 1.

a

The regularity theory gives that |¢|; < ¢l|x*yuoll g1/2(a0), and since Q is a
convex polygon by Remark 2.1.1

|6 — 0|y < cf|ua-

3.2 Proof of Theorem 2.1.2

Use a triangular inequality similar to the one used in the Proof of Theorem
2.1.1 and Propositions 3.2.1, 3.1.2 and 3.2.2. J
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We now prove the propositions used in the proof of Theorem 2.1.2. The
following proposition generalizes Proposition 2.3 from [41], where it is as-
sumed a;; € CLA(Y), up € H*(Q2) and Q2 C R?. We note here that Theorem

per
1.1 from [37] gives conditions concerning the discontinuities of the functions

aij such that x7 and x% € Whee(Y).

per

Proposition 3.2.1 Let Q C R¢, d = 2,3 be a conver domain, u. be the
solution of Problem (1.2), and x*, ug, u1, 0. and X be defined by Equations
(2.8), (2.15), (2.10), (2.16) and (2.17), respectively. Assume a;; € L2 (Y),

per

ug € W3(Q), x? and x¥ € WLi(Y), for p,q > d and 1/p+1/q < 1/2 .

per
Then there exists a constant c independent of ug and € such that

() = uo(-) = eur(-,-/€) = €0 )llo < C€ Juollap(max||xllog +max X [|1,0)-

Proof: Define the field v; by

0%uy ox 0?ug
Ox;0z; (z) + ax(y) Oy, 0x;0x; z)

(327) (@) = —ari(y)x’

hence
(3.28) a(y)Vyui(z,y) + aly) Vyus(z,y) = vi(z,y).

Let ¢(y) = ¢(y), ¢ defined by Equation (3.3) and let ¢;; € Wgéqr(Y) such
that

—ap X’ + aydx™ — cf;
~ . . 3
curlyh; = ¢y = —ag1 X! + andx — ¢j - C%j )
—ag X’ + a0 + ¢§' )~ C:{)j

B —a12X]: + aualXZ’]: + </5§'3) - C%j
curlytho; = tho; = | —a2ox? + andx> — c;
—az)X’ + az0x* — ¢; ) C5;

and _ _ )
) —a13x? + aydx> — ¢§' ) — C3
curlythy; = 35 = | —agsx? + adix® + ¢§1) - ng

. sj
—ag3x’ + az O x> — c3;

where the constants ¢}; are chosen such that each entry of the vectors Pi; has
integral zero over Y, e.g. ci; = [, —anx’ + ayudix¥dy. It is easy to check
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that V, - @Ekj = 0, what guarantees by Lemma 1.3.1 the existence of such
functions v;, and by Remark 3.11 in [30] we have

(3.29) [¥ksll1a < (X llog + X Il1q)-
Define P

— ol () L YO
and let

vo(x,y) = —curlyp(x,y),

a simple calculation give
(331) Vy sV = —Vw - V1, Vz * Vg = 0
and

[o2(5-/€)llo < clluo

(3.32) < cl|uo

|3,p n}cax ||¢kj||1,q,Y
J

00+ IX¥llg), by (3.29)

|35 (11X
Define

Ve(T) = ue(r) — up(x) — euy(z,2/€) — uy(z, /€

and

£(z) = alz/€)Vue(z) — vo(w, z/€) — evi(x,2/€) — 2va(x, x/€),

where v is defined by (3.1). Then
a(x/€e)Vipe — &(z)

= a(xz/e)Vu(z) — a(z/e€)Vug(x) — ea(x/e)Vui(z, z/€)
—e®a(x/€)Vuy(z,1/€) — a(z/e)Vu(z)
+vo(z, z/€) + vy (z, 1/€) + € vo(w, T /€)

= —a(z/e)Vyup(z) — ea(z/€)Vaui(z,z/€) — a(x/€)Vyui(z, z/€)
—a(x/€)V us(z, 7/€) — ealz/e)Vyus(x, z/e)
+vo(x, x/€) + evi(x,2/€) + vy, x/€)

= (va(x,z/€) — a(x/€)Vyua(z,x/€)), by (3.1), and (3.28).
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From the definition of uy and (3.32) we obtain
(3:33)  lla(e/e) Ve = &dllo < ce®llualls,p max(Ixlloq + X" Il1.q):

Define . € H'(Q2) as the weak solution of
(3.34) =V -a(zx/e)Vp =0 in Q, and ¢ (z) = us(z,z/€) on 0.

We observe that the Sobolev embedding theorem and the hypothesis p,q >
d, implies the function us is continuous. Therefore, we use the maximum
principle to obtain

|O,oo

cl|¢e
cmax || x*
ij

[1cllo

IN A

|0,oo,Y||a$¢:cj Up ”0,00

(3.35)

IN

Given g € L*(Q), let w. € H'(Q) denote the solution of

(3.36) /Q a(z/€) Vi, () Vib(x)dz = / o(2)b()de, Vi € HI(Q).

Q

Since . + €6 + €2p. € HL(Q) we obtain
/ 9. + €0 + €p)dr = / a(z/€)(Vibe + eVl + Vo) Vw,(z)ds
Q Q
(3.37) _ / a(2)) VbV, (z)dz,
Q

where we have used the definition of . and ¢, to obtain (3.37). We observe

(3.38) /QQGVMVwedac:/

Q
We now estimate the second term on the right hand side of (3.38)

(Ve — £.) - Vwda + / £ . Vwdz.
0

& Vuds = [ @a/0Vuo) = w(a.a/) = en(a.a/e)
—uy(z,2/€)) - Vuw (z)dz
= / fud() + V- volz, 3/€)w(x)
(3.39) —evi(z,z/€) - Vw(z) + eV (x, 2 /€)w(z)dz,

43



here we used the definition of u., (3.15), integration by parts and (3.31) to
obtain (3.39). Using (3.27)

[t -vuia) = [ (- j o
Qvl T, 1/€ we(z) = : kiXea "
. OxY 0%y )811)6

T O Gy o0z ) B

Consider the partition of unit, p;, defined in the proof of Proposition 3.1.1,
then

. OxY 0%uy 8w€ im / vy Ow,
= d
/ Koy, 0z ;0x; 6xk z)dz = Z i i 8yl 830]333, 0z, v
i/aeaX?a .8u0w(x)
— o "0y, 9y, \" 0,00, ¢
XY 9] 0%ug
Ty ) g (p’aa:jax) de
im 8 82U0
(3.41) Z/ ( @ik ayk z]) pimwe
0 82U0 8 Ug 3w€
v (o (g g () o) + i g (0 55(0) ) o
ox 6 0%ug
B /g;alkla— ( )aTk <8x]8x1) do
(3.42) = /e_l Vv O uo () — f ) we(x)dz
’ B Q ‘ Oamj{)xi ¢

2
/agzxeaa :;(;; awe z)dzx —/Vm vidz,

where we have used the definition of X” to arrive in (3.41). From (3.39),
(3.40) and (3.42) we obtain

/&we o,

and hence from (3.33) and (3.38)

/ (Ve + €0, + 2 p.)dx
Q

(3.40) (x)dz.

< NaVipe — &) llollwellx

N

0.0y + IX¥1gx) gl -1-

ce” [[uollsp (11X
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Dividing by ¢g and taking the supremum over g, we have

' |1,q)

la.p max((xllo.g + X"

|t — uo — euy — €b — 2uy — || < ce?||ug

Observe that uy(z,z/€) and ¢ (z) are bounded in L?(2) independent of € by
||luoll3,, maxy; ||x"1,4, see (3.35). Hence

lue = uo — eur = b < c€[Juollsp(max 7o, + max X ]1q)-

O

The following proposition estimates the L? norm of ¢ — 6., and it is used
in the proof of Theorem 2.1.2

Proposition 3.2.2 Let ug, x, 0. and ¢ be defined by (2.15), (2.8), (2.20)
and (2.24), respectively. Assume that ug € W3P(Q), ¢ € W*P(Q) and x? €
Wha(Y), for 1/p+1/q < 1/2. Then we have

per

18 = @llo < celluolls p-

Proof: Observe that ¢ € W?P?(Q) and p > 2, hence from Corollary 3.1.1 and
Remark 3.1.1 we obtain

10 — Bllo < cellgl2p-

Since B
Bloo =Y orxi Vo - miloa,
k

by regularity theory, see Theorem 1.3.2, ||¢|
sition follows. [

20 < c(x*)||uo]|3,p, and the propo-

3.3 Proof of Theorem 2.1.3

Proof: Use a triangular inequality similar to the one used in the Proof
of Theorem 2.1.1 and Propositions 3.3.1, 3.1.2, and 3.2.2. Observe that
if a;; € C;;ff(Y),B > 0, by regularity theory x? € C;;ff, v, € C'P and
V(ve — x%)exp(—yy1) € L®(G,); see Theorems 1.3.4 and 1.3.8, and Remark
6.4 in [41]. By the Sobolev embedding theorem, uq € W%°° (), hence Propo-

sition 3.1.2 holds for § = 1/2. O
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The following proposition is used in the proof of Theorem 2.1.3. Propo-
sition 3.3.1 generalizes Proposition 2.3 from [41] to the case Q C R3.

Proposition 3.3.1 Let Q C R?, d = 2, 3 be a convex domain, u. be the solu-
tion of Problem (1.2), and ug, u1, and 0, be defined by Equations (2.15),(2.10),
and (2.16), respectively. Assume a;; € CYP(Y), 8> 0 anduo € H3(2). Then
there exists a constant ¢ independent of ug and €, such that

[ue(-) = uo(-) — €us(-,-/€) = ebe(-)llo < Ce|uo]ls.

Proof: Since a;; € C#(Y) by regularity theory x' € C*#(Y), x¥ € C'(Y)
and by Theorem 3 in [7] we obtain

lpello < cllua(:,+/e)lloon < clluollslX"sllo.c0

where the function ¢, is defined by (3.34) and we have used the trace theorem
in the last inequality. The rest of the proof of follows exactly as the proof of
Proposition 3.2.1. [
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Chapter 4

Numerical Methods

4.1 Method I:

We now give the algorithm to obtain the numerical approximation for wu.,
the following method works in the case (2 is a rectangular region and bilinear
finite elements are used to approximate uy.

Step 1: Solve the cell problem (2.8) with a second order accurate conforming
finite element in a partition 7;(Y’). Call these solutions x;.

Step 2: Obtain Ahb by

; 1 0 .0
1] |Y| v l (y) 8y[ (y Xh)

o AJ
ay—m(y, X;)ay-

Step 3: Let V(Q) = {v € C°(Q); v|k € Qi (K), K € Tn(?), K rectangular}
and V(Q) = VH(Q) N H(Q). Let up™ € V satisfying
/(AﬁVug’ﬁ,Vvh)dx :/fvhdac, Vol € Vi
Q Q

The justification for using a rectangular mesh is postponed to Remark
4.1.1.

Step 4: Define u’f’ﬁ as

h,h
x\ Ouy’

(4.1 uthe) == (3) G @

€
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Note that this leads to a nonconforming approximation for u; in the
partition 75(€2).

Step 5: Let 7 be a positive integer and G7 = (—7,0) x (0,1). Define 7, €
H'(GT) the solution of

—Vy - a(y1,¥2)Vybe =0 in G,
¥e(0,92) = x; (1,92), 0<ys <1,

Onte =0, on{y € G[; y1 = -7},

and Te(y1,0) = Te(y1,1), —7 <91 <0.

Let v be a numerical approximation of 7, using a second order accu-
rate conforming finite element on a mesh 7; (G7).

Step 6: Define

. 1
X:Jl,T = / 'Ue(—';" yQ)dyz
0

The other cases k € {w,n, s} are treated similarly.

Step 7: Let &h’i” be a second order accurate finite element approximation
in a mesh of size h for the following equation

(4.2) —VAﬁV1/J =0, Y= X*’ﬁ”&,u(’}’h on Of).

Remark 4.1.1 Since ug’h € Hy(Q), the domain Q is rectangular, and
bilinear rectangular elements are considered to obtain ug’h, s easy to
see that a,,uf;’h is continuous on 02 and linear in every edge of T, (0N2).
Observe also that the zero Dirichlet boundary condition implies @,ué”h =
0 at the corners of §2. ThereforeAx*”A"Ta,,ug’h € H'Y2(02) and Equation
(4.10) is well posed. Taking (Ehi’” € VM) allows us to use the same

. . .. h,h _h,il,
stiffness matriz for obtaining uy” and ¢™"™.

Step 8: Observe that in Equation. (2.22) the term ve(zlf_l, %) appears.

h

Since the approximation v;*" is defined in G, it is possible to calculate
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vf}”(“e—_l, 2) only if 11 > 1 — e7. Since the functions vy — X} decays

exponentially to zero away from the boundary its is natural to consider
the following approximation

. - .k
(gz,h,ﬁ,f(xl,%) _ ) e(my) (b (Bt 22 - X;’h’T)a;TOI if z;1>1—er,
0 if ;1 <1—er,
(4.3)
and o o
(4.4) griT = 3" ghhhr,
ke{e,w,n,s}

Step 9: Approximate 6, by d)é“ﬁ” = gz;?’ﬁ” + J)h’ﬁ” and finally construct the
numerical approximation for u, as

(4.5) ulhT = bt 4ot egb?’ﬁ”.
Remark 4.1.2 Only two stiffness matrices are need to be formed: one for
Steps 3 and 7, and another one for Steps 1 and 5. In Step 5, an iterative
method based on vector-matrixz multiplication together with the periodicity of
the matriz on Step 1 is explored.

4.2 Method II:

Step 7 in Method I uses the trace of the normal derivative of u!" as the
boundary condition in Equation (4.10), as we have seen in Remark 4.1.1 this
is the reason that we have to consider bilinear elements to approximate u,
in Method I. For the method presented in this section we then introduce the
Lagrange multiplier space to approximate d,uo on 0§2. This modification
allows the use of a linear finite element space to approximate ug and the
generalization of the method to the case {2 a convex polygonal domain with
rational edges, see the Appendix A. It also allows to prove error estimates
for the L? norm under weak assumptions on .

Step 1: Approximate the solution of Problem (2.8) with a second order
accurate conforming finite element on a partition 7;(Y"). Denote these

solutions by X;l
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Step 2: Define A}, = |—}1,‘ Iy alm(y)a%l(yi — X%)ayim(yj — Xi)dy.

Step 3: Let V"(Q) be a conforming second order accurate finite element
space on a mesh 7,(Q), and V(Q) = V*(Q) N HL(Q). Define up" e
Vi () as the solution of

/gz(AﬁVug’h,Vvh)dx = /vahdx, Vo' € V(€).

Step 4: Since O,uo appears as boundary condition imposed in Equation
(2.24), it is important to obtain a good discrete approximation for
it. In oder to approximate d,uy we define Y = V*(Q)|sq, Y} = Y|,

and Y, = {\ € Y, \* = 0 at O }. Let )\Z’ﬁ € Yy, be the solution of

(4.6) / A ghde = / Al dulthd; ¢ da — / fohda,

V ¢ € V*(Q), such that ¢"|so\r, = 0. We later show that )\Z’ﬁ is a
good @pproximation for AVug - ng on I'y, hence we approximate 9,uq

by u™" where

R h,il ~ 1 if k:eaw
Mh’h|Fk =X /Agelk’ lk:{ 2 if k=mn,s.

Step 5: We observe that we use " as the approximation for Opuo in Equa-
tion (4.10), hence in order to guarantees that the final numerical ap-
proximation for u. satisfies the zero Dirichlet boundary condition we
define the approximation for Vug as

(4.7) yhh — Vug’ﬁ + Z E; (,uh’i' - Vug’i’ . 77’“)77’“.
ke{e,w,n,s}

Here Ej(-) denotes a discrete extension by zero on 2. More specifically,
Ei(uM" — Vul™ - n%)(2) = 0, where z is a vertex of 7;() \ T, and
Ex (1" = Vug" - 1*)| i, € VM) ¥ Ki € Ta(62)-

Step 6: Define ) )
h,h h,h j
(43) Wt (@, 2/e) = —W (@) (/o)
Note that this leads to a nonconforming approximation for u; in the
partition 75(€2).
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Step 7: Let 7 be a positive integer and G7 = {y € R?, —7 <y; < 0and 0 <
Yo < 1}. Define 9, € H'(G?) as the weak solution of

-V, -a(y)Vy0. =0 in GI,

Te(y) = x;(1/€e,y2) on {y € GL,y1 =0},
One =0 on {y € G{; y1 = -7},

and ve(y1,0) = vg(y1,1) for —7 <y, <0.

Let v be a numerical approximation of @, using a second order accu-
rate conforming finite element on a mesh 7; (G7), and define

) 1
XM = / VT (=T, Y2) dys.
0

The other cases k € {w,n, s} are treated similarly.

Step 8: Observe that the term v, (%=1, £2) appears in Equation (2.22). The

approximation v*" is defined in G7, hence we have defined v/ (2=, £2)

only when z; > 1—e7. Since the functions v, — x decays exponentially
to zero in the —n, direction, its is natural to consider the following
approximation

G (21, 29) =
{ (vi” (—”16_1, %2) — X:’B’T) Thh if T >1—er

0 otherwise.

Step 9: Let ) )
(19 D S

ke{e,w,n,s}

where the others terms ¢®™"7 are defined in a similar way.

Step 10: Let q@hﬁﬁ be a second order accurate finite element approximation
on a mesh of size h for the following equation (see Remark 4.2.1)

(4.10) —V-AEVd):O in 2, and 1/)=X*’E’T/Lh’h on 0.

o1



Step 11: Approximate 6. by (b?’i” = QNSQ’F"T + q@hﬁﬁ and finally construct the
numerical solution for Equation (1.2),

hh h,h h
(4.11) ulhm = ug" + eu™ + el

Remark 4.2.1 By construction ,uh’i‘ = 0 at the corners of S0, therefore
PPt € H'Y?(0Q). This implies that Equation (4.10) is well posed. In
addition M7 uhh € Vh|sq hence we can look for a mnumerical solution of
Equation (4.10) in V*(Q).
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Chapter 5

Finite element error analysis

This chapter is devoted to the error analysis due to the numerical approx-
imation introduced in methods I and II.For the discrete error analysis we

~ . E . a
assume h = 0 and 7 = oo, i.e. v," = vy, Xil =y’ and A" = A, and for

this reason we will note make reference to the index 7 and h when we make
reference to the the numerical approximation for uy, Vuy, é, ¢ and u,, i.e.
ul = uMPT and similar for the other terms; an error analysis including the
error due to the numerical approximation of the functions v; and x?, and the
matrix A is currently work under progress.

The main results of this chapter are Theorems 5.1.1, 5.1.2 that provide
error estimates for the L? norm and the broken H' norms for the method
II, and Theorems 5.2.1 that provide error estimates for the L? norm and
the H' broken norms for the method I. Here in this chapter we choosed to
present first the error analysis for the Method II. We also observe that the
error estimates given by Theorems 5.1.1 and 5.1.2 are better then the ones
obtainned in [4, 24, 45].

5.1 Error analysis for Method II:

In this section assume we use linear or bilinear finite elements to approximate
Ugp-

Theorem 5.1.1 Let u. be the solution of the Problem (1.2), ug, X* and uy
be defined by Equations (2.8), (2.15) and (4.11), respectively, and the func-
tions vy and the constants xj, be defined as in Subsection 2.1.1. Assume a;j €
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L (Y), ug € W3P(Q), ! € WLU(Y), and v, and V(ve — x3)exp(—yy1) €

per per

L*(G.), for 1/p+1/q < 1/2 and 1/s+ 3/p < 1. We also assume similar
hypothesis for the other functions vg. Then there exists a constant c¢ inde-
pendent of € and h such that

|ue — unl|1,n < e(h + €)||uoll2,p
and

e — upllo < c(h® + € + €h)||uo

|25p'

Proof: By the triangular inequality we have

1h +€lup — U’f|1,h

[ue — upl1p < e — g — Uy — Pelr + |ug — ul
+e|lgp — " |1h + €| — P

and the theorem follows from Theorem 2.1.1, the approximation error (5.1),
and Propositions 5.1.2, 5.1.3 and 5.1.4. [

1,hs

Theorem 5.1.2 Let u, be the solution of the Problem (1.2), x’, uo, XY,
¢ and uy, be defined by Equations (2.8), (2.15), (2.17), (2.24) and (4.11),
respectively, and the functions vy and the constants xj, be defined as in Sub-
section 2.1.1. Assume a;; € LS. (Y), ug € W3(Q), ¢ € W?P(Q) and

per

X9 € W(Y), forp>2and1/p + 1/q < 1/2. Also assume x? € WH>(Y),

per

and v, and V(ve — x5) exp(—yy1) € L>®(G.). We also assume similar hypoth-
esis for the other functions vi. Then there exists a constant c independent of
€ and h such that

3
lue — unllo < e(h® + €2 + eh)||uol3 -

Furthermore, if a;; € CLE(Y) and ug € H3(Y), then

per
3
||ze — upllo < c(h2 + €2 + eh)||ugl|s-

Proof: The same proof of Theorem 5.1.1 holds here, except that Theorem
2.1.1 is replaced by Theorems 2.1.3 and 2.1.2. OJ

We now prove the propositions used in the proofs of Theorems 5.1.1 and
5.1.2.

o4



For the approximation error of the term u, we use standard finite element
analysis to obtain

(5.1) luo — ugllip < chlluoll2p
and
(5.2) luo — ugllop < ch*[lugll2y

for 2 < p < o0; see Theorem 1.4.4. Let Z" be the usual local pointwise P; or
Q; interpolate and K € T,(2), then

h h
2,p,K + 1 T"ug — ug |2,p,K-

h
opk < |ug —I"uy

Jug — ug
Using an interpolation error estimate, see Theorem 1.4.1, we obtain
(5.3) luo — T"ugls pp < h™ gl mpn, for 0 < s <m,
and from an inverse inequality, see Theorem 1.4.3, we have

(5.4) 1 T"ug — uglapx < ch™||Tuo — uf|

Lp,K-
Finally from (5.3), (5.4) and (5.1) we obtain

(55) luo — ugllzpn < clluol

2,p-

In order to estimate the L? and the broken H' semi-norm of u; — u?, (see

Proposition 5.1.2) we note that u; —uf = (9y;u0 — ¥})x? hence by a Cauchy
inequality and the Sobolev embedding Theorem we obtain |Ju; — u?|ly <
c)|0z;u0 — W2 loplIx |lo,g for 1/p41/q < 1/2. Therefore we have to estimate
the error between ¥” and Vug on the L? and on the broken W*!? semi-norm,
(see Proposition 5.1.1) this is done by first estimating the error between
AVug-n and A" in the trace space of W'?(Q) over Ty, in different norms; see
Lemma 5.1.3. Lemmas 5.1.1 and 5.1.2 are auxiliary results used for obtaining
Lemma 5.1.3.

Consider the following spaces:

Case 2 < p < oo: Since W'=1/PP(T',) < C°(T}), we define the spaces
Way /PP(T}) = {@ € WI=V/PP(T,); @ =0 on 9T} equipped with the norm
1 sy = - lr-simogey-

Case p = 2: We set Wy /PP(Iy) = Hy*(Ty) and || - ||W010—1/p,p

: see [39] for the definition of Hyl”(I';).

Ty)
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Case 1 < p < 2: We define Wy, "/P?(T;) = W1-VP»(T',) equipped with
the norm || - || WA R () = = || llwr-vwe(r,)-

These spaces have the following important feature. Denote by ¢ the
extension by zero to 9Q \ T, of a given function ¢ € Wy, /*?(T's). Then
by the Trace Theorem 1.5.2.3 [29] there exists a function ¢, € W'?(2) such
that ¢,|sn = ¢ and

(5.6) clloll iy, Py S 1Pl

Woo k

< eallelli-p

1p < el o
Woo k

*(09)

We also introduce the dual space of W(]lo_l/p’p(Fk), denoted by W =1+1/P# (T}),
where 1/p+1/p' = 1.
The following inverse inequality is required in the proof of Lemma 5.1.3.

Lemma 5.1.1 Let 1 < p < oo and v" € Y. Then

(57) ||Uh||W010—1/p,p(Fk) < Chil||Uh||W_1+1/p/,p(Fk).

Proof: Consider the following inverse inequality (see Theorem 1.4.3)
(5.8) [|v"]

Given v" € Y}, let " € Y" be the extension of v" to dQ \ T by zero. Using
(5.6) and (5.8) we obtain

5,0,00 < ch_5||vh||0,q,3g, VoteYh 1<g<ooand 0<s<1.

||Uh||W(J1(;1/P,p(Fk) < c”ﬁh”Wl*l/P P (80)

(5.9) < ch VPR | ogan) = b VP [0P | oy

Let Py denote the L? projector to Y, and assume that v" € Y. Then

vh, @ v P,
[y = sup SOy T
peLr' (Ty) ||¢||Lp (Tx) qﬁeLP'(l‘k) ||¢||Lp’(rk)
By Theorem 1 in [18] we have
(5.10) ||P0,k</5||Lp’(rk) < C||¢||LP'(Fk) 1<p <oo.
Hence
Uh _ 1 P _1 1l
h 190y s Postl g
|v*|rryy < ¢ sup
peLr’ (Ty) ||P0,k¢||Lp’(rk)
(5.11) < ch TV :

l+i‘p(rk)
56



where on the last inequality we have used (5.9) for ||Po x|, 1-1/5 ) Com-
00
bining inequalities (5.9) and (5.11) we obtain (5.7). O

The following lemma provide stability and error estimates concerning
Pox, the L? projector to Yo’fk. These results are required in the proof of
Lemma 5.1.3.

Lemma 5.1.2 Let 2 < p < oo and Pyy : W_Hr%’p'(Fk) — Yohk be the L?
projector to Yo’,lk- Then we have

1_171)
512) APyl g Sl g Y0 € Wi "),

0 k k

1 -1
(518) 1l6 = Posbllisy < ch' lloll oy V6 E W ? "(Tw),

00 k)
_1 ’
(5:14) 16 = Pogdll riw . S ch o0l V&€ LP (D)

and

(5:15) Posdllyrepor g, < lollyrep

(Tk)

P (T).
) VoeW (T'x)

Proof of (5.12):

Case p > 2: Observe that Pyy : LP(I'y) — Y is stable in L? and
Wl’p, i.e. ||P0,k¢||LP(Fk) S C||¢||Lp(rk) i ¢ € Lp(Fk), and ||P0,k¢||W1sP(Fk) S
cl|llwrer,) Y ¢ € WHP(T}), respectively; see Theorems 1 and 2 in [18].
Since Wl_%’p(l“k) = [LP(Ty), W'P(T't)]1-1/pp; see Theorem 1.2.3, we obtain
the stability of Py in WP (T'x) by interpolation, see Theorem 1.2.4, and
inequality (5.12) holds for p > 2.

Case p = 2: By definition Hy)*(T) = [L2(Ty), Hy(T'k)]1/2 and the proof
is analogue to the case p > 2.

Proof of (5.13):

Case p > 2: Let I" : LP(Ty) — V"(Q)|r, denote the standard P; or Q;
interpolation operator. Then we have

6= Posdllzwy < 116 =T 0l +Poslé = 'Ol
< C||¢_Ih¢||Lp(rk), by (5.10)
(5.16) < ch"gll 1, by (5.3).
Woo P (T)

00 k
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Case p = 2: Follows similarly to the case p > 2 by replacing Z" by the
Clement interpolation operator defined by (2.13) [47] and using Theorem
1.2.4.

Proof of (5.14):
¢ - P ¢7
I6 = Posdll, 1eyp, = S M
7 ) R N L
vEWy, P (Tk) "(Th)
_ <¢ - 730 k¢ v = Po,kv>
= sup
TR (][
’UEWOO P WOO (Fk)
_ (¢, v — 730 kU>
= sup =
ST ][
v WOO P WO (Fk)
_ 8ol = Postllizey
- -1 ol 1 b
veW,, (Tk)
(5.17) < e (16l gy
where we have used (5.13) to obtain the last inequality.
Proof of (5.15):
- (Po kP, V)
PPostlycirey = 2Py
vEWOO Fk) Woo v (Fk)
< ¢ sup (Pos: Po) , by (5.12)
11 ||7’o wll i-1s
vEWpy ¥ "(rx Woo © (Tk)
<¢a PO,k”)
< ¢ sup R
e e T
vEW, p (Tx) Woo P (Tx)

d

The following lemma estimate the error between AVuy - 1 and its nu-
merical approximation A?. This lemma is used in the proof of Proposition
5.1.1.

Lemma 5.1.3 Let \" be defined by Equation (4.6) and X = 0,,uo = A;;0juon;,
where n; is the ith component of the normal vector to I'y. Assume that
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ug € W?P(Q). Then we have

(5.18) I|IA — /\h||W50_1/p,p(Fk) < cllugl|lap for 2 <p < oo,
(5.19) |IA — /\h”Lp(I‘k) < ch1_5||uo||2,p for 2<p<oo
and

(5.20) IA = Ally-11/m0rry) < chlluollap for 2 <p < oco.

Proof of (5.18): From Remark 2.1.1 if p = 2, or from the Sobolev embedding
theorem if p > 2, we have

(5.21) Iy a1,y < elluollzy.
In order to prove inequality (5.18) observe that

||)\ _ )\h”WOlO_l/p’p(rk) S ||)\||W()1()—1/p,17(rk) + ||)\h||W010—1/p,p(1"k)a
and

(A", 9)

) ||¢||W*1+1/P,P’(I‘k) .

I ig = sup
W;O p T’(r‘k) ¢€W_1+%’p’(

Since A" € Y, then (A, ¢) = (M, Py ), and using (5.15) we obtain

<)‘h7 7)O,lc ¢>

||730,1c¢||w—1+},,p' (T

)

Now we introduce the A-discrete harmonic extension operator %" : Y* —
Vh(Q) defined as the solution of

(5.22) MY i, <ec sup
Woo 7 (Tk) —1+1,p/
pew " TP (Tg)

/Aijai%hghajvhdx =0 VYo" e VMQ), and H"¢"|sq = "
Q
The A-harmonic extension operator H : H'/2(9Q) — H'(f) is defined simi-

larly. By Theorem 5.4 in [48] (a generalization of Lax-Milgram theorem for
Banach spaces) we have

(523) [ Hglwine < clglw-vmoon, for 1 <p < oo.
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Hence if ¢ € Yo’fk, g" denotes the extension of g" by zero to Q \ ['y, from
Theorem 1.4.5 it follows

175" 11, cl|HG" lwrriey

<
< ||9h||W(}0—1/p,p(Fk), by (5.23).

(5.24)

Let ’ﬁo,kqﬁ denote the extension of Py ¢ to 0Q\I'y, by zero. From the definition

of M, the stability of the A-discrete harmonic extension, (5.24) and (5.1), we
obtain

(N Poxd) = (N Poxd) + aluf — uo, H"Po o)

A llya-27m0 0y [P0kl 51 ) + Aol Posll g s,

IN

IN

(5.25)

: (||A||W010_1/,,,,,(Fk) + lltollzp) I1Poklly-sevmat o,

Here we used the inverse estimate (5.7) applied to P k¢ to obtain (5.25) .
Inequality (5.18) follows from (5.25), (5.22) and (5.21).
Proof of (5.20): We observe that

A — Ak
||)\—)\h||W—1+1/]J,P’(Fk) - Su ”;”—lqb>
IS Woo 7]_1 ()
A — )\ ¢ P ¢
< c Supb < ||¢|| =
EWoq " (1) "
A=\ Py
(5.26) e s ||§Domll o
eWoe P71 Woo * 1)

In order to estimate the second term on the right hand side of (5.26) we use
the definition of A and A\, and the inequality (5.24) to obtain

<)\ - )\ha Pﬂ,k¢> G(Ug — Up, Hh,ﬁ() k:¢)
< ch||ug
(5.27) < chl|ug

|2,p| 1 1/17 0! (Fk)

|2,P| ,P07k¢||Wg(;1/P,p(1—\k) since p > pl.

For estimating the first term on the right hand side of (5.26) we note that
(¢ — Poxd, v — Pov)

) 14l =
R o, ol -
vEW,, Ty WOO (Fk)



< sup |¢ — Posdll L2 |v — Powv| L2qry)

UEWOI(;’%”’(FIC) HUHW(}JW’?(H)

(5.28) S Ch||¢||W01(;l/p,p(1—‘k).

In the last inequality we used (5.13) and the fact that Wgy /PP(Ty) <
H(}({Q(Fk) for p > 2. Hence,

A=MN o —Poid) < |A— )\h||W01(;1/p,p(Fk)||¢ — Pok®llw-1+100 (ry)
(5.29) < ch||u0||2,p||<;5||W010_1/p,p(rk), by (5.18) and (5.28),

and the inequality (5.20) follows from (5.26), (5.27) and (5.29).
Proof of (5.19):

Case 2 < p < co: We have

A= Mg — P
IAN= N,y < sup < ¢ = Pord)

peLP' (Ty) ¢l (T'x)
A= VP
(5.30) + sup < 0x9)
peLP' (Ty) ¢l (Tx)

The first term on the right hand side of (5.30) is bounded as follows:

A=\ — /
<)\ _ )\h’ ¢ — PO,ka) ” ”Wolf};,p(rk)nqs PO,kQS”W—H—%,p (k)

sup < sup °
¢€Lp’(1“k) ||¢||LP’(Fk) ¢eLp’ (Tx) ||¢||LP'(Fk)
(5.31) < ch' v |Juglzy.

Here we have used (5.14) and (5.18) to arrive in (5.31). In order to estimate
the second term on the right hand side of (5.30) we use the definition of A
and A" to obtain

(A = A\, Py 1) < [y @ij0i(uo — uf)d; (H"Po 1) dy

ety olwey 1Poxllw e,
JuollPosll 1y

S TN

< ch" ¥ ||ugllap, by (5.9).

61



Case p = oo: Let z € T'y, then
(5.32) IA(2) = A"(2)| < [A(2) = PogA(2)] + [N (2) — PosA(2)]-

For the first term of (5.32), by Theorem 3.1 [51] there exists a positive con-
stant ¢ such that

A(z) = PogA(2)] < ellA = v"[looor,
(5.33) +c exp(—ch)||X — v"

h
o105, V0" € You.

The use of Q; elements to approximate ug implies AVul-ng|r, € Yy, there-
fore we can take v® = AVul - ;. in (5.33) and use (5.1) to obtain

(5.34) 1A = PogAllo,c0 < chl[uo]|2,00-

When P; elements are used to approximate ug, although AV} -nk|r, ¢ Yor,
it is easy to see that there exists v € Y, such that [|[AVul-nx —v"||p 0o, <
ch||AVul - nillo.cor,, hence (5.34) follows from (5.1) and (5.33).

To estimate the second term on the right hand side of (5.32), following
[51] let E, C T'y denotes an edge of an element K, € T"(2) such that z € E,,
and define ¢, as the polynomial of degree 1 on F, such that

/ 3.(s)v(s)ds = v(z), for any v polynomial of degree 1.

z

Regard 6, as extended by zero to [y \ E, and denote by 6" € V*(Q) the
extension by zero of Py 40, to Q2. Then we have

Ni(2) = Posh(z) = / Pox(A" — \)6.ds
Tk
= /(/\h’—)\)Po’k(szdS
Tk
(5.35) - / Ay (g — ul)0;(8)da
Q

where we have used the definition of A" to obtain (5.35). From (5.1) and
(5.35) follows )
IN(2) = PoxA(2)] < chlluollz,eoll07

|1,1-
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Using an inverse estimate followed by a Poincare inequality we have

16111 < ch |62

0,1 < C||P0,k5z

|0715Fk .

Finally, we use the fact that ||Pod;|lo,1,r, < ¢, see Lemma 3.5 in [51], and
(5.19) follows. OJ

Proposition 5.1.1 estimates the error between Vu, and its proposed nu-
merical approximation W”. This Proposition is required in the proof of Propo-
sition 5.1.2.

Proposition 5.1.1 Let ug and V" be defined by Equations (2.15) and (4.7),
respectively. Assume ug € WP(Q) and that linear or bilinear finite elements
are used to approrimate ug. Then for 2 < p < oo we have

(5.36) 1(Vug — O") - v||op < chllugllap, Vv € R with [v| =1

and

(5.37) [(Vuo — ") - vl|1pn < clluollzp, Vv e R with [v| = 1.

Proof of (5.86): From the triangular inequality we have

(5.38) |(Vuo — ") - vllop < [[(Vuo — Vug) - vllop + [|(Vug — ¥") - v

|0,p-

Use (5.1) to estimate the first term on the right hand side of (5.38). For the
second term, by the definition of ", we have

(Vg = ") - wllop < e > NEu(u" = Vg 1) o

ke{e,w,n,s}

Consider £ = e and that bilinear elements are used to approximate ug; the

other cases, k € {w,n, s} or when P; elements are used, follow in a similar
8ug

way. From definition, the function E, (uh ~ %o

) is linear in the z; direction
and equal to zero in ;1 < 1 — h, hence

B = s 1)l < B[00y = ], + i 2 <p <00
or

”Ee(ﬂh - V“g : 77k)||0,oo < Ham“g -

— 'u'hHO,oo,Fe’ if p = co.

Case 2 < p < oo: The triangular inequality gives

(5.39) ||0p, ug — 1|

o — On, o |0z, u0 — 4"
0,p,Te < H@mluo Oz, o 0,p,Pe+ Oy o — o 0,p,Te ~
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In order to estimate the first term on the right hand side of (5.39), let K €
Tn(2) containing an edge E C I'y. Applying a Trace Theorem we have

nstsl = Buyolly, p < (B[00l = Buyuo]],
1/
(5.40) +h? ! Hawlug - awluoHllj,p,K) ’ :

From (5.1), (5.5) and (5.40) we obtain

(5.41) ||8w1ug — O, < chl_l/p||u0||2,p.

Ug | ‘ 0,p,Tc

For second term on the right hand side of (5.39), we apply the definition of A
and A" to obtain Hamuo — “hHOpr = A H)\ — )\hHOpI‘ , and therefore from

(5.19) we have

(5.42) 18zst0 — (|, p, < b P ]l

From (5.39), (5.41) and (5.42) we obtain

| Ee (" = Vug - n°)|

00 < chljuol

2,ps

and hence estimate (5.36) holds for p < oc.
Case 2 = oo: We have

Hazlug - Nh”o,oo,re < ”awlug - amUO”O,OO,Fe + {| 0z, w0 — Nh||0,w,Te,
and applying (5.19) and (5.1) we have
60,10 — ]y, < chllollace

and hence estimate (5.36) follows for p = oo.
Proof of (5.37): We have

1(Vug — ") - vllo
(5.43)

cll(Vuo = %) - vllo, + [|(Vio — Vug) - vllo,

<
< 20, Dy (5.1) and (5.36)

chl|uo
and from an inverse inequality, Theorem 1.4.3, follows that

1(Vug — ©") - v
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Since

(Vo — ¥ - v

l1on < e ([[(Vug — Vo) - |

we obtain (5.37) from (5.5). O
The following proposition estimates the error between u; and u?. These
estimates are required in the proof of Theorems 5.1.1 and 5.1.2.

1o+ I1(Vug — %) - vllipn)

Proposition 5.1.2 Let u; and u® be defined by (2.10) and (4.8), respec-
tively. Assume that ug € WP(Q) and x* € WLi(Y), for 1/p+1/q < 1/2.

per
Then there exists a constant ¢ independent of € and h such that

hZ 1/2
(544 = ol < clallspliar (5 +1)
and
(5.45 s = vl < chlfuleg iy
where ||x|[1,4,y = >, X Il1q,v

Proof of (5.44): We have

L P VY I Rl

K; ETh(O2 K; jE€L2
+(x'(- /6) ; (Ot — U}))?d.
For the first term on the right hand side of (5.46) we have

> S (@ - WX < (O~ W0 X O,

K;eTy () Ki je1,2

6_2|8ﬂiiu0 - ‘Il;l g,p”X”iq,Y

6672}7’2||u0||§,p||X||iq,Y’

<
(5.47) <
where we have used (5.36) to obtain (5.47).
The second term on the right hand side of (5. 46) is bounded by a Cauchy
inequality, |1x'0; (9o — V)3 < |80 — VI,
Proof of (5.45): Direct application of Cauchy 1nequality and the approx-
imation error estimate (5.1). O

The following proposition estimates the error between é. and ggfj This
Proposition is required in the proof of Theorems 5.1.1 and 5.1.2.
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Proposition 5.1.3 Let ¢, and (5? be defined by (2.23) and (4.9), respec-
tively. Assume that uy € W?P(Q) and vy, € W(Gy), for 1/p+1/q < 1/2.

Then

B B h2 1/2
548 b tha<e(G 1) maxluduo ol
and 5 B

Proof: From definition of ¢, and q~5? we have

R W

ke{e,w,n,s}

|¢~56 - (5?

1,h>s

and the proposition follows from arguments similar to the ones given in the
proof of Proposition 5.1.2. [J

Finally, we prove the last proposition used in the proof of Theorems 5.1.1
and 5.1.2. Proposition 5.1.4 estimates the error between ¢ and ¢".

Proposition 5.1.4 Let ¢ be defined by Equation (2.24), ¢" be the finite
element approzimation to the Equation (4.10), and assume that ug € H?(2).
Then we have

(5.50) 16 — "1 < cfluoll2
and o
(5.51) |6 — ¢"[lo < chlluo2-

Proof of (5.50): We note that x*u" € H'/?(02), see Remark 4.2.1, hence
we define ¢ € H'(Q) as the solution of

(5.52) V- -AVYy =0 in Q o =x"u" on 0Q.

From regularity theory and (5.18) we have

(5.53) el < S I oy, < ellullo
k

and from triangular inequality

I ="l < llé — vl + 16" — %l
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Since x*u" € V*(Q), the problem of finding ¢ reduces to a conforming finite
element problem, hence the standard finite element analysis and (5.53) gives

|<1§h — )1 < cfJug]|o-
Finally, from regularity theory and Lemma 5.1.3 we obtain

60—l < X" = x*Ouoll m/2an)
< ; X 1" = X" Ogoll 2,y < elluioll

Proof of (5.51): From the triangular inequality

16— 6"1lo < cllé = llo + 16" — ¥llo,

and from standard finite element analysis and (5.53) we obtain

6" — ¥llo < chl|¥]l1 < chl|ug2

Applying Theorem 1.3.6 we have

6=l < C(Z X" Oyuo — X*Nh“?q—I/Z(rk))l/Q
k
< chllugllz by (5.20).

5.2 Error analysis for Method I:

In this section assume that bilinear finite elements are used to approximate
Ug-

Theorem 5.2.1 Let u, be the solution of the Problem (1.2), ug, X° and uy, be
defined by Equations (2.8), (2.15) and (4.5), respectively, and the functions
v and the constants xj be defined as in Subsection 2.1.1. Assume a;; €
L3 (Y), ug € W?P(Q), x7 € Wyel(Y), ve and V (ve—x;) exp(—vyy1) € L*(G),
for1/p+1/q<1/2 and 1/s+ 3/p < 1. We also assume similar hypothesis
for the other functions vy. Then there exists a constant c independent of €
and h such that

|ue — unllip < c(h + €)]|uol|2,p-
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Furthermore, if ug € W3P(Q), p > 2 then

lue = unllo < e(h® + €% + eh)([[uollz,00 + lluolls).

Proof: By the triangular inequality we have

|ue — upl1p < e — ug — uy — Bely + |uo — up
+eld — @1 + el de — B

1h + €lup — Ulf|1,h

1,hs

and the theorem follows from Theorem 2.1.1, the approximation error (5.1),
and Propositions 5.2.1, 5.2.2 and 5.2.3. [

Proposition 5.2.1 Let u; and u? be defined by (2.10) and (4.1), respec-
tively. Assume that ug € W?P(Q) and x* € WLU(Y), for 1/p+1/q < 1/2.

per
Then there exists a constant ¢ independent of € and h such that

N h2 1/2
(5.54) luy — uy |1,h < clluo 2,p||X||1,q,Y (6_2 + 1)
and
(5.55) lur — ufllo < chlluollzpllx]1qy
where || x||1,qy = 225 X gy

Proof: Similar to the proof of Proposition 5.1.2. [

Proposition 5.2.2 Let ¢. and ¢ be defined by (2.23) and (4.4), respec-
tively. Assume that ug € W??(Q) and vy € WH(Gy), for 1/p+1/q < 1/2.

Then
~ N B2 1/2
556 16w se(l+1) maxlodhae
and o
(5.57 18— Bl < chmax s — Xillog ol

Proof: Similar to the proof of Proposition 5.1.3. [J
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Proposition 5.2.3 Let ¢ be defined by Equation (4.2), ¢" be the finite el-
ement approzimation to the Equation (4.2), and assume that uy € H?(Q).
Then we have

(5.58) 16— ¢"[lx < clluolo.
In addition, if ug € W2®(Q) then

(5.59) I = ¢"llo < chlluo

2,00,02-

Proof of (5.58): Let 1 € H'(Q) be defined by equation (4.2), then

(5.60) I = ¢"lls < ll¢ = ¥lls + 16" = .

Since we use bilinear elements to approximate u{, x*0pug is continuous along
0L2 and the problem of finding ¢ is a conforming finite element problem. From
the standard finite element analysis we obtain

16" — il < ell]l-

In order to estimate the second term on the right hand side of (5.60), we
observe that it is sufficient to bound ||x*@yu¢; — x*0yuo|| g1/2(90)- By remarks
2.1.1 and 4.1.1, we have

)
oN

Oug oul
*6 _ *8 h — * _ 0

where i, = 1 if k € {e,w} and iy = 2 if k € {n,s}. Although the trace
of 9,,ul is continuous and belongs to H'/?(dRQ) , 9,,ul is not in H'(Q),
this implies that we can not use the trace theorem to estimate |0, ug —
O, ubt|| H1/2(9)- Lhen we use the interpolation operator II, from Lemma 1.4.1,
to obtain

1610 = Bty = 19510 = 1102

c Hamiuo — Haﬂu’g}\l

<
< ¢||0,uo — Mdg,uo||, + || T10s,u0 — T ug ||, -

(5.61)

For estimating the first term on the right hand side of (5.61), we use Lemma
1.4.1 to obtain
10z:u0 — N0y, uoll; < c||0zuoll;
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and from the inverse inequality and Lemma 1.4.1

1950 = Uyl < 3 |[10u0 - 1y, u
< %Hawiuo_awiugHo
< 4l —ulh
< clluoll2

Proof of (5.59): From a triangular inequality

(5.62) l6 = ¢"llo < cllé —llo + 16" — llo-

From Remark 4.1.1 ¢ € H'(Q) and from the standard finite element analysis
we obtain

16" —llo < chllvlh

In order to estimate the first term on the right hand side of (5.62) we apply
Theorem 1.4.4 to obtain

|2;0057

”X*an“O - X*anug“L“(BQ) < chllug
and from maximum principle it follows

16— llo < chlluo|

2,00,82-
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Chapter 6

Numerical Experiments and
Conclusions

In this section, we present some numerical results for solving our model
problem with

(24 Psin(27z1/e) 2 +sin(272o/€)
alz/fe) = <2 + Pcos(2mzy/€) 2+ Psin(27r:r1/e)> 22

f(x)=—-1 ,u=0 on 090, and P=138.

The above example was considered in [31]. We compare the solution obtained
by our method with the solution obtained by a second order accurate finite
element method in a fine mesh of size hy, which we call u}.

6.1 Numerical results for Method I:

Tables 6.1 and 6.2 provide absolute errors estimates for u} — u?’ﬁ”, on the

|| - |lo norm and | - |, semi norm for different values of h and e. We have
used 7 = 2, h= 1/128, hy = 1/2048, and a triangular mesh with continuous
piecewise linear functions to approximate X;L and vP7.

From Tables 6.1 and 6.2, we see that for ¢ << h we have errors of order
O(h?) and O(h) for the L? norm and semi norm H' respectively. We observe
that when we fix h, h and p, and decrease €, the errors almost do not change,
hence the dominant error term is O(h). Also looking the diagonal values in
these tables we see clearly that the numerical error agrees with the theoretical
rates from Theorem 5.2.1.
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Table 6.1: || - ||o error

el h—|1/8 1/16 1/32 1/64
1/16 2.7085e-04 | 7.7993e-05
1/32 2.6300e-04 | 6.6246e-05 | 1.7773e-05
1/64 2.5388e-04 | 5.9446e-05 | 1.4414e-05 | 1.2137e-05
Table 6.2: |- |1, error
el h—[1/8 |1/16 |1/32 |1/64
1/16 0.0097 | 0.0066
1/32 0.0089 | 0.0051 | 0.0036
1/64 0.0086 | 0.0045 | 0.0026 | 0.0018

Table 6.3 shows the improvement obtained in the final approximation by
considering the numerical approximation for the boundary corrector. We
observe a better improvement on the || - ||; norm rather then on |- |; , semi
norm. The reason for this is that ¢ is obtained through the homogenized
equation associated to Problem (2.20), therefore it is a good approximation
for f, on L*(Q) norm but not on |- |; semi norm. The term ¢, is defined in a
thin boundary layer that mostly force the approximation to satisfies the zero
Dirichlet boundary condition.

Table 6.4 compares the L? error between the proposed method and the
multi-scale finite element presented in [31]. We used hy = 1/3200 for € =
1/50,1/100, and hy = 1/1600 for e = 1/25. Observe that a factor 4 is
obtained on our method for ||u* — u""7||y when u! is computed very accu-
rately. We note that we do not obtain factor 4 from the e = 1/50, h = 32 to
e = 1/100, h = 64 because h; is not small enough to capture the fast scale.
This is an explicit evidence that our method is more accurate than standard
finite element methods on a very fine mesh. A

In our numerical tests we observed a very fast convergence of v™" to the
constant x*™" as y; — —7. Considering 71 < 75 € {1,2...8} we obtained that
SUD {50,151 €[—72,—71]} [T (=7, y9) — 072 (yp, y2)| < 107, That confirms
the numerical approximation for ¢¢ given by Formula (4.3) is reasonable.
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Table 6.3:
e=1/64, h=1/32, hy =1/1024

- llo |- [1,n
ut — ug" 0.0287 0.0215
uf —upt — eu" 0.0213 0.0026
wr —ult — euh — eghihir 6.1557e-05 | 0.0026
wr —ulh — ey — e(ghhT 4 GhhTy | 6.1557¢-05 | 0.0024
Table 6.4:
=2 h=64,

h € |lur — uPP7||g | MSFEM-O L? Error

1/16 [ 1/25 | 6.92e-05 6.23 e-05

1/32[1/50 | 1.77¢-05 8.43 e-05

1/64 [ 1/100 | 1.24e-05 9.32 e-05

The Figures bellow show the error evolution as we include the asymptotic
expansion terms in our numerical approximation, for h; = 1/100, h = 1/10,
h = 1/50, 7 = 2 and € = 1/20; Figure 1 is the plot of the "exact” solution
u;. In Figure 2 from left to right we see that amplitude of error oscillations
decreases when we include the approximation for u;. Its is possible to see an
overall improvement in the error from Figure 2 (left) to Figure 3 (right) when
the approximation for ¢ is included, and finally in Figure 3 (left) we see that
the zero boundary condition is satisfied when the complete approximation

ul? 4+ eut 1 e(ghhT 4 GhhTY is considered.

6.2 Numerical results for Method 11I:

Table 6.5 provides absolute errors estimates for u? —u™" on the || - ||o norm
and |- |1, semi norm for different values of h and e. We have used 7 = 2,

h=1 /128, hy = 1/2048, and a triangular mesh with continuous piecewise

linear functions to approximate X% and v/
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Figure 6.2: u* — uf (left), and u’ —ugh eu™ (rlght)

Figure 6.3: u; — upy o eulf’il — e (left), and uf — up b eul) h — e(ghhT +
¢ T) (right)
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Table 6.5: u} — u™™™ error

|| - ||o error

el R [1/8 1716 1/32 1/64

1/16 2.7085e-04 | 7.7993e-05

1/32 2.6300e-04 | 6.6246e-05 | 1.7773e-05

1/64 2.5388e-04 | 5.8069e-05 | 1.6020e-05 | 1.2137e-05
| - |15 error

1/16 0.0097 0.0067

1/32 0.0086 0.0051 0.0036

1/64 0.0086 0.0044 0.0025 0.0018

From Table 6.5, we see that for ¢ << h we have errors of order O(h?)
and O(h) for the L? norm and H' semi norm , respectively. We observe
that when we fix A and decrease € the errors almost do not change. This
is evidence that in this case the dominant error term is O(h). Also looking
at the diagonal values in this table we see clearly that the numerical error
agrees with the theoretical rates from Theorems 5.1.1 and 5.1.2. We also
note that the numerical results for Methods I and II are quite similar.

We also consider the following example:

ots) = {

2 if2/5<y; <3/50r2/5<y,<3/5

We compare the solution obtained by our method with the solution ob-
tained by a second order accurate finite element method in a fine mesh of size

1 otherwise. and f = -1
Table 6.6: u; — u?’i” error
Il - |lo error, hy = 1/2000
el h—|1/10 1/20 1/40
1/20 4.8318e-04 | 1.3043e-04
1/40 4.7578e-04 | 1.1954e-04 | 3.0805e-05
1/64 2.5388e-04 | 5.9446e-05 | 1.4414e-05
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Table 6.7: u} — u™™ error

| - 1,5 error, hy = 1/2000

el h—[1/10 |1/20 |1/40
1/20 0.0180 | 0.0092

1/40 0.0179 | 0.0090 | 0.0046
1/64 0.0086 | 0.0045 | 0.0026

hy, which we call ;. Tables 6.6 and 6.7 provide absolute errors estimates
for u* — uPP7 on the || - |jo norm and | - |1,» semi norm for different values
of h and e. We have used 7 = 2, h = 1/128, and a triangular mesh with
continuous piecewise linear functions to approximate X% and vi”.

6.3 Conclusions

We propose new methods for approximating numerically the solution of
Equation (1.2). These methods are strongly based on the periodicity of
the coefficients a;;, and for this reason they have relative low computational
cost with optimal error convergence rate.

Although the convergence analysis presented here does not work for the
quasi periodic case a;j(x,z/€), we believe that the numerical approximation
presented here can be generalized for this case. This would be done by
approximating matrix a(z, z/€) by >°. a?(z/€)Ik;(x), where I, is the char-
acteristic function for K; € 7;(f2), and then solving cell problem in each
sub-domain K. Also it is important to note that the method presented
in Appendix A extends directly to the case of non-homogeneous Dirichlet
boundary condition, i.e. u, and uy defined as in Remark 3.1.1, as far as
Oy € HééQ(Fk) and uy € W>°°(Q). The generalization of the method to
more general boundary conditions, including the Neumann case, is currently
research under progress.

The possible applications of the methods are the simulation of fluids in
porous media flow and on the field of composite materials. We observe that
the use multiscale methods have been successfully applied to two phase flow
simulations; see [22, 34] and references there in.
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Appendix A

Convex Polygonal Domain Case

We assume that ¥ = (0,1)? and Q is a bounded open convex polygonal
region in R%. More specifically, we assume that 0Q = UN_ T'* where each
['* is a line segment with outward normal denoted by Ny = (px, qx)?, with py
and ¢, integers and relative prime. This hypothesis is required to guarantee
periodicity of a(x/e€) on the line containing I'.

A.1 Theoretical Approximation

A.1.1 Boundary Corrector Approximation

Observe that ug = 0 along 092 implies Vu|r, = nkankuo, where nf = N, /| Ny |.
We then decompose 6, = 6, + 6, where

(A1)  —V-a(z/e)Vh. =0 in Q, 0 = —u; —x*Oyup on 9,

(A.2) ~V-a(z/e)VO. =0 in Q, 0. =x"0us on 99,

and x*|r, = xj, are properly chosen constants . By Remark 2.1.1 Problems

(A.1) and (A.2) are well posed. The approximation ¢, for 6. is defined later

as @ + ¢, where @, ~ 0, and ¢, ~ .. Next we define constants x} for which

the approximation (Ee decays exponentially to zero away from the boundary.
Let 7% = (n¥)* be the 7/2 rotation counterclockwise of n¥. We introduce

the following normal and tangential coordinate system

A9 ()=-(%y)
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We observe that a function periodic in y with period 1 is periodic in %" with
period T}, = (p? + q2)*/?. Associated to each side Ty of 9, let G}, = {y €
R?; 31 <0; and 0 < ) < Ty }; vp € HY(GYy) is the weak solution of

—Vy-a(y + 6n*)Vyvp = 0 in Gy
uk(y) = X’ (y + den®)nf on{y € Gy, 4} = 0}
Vkly=c is [0, T}]-periodic in g, direction for — oo < ¢ <0

and %GXP(_’Y?JQ € L2(Gk)7 1= ]-: 27

(A.4)

where 6, = Ty (si/ (€Tx) — |sk/ (€T})|), and sy is such that 'y C {z €
R?; z-n* = s1}; (|-] denotes the integer part). By Theorem 1.3.10 there
exists a unique solution to (A.4) and a constant xj such that v, — xj decays
exponentially to zero when y| — —o0, i.e.

(ve — Xk)exp(—yyh) € L*(Gy).

We note by Remark 2.1.1 that (ui(z, %) — x*0yuo)|r, € H&éQ(Fk). Thus we
can split 6, = 31 0¥, where

P i ) —ui(w, €)= x*Oup  on Iy
Lebe =0 in £, 96_{0 on 09\ Ty

We approximate 6% by ¢ given by

~ _ k
(A5 ) =) (e (T20) <) Vo,

where () is a cut-off function such that ¢i|r, = 1, @ilso\r, = 0, and
oxVug - nF € W (Q) if ug € W2*(Q). For example, assume [, = {z €
R?; z; =0, 0 < 29 < ¢} and that xf is the inner normal direction. Let I'y_{
and T’y 1 be the edges with vertexes at the point (0,a) and (0, 0), respectively,
and let oy > 0 and a1 < 0 be the angles between the x; axis and I'y_; and
['11, respectively. Then we define

1 if 0<z21<0;0<z,<a
1— (29 —a)/(ztanay) if 0<z; <§; 29 >a

(A6) pr(z) =4 1+ xo/(z1tancyy) if 0<21<6; 29<0
smooth if <z <26
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A simple calculation give

c/dist(z, (0,a)) if =z € {ze€ Q,dist(x,(0,a)) <}
(A7) |Vor(x)| < ¢ ¢/dist(z,(0,0)) if z€{ze Q,dist(z, (0,0)) <4}
c otherwise

where ¢ and c are fixed constants, and hence ¢, € I/Vﬁ)zo(Q) Since Oprug €

H(%Q(Fk), if we assume ug € W2(Q2) we obtain

(A.8) ok Vuo - n*

100 < ¢luol

2,00~

Hence ¢, = Z,]Cvzl qz’j approximates 6, and @, = 6, on the boundary of .
The boundary condition imposed in Equation (A.2) does not depend on
€. An effective approximation for f, is given by ¢ € H'(2) the solution of

~V-AV¢=0 in Q, ¢=x*0puy on 5.

We define our theoretical approximation for ue as ug + €u; + €, where
¢ = .+ ¢. Note that ¢ |asq = Oc|sq, therefore ug + eus + edp. = 0 on 9Q2. We
have the following error bounds

Theorem A.1.1 Let u. be the solution of the Problem (1.2), ug, u1 and ¢,
defined by Equations (2.15), (2.10) and (2.25), respectively. Assume a;j €
L (Y) and ug € W»°(Q). Then there exists a constant ¢, such that

per

lue — uo — eur — €gcl|1 < celluol|2,00-

Proof: The proof of Theorem 2.1.1 extends immediately to the case of a
general polygonal domain with rational normals to obtain

||Ue — Uy — €Uy — €¢e||1 < ce m,?x ||<PkVU0771c |1,oo:

and the proposition follows from (A.8) O

A.2 Finite Element Approximation

We now describe how to approximate the terms ug, u1, (;S6 and ¢ numerically.
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Let X% be a numerical approximation of x? using a second order accu-
rate conforming finite element on a mesh 7; (V).

Define A = 57 [y aim(y) sy (vi = X5) 5o (95— x3)dy-

Let V*(£2) be the space of P; finite elements associated to a triangular
mesh 75(Q), and V() = V*(Q) N HL(Q). Define uf" € V(Q) as the
solution of

/Q (APt Vo) da = /Q fotdz, Vot € VHQ).

Let Y = {\ € L?(Tk); A* = ¢t|r,, ¢" € VH(Q)}, and Y, = {M\ €
V', M =0 at 0T }. Define A} € Y{,, as the solution of

(A.9) / Mrphdo = / Aﬁ;a,-ugﬁajqﬁhdx— / fodz,
Tk Q Q

Vol € Vh(Q); ¢"|asa\r, = 0. Observe that A} approximates AVug - n*
and that ug € Hg(Q) N H?(Q) implies Vug - 7*|r, = 0. Hence define
vk by
Ahy b nk _ /\Z
yhh .k = 0,

and then approximate 8,xug by phoh = yhh k.

Define the approximation for Vuy as
~ ~ N ~ ~
gyhh — Vug’h + Z By (uh — Vug’h -nF)nk.
k=1

Here Ej(-) denotes a discrete extension by zero on Q. More specifically,
Ey(uh — Vug’fl -n*)(z) = 0, where z is a vertex of 7;(Q) \ T4, and
Ep (" = Vug" - nf) |k, € VEQ)|kr V Ki € Ta(9)-

Define u?"(z, 2z /¢) = —\Il;lh(x)xi(m/e) Note that this leads to a non-
conforming approximation for u; on the partition 7,(2).
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e Let 7 be a positive integer and G = {y € R?; 9! <0, |y}| < 7; and 0 <
k 1 1

yh < Ty} . Define oy € H'(GY) as the weak solution of

—V,-aly+0n*)V, 0, =0 in Gj

Uk(y) = x4 (y + 0™, on {y € Gy, y; =0}
Oyk =0, on{y € G}; |yi| =7}

and |y —o = Vglyy=m,, for |yif <7

Let v,’;’T be a numerical approximation of 7 using a second order ac-
curate conforming finite element on a mesh 7; (G7).

Define

i L[
Xi = / Ukl {1y | =rynacy Yo
Tk 0 1 k

Observe that the term vy ((z — sgn¥)/€) appears in Equation (A.5).

Since the approximation vZ’T is defined on G7, it is possible to calcu-

late v," ((z — skn¥)/€) only if |zf — sk| < er. The functions vy — Xj
decays exponentially to zero in the —n* direction, hence its is natural
to consider the following approximation

FEMNT (31, ) =
(UZ’T (—z_i’“"k) - XZ’h’T> R UMb if [z — | < er
0 if |z} — sg| > er.
Let ghhm = SN ghohihir
Let gzgh’ﬁ’T be a second order accurate finite element approximation on
a mesh of size h for the following equation
(A.10) —VAﬁVg =0, 0= X*’ﬁ”uh’ﬁ on 0.

Approximate 0, by ¢t = ghh 4 ghiT and finally define the numer-
ical solution for Equation (1.2) by

(A.11) ulhT =yt el 4 et
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A.3 Error Analysis
For the discrete error analysis we assume h=0and 7= oo, 1.e. v,i:’T = U,
xi =x’ and A" = A.

Theorem A.3.1  Let u, be the solution of the Problem (1.2), ug and u” be
defined by Equations (2.15) and (A.11), respectively. Assume a;; € Lo (V)
and ug € W2*(Q). Then there exists a constant ¢, such that

1h < c(h+ €)]luo|

[t = unl 2,00

and
|ue — unllo < c(h? + € + €h)||uo||2,00-

Proof: Similar to the proof of Theorem 5.1.1, replacing Theorem 2.1.1 by
Theorem A.1.1 and Proposition 5.1.1 by estimates (A.14) and (A.15).

Given Ty, define {2, 2} = O , and let O}, , = {K € T"(Q0), KNz, # 0}
and Qf , = Q\ U , then

ek (Vo = ") - mklliso0i, < lenllocoll (Vg = ") - illy 000,
+[|(Vug — ¥ - Mk0; Pkllo,c0,0,,
(A.12) < cfluollzo + (Vo — ") - 10, Phllo,00,0

But from (A.7) we have that |9, k()| < ¢/dist(z, 2;), (Vuo—T")-nk(2h) =
0 and |[(Vug — ¥") - millo i . < €llto]|2,00dist(z, 2;), hence

kh —

1(Vuo — 9") - 110, on

lo,00,925,, < €llt0]|2,00,

and therefore

2,00

lok (Vo = T*) - 1|y 00,01, < clluol
We now estimate the second term on the right hand side of (A.12),

|2,oo

lor(Vug — ) - mellipas, < cllorllomns , llug
+||(Pk||1,oo,ﬂfc,h||(vu0 —-uh. nk“O,oo,ch,h

c|luo

IN

(A.13)

|2,oo
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Here we used (A.7) and Proposition 5.1.1 to arrive in A.13. Finally we obtain
(A.14) lek(Vuo — ") - il .0 < €lluo]lz,c0-
From the proof of estimate (5.37) we obtain immediately

(A.15) lor(Vuo — ) - mgllopa < chlluo]|2,00-
]
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Baixar livros de Literatura

Baixar livros de Literatura de Cordel
Baixar livros de Literatura Infantil
Baixar livros de Matematica

Baixar livros de Medicina

Baixar livros de Medicina Veterinaria
Baixar livros de Meio Ambiente
Baixar livros de Meteorologia
Baixar Monografias e TCC

Baixar livros Multidisciplinar

Baixar livros de Musica

Baixar livros de Psicologia

Baixar livros de Quimica

Baixar livros de Saude Coletiva
Baixar livros de Servico Social
Baixar livros de Sociologia

Baixar livros de Teologia

Baixar livros de Trabalho

Baixar livros de Turismo
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