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�`��ikrtlRu�h���l��6hj��l�i �����¤�����¤�������¤�����¤�������¤�����¤�������¤�����¤�������¤���s�z�
�`��ikrtlRu�h � ��}R�6v���v�i������¤�����¤�������¤�����¤�������¤�����¤�������¤�����¤�������¤�T�s�T���
��hqiox�}~v �¤�����¤�������¤�����¤�������¤�����¤�������¤�����¤�������¤�����¤�������¤�T�s�T�����
 ���i�rtnol��qr��¤�����¤�������¤�����¤�������¤�����¤�������¤�����¤�������¤�����¤�������¤�T�s�T� �

+ � ���� �����	��� � +

� � � ��� [�� � � ����� ��� �� ����� ��� [�� ���� !�4����� ��" ����5� &5.�� �A[ ��� � 1 #
 z� 
 ��hqv�no��lRu�h���hjn�rtx�nk�>l����#v_��hqm6hjp�uThjpsrth¤u�v ��hq}~mZv �¤�������¤�����¤�������¤� $
 z�! 	
psrthqntl��j��v~u>l ��l�uT��l��j��vR�jv�}Wl(� l r �jnk��lw�����¤�����¤�������¤�����¤�������¤� 
  
 z���  �}~m���� rox�u�h1h���nov���l���������u>l�uTh1u�h �Untl�p�ik��� % hjib��x,�psro����l#i(	
p�u�x�§q��u>l�i_m6v�n

��l�uT��l��j��v ���h�rtnov�}_l�
�p��qro���jlM���¤�����¤�������¤�����¤�������¤�����¤�������¤� 
 �
 z�!�z� 
 	
p�rthjnol����#v~u�h��8nk��}~hj��ntl � nou�hq}��8��nov �qhjikiov�i�u�h�x�}W����rtv�p1�������¤� 
 �
 z�!�z�  	
p�rthjnol����#v~u�h � h*
�xTp�u>l � nku�hj}1�8��nov �jhqioikv�i�u�h���v���i����#rtv�p�i������¤� 
 $

 z� "  �}~m���� rox�u�h~u�hX�Untl#p�io������v ��x,�psro����l ��l#ntl v ��nkv �jhjikiov ��x�}~mz�
�8nkv��6h_u�h
	 �&% �(' �¤�������¤�����¤�������¤�����¤�������¤�����¤�������¤�����¤�������¤�  #¨

 z�!� ��hq}(m6v u�h¤��hj��l ����u>l�u�h¤�i�r|l�u�v�i���T�q��rtl�u�v�iX�����¤�������¤�����¤�������¤�  "
 z���  �}~m���� rox�u�h~u�hX�Untl#p�io������v ��x,�psro����l ��l#ntl v ��nkv �jhjikiov ��x�}~mz�
�8nkv��6h_u�h

	 �&% ��l#��v�i��)'&m>l#ntlRx�}_l~�1v�� �q�jx���lG���¤�������¤�����¤�������¤�����¤�������¤�  ��
 z� � 	
psrthqnk� hqn&�jpT�j��l ������nol��j��v�p>l��Zp>l~�iom6hq�qronov�ik�jv�m���l(��x�}~mz����nov��6h�u�h�	 �&% �*'O�@�� 

3 �,+�� ��� �-��� �� .�/��� � � [ ��� �A[ � 3�0
�T� 
 ¦�l�n�rtnohqh��
�>v ��� ���¤�����¤�������¤�����¤�������¤�����¤�������¤�����¤�������¤�@���
�T�! ��x���ro���qv�p � 
�x�ntl��q��v�p�l��Zu�v_��l�}~m6v  �xTrov �jv�pTio��i�rthqpsrth8� ��� � ���� �¤�������¤�@�1$
�T��� ��hqv�no��lRu�v(�>x�pT�j��v�p>l��gu�h¤��hjp�ik��u>l#u�h � �����	 (�¤�����¤�������¤�����¤�������¤�@��;
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� ����� ��� �� �-������ !�4����� ��" � ��A� &5.�� �A[ �-� � 1 �� � ����� N�[ �� � �  [ �� ����� �
� [ � � �
"�� 
 	
psrtnkv u�x��j��v �������¤�����¤�������¤�����¤�������¤�����¤�������¤�����¤�������¤�-"� 
"��! ��hqrtl�����hqi�u�h¤�  ����qx���v�iC�¤�������¤�����¤�������¤�����¤�������¤�����¤�������¤�-"�"
"����  & ���ikv�no�j��v~uTh���l���v�i��)' �

1s→ 2π
u�v$� � p>l ��nohqiohjpT��l~u>l ��l�u���l�����v�	 � "=�

"��!�z� 
 � ��l�m6hj�£u>lR� l�ioh�u�v 	 �&iov��Tnoh�l���nol .kh�rt��nk��l�u�v ��l��qv�rth�u�h � pTu>l
h�v~�� hq��rov u�v)��hjp>l#io�j��}(hqpsrov �������¤�����¤�������¤�����¤�������¤�-"-�

"��!�z�   �i � io�q����l��*% hqi�u�h���l��T�F�����¤�������¤�����¤�������¤�����¤�������¤� �#¨
"��!�z�!� � �ikm6hj�qronov u�hX ���iov�no���#v u�h���l#��v�i��)'3u�v � � p>l��8nkhjiohqp���l u�h

x�}(l ��l�u���l�����vR	 �)	
pT�jv hjnkhjp�rth �������¤�����¤�������¤�����¤�������¤� �� 
"��!�z��" � �iom6hq�qrtnkv uThX ���iov�nk���#v u�h���l���v�i��)'3uTv � � p>l���nkhjiohqp���l u�l

��l�u���l����#v 	 �]��vzhqnohqpsroh �����¤�������¤�����¤�������¤�����¤�������¤� � "
0 � ��� [ � � ��� � � � ����� ��� �� �-��� ��� [ � ���� .� ����� ��" � ��<� &5.�� � [ �-� ��1 �� ��� �

� �	� � � � � � � �	�	� � �
� ��� [ � �� � �
� � � � ��%���  ��� � �� ��-� � �� � � �5��� � � ��
��� ��������� [ � �-� ��� [�� � �� �� � �  � � � � ���	� � � � #��
�z� 
 	
psrtnkv u�x��j��v �������¤�����¤�������¤�����¤�������¤�����¤�������¤�����¤�������¤�@��¨
�z�!  �iom6hq�qrov�i��yv�}(m�xzr|l��q��v�p>l#��i ���¤�����¤�������¤�����¤�������¤�����¤�������¤�@�� 
�z��� ��hqiox�� r|l�u�v�i�h�����io�qx�ioit�#v �������¤�����¤�������¤�����¤�������¤�����¤�������¤�@���

�z�!�z� 
 � ����}(hqnovRu�h � 
�x>lRh�l~�>v�rov���v�p���§jl����#vRu�h���l���v�i��)'&ikhj}Wv~	 � �¤�@���
�z�!�z�   )�>v#rtv���v�p���§jl��j��vRu�h���l���v�i��)' �jv�}Wv 	 � ���¤�������¤�����¤�������¤� � 


# � � �-��� �  � � �	��& [ "	�
� � [ � � � ���� ���� � � ��-� ��� � ��
��� [ � �-� � � � [�� � � �-� ��%� � �
 � � � � � �	� � � � � � �	� �  ��� [ � �� � ��� � � [ ���  [ � � ���� � � �	�	� � �
� ��� [ � ������
� �
�	��� � ���� �  ��� � � ��� � � � � ��� [ � N�� �  ���� N�[  � � +
�T� 
 � ��v u�hj��v ��hq��no���jv �����¤�������¤�����¤�������¤�����¤�������¤�����¤�������¤� $��

�T� 
 � 
 � i��ikr|l#u�v�i����hqron���p����jv�i�	�v�p���§jl�u�v�i�u�h¤��l�}(l�u>lR	
p�rthqnop>lY�������¤� $#"
�T� 
 �  ��nov��>l���������u>l#u�hRu�h~�>v�rtv���v�p�� §�l��j��vbu�h)��l���v�i��)'2��xT��l�u�lbm6v�n�x�}(l

	
p�rthjpTitl)��l�u���l#����vR	 � �¤�����¤�������¤�����¤�������¤�����¤�������¤� $��
�T� 
 �!� �]� m6hjnol�u�v�n�¦�l�}~��� rtv�p���l#p�v

H
�����¤�������¤�����¤�������¤�����¤� $��

�T� 
 ��"   � l�
�p�� rtx�uTh�u�l �yv�p�i�r|l�p�rth uTh  ��jv�m���l#}(hqpsrtv
A
h l ��hj��l����#v

hqpsrtnkh¤l#i ��hqm�nohqiohqpsr|l#�*% hji�����l��  #ro���jlRh� �u���l��  #ro���jl �����¤�������¤� $��
�T�!  �iom6hq�qrov�i��yv�}(m�xzr|l��q��v�p>l#��i ���¤�����¤�������¤�����¤�������¤�����¤�������¤� $1$
�T��� ��hqiox�� r|l�u�v�i�h�����io�qx�ioit�#v �������¤�����¤�������¤�����¤�������¤�����¤�������¤� ; 
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�T�!�z� 
  �i��yx�n��#l�iQu�h8�p�hqn&
���l��Uv�rthqp��j��l���u�v�iQ�ikr|l#u�v�iU���h�rtn ��p����jv�i �>x�pz�
u>l#}(hqpsr|l#�£h�	
v�p���§�l�u�v�i�u�h¤��l�}(l�u�lR	
psrthqnop>lf�������¤�����¤�������¤� ; 


�T�!�z�   �i��p�hqn&
���l�i � nk����rtl���i���hjnoikx�i�v  ��qv�m���l�}~hjpsrov ������n ��p����jv �������¤� ;� 
�T�!�z�!�   � nk��hqpsr|l#����v~��v���hq�jx���l�n ���¤�������¤�����¤�������¤�����¤�������¤� ;#"
�T�!�z��"  )��x�ntl��j��v~u�v(��x���iov u�h���l�uT��l��j��vR	
pT� ntl���hjnk}(hq����vM�����¤�������¤� ;��
�T�!�z� �  )�>v#rtv���v�p���§jl��j��vRu�h���l���v�i��)' �������¤�����¤�������¤�����¤�������¤� ;��

� � � �	� ����� � ��� + ���

� ��� ���
� �	� [�� �� [ "�� [ ���������/� � � + � �

N�[ \
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 z� 
 	
psrthqntl��j��v�u>l#iUnol�u���l��*% hqiQuTh 	 �{h �*'{�qv�} v�iQhjikrtl�u�v�iU�sx ,�psro���qv�iQu>l�}(l#r �jnk��lT�� ;
 z�! 	
psrthqnk� hqn&�jpT�j��l�hjp�rtnkh8v�i`��l#p>l���i£u�h8h �z�j� r|l��j��v�u�v�hj� �qronov�p�u�h8�jl�}_l#u>l���p�rthjnkp>l

m6v�n�xT}Wh�u�v���i�� ��rtv�pTij�(�¤�������¤�����¤�������¤�����¤�������¤�����¤�������¤�@�#"
"�� 
 �>v�no}(l��j��v uTv hqiom6hq�qrtnkv u�hbl��Tiov�nk����v�u�hXnol���v�i��)' � 


s
u�v�}(v�p�� �z��uTv u�h

p���ronov 
 �qp���v �
X2Π → 2Σ−  ~h �T�q��rtl�u�vc�z����ntl#�j��v�p>l���}~hqpsroh�m6v�n_x�} m�xT��iov

u�hRntl#u���l��j��vX��pT� ntl���hjnk}(hq����v_u�h l�� r|l(��psrohjp�ik��u>l#u�h��
Ω = ωX − ωc0, ωc0 =

531, 30
h����

ϕL = 0
�
ωL = ω10 = 0, 241

h ���
eL � d

�
τL = 100

� ij�
� i¤m>l#�jv�rohji�u�h(v�p�u�l�hj}Fu�� � hjnohqpsrohji¤rohj}~m6v�i¤u>l�mTnov�m>l�
�l����#v uTv hjikrtl�u�v
� x�p�u>l�}~hqpsr|l#� h v�i�hjikm6hj�qronov�i�u�h nol���v�i��)'-�jv�nknohjm6v�p�u�hjp�rthqi¤it�#v1��p�u����jl�u�v�i
m6v�n� ��g¥=h �����    

IL = 0
�
τX = 15

� iq� � ¥  
IL = 2, 3 × 1012 � �q} −2 �

τX = 3
� ij�

∆t = 1035
� ij��� �  

IL = 2, 3×1012 � �q} −2 � τX = 3
� iq�

∆t =

1025
� ij�9� �  

IL = 2, 3 × 1012 � �q} −2 � τX = 15
� ij�

∆t > 2(τL + τX)
� �]"��

"��! � l�no��l��j��v�u�v�}~v�}(hqpsrov�u�h�uT��m6v���v�mZhqno}(l�p�hqpsroh�u�v�hjikrtl�u�v�hq��h�rtn���p����qv�� x�pz�
u>l�}~hjp�r|l���u�v � � �jl����jx���l�u�v m>l�ntl u�v���i1�qv�p .kx�p�rtv�i�u���i�rt��psrtv�i¢u�h �>l�ikhji
l#r ��}~����l�iq�6l�x
 �
�q���
m ����� � ����p��l �jv�}Ol#ikrthqno��io�jv�i� �h�l�x 
#�
�q���
m ����� � ����p��l
�jv�}3�q��nk�jx�pT� hqn&�qp��j��l�i� ��hq}3� x�pT����vRu>l�u���ikr ,�p��j��l���psrthqnopsx��j��h�l�n

r
��  �qx�nk� l

u�h�hjp�hqn&
���l m6v#rthjpT�j��l��£hj}Wx£��lT��hjikr  ~nkhjm�nkhjiohqpsrtl�u>l~hj}W����p�>l��jv�p�rt��p x>lT�^�¤�-"-�
"���� ��nol .khqrt��no��l<� �#l���v�n�hqiom6hqntl�u�v(u�l m6v�ik�����#v��

r̄(t)
 �l�v ��v�p 
�vRu�v rohj}~m6v

t
 yu�v

m>l��qv�rthXu�hXv�p�u�l�u�v hqikr|l#u�v � xTp�u>l�}~hjp�r|l���u�v � � v�no��hjp�r|l�u�v p�v hqiom>l��qv
�
d � eL

 _m>l�ntl u�� � hjnohqpsrohjib� l�iohqi �
ϕL

 _u�v{m�x���iov u�h ntl�u���l��j��v 	 ��� � i
m>l�n ,#}(h�rtnov�i�u�v(m�x���iov(u�h¤	 �]it�#v���r

L �
�#¨�¨ � iq�

τL � 

¨�¨R� ij�

kL � 

� �

L �
 z���

� 
 ¨ 12 � �j} −2 h ωL = ω10 �
¨T�! #" 
 h ���

Ta ≈ 
  
 ¨ � i � v{rohj}~m6v{u�hnohjp�l�io�q��}~hjp�rtv��G���¤�����¤�������¤�����¤�������¤�����¤�������¤�����¤�������¤�-"�$

N�\
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"�� " ��hjm6hqp�u�jp��j��l u>l�i��qv�psrono����x���� % hji
āν

u�v�i�hqikr|l#u�v�i�� ����ntl��q��v�p�l���i
ν �
¨z� 
 �! z���

p�v�m>l��qv�rth�u�h�v�p�u>l�u�v�hji�r|l�uTv�hj��hqrtn ��p����jv�� xTp�u>l�}~hjp�r|l�� �
φ(t)

 ��qv�}-l�� l�ioh
u>lRnol�u���l����#vR	 �&hj}3� xTp�����vRu�v�rthj}~m6v��

∆aν = āν(ϕL = 0, t)− āν(ϕL =

π/2, t)
���

L �
 z����� 
 ¨ 12 � �j} −2 � ωL = ω10 �

¨T�  " 
 h ���
tL �

��¨�¨�� iq�
τL � 


¨�¨
� i�h

kL � 

�� �i�ioh�r|l�i���hjn�rt���jl���i���p�uT���jl�}0v(rthq}~mZv(hj}C� xThRl(��p�rthqp�io��u>l�u�h

u>l1ntl#u���l#����v¢	 � �~u�x>l�i���hq§jhji�}~hjpTv�n��sx�h(v�ikhjxL�#l#��v�n�}  �T��}~v��
L

� � i

�n  ����jv�i~u�l hjik� xThjnou�lch1u���nkhj��rtl }~v�ikrtnol�}1� nohqiom6hj��rt� �#l�}~hjp�rth���l#i~m>l�nkrohji
noh�l#�`h���}(l�
���p  #no��l�uTh

∆aν

�������¤�����¤�������¤�����¤�������¤�����¤�������¤�-"�;
"��!� ��v�m�x���l����#v �

ρν(t) = |〈ν|φ(t)〉|2  �u�v�i�p�� ��hj��i�� ����nol��j��v�p>l���i2� ν = 0, 1, 2, 3
 

u�v�hjikrtl�u�v�� x�pTu>l�}~hjp�r|l��TuTv�� � hjikm>l��q��l���}(hqpsroh�v�no��hqpsrtl�u�v��
eL � d

 �m>l�ntl
m�x���ikv�i�u�h�	 � �

ζL
 ��jv�}3u�� � hjnkhjpsrohji�rohj}~m6v�i�uTh�u�x�nol�����vI�

τL
 �h�u�� � hjnkhjpsrohji

� v�no}(l�i9�
kL

 �� � l- 
τL � 


¨�¨�� i � mTx���ikv��qx�nkrov= ��
tL �

��¨�¨�� i�h
kL � 


� m�x���ikv�p�l
� v�no}(l�u�h�xT}_l���l�x�ikio��l#p>l- ���� �: 

τL � 

m�i	� m�x���iov���v�p 
�v= ��

tL �
 �m�i8h

kL �
�

� m�x���iov�noh�r|l�p 
�x���l#n� �� ��v���l�ikv�� �: �v�m�x���iov�u�h�	 � ��u�hjik����
�l�u�v���hqpsrtl�}~hjpsroh
�jv�}OvXrohj}~m6vXu�h�u�hqio����
�l�}~hjp�rtv

∆T ≈ 715fs
� � i�m>l�n&,�}~hqrtnkv�i��qv�}�x�p�i

l�v�i m�x���iov�i u�h�	 � � l- �h � �: �it�#v �
L �
 z�!��� 
 ¨ 12 � �j} −2 h ωL = ω10 �

¨z�  #" 

h ���X�¤�����¤�������¤�����¤�������¤�����¤�������¤�����¤�������¤�����¤�������¤� � 


"���� 8ikm6hj��rtnov�i uThbl���ikv�no�j��v�u�hXnol���v�i��)' �
1s
u�v � � h��z�j� r|l�uTv�� ����ntl��q��v�p>l�� �

}(hqpsroh�p�v�i�pT����hq��i
ν = 0, 1, 2

u�v(hji�r|l�uTv_hj��hqron���p����jv � xTp�u>l�}~hjp�r|l�� �
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��hq��v�m�}(hqpsr	� �������LuThjio�qno���6hji�r&��h~	 � % '�� ntl�¡ mTx�}(m �
m�nkv��6h iom6hq�qronov�ik�jv�m�¡Ll�noh ��}(m6v�n�r|l�p�r
mTnov �jhqu�x�nkhji�rov~��u�hjp�rt� � ¡_r&��h�m6v�ioik������h�l�m�m������jl#rt��v�p�i�v��Ur ����i�ikm6hj��rtnov�io�jv�m�����rohj����p����sx�h#�
� ��h
��v�n&��v���r �Th�mTnohjikhjp�r�r&��hjik��i���p��j��x�u�hjiUr ��h�r&��hjv�nohqro���jl�� u�hq��hq��v�m�}(hqpsr v#�>r �Thy	 � % '��

nol ¡�m�x�}~mz� m�nov��6h�iom6hq�qronov�ik�jv�m�¡��zl�i��yhq����l�i r&��h�r ��hqv�noh�rt����l��Tio��}�x���l rt� v�p�i l#m�m�����hju�rtv�ikrox�uT¡
r&��h�}~v���hq�jx���l�n�m�nov�m6hjnkro��hqi � v�����v�����p
�r ��h�psx��j��h�l�n uT¡ p>l�}~���qi�uTx�no��p
�l¤����hq}(����l��>noh�l#�qrt��v�p£�
� �Th_u���Zhjnkhjpsr¤m�s¡ ik����l#�yl�ikm6hj��rti�� ������� �jl�p �6h(h�� rtnol��qrohjuc� nov�};r �T��i�p�h�� iom6hq�qrtnkv �jv�mT���
rov v��6l�nkh�i�rtx�uT��hju_��p(u�h�r|l����>� v�n�r ��h�p�� rtnkv 
�hjp~}(v�p�v �z��u�h������yv�l�m�m������jl#rt��v�p�i8v��gr ��h�	 � % '��
nol ¡~m�x�}~mz� m�nov��Zh�ikm6hj��rtnov�io�jv�ms¡X��p(r&��h�ikrox�uT¡(v��£r ��h�mTnov�rov�p(rtntl#p�ik� hqnyuT¡ p>l�}~���qi���p��yl#rthqn
uT��}~hjn�l�p�u�
���¡�v���l#��}~v�pTv �z��}~h�l�noh�m�nohqiohqpsrthqu£���>v�n�r ��h�
�� ¡�v �Tl���}~v�p�v��z��}~h#�Tr ��h���psrontl�}~v#�
��hj�qx���l#n�m�nov#rtv�p rontl�p�i�� hjn���i�}(hqu���l#rohju �s¡ r ��h�� ����nkv�p������jv�x�mT����p 
b�6hqr��yhqhjp r��yv¢u���ghqnohqpsr
� �

1s−1  y�jv�nkh���v�p���§jhqu¢ikrtl#rthqij�

N N�[ \



� ��� � � � ��
 �

�����
	�����������

��}3u�v�i�mTnov�����hj}(l�iy��psrthqnohqioitl#psrthqi�u>l��sx���}~����l ��l�m6v�ioio����������u>l�uTh�u�h�ioh�m6v u�hqn�l��qv�}R�
m�l�p�>l#n m>l#ioiov�l�m>l�ikiov¤v�i }~v �z��}~hjpsrov�i�u�v�i  #rtv�}(v�i8�sx�h�� v�nk}_l�}Vx�}(l�}~v�� �q�jx���l�u�x�nol�psroh
xT}_l�nohjl����#v �sx���}(����lT� � �qv�p��hq�j��}~hqpsrtv u>l#i hqiom �j�q��hqi(�sx���}~����l#i���p�rthqno}~hju��� �no��l�i��jx .ol�i
hqikronoxTrox�ntl�i�}~v���hj�jxT��l�nkhji�x�p�hq}Pnkh�l�
�hjpsrohji�h�m�nkv u�xTrtv�i�hq}Ox�}(l_nkh�l��j��v��Zm6v�n�h��zhj}~m���vbl�i
hqiom �q�j��hqi~�qv�nonkhjiom6v�p�u�hjp�rthqi_l xT}dhji�r|l�u�v u�hXrtnol�p�io������vT� l��Tnoh¢l m6v�ioio����������u>l�uTh_m>l�ntl�x�}
hqpsrohjp�uT��}~hjpsrov�u�h�r|l����>l�u�v�u�l�u���p,�}(���jl�u�h�nohjl��*% hqi��sx���}~���jl�i u�v�m6v�p�rtv�uTh�� ��ikr|l¤}(���jnkv�i��
�q��m����jv��  �i~hqiom �q�j��hji(u�hbrtntl#p�io������v uTh1nohjl��*% hqi~�sx���}~���jl�i�hj��hq}(hqpsrtl�nohqi it��v �qv�p��hq�j��u>l�i
h �z��ikro��nkhj}Ym6v�n�x�}Ym6hjnk��v u�v�u�hXrthq}(m6v xT��rtnol��jxTnkrtvT��u>l v�nou�hq}du�h¢l#��
�xT}_l�i¤u�hq§jhjp�l�i~uTh
� hq}�rtv�ikh*
�xTp�u�v�i � 
�� � 
 � i � 
 ¨ −15 i� � � v�}(hqpsrohRhj}P}(hjl�u�v�i�u>lXu��j�jl�u>lbu�h $�¨T�£�sx>l�pTu�v
�gh���l�����h(�qv���l��6v�ntl�u�v�nohji�u�hqiohqps��v�� ��hjntl#}Yl¢r �q�jpT����l1u�h~m�nov u�xT����v�h(uThqrthq�j�j��v�uTh(m�x���iov�i
uTh���l#iohjnki�x���rontl � n  �m�� u�v�ij�z� v��£m6v�ioik����hq�Qu�hqrohj��r|l�n�h �Tm6hqno��}(hqpsr|l#��}~hjp�rth�v�i�hjikrtl�u�v�i���psrohjno}~h��
uT�+ �nk��v�i�u�h�l���
�x�}(l�i�nohjl��*% hqi��sx���}~����l�i �� � � � mTno��}~hq��nkv~nohjikx���rtl�u�v_h �Tm6hqno��}(hqpsrtl��Uv��Trt��u�v
m6v�n �gh��yl����UhR�qv���l��6v�ntl#u�v�nohqi�� v���m>l�nolbl_u���ikiov �j��l����#vXx�p���}(v���hq�jx���l�n�u�vb	�� � → 	 %2� �
�qx .ol u���p,�}(���jl1u�h(� v�rtv�� nol�
�}~hqpsr|l#����v1� v��yl��qv�}~m>l�p��l�u>l�p>l hjik��l���l u�h_u�h_� hq}�rtv�ikh*
�x�p �
uTv�i � � � ����}(l1hjikm �j�j��hX��psrohjno}~hjuT�+ �nk��lb�jv�nknohjikm6v�p�u�hqpsroh¢l�v�hjikrtl�u�v u�h(rontl�p�ik���j��v 	 · · · � �� v�� u�hqrohjno}~��p�l�u>l�h �T��ikro��n m6v�n x�}@rthq}(m6v¤u>l¤v�nku�hj}@v�x_}~hjp�v�n �sx�h��#¨�� i � " � �� �ioio��}��sm6hj��l
mTno��}~hq��ntlX��hj§#� � v�� m6v�ioio� ��hj���qv�p�u�x�§q��n¤v���ikhjnk� l��*% hqiRh �Tm6hqno��}(hqpsrtl���i�m>l�ntl�v�i�}~v � ��}~hqpsrtv�i
uTv�i�p ���q��hqv�i�l#r ��}(���jv�i�hq}3hjik��l���l�u�h�rohj}~m6vR}~hjpTv�ny�sx�h�x�}3m6hqno��v u�v�rt��m����qv�u�h�v�io�q����l�����v
� ∼ 10−12 i� �
 &��psrtnkv u�x��j��vRu�h�� v�psrthqi�u�h�m�x���iov�i�u�h���l#iohjnki�x�� rtnol �
n& �m���u�v�ij�z�qv�}AuTx�ntl��j��v u�lRv�nku�hj}

uTh~� hq}�rtv�ikh*
�x�pTu�v�ij��mTnohj�q��m�� rtv�x x�}ap�v ��v nol�}~v1u>l¢� xT��}~����lz�Ulb� hj}�rtv �sx���}(� ��lT�   � hj}R�
rov �sx���}~���jl�m6v u�h�ikhjn�u�h �>p���u>l��jv�}~v�iohjpTu�v~l  #noh�l�u�l��sx���}~����l��sx�h�m6hjnk}(� rth�u�h�rthqno}~��p>l�nq�
hq}Orthq}~m6vXnoh�l#� �glXuT��p ,�}~����l~ioh 
�x���u>lXm6hq��v�i  #rov�}~v�i�u�h�x�}(l_}~v�� �q�jx���l~hj}PxT}_l(noh�l#����v

�
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�sx���}~����lz�Uhj}Fhjikm6hj�j��l�� � l��qv�}~m>l�p�>l#n�u�hqrtl����>l#u>l�}~hjp�rth(l1� v�nk}_l��j��v1v�xc�sx�hj�Tntl u�h(x�}_l
����
�l����#v u�h¤xT}_l }~v�� �q�jx���lT����v(hji�rtx�u�v_u�h�m�nov �qhjioikv�i�� hj}�rtv �sx���}(� �jv�i ��x�iox>l#��}~hjpsroh�hj}R�
mTnoh*
�l�u�vRx�}3ik��ikrohj}(l�uTh���l�iohqnoi�ioxT�jhjikio����v�i�� xTh�xzrt������§jl¤x�}3m�x���iovR�6v�}R�6hjl�u�v�n ����m�x�}~m��) 
h�x�}Pm�xT��iovXu�hRmTnov � lXv�x iov�p�u�l ����m�nov��6h��) �����no��}~hj��nol�} hjp�rth��Zvbm�x���iovX�Zv�}��6h�l�u�v�n�m6hqn��
rox�no��l_xT}_l~}(v�� �q�jx���lT�>��p����j��l�p�u�v~xT}OmTnov �jhqioiovX� xT��}~���qv�� � m�xT��iov_uTh�m�nkv �#l_l#rt��p
�h�hqioiol
}~v�� �j�qx���l¤l���
�x�p�i�� hq}�rtv�ikh*
�xTp�u�v�i�}(l���i8r|l�nku�h�nkh*
���ikrtnol�p�u�vRl#i���l#ntl���rthqno��i�rt���jl�iyu�v�io��ikrthq}_l
m6hqnkrox�no�>l#u�v��G��}_l ikhj����jpT�j��l u�h¢m�x���ikv�i u�h¢m�nov �#lT���qv�}drthq}(m6v�iRu�h�l rtntl#iov �qv�psronov���l �
uTv�ij� uThqrthqno}~��p>lz�shqpsrt��v�� l�h���v���x�����v�p�v�rthj}~m6v�u�v:� i� �mTnov �jhqioikv:� i  8� ��io���jv:� i� �v�x~� xT��}~���jv�� i� 
ikv�� ��ps��hji�rt��
�l����#v � 
 �� � �&�ikrth�m�nov �qhju���}~hjpsrov v�nk��
���p>lLlLr �j�jpT����lchjikm6hj��rtnov �q��m�����l �qv�}
nkhjikv���x��j��vRrthj}~m6v�nol��£�qv�p��hq�j��u>l m6hj��vRrohjno}~v hq}W��p
����ji��qm�xT}(mz� m�nov��6h���� �
  �jv�pTu�x����#v�u�h�h �zm6hjno��}(hqpsrov�i8xzrt������§�l#p�u�v�m�x���iov�i�u�h���l�ikhjnki�u�h�� hq}�rov�ioh 
�x�p�uTv�i8nkhj�sx�hqn

p���vbiov�}~hjp�rth�x�}_lXl���rtl_nohqiov���x��j��vXrthj}~m6v�nol���m>l�ntlXikh l��jv�}~m>l#p�>l�n�v�i�}~v � ��}(hqpsrov�i�u�v�i
p����q��hjv�i�u�h�x�}(l(}~v�� �q�jxT��lT�>}_l#i�r|l�}�� �q}�� }(hq��l�pT��io}~v�i�u�h�h �T�q��rtl��*% hqi�l#u�hj�sx>l�uTv�i�m>l�nol
�sx�h¤v�i�hji�r|l�uTv�i���psrohjnk}(hqu��+ #no��v�i�uTh¤x�}(l~nkh�l��j��v(�sx���}~���jl m6v�ioitl#}Ciohqn�u�hqrohj��r|l�u�v�i ��� � � �
}(l���i���}~m6v�n�r|l�p�rthRu�hjikiohji�}~hj�jl�p���io}~v�i �(v�x�iov uTh(x�}(l1ntl#u���l��j��v1�qv hjnohqpsroh�� �qv�}~v��Um6v�n
h �zhj}~m���vT�Tl 
�hqntl#u>l�m6v�n�x�}2��l�iohqnj����}(l¤ntl#u���l��j��v ��u���rtl¤iohqn��qv hjnkhjpsroh�� x�l�p�u�v�v�i�� ��rov�p�i
hq}~��rt��u�v�iUm6v�n�x�}(l�� v�psroh�hqikrt��v�hq}Vio��p��jnkv�p���l�hjikm>l��j��l��zhyrohj}~m6v�ntl#�zhqpsronoh�io� � ��l�m�nov uTx�����v
uTh�x�}_l(ntl�uT��l��j��v_�jv hqnohqpsrth#�Ql_hj}~��ikit��v_u�h�x�}Op�v ��v_� ��rtv�p ��hji�rt��}�xT��l�u>l~m6v�n�x�}C� ��rtv�p
hq}~��rt��u�vbl�p�rthjnk��v�nk}(hqpsroh��R��hqikr|l¢}_l#p�hj��ntlT�£v�i�p�v ��v�i�� �#rtv�p�i�hj}~� rt��u�v�i�}(l�p�rthqnt��vbiohj}~m�nkh
xT}_lRuT��� hjnkhjp��jl u�h�� l�ikh��qv�p�i�r|l�p�rth��qv�}Wnkhj��l�����v l�v�i�ikhjx�i�l�p�rthq�jhqioiov�nkhjij�
��}Fm�x���iov u�h_��l#iohjn¤�qv�}\uTx�ntl��j��v }(hqp�v�n¤�sx�hXxT}\m6hjnk��v u�v�u�h(� ����nol�����v�}(v���hj�qx���l#n

�qno��l�x�}(l�ikx�m6hjnkm6v�io������v��qv hjnohqpsroh�u�v�i�hqikrtl�u�v�i��sx ,�psro���qv�i � ����ntl��q��v�p>l���i�u�h�xT}_l�}(v�� �j�qx���lz�
��ikrov ����x�} m�l��jv�roh¢u�h¢v�p�u>l psx��j��h�l#nj�{�ioikh�m>l#�jv�roh¢u�h1v�p�u>l rtl�}�� �j}dnkhjm�nkhjiohqpsrtlLx�}
hqikrtl�u�vR�qv hjnkhjpsroh�uTv ��2.� ��#$�'� �8u�h�}~v�� �j�qx���l#i�h �z�j��rtl�u>l�iym6hj��v�mTx���ikv�u�h���l�iohqnym6v�n�x�p���u�l�u�h
uTh¢rthq}(m6v h¢u�h¢��v���x�}~hbu>l noh 
����#v u�h¢��p�rthjnol����#v��  Ch���v���xT����v uThjioikh�m>l��qv�rth¢u�h¢v�p�u>l
�qv�nonkhjikm6v�p�u�hLl x�}_l u���p,�}(���jl �qv hjnohqpsroh u�hjik�jno� r|l �jv�}~v x�}(l rontl .khqrt��no��lcio��}(mT��hjiXu�v�i
}~v �z��}(hqpsrov�i�u�v�i�p����j��hjv�i�u�h�x�}(l ��p�����lR}~v�� �q�jx���lT�
��hjiku�h vXioxTn&
���}(hqpsrovXu>l(� hj}�rtv �sx���}~����lz�Zhqikrox�u�v�i�h �Tm6hqno��}(hqpsr|l#��i�hRl#p  �����iohqi�rohj��nk����l#i

h�p x�} �jnk���jl�i�u>lbu���p ,�}~����l(u�v�i�p����j��hjv�i�hq} }~v�� �q�jx���l�ij�6r �j}Pio��u�vbnohjl�����§�l�uTv�i�xTrt������§jl�p�u�v
�qv�}~v � hjnkntl�}~hjp�r|l u�hLl�p �����ioh l hjiom6hq�qronov�ik�jv�m���lGu�v{ro��m6v{mTx�}~mz�
m�nkv��6h l���ntl#p
�hqp�u�vwl
nkh*
�����v�uTv�hjiom6hq�qronov�hj��hqronov�}(l�
�p �qrt���jv�uThjiouThyv���pz� ntl ��hqno}~hj����v�l#r � v��z��io� ��hj� � x�� rtnol � ��v���hqrtl � �T�

���������! "�#�$�%�'&� (�*),+.-%�$�#�#/10"�$24365�7'869$�;:<+�=.2;+�>?+�-#0'@A�,:B�C�$-#D(=.�# 'E� (+. 1-! FEG�*5�0H2;365. '-I F 'J$/10F�%=.K����%�%36L� 
EG0H�M+�=.86�%0H�M@A0'2N@A�� 'EG0H-M�OEG�O+�-#0�L1 PE��B-! 'EG3Q 'J$/10P�*86���#-%0H2( 17'5.R��%3QK* .S
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� ��$z�:; � �
 3h�� rohjp�io��v u�v hqio�sx�hq}_l mTx�}(m �
m�nkv��6h_�1noh*
�����v1u�v�i¤ntl���v�i�� ' �(x�} 
�ntl#p�u�h_l � l�p��qv

m�l�ntl�v �jl�}~m6v u>l��q���jpT�j��l�u�h(ntl���v�i�� 'Al#rox>l�� � 
 ¨ � � � i�hqikr|l#u�v�i�hj��hqrtn ��p����jv�i�u�h(��l�}(l�u>l
��psrohjnop�l�h��z�j� r|l�u�v�i8h �#v�x~��v�p���§�l#u�v�i u>l�}(l#r �jno��l��- #rtv�}~v�i h��#v�x~}~v�� �q�jx���l�i hq}]� l�ioh 
�l�iov�iolT�
�����sx���u>l�v�x io������u�l- ���m�nkv u�x�§q��u�v�i �jv�}]v�hj}~m�nkh*
�v�u�v�i�ntl#��v�i��)' }(l��j��v�i � hjpThjn&
���l�i hjp�rtnkh 
 ¨�¨
h��Ih 
 ¨�¨�¨�h �  ���it�#v�hji�r|l�u�v�i8�sx ,�psro���qv�i��sx�h�m6v�ikiox�hq}-rohj}~m6v�i�uTh�}~hj��l � � ��u>l�x���rontl � �jx�n�rtv�iq�
u�l_v�nouThj}Ou�h 
 ¨ −16 � 
 ¨ −15 ioh*
�x�p�u�v�iq� � i�v�nk����rtl���i�u�h���l�}(l�u>l(��psrohjnkp>l(�jv�nknohjikm6v�p�u�hq}
l#v�i(v�nk����rtl���i 


s
u�v�i  rtv�}~v�i~uTvcioh 
�x�p�u�v m6hqno��v u�vLu>l r|l#�6hj��l m6hjno��� u����jlT�� 

s
h� 

p
uTv�i

 rtv�}~v�i�u�v(rohjno�qhj��nov(m6hjnk��v u�v�� h�rt�#����v�n�h �Thq}~m���v�� v~rthj}~m6v(u�h¤}(hq��l � � ��u>lRu�h¤x�}Chqikr|l#u�v
uThX��l�}(l�u>l���psrthqnop>l

1s
m>l�ntl v�i�hj��hj}~hjp�rtv�i�uTv ikh*
�xTp�u�v m6hqno��v u�v�u>l�r|l#�6hj��l m6hqno��� uT����lz�

� u>l¢v�nku�hj};u�h 
 ¨b� i � 
�
 � �(�ikiohji¤hji�r|l�u�v�i¤hq��h�rtn ��p����qv�i�l���rtl�}~hjp�rthRhqp�hjn 
 �qro���qv�i�u�hq��l�hq}��
��l�io����l�}~hjp�rth#� m6v�n�u�v���i¤m�nov �qhjioikv�iRhq��hqron���pT���jv�i � 
  � � � xT�j��p�r|l#}(hqpsrth#��l��#l#� ,�pT�j��l��jno��l�u>l
p�lR��l#}_l�u�l���p�rthqnop>l�m6hj��lRl���iov�no�j��v u�h�x�}3� �#rtv�pbu�h�ntl#��v�i��)' ��v �qx�m>l�u>lRm6v�n�x�}3hj� ��rtnkv�p
� ��p�u�v�u>l��jl�}_l#u>l�u�h8�#l����jpT�j��lz����v�nU�qv�p�ikhjnk� l����#v�uTh�hqp�hjn 
���l�u�v�m�nov �qhjioikv�rtv�rtl�� � x�}=� ��rtv�p
v�x�x�}Ohj� �qronov�p iohq�jx�p�u �no��v ��hq}(� rt��u�v(�qv�}Ox�}(l(hjpThjn&
���l(��
�x�l��Ul_u�� � hjnohqp���l_u�l�i�hjp�hqn&
���l
uTv�i�hqikrtl�u�v�i�hq��h�rtn���pT���qv�i �>p>l��gh���pT���j��l#� � �qv�}3x�}(l¤�#l��*,�p��q��l�p>l��jl�}(l�u>l���p�rthqnop>l- ��8ikiohqi
io��v���nkhjiom6hq�qro���#l#}(hqpsrth#��v�i¤mTnov �jhqioikv�i�uTh(u�hj�jl���}(hqpsrtv1ntl�uT��l#ro����v��Qv�p�u�h$�  �l�hq}(��ioio��v�uTh
xT}@� �#rtv�p~u�h�ntl#��v�i��)'���h�p>��v¤ntl#u���l rt� ��v���v�pTu�h�x�}@hj� �qronov�p( �x
�hqn ��hj}~��ro��u�v�m6v�n8�#l��*,�p��q��l
��psrohjnop�lRm�nohqhjp�������u>lT�
  uT��p ,�}~����l�u�h�nkhj��l ��l#����v�u�v�i�p �T�j��hjv�i8l r ��}~���qv�i�hq}]}~v�� �q�jx���l�ij���sx�h���h��#lT��m6v�n h��zhj}R�

mT��v��Zl_x�}(l~� ntl�
�}~hjpsrtl����#v_}~v���hj�jxT��l�nq� �jv�p�i�rt� rtx��Ux�}Ov�xTronov_m�nov �qhjikiovX� ��io���jv(�jv�pT�jv�nknohqpsrth
l#v�iUu�hj�jl���}(hqpsrtv�iUhj��hqron���p����jv�iQntl#u���v�l#rt� ��v�i`v�x¤p>��v �
ntl#u���v�l rt� ��v�iq���ikrohymTnov �jhqioiov�m6v u�h�v �qv�n��
nkhjn�r|l�}�� �j})p>l�hqio��l#��l�u�h�rthq}(m6v�u�h�� hq}�rtv�ikh*
�x�pTu�v�ij� 8} 
�hjnol�� ��hjp�rtnoh�r|l�p�rtvT� l�u���p ,�}~����l
uThXnohq��l �Tl��j��v�uTv�i�p����j��hjv�i�l#r ��}~���jv�i�p�v�i�hjikrtl�u�v�i�h��z�q��rtl�u�v�it�#��v�pT��§jl�u�v�i¤u�h_��l�}(l�u>l���p �
rohjnkp>l ��}�x�� rtv nohqikrono��rtl~uThq� ��u�v_l�v�i�rthj}~m6v�i�u�h�}(hq��l � � ��u>lRh �zronohq}_l�}~hjp�rth��qx�nkrtv�i�u�hqioiohqi
hqikrtl�u�v�i�hj��hqrtn ��p����jv�iq� ��hjikioh¤��l�ikv�� v~u�hj�jl���}~hqpsrtv hj��h�rtn ��p����qv v �jv�nknoh¤l#psrohji��sx�h¤v~io��ikrthq}_l
}~v���hj�qx���l�n�rthqp�>lXxT}Crthj}~m6vXh�� hqro����vXm>l#ntlXl�mTnohjikhjp�r|l�n�x�}(l(nohq��l �Tl��j��v_io��
�p����>�jl#rt� �#l~p�v�i
}~v �z��}(hqpsrov�i�p xT�j��h�l�nkhjij�  ���p�u>l l�ikio��}�� l���
�x�p�iRik��i�rthj}(l�iR}~v���hq�jx���l�nkhji��jv�}(v v�i$ ��q��u�v�i
� x�v�no��u�no���jv � 
 � � � �q��v�nk��u�nk���jv � 
 "T� 
 � � h���nov�}~��uTno���qv � 
 � � � �6hj}0�jv�}(vT� l) �
�x�l � 
 � � 
 $z� 
 ; � �
h �z�j� r|l�u�v�i�m6v�n�x�}(l~nol�u���l����#v~u�h¤nol���v�i��)'+}_l#�j��v�ij�>u�hq��l�hq}Om6v�n�m�nov �qhjioikv�i�v�p�u�h��  ~x�}_l
� nol�p��jlX�jv�}~m6hqro���j��vXhjp�rtnkhRx�}(l_� nol�
�}~hjp�r|l��j��vX}~v���hj�qx���l#n�h�x�}Pu�hj�jl���}(hqpsrtvXhq��hqron���pT���jvT�
 PuT��p ,�}~����l uTh nohq��l �Tl��j��vLu�v�i(hjikrtl�u�v�i_hq��h�rtn���p����qv�i~h��z�j� r|l�uTv�i_p>lLnkh*
�����vLuTv�i_nol���v�i��)'
}(l��q��v�i�m6v u�hq}1�Zl�ikio��}1�6l�mTnohjikhjp�r|l�n�x�}(l~�jhqnkrtl_�qv�}~m���h �z��u>l�uTh�u�h�� ��u�vXl~hqioiohqi�m�nov �qhjikiov�i
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�qv�p��qv�nonkhjp�rthjiq�`v_� xTh�� l�§�hji�r|l_noh*
�����v(u�vXhjikm6hj��rtnovbhj��hqrtnkv�}(l�
�p���rt���jv(ikhjn�uTh 
�nol�p�u�h���psrth �
nkhjikioh~m>l�nolbioh hjikrox�u>l�n�x�}(lbuT��p ,�}~����l_�jv�nonohq��l#�j��v�p>l�u>l_u�v�i�hq� �qronov�pTi�h uTv�i�}~v � ��}~hqpsrtv�i
uTv�i�p ���q��hqv�i�l#r ��}~���jv�i�uTh�xT}_lR}~v�� �j�jxT��lT�
� i�nohjikx���rtl�u�v�i u�h�xT}_l�� v�no}�x���l#���#v�rthq��nk����l�l#u�hj�sx>l�u�l�h�l�i�io��}�x���l#�*% hqi psx�} �qno����l�i noh �

l#����§�l�u>l#i�m>l�ntl~l~u���p ,�}~����l�u�h¤}~v�� �j�qx���l�i�hq}0hji�r|l�u�v�i�hj��hqrtn ��p����jv�i�mTnov u�x�§q��u�v�i�p>l~noh 
�����v
uTv�i�ntl#��v�i��)'3}(l��q��v�i�io��v l#m�nohqiohjp�r|l�uTv�i�p�hji�rth_rontl���l�����v1u�h(rthqioh��  �i�u����>�qx���u�l�u�hqi�m>l�nol
ikh�l#�jv�}~m>l�p��l�n�vR}(v � ��}~hjp�rtv�u�v�i  #rtv�}~v�iyu�h�x�}(l�}~v�� �q�jx���l�hq}Ax�}Ahqikr|l#u�v hj��h�rtn ��p����qv
h �z�j� r|l�u�v��#��v�pT��§jl�u�v�u�h��jl�}(l�u>l���p�rthjnkp>lT� ��hq�#l#p�u�v�l¤�jv�pz� v�no}(l��*% hqi�}~v���hq�jx���l�nohqi�l�� �j}@u>l �
�sx�hq��l#i�m6hjnk}(� rt��u>l�i�m6hj��v�iohjx �jx�n�rtv�rohj}~m6v�u�h�}~hj��l � � ��u>lz��m6v u�h�iohjn�ioxTm6hjntl#u>l�ikh��sl�psrohji�u>l
l#��iov�nk���#v�u�v�i�ntl���v�i�� '�� �*'  � x�}@m�x���iov�uTh�nol�u���l#����v���pz� ntl���hjno}~hj����v � 	 �  �� v�n xTitl�u�v�m>l�nol
ikh�h��z�j� r|l�n8�z����ntl#�j��v�p>l���}~hqpsroh�v�io��ikrthq}(l¤}~v���hq�jx���l�n�p�v�iohjxXhqikr|l�uTv�hj��hqron���p����jv�� xTp�u>l�}~hjpz�
rtl�� � � m�x���iov u>l�ntl�uT��l��j��v�	 �WmTnov�}~v ��h(xT}_l1nohjuT��ikrono����x����j��v1u�h_m6v�m�xT��l��j��v pTv�i�p�� ��hj��i
� ����ntl��q��v�p>l���iUu�hyxT}_l�}(v�� �j�qx���lT�#l�p�rthqno��v�no}~hjpsroh u�hjik�jnk��r|l�m6v�n�x�}(l�u���ikrtnk����xT���j��v�u�h�¥yv�� rt§ �
}(l�pTp£�`�qno��l�p�u�vbx�}Phjikrtl�u�v¢p>��vbhjikrtl��j��v�p  �nk��v���x�} m>l��qv�rthRu�hRv�p�u�l�� �sx�h ikh m�nkv�m>l�
�l
p�l iox�m6hqnk� ���q��hXu�h¢hqp�hjn 
���l�m6v�rthqp��q��l��yu�v hji�r|l�uTv hj��hqron���p����jv � x�p�u>l�}~hjp�r|l�� �L 0u���p ,�}~����l
uThjioikh(m>l#�jv�roh u�h v�p�u>l¢m6hqno}~��rohR�sx�h~xT};}(l���v�n�p���}~hjnov¢u�h �jv�pT� v�nk}_l�� % hji�}(v���hq�jx���l�nohqi
ikh .ol�}a� ��io� r|l�u�l�i��jv�p�rt��psx>l�}~hjp�rth(l�� �q}Fu�l��sx�hj��l�i 
�hjntl#u>l�i�m6v�n¤x�}_l1m6hj�sx�hqp>l�u���i�rtv�nk����v
hq}3rov�nopTvRu>l 
�hjv�}(h�rtnk��l¤u�h�hq� xT��������no� v�� �ikrtlR��l#ntl���rthqno��i�rt���jl�u�vRm>l��qv�rth�u�h�v�pTu>l�m6v�ioik����� �
����rtl��sx�h#��m>l#ntl�rthj}~m6v�i�u�h�l rtntl#iov�u���� hqnohqpsrthqi �qv�psrtl�u�v�i l�m>l�nkro��nUu>l���p��q��u�qp��j��l�uTv�m�x���iov�uTh
	 ���TvRmTnov �jhqioiov u�h�h��z�q��r|l#����v��#��v�p���§jl����#v��jv�}3x�}2� ��rov�pXu�h�ntl���v�i�� '=v �jv�nkntl�hq� h�rt� �#l�}~hjp�rth
m�l�ntl�noh 
���% hqiRu���ikrt��psrtl�i�u�l iox�m6hqnk� ���q��hXu�hbhjp�hqn&
���l m6v#rthjpT�j��l#��uTh¢x�}(l�}~v�� �q�jx���lT� ��hjikroh
}~v u�v��z}RxTu>l�p��jl�i�u�n  �i�rt����l�i�io��v hjikm6hjntl#u>l�i�v �qv�nonohqnohq}WpTv~m6hqn �>�£u>l�i��>l�p�u>l#i�� ����n ��p�����l�i
uTh���psrohjnohqioikh�p�v�i�hjikm6hj��rtnov�i�u�h�l���ikv�no�j��v�� '�  �  �v�x¢� v�rov hj��h�rtn ��p����qvI� '�� �  �u�h�ntl���v�i�� '��
 �i�hqiom6hq�qrtnkv�io�qv�m���l#i�u�h '�  � v�x '�� � �jv�}�����p>l�u>l#i��qv�} x�} m�x���iov¢u�hRntl�u���l����#vb��p �

� nol ��hqno}~hj����v(��h��#l_�(hqiom6hq�qrtnkv�io�jv�m���l_m�xT}(mz� m�nov��6h¤u�h�	 ��% �(' �� 1$z�g �;z�g �¨ � ���ioitl �¤x�}_l
r �j�qp����jl hjikm6hj�qronov�ik�j��m�����l �qv�} nohqiov���x��j��v rohj}~m6v�ntl#��u�hqikrt��p>l�u>l l uThjio�qnoh���hjn¢h hj��xT�j��u>l�n
uThqr|l#����hqi�u>l�u���p ,�}~����l�p x��q��hjl�n u�h�ik��ikrohj}(l�i }~v���hq�jx���l�nkhji8hq} hqikr|l#u�v�i�hj��hqrtn ��p����jv�i8h��z�j� r|l �
uTv�i|�#��v�p���§�l�uTv�i£u�h���l#}_l#u>l���p�rthjnkp>lT� � mTx���ikv�u�h�	 � x�itl#u�v�m�l�ntl�h��z�j� r|l�ng�z����ntl#�j��v�p>l���}~hqpsroh
v¢io��ikrthq}_lb}~v���hj�jxT��l�n�hj};ikhjxLhji�r|l�uTv�hq��h�rtn���pT���qv¢��pT���j��l#���qv�p�ikro��rox���v¢m6v�psrov1���>l ��h~uThjioiol
hqiom6hq�qrtnkv�io�qv�m���lz��m6v�no�sx�h�m6hjnk}(� rth¢vL}(l�m6hjl�}~hjpsrov u�h1u���� hqnohjp�rthqi(noh 
���% hqi~u>l ikx�m6hjn�� ���j��h
uTh�hjp�hqn&
���l�m6v�rohjp��q��l��Zu�v hqikrtl�u�v hq��hqron���pT���jv�h �z�j� r|l�u�v��#��v�pT��§jl�u�v�u�h��jl�}_l#u>l���psrohjnkp>lT�T�sx�h
p���v_m6v u�hq}Ciohjn�h��zm���v�ntl#u>l�i�m6v�n�r �q�jp�����l�i��jv�ps��hjpT�j��v�p>l���i '�  � h '�� � �6u�h��z��u�vXl�v(�jxTnkrtv
rohj}~m6v u�h¢}~hj��l � � ��u>l uThjikrohji~hji�r|l�uTv�i~hq��h�rtn���p����qv�ij� � u�hqiohqps��v�� � ��}~hjp�rtv u>l rohjv�nk��l��sx�h
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uThjio�qnoh���h�l�hjiom6hq�qronov�ik�jv�m���l�mTx�}(m �
m�nkv��6h�u�h�	 ��% �('^h�l¤l�p �����ioh�u�l�� ��io����l�uThj�qv�nonohqpsroh�u>l
��psrohjntl#����v_u�v�i�ntl#��v�i��)']�jv�}Px�}Pik��i�rthj}(l_}~v���hq�jx���l�n�m�nkhq� ��l�}~hqpsrth�m�nohqm>l�nol�u�vbm6hq��lXl��j��v
uTh�xT}2��l�ikhjn�u�h�	 � it��v¤r|l�nkhq� l�i � x�p�u>l�}~hjp�r|l#��i��qx .kv�iynohjikx���rtl�u�v�i�it��v���}(m6v�nkr|l#psrohji m>l�ntl�l
��u�hqpsrt�'�>��l#����v uTh�u�� ��hjnkitl�i�l�m�������l#�*% hji�mTn  #ro����l#i�u�hji�r|l r �j�jpT����l hqiom6hq�qrtnkv�io�q��m����jlT� iohqnk� ��pTu�v
�qv�}~v x�} 
�x���l�m>l�ntl lRm6hjio�sx���itl~h �Tm6hqno��}(hqpsr|l#� �
�ikr|lXrthjikh �Rv�n&
�l�p���§�l�u>l_hj} iohj��i��jl�m�� rtx���v�i�hRx�}_lX�jv�p��j��x�it�#v �>p�l�� � ��v���l�m���rox���v¢ 

�Xl�m�nkhjiohqpsrtl�u>l l�rohjv�nk��l��sx�hXu�hjik�jnoh���h1l�hqiom6hq�qrtnkv�io�qv�m���l�m�x�}~mz� m�nov��6h_uThX	 �&% �*'�� ��v
��l#m���rox���vR�RxT}A��noh���h�nkhjikx�}(v ��hq��l��6v�ntl�u�v�m>l�ntl�v�i�} �qrtv uTv�i�u�h��  #���qx���v�iyu�h�hqikronoxTrtxTntl�i
hq��h�rtn���p����jl�i�xTro������§�l�uTv�i�p>l�v��Trthqp��j��v�u>l�i �jxTnk�#l#i�u�h�hjp�hqn&
���l�m6v�rthqp��j��l��zu�v�i hqikr|l#u�v�i hj��h�rtn �#�
pT���qv�i�� x�pTu>l�}~hjpsrtl��gh�h��z�q��r|l#u�v�i|� ��v�p���§�l#u�v�iyu�h��jl�}(l�u>l���psrthqnop>lz� � i�u�� � hjnohqpsrohji�l�iom6hq�qrtv�i
� ��io���jv�i��sx�hRm6v u�hq}Piohqn�h �zrontl���u�v�i�u�hji�r|lXp�v � lXhjiom6hq�qronov�ik�jv�m���lbm�nkv�m6v�ikrtlXit�#vbh��zm���v�ntl#u�v�i
uThqr|l#���>l#u>l�}~hjpsroh�p�vX��l�mT��rtxT��v "(xTitl�p�uTv_�jv�}(v~ik��i�rthj}(l }~v���hq�jx���l�n�}(v u�hq��v v~}(v�pT� �z��uTv
uThLp�� rtnov�
 �jp���v�� ��hqioiohc�jl�m�� rtx���v{io��vG}~v�ikrontl�u�v�i1�qv�}~vGv�i�hqiom6hj��rtnkv�i m�x�}~mz�
mTnov��6h uTh
	 ��% �('2m>l�nol�lbrtnol�p�io�����#v � � 


s
 →  π u�v!� � it��v1iohjpTio����hj��i � �0 ��¢u�x�ntl#����v1u�v�i�m�x���iov�i

uTh�	 �&h�ntl#��v�i��)'�� � �+�0 �l�v�rohj}~m6v�u�h�l#rtnol�iov�u�hq�jv�nkno��u�v�hjp�rtnoh�l�l�m�������l#����v¤u�hji�rthqi�u�v���iym�x�� �
ikv�ij� � �+�+�0 ��~��p�rthjpTio��u�l�u�h#� � l�ioh�h�� v�no}(l u�v_mTx���ikv_u�h¤	 �]h#� �>p>l���}(hqpsroh��6� �$#  ��~v�no��hjp�r|l��j��v
u�l�}~v�� �j�jxT��lb�jv�}Fnkhj��l�����v�l�v1��hqrtv�n¤u�h(m6v���l�no��§�l#����v¢u>l1ntl#u���l��j��v1	 ������x�l�i�l�m�������l�� % hji
u�l�hqiom6hj��rtnkv�io�jv�m���l�m�x�}~mz�
mTnov��6h_u�h_	/��% �('A� v�nol�}F��ps��hqikro��
�l#u>l�i�m>l#ntl�l u���p,�}(���jl�uTh
rontl�pTik� hjn �jp��q��l�u�h�x�}  #rtv�}(v�u�h �T��u�nkv 
 �jpT��v��sx�h�m>l�nkro���q��m>l�u�h�x�}(l�����
�l����#v�u�h ����u�nkv 
 �qp���v
��psrontl¢v�xL��psrohjnk}(v���hq�jx���l�nq� � u���}~hjnkv1u>l� �
�x>lz��� ¦

2

�  
2

��hq}a� l�ikh)
�l�ikv�itlT�U� v���hjik�jv�������u�v
�qv�}~v¤x�}@io��ikrohj}(l¤l�m�nkhjikhjpsrtl�p�u�v�x�}(l�u���p ,�}~����l�u�h�rontl�p�i�� hjn �jp��q��l�u�v�mTno��rov�p(p>l�����
�l��j��v
uTh�����uTnov 
 �qp���vR��psrthqno}~v���hj�qx���l#n�m>l�nol v~hji�r|l�u�v(��v�p���§�l�uTv u�h���l�}(l�u>lR��p�rthqnop>l �

(1s−1)
u>l

 �
�x>lbu�v�l�u�v�ntlbp>l¢����
�l#����vXu�h ����u�nkv 
 �qp���v��£h �Rrtntl r|l�u�v¢pTv ��l�m�� rtx���v�� �$��v ��l#m���rox���v¢�
��u�hqiohqps��v�� �z��u�v x�}Ahji�rtx�u�v~u�l�rtntl#p�ik� hqn&�jpT�j��lRu�h�x�}  rtv�}~vRuTh�����u�nov�
 �jpT��v�m>l�n�rt���q��m>l#psroh
u�l¤����
�l��j��v�u�h#����u�nkv 
 �qp���v���p�rtnol�}~v���hq�jx���l�n�p>l¤}(v�� �j�qx���l�u�h�
�����v��Tl���} v�pTv �z��}(l � ¦ � ����¦��
��¦ �  �l#mZ��i�l���v�p���§�l#����v � �

1s−1  ���l#no�6v�p��������qv�� � � �  �h�v��z��}~���qv�� ¦ � − � � ���9 �����hqikrohik��i�rthj}(lLl rtntl#p�ik� hqn&�jpT�j��lLu�vcm�nk��rtv�p � ��psrthqno}~hjuT��l�u>l m6v�n(x�} l��jv�m���l�}~hqpsrtv � ����n ��p����qv
hqpsronoh�v�i�u�v���i�hqikrtl�u�v�i���v�p���§�l�uTv�i�u�h��jl�}(l�u>lR��psrthqnop>l �

(1s−1)
�� �i��jv�pT�j��xTi&% hji ��p>l���i�u�v

rontl���l�����vRu�h�rohjioh�io��v���hjp�r|��vT� l�m�nkhjikhjpsrtl�u>l#i�p�v(��l�m�� rtx���v �z�

�
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��hji�rth���l#m���rox���v ��l�m�nkhjikhjpsrtl�u>l�l�rohjv�nk��l�u>l�hjikm6hj��rtnov�ik�jv�mT��l�m�x�}~mz� m�nov��6h8u�h 	 �&%�ntl#��v�i��
' l#rtnol � �qiyu�v�� v�nk}_l#��� io}~v�u>l�rthqv�no��l¤uTh�m6hqnkrox�no�>l#����v�u�hqm6hjp�uThjpsroh�u�v�rohj}~m6v�� � xTh ��l�u�h �
�sx>l#u�vLm>l#ntl uThjio�qnoh���hjn(v�iR� hqp ��}~hjp�v�i~u�hq�jv�nonohqpsrohji(u�v m�nkv �jhjikiovcuTh1��psrthqntl��j��v u�h¢x�}_l
� v�psrth�uTh�ntl�uT��l��j��v hq��hqronov�}(l�
�p��qro���jlR�qv�}0l }(l#r �qno��lz�� �i�h �zm�nohqioi&% hji�m�l�ntl~l#i�l�mTnov �z��}_l �
� % hji�u�h�§qhjnovT��mTno��}~hq��nol�h�ioh 
�x�pTu>lRv�nku�hjpTi�uThjikrtlRikhjno��vRu�hqiohqps��v�� � ��u>l�i�h�l#u>l�mTrtl�u>l�iym>l�nol
uThjio�qnoh���hqn h��zm������j� r|l#}~hjpsrohyv�i�}~v � ��}(hqpsrov�i�u�v�i�p����j��hjv�i�uTh�xT}_l�}(v�� �j�qx���lz����l�nkroh�u�v�i�uTh��
ikhjp���v���� ��}(hqpsrtv�i�l#� xT��ioh 
�x���u�v�i�m6v u�hq}Piohqn�hjp��qv�psrontl�uTv�i�hq}P����� nov�i�roh�� rtv�i�uTh�}(hq� ,�pT����l
�sx ,#psrt����l �! 
 �  � �6 ��z�  #" � �
� i�} ��rtv u�v�i�u�hR�  ����jx���v�i��sx ,#psrt���jv�i���p�u�hqm6hjp�uThjpsrohji�u�vbrohj}~m6v��£u�hjikhjps��v���� ��uTv�i�m>l�nol

hqikrox�u�v�i�u�h8hjikronoxTrox�ntl�iUhj��hqron���p�����l�i`u�h  #rov�}~v�i`h }~v�� �q�jx���l�i£h iox>l#i�m�nkv�m�nk��hqu>l�u�hqiUhj� �qrtnk���jl�ij�
}(l�
�p��qro����l#iyh�hqikrtnkxTrtxTntl���ij�Tit�#v�� x�p�u>l#}(hqpsr|l#u�v�iyp>l�iov���x��j��v�u>l�hq�sx>l����#v u�h � ����n"! u���p
�hjn
��p�u�hqm6hjp�u�hqpsroh¤u�vRrthj}~m6v

H0ψ0
k = E0

kψ
0
k.

�  z� 
  
��lbhj�sx>l��j��v �  z� 
  ��

H0 �Rv1v�m6hjntl#u�v�n�¦�l#}(��� rtv�p���l#p�vXu�v¢io��i�rthq}_lXu�h hj� �qronov�p�i�h p����j��hjv�i
l r ��}~���jv�i~��p�rthqntl�
���p�u�vLhqpsronoh�ik��m6v�n(� v�nk��l�i_hq� �qrono����l�i(h }(l�
�p���rt����l�i~��p�u�hqm6hjp�uThjp�rthjibu�v
rohj}~m6v��

E0
k

h
ψ0

k

it��vT��nohjikm6hj��rt��� l�}(hqpsroh���l�i~l�xTrov#�
hqp�hjn 
���l#i h1l�xTrov�� x�p�� % hji~u�h
H0 � �

��p�u����jh
k
�jv�nknohjikm6v�p�u�h¤l xT}W�jv�p .kx�psrov~u�h�p ��}~hjnkv�i��sx ,�p�rt���jv�i�uT��io�qnoh�rtv�iq�

�} ik��rox>l��*% hqi�v�p�u�hRv �qv�nknohj}Pm6hqnkrtxTno�>l�� % hji�u�hjm6hqp�u�hqpsrth u�vXrthq}(m6vbl�vbik��i�rthj}(l_��iov �
��l�u�vL�jv�}~v���m6v�n_h��zhj}~m���v���hj} m�nkv �jhjikiov�ibuTh���p�rthqntl��j��vcu>lcntl#u���l#����vLhj��hqrtnkv�}(l�
�p���rt����l
�qv�} l_}_l r �jnk��lz�gl_��p��q��x�io��v_h��zm������j� r|l(u>l(�#l�nk�+ ��hq�Urthj}~m6v���p�hj�qhjiki  �no��lT���ioitlb��psrohjntl#����v
��psronov u�x�§¢x�} rohjno}~v u�h�hqp�hqn&
���l m6v�rohjp��q��l��

V (t)
�qv�}Mx�}(l u�hjm6hqp�u�qp��j��lLh��zm������q��rtl pTv

#
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rohj}~m6vbl�vb¦�l�}~��� rov�p���l�pTv
H0 u�vbik��i�rthj}(l(p>��vXm6hjn�rtx�nk�>l�u�vT�� ]iov���x����#vXm>l�nolXl_hj�sx>l��j��v

uTh � ����n"! u���p 
�hjn�u�hjm6hqp�u�hqpsrth¤u�v rohj}~m6v

i~
∂Ψ(t)

∂t
= (H0 + V (t))Ψ(t)

�  �  � 
�#� hjp�r|��v��>m�nov �qx�ntl�u�lT�y �� �q}Wu>l~u�hqm6hjp�u �jp��j��l~p�v~rohj}~m6v(��p�u�����l�u�lT�

H0 � V (t)
h

Ψ(t)
u�h �

m6hqp�u�hq} r|l#}�� �j}-u>l�i��qv v�nouThjp>l�u�l�i�hjikm>l��q��l���i h�� h���hjpsrox>l���}(hqpsroh�� u�h�iomT��p(u>l�i m>l�n�rt���qx���l#i
�sx�h�u�h �>p�hq}Cv~ik��i�rthj}(l l iohqn�hji�rtx�u>l#u�v���8ikitl�i��jv v�nku�hjp�l�u>l�i�ikhjnt�#v��>hj} 
�hjnol�� �Tv�}~��rt� u>l�i
m6v�n�ik��}~m���� �j��u>l�uTh�u�hRp�v�rtl����#v��£h��z�jh�rtv1v�p�u�hRikh �>§qhjnohq};p�hq�jhjiki  �nk��l�i�l�i�iox>l#i���pTu����jl��*% hqi
h �zm������j� r|l�iq����hji�rthji���l�ikv�i�hq��l�i�ikhjnt�#v(nkhjm�nkhjikhjpsrtl�u>l�i��jv���hqro���#l�}~hqpsrth�m6v�n

r
�

 Aikv���xT����v�� v�no}(l��8u>l�hj�sx>l��j��v�u�h � ����n ! u���p
�hqn�u�hqm6hjpTu�hjpsrohbu�v�rthj}~m6v �  �  � �m6vzuTh
ikhjn�hjik�jno� r|lT��m>l�nol xT}0¦�l�}~��� rtv�p���l#p�v l#no��� rtn  #no��v�u�hjm6hqp�u�hqpsrth¤u�vRrthj}~m6v �jv�}~v

Ψ(t) = T{e−
i
~

R t

t0
H(τ)dτ}Ψ(t0) = U(t, t0)Ψ(t0),

�  z�!�� 
v�p�u�h

T
�8v�v�m6hjntl#u�v�n`u�h8v�nku�hjp>l#}(hqpsrtv�p�v�rthq}(m6v �� �� � �U  ��psrohjnomTnohqrtl����#v�u>l�hq� x�l����#v �  z�!�� 

����}(hqu���l#r|lz�yu>l�u>l_l(� x�p��j��vXu�h�v�p�u�l
Ψ(t0)

uTh�x�}Cio��ikrthq}_l(�sx ,�p�rt���jv_p�v_rthq}(m6v_��p����q��l#�
t0
�Zl~iox�l(hq��v���x����#v_m�l�ntl~x�}Wrthq}(m6v

t
m6v�ikrthqno��v�nj�

Ψ(t)
�¤v��Tro��u>l m6hq��l(l��j��v(u�v(v�m6hjnol�u�v�n

h���v���x�����v
U(t, t0)

�)�psronoh l���
�xT}_l#i(m�nov�mTno��hqu>l�u�hqiXu�v v�m6hjnol�u�v�n_hq��v���x����#v rthq} � ioh��sx�h
U(t, t0)


 ��itl#ro��i�� l�§�l hq� x�l�����v~u�h � ����n ! u���p
�hqn�u�hqm6hjp�u�hqpsroh�u�vRrthq}(m6v��

i~
∂U(t, t0)

∂t
= H(t)U(t, t0);

�  z��"- 
 ��m6v u�h�iohjn�� l#rov�no��§�l�u�v�p�v rthq}(m6v u�h�l��qv�nouTv~�jv�}

U(t2, t0) = U(t2, t1)U(t1, t0);
�  z� �� 

�z��h��>m>l#ntl�rthj}~m6v�i���
�x>l#��iq�T�jv�nonohqiom6v�p�uTh�l#v~v�m6hqntl�uTv�n���u�hjp�rt��u>l�u�h#�

U(t, t) = 1.
�  z���- 

��l�i�hq�sx>l��*% hqi �  � �� �h8�  z���- �l ��ps��hqnoitl uTv~v�m6hjnol�u�v�n�hq��v���x��j��v ��v��zrt��u�lR�qv�}(v

U−1(t, t0) = U(t0, t).
�  z� �� 

%
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����p>l#��} hjpsroh��`l¢h �z��
 �qp��j��lbu>l¢�qv�p�iohqnk�#l#����v�u>lbp�v�nk}_lXu�h
Ψ(t)

m>l�nol¢�sx>l#���sx�hqn�rohj}~m6v
t
�

��}~m���� ��l��sx�h�v~v�m6hjntl#u�v�n�hq��v���x����#v~ioh/.ol~xT}Wv�m6hqntl�u�v�n�x�p�� r� �nk��vT�T��ikrov �

U †(t, t0) = U−1(t, t0).
�  z� $� 

 ]iov���x����#v_� v�nk}_l#�Qu>l_hj�sx>l��j��vbu�h � ����n ! u���p
�hqn�u�hjm6hqp�u�hjp�rthRu�v_rthq}(m6v��Zhq� �C�  z���- �� �
uTh~m6v�xT��l¢xTrt������u�l�u�h��jv�}(m�xzr|l��q��v�p�l�� ���psrtnkhqrtl�psrov��Uhq��lbm6v u�h iohqn�hqio�jnk��r|lbu�h x�}_lX� v�no}(l
l#��rthqnop>l rt� �#lT� }(l���i �Trt��� � xTro������§�l�pTu�v�v�i�l�n 
�x�}~hjpsrov�i�u>l�rthqv�no��l�u�hym6hqnkrtx�nk�>l��j��v�u�hqm6hjp�uThjpsroh
uTv rthq}(m6vT���jv�}~v~l�m�nkhjikhjpsrtl�u>l(lRioh 
�x���nj�

����� ,	��
����� ���Y'������������������
 B��� !�#"$���#"%�&�'�$
 ,	�#(  )


��l�l�xTi&�jpT�j��l¤u�v�m6v#rthjpT�j��l#�6u�h���psrthqntl��j��v
V (t)

�Tl¤hq� x�l����#vRu�h � ����n"! u���p 
�hjnq�zhj� � �  �  � �
nkhju�xT§���hj�sx>l��j��v�u�h � ���Tn ! u���p
�hjn ��p�u�hqm6hjp�u�hqpsroh�u�v�rthq}(m6v�hj� �,�  � 
  ��s�jx .ol�iov���x��j��v ��x�}
�qv�p .kxTpsrtv~v�nkrtv�
�v�p>l��gu�h�l�xzrtv�� x�pT�*% hji {ψ̃0

0(r, t), ψ̃
0
1(r, t), ψ̃

0
2(r, t), . . . , }

�

ψ̃0
k(r, t) = e−iE0

k
t/~ψ0

k,
�  z� ;� 

h(l�xTrtv �
hjpThjn&
���l�i {E0
0 , E

0
1 , E

0
2 , . . .}

� � ��p�u����qh~ikv���nohqio�qno��rov §jhqnov p>l�i�� xTp��*% hqi�u�h(v�p�u>l1h
l#xTrtv#� hjpThjn&
���l�iQ��p�u����jl�} l�iUiov���x��*% hqi�p>�#v�m6hjn�rtx�no��l�u>l�i��

V (t) = 0
 `u�v�m�nkv�����hj}(l��sx ,�p�rt���jv��

�i�r|l�nkhj}~v�ij��l��sx�� ���qv�p�ik��u�hqntl�pTu�vwl�m6hqp>l�i1v�i1�jl�ikv�i1�jv�nknohjikm6v�p�u�hqpsrohji�l�v{hqiom6hj��rtnkv p���v
uTh*
�hqp�hjnol�u�v�u�h

H0 ����l#ntl�io� rtx>l#�*% hjiQv�p�u�h8iox��6�qv�p .kxTpsrtv�i�u�h*
�hjp�hqntl�u�v�i�u�h H0 v �jv�nkntl�}1� v�i
mTnov �jhqu���}~hqpsrtv�i�x�ikx>l���i�u�h¤v�nkrov 
�v�p�l���� §�l#����v u>l�i�l�xTrov�� x�p�� % hji�u�hjikiohqi�ikx��6hjikm>l��qv�i�u�hq��hq}
mTnohj�qhjuThjn�v hj}~m�noh 
�v u>l�i�h��zm�nkhjiki&% hji�u>l�rthqv�no��lRu�h�m6hqnkrtx�nk�>l��j��v��
�yv�} l���p�rtnov uTx����#v u>l m6hqnkrox�no�>l#����v

V (t)
� l ikv���xT����v u>l�hj�sx>l��j��v uTh � ���Tn ! u���p
�hjn

uThjm6hjpTu�hjp�rth�u�v�rohj}~m6v¤hj� �,�  z�! � m6v u�h�ikhjn�m�nov �qx�ntl#u>l¤�qv�}~v¤xT}_l�h��zm>l�pTit��v�p�v¤�jv�p .kxTpsrtv
uTh�� xTp��*% hqi�u�h�v�p�u>lRp>��v~m6hqnkrox�no�>l#u>l�i

ψ̃0
k(r, t)

�

Ψ(t) =
∑

k

ck(t)ψ̃
0
k(r, t) =

∑

k

ck(t)e
−iEkt/~ψ0

k,
�  z� 
 ¨- 

�qv�}\v�i��jv h �>�q��hjp�rthqi
ck(t)

���qx .ol�u�hqm6hjp�u�qp��j��l�p�v rthj}~m6v �X��l#x�itl�u�l m6hq��l mTnohjikhjp��jl u>l
m6hqnkrox�no�>l#����v u�hjm6hqp�u�hqpsrth¢u�v�rthq}(m6v

V (t)
� � hbp�hq�jhqioi  �nk��v��8l�iov�}(l iov��Tnohbv�iRp���}~hjnov�i

�sx ,#psrt���jv�i�u���io�qnohqrov�i
k
u�hq��hRr|l�}�� �q} ��pT�j��x���n���psroh*
�nol���i�l�u�hq�sx>l�u>l�i�p>l�i�� l�no�� ��hq��i

ε
�sx�h

uThjio�qnoh���hq} v�i hji�r|l�u�v�i(�sx ,�p�rt���jv�i �sx�h1mZhqnkrohjp��qhj} l�v hqiom>l#�jvL�jv�p�rt��p x�v uTh¢� x�p�� % hji(uTh
v�p�u>l {ψ0

ε(t)}.

*
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� x���i�rt� rtx���p�u�v�l�� x�p��j��v�u�h�v�p�u>l � hq� � �  � 
 ¨� . �p>l¤hq� x�l����#v<�  z�! � �� v���iohqnk�#l#p�u�vRl¤hj�sx>l �
�j��v �  � 
  ��}�x���ro��m���� ��l�p�uTvLvcnkhjikx���rtl�u�vcm6v�n

(ψ0
m)∗
����p�rth*
�ntl�p�uTvcikv���noh l�i(�jv v�nku�hjp>l#u>l�i

hqiom>l#�j��l���i�h(uTh(iom���p£��h(�jv�p�io��u�hjnol�p�u�v l�mTnov�m�nk��hqu>l�u�h~u�h(v�n�rtv�p�v�no}(l���� u>l�u�hRu>l�i�� x�pT�*% hji
uTh v�p�u>lbp>��v¢m6hqnkrtx�nk�>l�u>l#ij�Q����h 
�l � ioh~l�v¢�jv�p .kx�p�rtv1u�h hq�sx>l�� % hji¤uT��� hqnohjpT�j��l#��i�l��qv�m���l�u>l�i
uTh�mTno��}~hj��ntl�v�nku�hj}

dcm(t)

dt
=

1

i~

∑

k

ck(t)e
iωmkt〈ψ0

m|V (t)|ψ0
k〉

�  z� 
�
  

�sx�h�v�i��qv h �>�q��hqpsrthqi
cm(t)

u�hq��hq}Aitl#ro��ik� l#§jhjnq����l�hj�sx>l#����vI�  z� 
�
  
ωmk = (E0

m −E0
k)/~

�

l�� nohq� � �jp��q��l p>l#rox�ntl��£u�h�v�ik�j����l��j��vRh

〈ψ0
m|V (t)|ψ0

k〉 =

∫

V

dr(ψ0
m(r))∗V (r, t)ψ0

k(r)

io��v�v�i¤hq��hj}~hqpsrtv�i¤u�l�}(l#rtnk��§Ru�h~rontl�p�ik���j��v��sx ,#psrt����l1hjp�rtnkh_v�i¤hji�r|l�uTv�i�hq��h�rtn���p����qv�i�p���v
m6hqnkrox�no�>l#u�v�i

ψ0
k

h
ψ0

m

��p�u�xT§j��u>l�i�m6v�n
V (t)

�8�} 
�hjnol�� �Tv�i�hq��hq}(hqpsrtv�i�uTh�}(l#rtnk��§
∫

V
dr(ψ0

m(r))∗O(r, t)ψ0
k(r)

m>l#ntl¤x�} v�m6hqntl�uTv�n
O(r, t)

l�nk����ron  �nk��v�u�hqm6hjp�u�hqpsroh�u�v¤rthq}(m6v
h�u�l�i��jv v�nku�hjp�l�u>l�i�hjiom�l��j��l���i�ikhjnt�#v(nkhjm�nkhjikhjpsrtl�u�v�i�m6v�n 〈ψ0

m|O(t)|ψ0
k〉
�

 �iy�qv�p�u����*% hqiyu�h��qv�psrov�nopTvRl¤ikhjnkhj}2itl#ro��� hj� r|l�i8m6hj��l�i�iov���x�� %zhqiyu>l¤hq� x�l����#vI�  z� 
�
  �it��v
hqiom6hq�j������l�u�l�i¤m6hj��lbu�hjik�jno�����#v1� ��io����lXu>l¢��p��j��x�it��vbu>l¢m6hqnkrtxTno�>l��j��v

V (t)
l#v1ik��i�rthj}(lbp>��v

m6hqnkrox�no�>l#u�v�� ��l�i�io� rtx>l�� % hji�}(l���i�xTiox>l���i�l~m6hjnkrox�no��l�����v
V (t)

�¤��psronov u�x�§q��u>l p�v~rthq}(m6v
t = 0

�w��l�nol x�} rohj}~m6v � x�l����sx�hqn(l�psrohjno��v�n l hqikr|l m6hjn�rtx�nk�>l��j��v �
t < 0

 ���vLik��ikrohj}(l
ikhbhqp��jv�p�rtnol hq}dxT}Yhji�r|l�u�v hji�r|l��q��v�p �no��v�uThjio�qno� rtv m6v�n

ψ0
n

�jv�}dl�hqp�hjn 
���l
E0

n

� ��hqikr|l
� v�no}(lT��v�ib�qv h �>�q��hqpsrthqi1uTh h �zm>l�p�io��v{m6v u�hj} ikhjnbhjio�qv�������u�v�iXrtl����sx�h

cn(t = 0) = 1h
ck(t = 0) = 0

m>l#ntl
k 6= n

�f	
psronov u�xT§j��pTu�vcvcik��}��6v���v
δmn

��vc���>l�}(l�u�vLu�hq��rtlLuTh
��nkv�p�hq����hqnj��v�i��qv h �>�q��hjp�rthqi

cm(t)
}_l���iU�qv�}(m�l��qrtl�}~hjpsroh�it�#v�hqio�jnk��rtv�i��jv�}(v

cm(0) = δmn
�

� u�hq��rtl(u�h ��nov�p�hj����hjn�l#ioiox�}~h�v_�#l���v�n
1
�Zioh

m = n
�gh�§qhjnkv��gm>l�nol

m 6= n
���yv�}Ohqikr|l#i

�qv�p�uT���*% hqi���p����q��l#��iq��lR��psroh*
�nol����#v u���noh�r|lRu>lRhj�sx>l��j��v �  z� 
�
  �� v�nkp�hj�qh

cm(t) = δmn +
1

i~

∑

k

∫ t

0

ck(t0)e
iωmkt0〈ψ0

m|V (t0)|ψ0
k〉dt0.

�  z� 
  � 

 @iov���x�����v¢m>l#ntl¢v�i��jv h �>�j��hjpsrohji
cm(t)

l#�j��}(l�� h��Tl#rtl¢m>l�ntl¢l�i��jv�p�u���� % hji���p����j��l�� i�hji�r|l �
�6hq��hq�j��u>l�ij�`h ikhjp�u�v1��p�ikhjnk��u>lXp>lbhj�sx>l��j��v �  z� 
 ¨- �`��hq�#l¢�X� x�pT����v¢u�h v�p�u�l

Ψ(t)
��u�qpsro����l

�Riov���x����#v � v�no}(l��gu>l hq�sx>l����#v �  �!�- �� +hj�sx>l��j��v �  z� 
  � yu�h���h�� hjp�rtnkhqr|l#psrtvT�>iohqn�nohqiov�� � ��u>l
� rthqntl#ro���#l#}~hjp�rth���m6v���i�v�i��jv h ���j��hqpsrohji

ck(t)
m�nkhjiohqpsrohji�p�v(��psrth 
�ntl#p�u�v~u�v~��l�u�v u���nohj� rtv u�v

ik��p>l#�£u�h���
�x>l#��u>l#u�h�p>��v it�#v~�jv�p ��hj�q��u�v�ij�
�



��� � ������	��	��
� ��� �1�H��
 � �������	� ���������F�H��� �
	 � ����� �!�"� ��
#��$

T�� � ��� � � ��� 	 � � � �H�'� � ����.���
� � � � � 	 � ��� � 	�� � � �����

��};hjio�sx�hq}(l�m6hjn�rtx�no��l#rt� ��v �~hqpsrt��v���psrtnkv u�x�§q��u�v��$��hqikrth~m�nov �jhqu���}(hqpsrtv1v�i��jv h �>�j� �
hqpsrohji

cm(t)
it�#v(h �Tm�l�p�u���u�v�i�hj}0xT}_lRi �jnk��h�u�h�m6v�r �qp��j��l�i�hq}0x�}Wm>l�n&,�}(h�rtnkv(l#no��� rtn  #no��v

λ
�

cm(t) = λ0c(0)m (t) + λ1c(1)m (t) + λ2c(2)m (t) + � � �.
�  z� 
 �- 

��}(lRh��zm>l�pTit��v_l�p ���v 
�l ��hjik�jnk��r|lRm>l�ntlRv v�m6hjnol�u�v�n�¦�l�}~��� rtv�p���l#p�v
H
�

H = H0 + λV (t),
�  z� 
 "= 

v�p�u�h�lcm6hjn�rtx�no��l����#v
V (t)

����psrtnkv u�x�§q��u>lLl#rtnol � �qiXu�h x�} �jv�}~m6v�n�r|l�}~hjp�rtvL����p�h�l�n~hq}
λ
� � xT��ikrt� rtx���p�u�v_v�i��jv h ���j��hqpsrohji�u�h�h��zm>l�pTit��vbu>l_hj�sx>l��j��v �  z� 
 �- �p>l_hj�sx>l#����v �  � 
  � �h
�qv�p�ik��u�hqntl�pTu�v(l u�hqm6hjp�u�qp��j��l ����pTh�l�nyu�v rthqno}~v

V (t)
hj}

λ
�>v�nou�hq}0l v�nou�hq}���v��zr �j}R�
ikh��

c(0)m = δmn

�  z� 
 �� 
�sx�h ��l iov���x��j��v u�h�v�nouThj}W§qhjnov �

c(1)m (t) =
1

i~

∑

k

∫ t

0

c
(0)
k (t0)e

iωmkt0〈ψ0
m|V (t0)|ψ0

k〉dt0,
�  z� 
 �- 

lR�jv�nonohq����v~hq}Wm�no��}(hq��nol�v�nou�hq}���h�hq} 
�hqntl�� �

c(q)m (t) =
1

i~

∑

k

∫ t

0

c
(q−1)
k (t0)e

iωmkt0〈ψ0
m|V (t0)|ψ0

k〉dt0,
�  z� 
 �� 

l¢�jv�nknohj�j��v�u�h(v�nku�hj}
q, q = 2, 3, . . .

����hjikroh_hqio�sx�hq}_l�m6hjn�rtx�nk�>l#rt� ��v�v��qv h �>�q��hqpsrth(uTh
�qv�nonkhj�j��v

c
(q)
m
�ZuTh�v�nku�hj}

q
� �¤v��Trt��u�v_l~m>l�nkro��n�u�v_iohqx l�psrohj�qhjioikv�nj�

c
(q−1)
m

�6u�h¤v�nou�hq}
q
� 
 �

 �ioik��}1� l�m>l#nkrt��n8u�l�i �jv�pTu���� % hji ��p����j��l�� i�hjikm6hj�j�'�>�jl�u>l�i�m6v�n
c
(0)
m
v��Tr �q} � ioh�v¤�qv h �>�q��hqpsrth�uTh

�qv�nonkhj�j��v~hj}Wm�nk��}~hj��ntl�v�nku�hj}1�

c(1)m (t) =
1

i~

∫ t

0

eiωmnt0〈ψ0
m|V (t0)|ψ0

n〉dt0,
�  z� 
 $- 

�sx�h���h��#l�u�v~� hq�6� �  � 
 �� yu�h ��p�h�v~�qv h �>�q��hqpsrth�m>l�ntl l �qv�nonkhj�j��v~hj}Wikh*
�xTp�u>l~v�nku�hj}

c(2)m (t) =

(
1

i~

)2∑

k

∫ t

0

dt1e
iωmkt1〈ψ0

m|V (t1)|ψ0
k〉
∫ t1

0

dt0e
iωknt0〈ψ0

k|V (t0)|ψ0
n〉,

�  z� 
 ;- 
h#�U�jv�p�rt��psx>l�pTu�v1hji�rth(mTnov �jhqu���}~hqpsrtvT�Uv�i��qv h �>�q��hjp�rthqi¤u�h

q
� �qio��}(lbv�nou�hq}am6v u�hq}aiohqn�hji��

�qno� rtv�i��qv�}~v
c
(q)
m (t) =

(
1
i~

)q∑
a · · ·

∑
j

∑
k

∫ t

0
dtq−1e

iωmatq−1〈ψ0
m|V (tq−1)|ψ0

a〉 × · · ·

· · · ×
∫ t2

0
dt1e

iωjkt1〈ψ0
j |V (t1)|ψ0

k〉
∫ t1
0
dt0e

iωknt0〈ψ0
k|V (t0)|ψ0

n〉.

�  z�! �¨- 

���
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  rohjv�nk��l�u�h8m6hjn�rtx�nk�>l����#v�u�hjm6hqp�u�hjp�rth�u�v�rthj}~m6v �8x�}(l�� hqnontl�}~hqpsr|l��jv�p���hjp���hjp�rth m>l�nol
ikh h��zm�nohqioitl�n�h ��psrohjnomTnohqrtl�n�lbhj�sx>l#����v1u�h � ����n ! uT��p
�hjn�u�hjm6hqp�u�hqpsrth(u�vbrthq}(m6v¢m�l�ntlbv�i
� hqp ��}~hjpTv�i���psronov u�x�§q��uTv�i�m6hj��lRm6hjn�rtx�nk�>l��j��v

V (t)
hj}Am�no��}(hq��nol�v�nku�hj}1�Tioh*
�x�p�u>l v�nku�hj}1�

h�rt�#���>�jv�}~v ikhjn  R� ��i�rtv p>l�i�m�no���z��}(l�i�iohj� % hjiq�
��hj��l�i �jv�p�u���� % hji�uTh��jv�psrtv�nop�v¤hqikr|l#�6hj��hj�j��u>l�iq�zv¤ik��i�rthj}(l�p>��v¤m6hqnkrtxTno�>l�uTv�ioh�hqp��jv�psrtnol

pTv�hji�r|l�u�v��sx ,�p�rt���qv�mTx�nov�u�hqio�qno��rov�m6v�n
ψ0

n

�� �mZ��i8l�m6hjnkrox�no��l�����v
V (t)

iohqn���psrtnkv u�x�§q��u>lT�#h
h���hjp�rtx>l#��}~hjp�rth�rthqn�io��u�v��jhjikitl�u�lT�>v�io��ikrthq}_l¤mZv uTh�ikhjn�hjp��qv�p�rtntl#u�v hq}3x�}3hqikrtl�u�vR�sx ,�pz�
ro���qvR}~��i�rtv�u�hjik�jno� rtvRm6v�n

Ψ(t)
u>l�hj�sx>l��j��v��  z� 
 ¨- ��  �qv�psrono���Tx����j��v�uTh���l�u�lRhqikr|l#u�v m�x�nkv

ψ0
m

m>l�ntl
Ψ(t)

��u�hqrohjnk}(��p>l�u>l�m6hj��v�i��jv h ���j��hqpsrohji�u�h�h �Tm�l�p�it�#v
cm(t)

�sx�h��jv�nonohqiom6v�p�uThj}
�#i�m�nkv�.khq�*% hqi�u�h

Ψ(t)
hq} ��l#u>l

ψ0
m

��p�u�� �z��u�x>l�� �Z��ikrov �#� 〈ψ0
m|Ψ〉 �¤�ikr|lbmTnov .khj�j��vbnohj�qhj�6hlX��p�rthjnkm�noh�r|l��j��vX� ��io����l_u�hRx�}_lbl#}(m���� rtxTu�h�u�hRrontl�p�ik���j��vb�sx ,�psro���jlbhjp�rtnkh v�i�hji�r|l�uTv�i

ψ0
n� v hji�r|l�uTv ��p����j��l��  �h

ψ0
m

��p�u�x�§q��u>l�m6v�n
V (t)

� � }~� u�x���v �sx>l�uTntl�uTv u>l l�}~m���� rtx�u�h_u�h
rontl�pTio���j��vR� v�nkp�hj�qh¤l u�hqp�io��u>l�u�h�u�h�mTnov��>l#��������u>l�uTh�uTh�ikh�hjpT�jv�p�rtntl#n�v io��i�rthj}(lRp�v~hqikr|l#u�v
ψ0

m

pTv rthq}(m6v
t
�>�sx>l#p�u�v(hqikroh�� v��£��pT���j��l�� } hjpsroh�mTnohjm�l�ntl#u�v~p�v~hqikrtl�u�v

ψ0
n

�
�}3mTno��}~hj��ntl�v�nku�hj}1�Tl�m�nkv��>l��T������u>l�u�h�u�h�rtnol�p�ik�����#v

ψ0
n

m>l�ntl
ψ0

m

�Tv�xXio��}(m���hjik}(hqpsrth#�
n→ m

����u>l�u>lRm6v�n

|c(1)m (t)|2 =
1

~2

∣∣∣∣
∫ t

0

eiωnmt0〈ψ0
m|V (t0)|ψ0

n〉dt0
∣∣∣∣
2 �  z�! 
  

m�l�ntl
m 6= n

�y��l�ntl
m = n

�6l m�nov���l���������u>l#u�h�u�v(ik��i�rthj}(l m6hjnk}_l#p�hj�qhjn�p�v(hqikr|l#u�v_��p����j��l��
ψ0

n

hj}WxT}Arthq}(m6v
t
l�m6��i�l l�m�������l#����v�u>l m6hjn�rtx�nk�>l��j��v

V (t)
��u>l�u�v~m6v�n

|c(1)n (t)|2 = 1 −
∑

m6=n

|c(1)m (t)|2 �  z�! � � 

�sx�h�u�hq�jv�nknoh�u>l�nohq��l#����v�u�hy� hj����v�nohqiox�� r|l#psrth�u>l�p�v�no}(l���� §�l��j��v�u�h
Ψ(t)

�� �zm�nkhjiki&% hji�l�p  �
��v 
�l#iyit�#vRv��Tro��u>l#iym>l�ntl�l�i�m�nkv��>l#��������u>l�uThjiyuTh�rontl�pTio���j��v |c(q)m (t)|2 u�h�v�nouThjp�i�iox�m6hqno��v�nohjiq���l�ntl�m�nkv�ioikh*
�x���n ��pThj�jhqioi  #no��v hqikr|l#�Zhq��hq�jhqn�l�u�hq� x�l�u>l�}~hjp�rth�vRro��m6v�u�h�m�nov��T��hq}_l��sx�h
ikh��sx�hqn���p���hji�rt��
�l�nj��m6hq��l�uTh �>p�������v��jv�nknoh�r|l�u�v�m�nov�����hq}_l�p>�#v�m6hqnkrtxTno�>l�uTv��sl rtntl�� �ji u�h

H0

h u>lX� v�no}(lXh��zm������j� r|lXu�v¢v�m6hjnol�u�v�n�uTh~m6hqnkrox�no�>l#����v
V (t)

�~�ikr|l#}(v�i���psrohjnkhjioiol�u�v�i�l��sx��
hq}Cu�hjik�jnkhq��hjn�v_m�nkv �jhjikiovXu>l(��p�rthqntl��j��v(hjp�rtnkh�x�}C�jl�}(m6v(u�h¤ntl#u���l��j��v~hj��hqrtnkv�}(l�
�p���rt����l
�qv�}WxT}_lR}~v�� �j�jxT��lT�

� �
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��l u�hqio�jnk���j��v(u�v~m�nov �qhjikiov_u�h���psrohjntl#����v u�h�x�}(l v�pTu>l~hq��h�rtnov�}_l�
�p��qro���jlR�qv�}0l }_l �
r �jnk��lT�Tl�}(l#r �qno��l ���qv�p�io��u�hqntl�u>l��jv�}(v�iohqp�u�v �jv�p�ikro��rtxT��u>l�m6v�nyx�}_l�u���ikrono���Tx����j��v�u�h�m�l�n��
ro���qx���l#i��jv�}A��l#n&
�l�i�m6v�io� rt� �#l�i

+q
h�pTh*
�l rt��� l�i −q hq}Wm6hjnk}_l#p�hjp�rth�}~v � ��}~hqpsrtv���p�rthqnop�vT�h_� xThb��psrthqntl�
�hj}FhjpsronohXio�yl#rtnol � �qiRuThXx�}Ym6v�rohjp��q��l#��hj��hqrtnkv�ikr  #rt���jv �yv�xT��v�}�����l�pTv�� 8}

l#��
�xTp�iy��l#iov�iq����p�rthjnol��*% hqi�}(l�
�p �qrt����l�i�nkhjio��u�x>l���iyit��v�r|l#}R� �q}2��p�rtnkv u�x�§j��u>l�iq����v�nyio��}(m���� �
�q��u�l�u�h���hjp�rtnoh�r|l�p�rtv���iohjno��v�uThjno� �#l�u�l�ij��l�ioh*
�x���nq��h �TmTnohjiki&% hji8m�l�ntl�l���psrohjnol����#v�u�l�ntl�u���l��j��v
hq��h�rtnov�}_l�
�p��qro���jl��qv�}0l#mZhqp>l�i�x�}(lRm>l�n�rt���jx���l�u�h���l#n&
�l 
�hqp��jnk����l

q
� ��v�i���l#iov�i�}_l���i 
�h �

nol���iq�sikv�}_l#i l�u�hj�sx>l#u>l�i�iov���noh�l�i �qv�psrono����x���� % hji8u�h��jl�u>l�m>l#nkrt���jx���l�u�h���hj} ikhjnj� m6v�n�r|l�p�rtv��
nkh�l�����§jl�u>l�iq�
 -� v�nk}_l_u�v¢m6v#rthjpT�j��l#� u�hR��psrthqntl��j��vbu�hRx�}(lXm>l�n�rt���qx���l_�jl�nknoh*
�l�u>lb�qv�} x�} �jl�}~m6v

uTh~nol�u���l#����vbhj��hqrtnkv�}(l�
�p���rt����lXm6v u�h iohqn�v��Tro��u>lbl#rtnol � �qi�u�h x�}_lbuThjio�qno������v1�j�� �ioik���jlT�  
� v�no��l��sx�h�hjioiol¤m>l�n�rt���qx���l�iov�� nkh ��u�h�rthqno}~��p>l#u>l�m6hq��v�i8��l#}(m6v�i8hj� �qrono���qv �^h�}_l�
�p��qro���jv �X�
h ���qv�p��hq�j��u>l �jv�}~v~l�� v�no�jl u�h2�`v�nkhjp�rt§��

F = q

(
E +

v × B

c

)
�  z�! ��- 

v�p�u�h
v
��v(��hqrov�n���hj��v �j��u>l�u�h¤l�ioikvz�q��l#u�vX�_m�l�nkro���jxT��l h

c
��l~��hj��v �j��u>l�u�h¤u�l_��x�§ �� � � �� 

�sx>l#psrt��u>l�uTh¤uTh¤}~v � ��}~hjp�rtv
Π
u�hji�r|l(m>l�n�rt���qx���l uTh¤}(l�ioiol

m
� v(iohqx }(v�}~hjp�rtv ��l�p ��p����qv

v�x1hj��hqronov�}(l�
�p���rt���jvT� ��u>l�uTv~m6v�n �! � �

Π = p +
q

c
A,

�  z�! #"= 
v�p�u�h �

= m
\ ��v(}~v�}~hjp�rtv �j��p��qro���qv~u>l m>l�nkro���qx���l�h�� ��v ��hqrov�n�m6v�rohjp��q��l��`hq��h�rtnov�}_l�
 �

p �qrt���jvT� � m6v�rohjp��q��l#�
A ≡ A(r, t)

��u�h�rthqno}~��p>l�uTv m6hj��v m>l�n�u�h�hq�sx>l�� % hji�u�� � hjnkhjp��q��l���i

B = ∇× A
�  z�! ��� 

h
E = −∇φ− 1

c

∂A

∂t
,

�  z�! ��- 
m�l�ntlfv�i ��l#}(m6v�i-� h6� �jv�p��hj�q��u�v�ij� h{m>l#ntlfvIm6v�rohjp��q��l��Rhq��h�rtnkv�}_l�
�p��qro���qv hjik��l���l�n
φ ≡ φ(r, t)

�L W� x�p��j��v u�h¢¦�l#}(��� rtv�p
H
m>l�nol l���l�n 
�l

q
p>l m�nkhjiohqp���l u�hbx�}d��l#}(m6v

hq��h�rtnov�}_l�
�p��qro���qv¤h�iox .khq��rovRl�xT}3m6v�rohjp��q��l��Zh � rtntl
U(r)

� }~hq� ,�p����jv�� hj� �qrtnk���qv��z}(l�
�p��qro���jvT�
h�rt�#�  ��u>l�u>lRm6v�n �� ��z�6 � �

H =
1

2m

(
p +

q

c
A
)2

+ U(r).
�  �  ��� 
��T
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��}2l�p  #��v 
�v��sx ,�p�rt���jv�io��}(mT��hji m�l�ntl�l�� x�pT����v�u�h�¦�l#}(��� rtv�p
H
m6v u�h�ikhjny�jv�pTioh*
�x���uTv

m6hq��l�l�m�nov��z��}(l����#v�ikhj}~� � �j�� �ioik����lz� ��hqioitl�l�m�nov��z��}(l����#v�l�m>l�nkro���qx���l �_uThjio�qno� r|l�� x�l�psro� �
�jl�}~hjp�rth�hjp��sx>l�p�rtv �sx�h�v�i�h�� hj� rtv�i�u>l�ntl#u���l#����v�hq��h�rtnov�}_l�
�p��qro���jl¤it��vRu�hqio�jnk��rtv�i��j��l�ioik���jl �
}~hqpsrth�m6hj��v�i`��l#}(m6v�i`hq� ��rtno���jv�h�}_l�
�p���rt���qv�� �sx�h8itl#ro��i�� l�§jhq} l�iQhq�sx>l��*% hqi�uTh�� l � �yhq�����qv�}
l#i�u�hq� ��u>l�i��jv�p�u���� % hji�u�h��qv�psrov�nop�vT� � x���i�rt��rox���pTu�v�v�}(v�}~hqpsrtv��q��p���rt���jv

p
m6v�n −i~∇ ��hji���qnoh���hjp�uTv_vRrohjno}~v �sx>l#u�n  rt���qv h �TmT�����q��rtl�}~hjp�rth�h�hjik�jv�����hjpTu�v)
�l�x
�h��yv�xT��v�}�����l#p�v<� ��h/.ol

l#�>l�� �Tv- ym>l�nol vR��hqrov�n�m6v�rthqp��j��l��4�O����h 
�l � ioh¤l

H = − ~
2

2m
∇2 + U(r) − i~q

mc
A · ∇ +

q2

2mc2
A · A. �  z�! 1$- 

� i � l#rov�nohqi��sx�h�hqpsrtnol�} p>l�hj�sx>l��j��v<�  �  $- r �q} x�}(l���p�rthjnkm�noh�r|l��j��v�� ��io����l��q��l�nolT��v�i�u�v���i
mTno��}~hq��nov�i�rohjno}~v�i �jv�nonohqiom6v�pTu�hj}1��nkhjikmZhq�qro���#l#}(hqpsroh�����i~hqp�hjn 
���l�i~�q��p���rt����l h1m6v#rthjpT�j��l#�
� v�xTrontl~�sx�h�l~��l#x�itl�u�l_m6hq��l~��p�rthqntl��j��v(�qv�}Ol~ntl#u���l��j��v~hj��hqronov�}(l�
�p���rt����l� �ikhjp�rt��u�l�i�m6hj��l
�jl�n&
�l

q
h�it�#v~�jv���hqrtl�u�v�i�m>l�nol~lR�jv�p�ikronox��j��v(u�v~¦�l�}~��� rov�pT��l�pTvR��p�u�hjm6hqp�u�hqpsrth�u�v rohj}~m6v

p���v~m6hqnkrtxTno�>l�uTv
H0 = − ~

2

2m
∇2 + U(r).

�  �  ;- 
� i�rohjno}~v�i�nohq}_l#p�hjik�jhjp�rthqi

V (t) = − i~q
mc

A · ∇ �  z����¨- 
h

W (t) =
q2

2mc2
A · A, �  z��� 
  

nkhjm�nkhjikhjpsrtl�}1��hqpsr|�#v���l ��p�rthjnol����#v u>l nol�u���l�����v hq��h�rtnov�}_l�
�p��qro���jlc�jv�} l m>l�nkro���qx���lcuTh
�jl�n&
�l

q
�

��h l��jv�nku�v �jv�} lc� v�no}�x���l#���#vcu�lcrthqv�no��lcuTh�m6hjnkrox�no�>l#����vT��v�iXh�� hj� rtv�i_m�nkv u�x�§j��u�v�i
m6hq��v�rthqno}~v

W (t)
� �sx>l�u�n& #rt���jv hj}

A
� �X��u�hjp�rt�'�>��l#u�v �jv�}~v iohqp�u�v u�h_ioh 
�x�p�u>l�v�nou�hq}

pTv m>l�n&,�}~hqrtnkv uThbmZhqnkrox�no�>l#����v
λ
�8h ���8x�iox�l���}~hjp�rth#�8m6hj�sx�hjpTvL�qv�}(m�l�ntl�uTv l�v�i�hq� hq��rov�i

��psronov u�x�§q��uTv�iym6hj��v�rthqno}~v
V (t)

u�h�m�no��}(hq��nol¤v�nou�hq}��T����pTh�l�n�hq}
A
�8��v�n�hji�r|lRnol�§��#v

W (t)
��pTv�no}(l���} hjp�rth�u�hqiom�nkhj§�l#u�v�� v~�sx�h�rtl�}�� �j}Aikhjn  R� hj� rtv l��sx�� �
 C� v�no}(l1�>p>l���uTvLmZv#rthjpT�j��l���uTh���p�rthqntl��j��v

V (t)
�1v��Tro��u>l ��p�rtnov u�xT§j��p�u�v h �TmT�����j��rtl �

}~hqpsrth1v ��hqrov�n(m6v#rthjpT�j��l#�
A(r, t)

�j�� �ioik���qv�� ��vLhjiom�l��jvL�#l�§q��v���p>lLl�x�i&�qp��j��lLu�h¢� v�psrohji
uTh¤�jl�n&
�l�i�hq� �qrono����l�iq�>v�i���l#}(m6v�i�hj� �qrono���qv��)h�}(l�
�p���rt���jv��Al#ioiov �q��l#u�v�i�l x�}_lRntl�u���l��j��v
hq��h�rtnov�}_l�
�p��qro���jlbit�#v��sx>l�psro��u>l#u�hji���hqrov�no��l���i�u�hqmZhqp�u�hqpsrthqi�u>l�i��jv v�nou�hqp>l�u>l#i¤hjikm>l��q��l��8h
rohj}~m6v�ntl#� �zh�itl#ro��ik� l#§jhj}Wl�i�hq� x�l��*% hqi�u�h¤� l � �yhq���

∇ · E = 0
�  z���� � 
� �
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∇× E = −1

c

∂B

∂t

�  z�����- 

∇× B =
1

c

∂E

∂t

�  z����"= 
∇ · B = 0.

�  �!���� 
��}(l�� l�}(������l�u�h���hqrov�nohqiym6v�rohjp��q��l���i

A
� �sx�h�u�� � hjnohq}@hjp�rtnkh�io� m6hj��v�
�nol�u���hqpsroh�u�h�x�}_l

� xTp����#vcl#no��� rtn  #no��l
f(r, t)

� �sx�h1itl rt��i�� l�§¢l hq� x�l�����v �  z�! ��� �m6v uTh1ikhjn~hqp��jv�psrtnol�u>lz�G��}
��h�rtv�n�m6v�rthqp��j��l��`m>l#nkrt���jxT��l�n�u�hqikr|l � l#}(������l ��x�ikx>l���}(hqpsroh�hjio�qv�������u�vRr|l��£� xTh¤hq��h�itl rt��ik� l��jl
l��qv�p�u�������v�h � rtntl�u�h�rthqn�v�iohqxRu�� ��hjn 
�hjp�rthypsx���v��#v�x�ioh/.olT� ∇·A = 0

� �i�rthy��h�rtv�n�m6v�rthqp��j��l��
�8uT��rtv�iohqnUu�v�ro��m6v 
�l�x
�h �yv�x���v�}�����l�p�vT� �8h�rtv�nohjiQm6v�rthqp��j��l���i£u�v�rt��m6v 
�l�x 
�h��yv�x���v�}R�T��l#p�v
ikhjno��vbxTrt������§jl�u�v�i�p�vX� xThRioh�ioh*
�x�h��¤��l�nolXnoh 
���% hqi���iov�rono��mT����l#i�uTvbhjikm>l��jvT�`p>��vX�jv�psrthqp�u�v
uThjp�ik��u>l#u�h1u�h¢�jl�n&
�l#i v�x{�qv�nknohjp�rthqi~hj� ��rtnk����l#ij� �¢m6v�ioio� ��hj��hjik�jv�����hjn v mZv#rthqp��j��l���hjik��l���l�n
φ(r, t)

�qx .kv$
�nol�u���hjpsroh�ioh .ol psx���v��T��i�rtv �#� ∇φ = 0
�

�Uv�}_l#p�u�vfvInov�rtl��j��v�p>l���u�h:� p>lfhj�sx>l��j��vG�  z�! ��� h xTrt������§jl�p�u�vfl�i hq� x�l��*% hqicuTh
��l � �yhj���£rthj}R�
ikh�lRhj�sx>l��j��v(uTh�v�p�u>l

∇2A =
1

c2
∂2A

∂2t

�  z�����- 
m�l�ntlRv ��h�rtv�n�m6v�rohjp��q��l#�

A(r, t)
�

��}(l�ikv���x�����v�u�hjikitl �T��rt��}(lyhq�sx>l����#v���v��Tro��u>l�m>l#ntl�v���h�rtv�n`mZv#rthqp��j��l��
A
nohqm�nohqiohqpsr|l#u�v

m6v�n�x�}(lRv�p�u�l m���l�p>l
A(r, t) = eA0 cos(k · r − ωt− ϕ)

�  z���-�� 
m�l�ntl v���hqrtv�nRp���}(hqnov�u�hbv�pTu>l

k
�8v ��hqrtv�nRm6v���l�no��§�l#����v � �8l�}(mT��� rox�u�h

A0

hbl � l�iohXu>l
nol�u���l����#v hq��h�rtnov�}_l�
�p��qro���jl

ϕ
�� &� nohq����jpT�j��l

ω
u�h�m�nov�m>l�
�l��j��v u�h

A(r, t)
��nohj��l��q��v�p>l#u>l

l#v1}~� u�x���vbu�v¢��hqrov�n�p���}~hjnov1uTh~v�p�u�l |k| m6hj��l¢nohq��l��j��v¢u�h~u���iom6hqnoit�#v |k| = ω/c
�(8}

�jl�iov�i }_l#��i 
�hqntl���ij� l l�}~m���� rox�u�h
A0

m6v u�h¢uThjm6hjpTu�hjn~u�l�� nohq� � �jp��q��l
ω
hbhj}d��x
�l�n�u>l

v�p�u>l mT��l�p>l�}~v�p�v �jnkv�}) #rt� ��l�u>l hq� x�l����#v �  �!�-�� �rthqnohq}(v�i�x�}WmTx���ikv~v�x1m>l��qv�rth�uTh�v�p�u>l
�qx .ol hjp���v�� rt��nk��l ��u�h �>p���u>l m6hj��lRu���i�rtno����x�������v�u�h�� nohq� � �jp��q��l�i�u>l�u>l m6v�n

A0(ω)
����ikrov ���

A(r, t) = e

∫ +∞

−∞

dωA0(ω) cos(k · r − ωt− ϕ).
�  z����$� 

��vLu�v�}~��pT��v u�v rohj}~m6v���l uT��ikrono����x����j��v
A0(t)

�1v��Tro��u>l �qv�}~vLxT}_l rontl�p�i�� v�no}(l�u>l u�h
�>v�x�no��hjn�u�h

A0(ω)
�

����p>l���}~hjp�rth#��iox��Tikrt� rtx���p�u�v~v ��hqrov�n�m6v�rohjp��q��l��£u>l~hq�sx>l��j��vM�  z���-�� yp>l hj�sx>l��j��v �  z����¨- 
����h 
�l � ioh¤l

V (t) =
qA0

2mc
(ei(k·r−ωt−ϕ) + e−i(k·r−ωt−ϕ))e · p. �  �!��;� 

� �
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�sx�h ��l�h �TmTnohjikit��v�m�nkv �jx�nol�u>l�m>l�nol�v�m6v�rohjp��q��l���u�h���psrohjnol�����v�hqpsronoh�l�m�l�nkro���jxT��l�u�h���l�n 
�l
q
�qv�}Wx�}A��l�}~m6v u�h�ntl�u���l��j��vRhj��h�rtnkv�}(l�
�p���rt����lT�

����� 5 (  ���� ���$�$� �)' ��
 ��� �$������������� ���], ����"�� ����� ����� ����"_<
�&� �����W4 "��$�����������  )
 �C. � �$����� � 
 $�� ��� ��
�( �! " ���&� ���

"#%$�#�& ')(�*,+�-,.0/2103546+879-;:=<>+?:@-,.BAC-;4D+E<GFH79-;3I2+?JKJL30JM4D+8NO< PRQS*L30(
� v�m6hqntl�uTv�n

V (t)
u>l ��psrthqntl��j��v ntl�u���l����#v#�
}~l#r �jno��l�m6hjno}~��roh���l�
�v�nolT� vL�* ����qx���v u�v�i

hq��hq}(hqpsrov�i�uTh�}(l#rono��§�u�h�rtntl#p�io������v hqpsronoh�u�v���i�hqikrtl�u�v�i��sx ,#psrt���jv�i
n
h
m
�

〈ψ0
m|V (t)|ψ0

n〉 =
qA0

2mc

(
〈ψ0

m|eik·re · p|ψ0
n〉e−iωte−iϕ + 〈ψ0

m|e−ik·re · p|ψ0
n〉eiωteiϕ

)
.

�  z� "�¨- 
�i�r|lRhq�sx>l��j��v m6v u�h�ikhjn�io��}~m����'�>�jl�u>l¤�qv�p�io��u�hjnol�p�u�v l�h �Tm�l�p�it�#v~uTh

e±ik·r hj}3x�}(l�i �jnk��h
uTh���l�¡ ��v�n(h�noh�rthqp�u�v l�m6hjp>l#ibv m�nk��}~hj��nov rohjnk}(vT�

e±ik·r ≈ 1
�+�i�r|l l�m�nkv �z��}(l��j��v �

�  �����u>l�m>l�nol�v�iy�jl�iov�iyhj}2�sx�h�l�ntl#§���v�hjp�rtnoh�l�u���}(hqp�it��v
r
u�v�ik��i�rthj}(l¤u�h�m>l�nkro���qx���l�i hj}

hqikrox�u�v_h�v(�jv�}(mTno��}~hqpsrtv uTh¤v�pTu>l~u>l~nol�u���l#����v ��pT�j��uThjp�rth
λ = 2π/k

��}�x���rov m6hj�sx�hqp�v��
R/λ� 1

����l�ntl¤}~v�� �j�jxT��l�i8�sx�h�m6v�ioiox�hq}3u���}(hqp�i&% hqiy����p�hjl�nohqi�u>l¤v�nku�hj} u�h 
 ¨�l 
 ¨�¨����
hqikrtl�l�m�nkv �z��}(l��j��v�ioh�l�m������jl�m�l�ntl�nol�u���l��*% hqi hj��hqronov�}(l�
�p �qrt����l#i8�qv�}@hjp�hqn&
���l�}~hjp�v�nohqi�v�x
mTno� �z��}_l#iUu�v�i�ntl���v�i�� '{}(l��j��v�ij���}+mTnov �jhqioikv�i u�h � v#rtv���v�p���§jl�����v�u�h�nol���v�i��)'�� hji�rth�� l#rov�nUuTh
� l#ioh¤hqiom>l��q��l��Qu�hqm6hjp�u�h¤r|l�}�� �q}0u�v(}(v�}~hqpsrtv~uTv(� v�rov hj� �qrtnkv�p1h .khqrtl�u�vT�

pf

� ��psronov u�xT§j��uTv
m6hq��v�rohjnk}(v

e(pf−kX)·r � �psrtnkhqrtl�psrov�� m>l�nol�v�i��jl�iov�i�hj}F�sx�hbl1� nohq� � �jp��q��l u�v�i�nol���v�i��)'
hqikr  �hj}-nohqioikv�p ,�p��q��l��jv�}-v�mZv#rthjpT�j��l��>uTh���v�p���§jl����#v�u�h��jl�}_l#u>l���p�rthjnkp>lT�sl�l�mTnov �z��}_l#����v
eipf ·r ≈ 1

���� �����u>lz�8�ikr|l~l�m�nov��z��}(l����#v�� v��`�qhjn�rt������l�u�l~hq}Wx�}Whjikrox�u�v(u>l ��p � x�qp��j��l u�v
� l rtv�n

eipf ·r
p�v�i�hjikm6hj�qronov�i�m�xT}(mz� m�nov��6h�u�h�	 ��% �(')m>l#ntl u�� � hjnkhjpsrohji�� l���v�nohji�u>l hjp�hqn&
���l

�q��p �qrt����l�uTv�� v�rov hj� �qrtnkv�p_h .kh�r|l�u�v�p�v�i�m�nkv �jhjikiov�i�u�h�� v�rov���v�p���§�l#����v��
(1s−1)

h �
(1s−1)

u�v
}~v�pT� �z��u�vRu�h��jl�no�6v�pTv �! �� � �
 Wl�}~m���� rtx�uTh~u�h_m�nov���l���������u>l#u�h~u�h(rtnol�p�ik�����#v hj}\m�nk��}~hj��ntl¢v�nku�hj}

c
(1)
m (t)

hqpsrtnkhXv�i
hqikrtl�u�v�i

m
h
n
��u�h�l��jv�nou�v �jv�}Wl�i�hj�sx>l#�*% hji��  z� "�¨- �h �  z� 
 �- �#�>hjp�r|��vT�>hjpT�jv�p�rtntl#u>l

c
(1)
m (t) =

− iqA0

2mc~
〈ψ0

m|e · p|ψ0
n〉
(

ei(ωmn−ω)t−1
i(ωmn−ω)

)
e−iϕ − iqA0

2mc~
〈ψ0

m|e · p|ψ0
n〉
(

ei(ωmn+ω)t−1
i(ωmn+ω)

)
eiϕ.
�  z� " 
  

�i�r|l l�}~m���� rtxTu�h(u�h(rtnol�p�ik�����#v�hq}YmTno��}~hq��nol1v�nku�hj}Yl�ikio��psrtv#rt���jl�}~hjp�rth~rohjp�uTh¢l���p �>pT��rtv

� �
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m�l�ntl�l#i u�� � hjnkhjp��jl�i u�h�� nohj����qp��q��l�i u�v�i�u�hjpTv�}(��p>l�u�v�nohqi�rthqp�u�hqp�u�v���§qhjnkv�� ��l�ntl
ω ≈ ωmnl�m�no��}~hj��ntl�� ntl��j��v�rthqp�u�h�l���p �>p�� rtv�hjpT� x�l�psrov�l�ikh*
�xTp�u>l¤nkhqr �q}@x�}-� l���v�n �>p�� rtv �sm6v�n8v�xz�

ronov ��l�u�v�� m>l#ntl
ω ≈ −ωmn

��v ioh*
�x�p�u�v rthqno}~v�rohjp�u�h¢l���p �>p���rov�hqp��sx>l�p�rtv v m�no��}(hq��nkv
m6hqno}(l�p�hq�jh��>p�� rtv�� � m�no��}(hq��nkv�rthqno}~v�u�h

c
(1)
m (t)

nkhjm�nkhjiohqpsrtl~l�l#��iov�nk����v�u�h�x�} � ��rtv�pXu�h
hqp�hqn&
���l

~ω
�Q��l�xTitl�u�v1m6v�n�x�}(lXrtntl#p�io������vbhjpsronoh v�i�p�� ��hj��i�uTh~hqp�hjn 
���l

E0
n

h
E0

m

u�v1ik��i��
rohj}(l �sx ,�p�rt���jv~u�h �>pT��u�v~m6v�n

H0 �>hjp��sx>l#psrtv(�sx�h¤v~ioh 
�x�p�uTv(rthqno}~v~u�hqio�jnkhq��h�v~m�nov �qhjioikv
uTh�hq}(��ioio��v(u�h¤x�}0� ��rov�p�m6hj��v(u�hj�jl���}~hjp�rtv(hqpsrtnkh

E0
m

h
E0

n

����}(l~nol�u���l�����v~hq��hqronov�}(l�
#�
p �qrt����lbm6v u�h~mTnov ��v �jl�n�l�}��6v�i�v�i�ro��m6v�i�u�hRrtnol�p�ik���*% hqi��jv�};xT}_lb}~hjik}_l¢l#}(m���� rtxTu�hRuTh
mTnov��>l#��������u>l�uTh�����x>l�pTu�v�ikh�u�hqioh .ol�hjikrox�u>l�nyiov�}(hqpsrth�xT}2u�hqioiohqi�hq� hj� rtv�i�iohqm>l�nol�u>l�}~hjp�rth#�
��l�ikrtl��qv�p�ik��u�hqntl�n�l�m6hqp>l�iRl l�}(mT��� rox�u�h~u�h_rontl�p�ik���j��v l#u�hj�sx>l#u>lT� 8i�r|l�l�m�nov��z��}(l����#v �
���>l#}_l�u�l u�h1l�m�nov��z��}(l����#v nkhjikiov�p>l#psrth1v�xGl�m�nkv �z��}(l��j��v u>l v�p�u>l nov#r|l#ro���#l � u�v ��p
����qi

 �4�������+2(' 17��#��:��,�, 
 �&A �+# ���=���42( ���h ���� �����u>l�m>l�ntl |ωmn| � Γrad/2

�zv�p�u�h
Γrad

��l¤��l�n 
�x�ntl
uTh(����p�>lbu>l1ntl�u���l��j��v1hq��hqronov�}(l�
�p �qrt����lz�_�ioitl��jv�pTu����j��v �~hj�sx���� l���hqpsroh_l1nkhj�sx�hjnkhjn��sx�h
v�i rthqno}~v�i nohjikiov�p>l#psroh

(ωmn −ω)
h�l�psro� � nohjikiov�p>l#psroh

(ωmn +ω)
hqikrth/.ol�} iox �>�q��hqpsrthq}~hjpsroh

l � l�ikrtl�u�v�i�hqpsronohXik�ym�l�ntl p���v�m�nkv u�x�§j��n�h�� hj� rtv�i¤u�hX��psrohjnk� hqn&�qp��j��l hqpsrtnkhXv�i�m�nkv �jhqioiov�i uTh
l#��iov�nk���#v~h�hj}~��ioio��v u�h�x�}3� ��rtv�pg�
��l�ntl�m�nov�ikioh*
�x���nq� �jv�pTio��uThjntl#p�u�v�l#m6hjp>l#i�v¤m�nov �qhjioikv�u�h�l���iov�no���#v�uTh���xT§�� l�m�nov���l�������� �

u�l�u�h�u�h�rontl�p�ik���j��v�u�hjm6hqp�u�hjp�rth�u�v�rthq}(m6v�hjp�rtnoh�v�i�hjikrtl�u�v�i
n
h
m
��u>l�u�l�mZhq��v�}~� u�x���v

�sx>l#u�ntl�uTv(uTh
c
(1)
m (t)

�>h ��hqp��jv�psrtnol�u>l iohqn

|c(1)m (t)|2 =
q2|A0|2
4m2c2~2

|〈ψ0
m|e · p|ψ0

n〉|2
t2sen2[(ωmn − ω)t/2]

[(ωmn − ω)t/2]2
.

�  z� "s � 

 ^� x�p��j��v t sen2[(ωmn−ω)t/2]
[(ωmn−ω)t/2]2

}(v�ikrtnol¤x�}2}) �z��}(v�u�h�l�� rtx�ntl
t
�jhqpsrontl�u�v�hj}

ω = ωmn

h
��l�n&
�x�ntl � ikhjm>l�nol����#v�hjp�rtnkh�v�i u�v���i8m�no��}(hq��nkv�i�§jhqnov�i�ik��} �qrtnk���qv�i� 

4π/t
����l�nol

t
rthqp�u�hqp�u�vRl

��p �>p�� rtvT� hji�r|l�� x�p����#v�rtv�nkp>l � ioh x�}_l�nohjmTnohjikhjp�r|l��j��v�u�l�� x�p��j��v�u�hq��rtl�u�hy����nol��
δ(ωmn−ω)

�

δ(ωmn − ω) =
1

2π
lim
t→∞

t sen2[(ωmn − ω)t/2]

[(ωmn − ω)t/2]2
.

�  z� "��- 
 �ioik��}1�>l m�nkv��>l#��������u>l�u�h�u�h�rtntl#p�io������v

Pmn(∞)
hq}Wm�no��}(hq��nol�v�nou�hq} ���jv�p��hj�q��u>l m6v�n

Pmn(∞) = lim
t→∞

|c(1)m (t)|2 =
q2|A0|2
4m2c2~2

|〈ψ0
m|e · p|ψ0

n〉|22πtδ(ωmn − ω).
�  ��"�"- 

�ikr|l¤mTnov��>l#��������u>l�uTh�u�h�rtntl#p�io������v��jnkhjik�jh�����p�h�l�nk}~hjp�rth��qv�}@v�rthj}~m6v¤u�h�l�m�������l#����v�u>l
m6hqnkrox�no�>l#����v~�sx�h���h��#l |c(1)m (t)|2 iohqn�u�� ��hjn 
�hjp�rth�m>l�nol t→ ∞ �88i�rth�nkhjioxT��r|l#u�v~p>�#v � ��io���qv

� #
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m6v uTh�iohqn�nohqiov�� � ��u�v�u�h �>p���p�u�v#� ioh�l�r|l �Tl�u�h�m�nov���l���������u>l#u�h�u�h�rontl�p�ik���j��v�m6v�nyx�p���u>l�u�h�uTh
rohj}~m6v

wmn = lim
t→∞

d

dt
|c(1)m (t)|2 =

q2|A0|2
4m2c2~2

|〈ψ0
m|e · p|ψ0

n〉|22πδ(ωmn − ω),
�  ��"s�� 

�sx�h � vGnohqiox�� r|l�u�v{u�hjikh .ol�uTv��0 \hj�sx>l��j��v �  ��"s�� � �jv�p��hj�q��u�lG�jv�}(v{noh 
�ntl u�hLv�x�nkv
uThb�>hjnk}(� �� �� � m>l#ntl�rtnol�p�ik���*% hqi��sx ,�p�rt����l�i���p�uTx�§j��u>l�i�m6v�n�xT}_l�m6hjnkrox�no��l�����v�m6hjno��� u����jl
uThjm6hjpTu�hjp�rth¤u�v rohj}~m6v��
��v���i��jv�}~hjp�r� �nk��v�i�l nohqiom6hq��rtv�u�v�nohjikx���rtl�u�v �  z��"��� �}~hqnohj�qhj}Yiohqn�� hj� rtv�iq� �8nk��}~hj��novT�

l_h �zm�nohqioit��vF�  z��"��� �u�hq��h�iohqn�iov�}(l�u>l(iov��Tnoh�rov u>l�i�l�i�u���nkhj�*% hqi�m6v�ikio����hj��i�u>l_v�no��hjp�r|l��j��v
hqpsronoh_v1��hqrov�n¤mZv���l�nk��§jl����#v � u�l�ntl�uT��l��j��v1hj��h�rtnkv�}_l�
�p��qro���jl¢�qv�}Fv���h�rtv�n¤}~v�}(hqpsrov�uTh
uT��m6v���v�����pTh�l�n&�^u�l u���ikrono���Tx����j��v1u�h_�jl�n&
�lz� �yv�}~v���h �zm6hjno��}(hqpsrtl���}~hjp�rth#� l�nol�u���l#����v �
}(l�p�rt��u>l��T�Tl hj}Fx�}(l�u���nohq����vT��hjpT� x�l�psrov l�uT��ikrono����x����j��v1u�h(��l�n 
�l�ioh_v�no��hqpsrtl1hj}artv#�
u�l�iyl�i�u���nohq�*% hji�m6v�ikio����hj��i��qv�} nkhj��l#����v¤l�v¤io��i�rthq}_l�u�h��qv v�nou�hqp>l�u�l�i �T�zv�p�v���l��6v�nol#rt��nk��vT�
m6v uTh��
ikh�� l�§jhqn8l�l�mTnov��T��}_l#����v |〈ψ0

m|e ·p|ψ0
n〉|2 ≈ |〈ψ0

m|e · p|ψ0
n〉|2

��hj}V� xTh�x�}(l�} �qu���l �
nkh�l�����§jl�u>lT�� =} �ju���l�iov��Tnoh�rtv u>l#i�l�iyuT��nohq�*% hqiyu�v���h�rtv�nyu�h�m6v���l�nk��§jl����#v ��hqp��jv�psrtnol�u>l�ikhjn
|〈ψ0

m|p|ψ0
n〉|2 = 1

3
|〈ψ0

m|p|ψ0
n〉|2

���p�rtnoh�r|l�p�rtvT�Zu�h�l#�jv�nku�v_�jv�}Cv_m�nov �qhju���}(hqpsrovXl�uTv�r|l�uTv
pThjikroh�rtntl#�>l�����v��sv�i��  ����jx���v�i8u>l�iyl�}~m���� rox�u�hqi u�h�m�nkv��>l��T����� u>l�u�h�uTh�rontl�pTio���j��v¤ikhjnt�#v�noh�l#��� �
§jl�u�v�i�m>l�ntl�xT}_l¤v�no��hjp�r|l��j��v��T�Tl�u>l�uT��ikrono����x����j��v¤u�h��jl�n&
�l��jv�}2v���hqrov�n�m6v���l�no��§�l#����v¤u>l
nol�u���l����#v_hj��hqrtnkv�}(l�
�p���rt����lT� hX�gh���hjp�rtx>l���}(hqpsroh��gx�}_l(} �ju���l(p x�} �qno���jl(iov���nkh�u���� hqnohqpsrthqi
v�no��hqpsrtl��*% hqi�iohqn  �nohjl�����§�l�u�lT� � h*
�x�pTu�v��sp>l#i8l�m�������l#�*% hji mTn  #ro����l#ij��l���psrthqntl��j��v�u>l�ntl�u���l��j��v
hq��h�rtnov�}_l�
�p��qro���jl��jv�}3l�}(l#r �qno��l ��x�iox�l���}~hjp�rth�nohjmTnohjikhjp�r|l�u�l l#rontl � �qi�u�l�iox>l��jv�p�rtnk����xT� �
�j��v�u�v�}~��p�l�psroh��Ul���p�rthjnol����#v�u�v��jl�}~m6v�hj� �qrono���qv(� �qv�}]v�}~v�}~hjp�rtv�u�h�u���m6v���v�hq� ��rtno���jv��
u�l�uT��ikrono����x����j��v�u�h���l�n 
�l¤u>l¤}(l#r �qno��lz����hjikrtl�� v�no}(lT�sv�m6v�rthqp��q��l�� u�h���p�rthqntl��j��v¤m6v u�h�ikhjn
v��Trt��u�v¤l#rtnol � �ji�uTh�u�v���i8m�nov �qhju���}(hqpsrtv�i�m�l�u�n&% hqij�	� 
  � }~v�}~hjp�rtv�����p�hjl�n � u>l�m>l�nkro���qx���l
� nohjmTnohjikhjp�r|l�u�v m6v�n�x�}(l¢h �zm�nohqioit��v hj�sx�� �#l���hjp�rth~xTro������§�l#p�u�v¢v1�jv�}�xTr|l�uTv�n im

~
[H0, r]

h#�
�  � l�uThqrthqno}~��p>l#����v¤u�v��jl�}~mZv�hq� ��rtno���jv¤u>l�nol�u���l�����v ��� hq��r|l¤l�m�l�nkro��n u�v���h�rtv�nym6v#rthjpT�j��l#�
xzrt������§�l#p�u�v lRhj�sx>l��j��v �  z�! ��- ym>l#ntlRv$
�nol�u���hjp�rth�u�v~m6v�rohjp��q��l#�`hqio�jl���l�n

φ(r, t)
p xT��v��

E =
iωA0

2c

(
ei(k·r−ωt) − e−i(k·r−ωt)

)
e =

Ẽ0

2

(
ei(k·r−ωt) − e−i(k·r−ωt)

)
e.

�  z� "��- 
��h¤l��qv�nou�v �jv�}Whji�rth�m�nkv �jhqu���}~hjp�rtv��Trohj}~v�i�hjp�r|��v~�sx�h�noh�l#����§jl�n�lRiox��Tikrt� rtx������#v

q2

m2c2
|A0|2|〈ψ0

m|e · p|ψ0
n〉|2 −→

ω2
mn

ω2
|Ẽ0|2|〈ψ0

m|e · d|ψ0
n〉|2

�  z� "=�� 
p�l�h �zm�nohqioit��vR�sx�h�u�h �>pTh�l�r|l �Tl¤u�h�m�nkv��>l��T������u>l�uTh��sx ,�p�rt���jl �  z� "s�� �m>l#ntl¤v��Tr&��� ��l�p>l¤ikx>l
� v�no}(l�}_l���iyrtnol�u����q��v�p>l�� �

� %
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��Tm6hqno��}(hqpsrtl���}~hjp�rth���v hqiom6hq�qrtnkv �>p>l���u�h_rtnol�p�io���*% hqi�u�hXx�}F� ��rtv�p �Xv��Tro��u�v �jv�}(v
l_iov�}(l_iov���noh�rtv u�v�i�v�i�hji�r|l�uTv�i �>p>l#��i

m
mTnohjikhjp�rthji�p>l(r|l �TlXu�h�rtnol�p�ik�����#vXu�h�m�nov���l���� �

����u�l�u�h��Uhj� ���  z� "s�� ��¢��l#}R� �q}Fx�}(l��qv�ps��v���x��j��v u�hq��h_iohjn¤� hq��rtl1xTrt������§jl�p�u�v1x�}(l1� x�pT����v
��p�ikronox�}~hjp�r|l��

G(ω− ω0; Γrad)
�sx�h���psronov u�x�§�l�nohjikv���xT����v�rtv�rtl��Zu�vRhq�sx���m�l�}(hqpsrovRu�h�}~h��

uT��u>l � hjiom6hq�qron���}~hqronov= RxTrt����� §�l�u�vT�G�ikr|l nohqiov���x����#vL��pTikrtnkx�}~hjpsrtl����jl�x�iolLx�}(l �>l�nonol uTh
hqnonkv�p>l�i�}(hqu���u>l#i�u�l�iyhqp�hjn 
���l#i�hjikm6hj�qrontl���iym�nov�m6v�no�q��v�p>l#��i �¤��l#n&
�xTntl

Γrad

����v�n�h �zhj}~m���v��
m�l�ntl

G(ω− ω0; Γrad)
rohjp�u�v l¤� v�no}(l¤u�h�x�}(l�u���ikrono���Tx����j��v���l�xTioio��l�p>l��qhjp�rtntl#u>l�hj}

ω0
�

l�� x�p��j��v~hjikm6hj��rtntl#�
F (ω; Γrad)

iohjn& T�

F (ω; Γrad) =
√
πΓrad

∑
m

∫ +∞

−∞
dω′e

−(ω′
−ω

Γrad
)
2

wmn(ω′)

= 2π
√
πΓrad

q2|A0|2

4m2c2~2

∑
m |〈ψ0

m|e · p|ψ0
n〉|2e

−(ω−ωmn
Γrad

)
2

.

�  z� " $- 

�Uhq}(v�iq�Uhqpsr|�#v��Qx�};hjikmZhq�qronov1� v�no}(l�u�vbm6v�n�xT};�jv�p .kxTpsrtv1u�h hji�rtnoxzrtx�nol�i � m����jv�i  �uTh(l��z�
ikv�no�j��vLrohjp�uTv��yrtv u>l#ij��l � v�no}(l uTh�x�}_lL��l#x�ioik��l�p>l �jv�} x�}(l ��l�n&
�x�ntl �L}~hj��l l�� rtx�nol
� � � ¦��L�>u�v~��p
 �qi��>x���� � ��uTr �1l#r�¦�l#��� ��l �z��}�x�}  ���
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c
(2)
m (t)

� hq�sx>l����#v<�  z� 
 ;- ��
��l#ntlRv �jl�iov hj}A�sx�h�v~l�
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�x���p�u�v(v�i�m�nov �qhju���}~hjpsrov�i�hj�sx�� �#l���hjp�rthji��sx�h¤��h��#l �
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c
(2)
m (t) =
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iqA0

2mc~

)2∑
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l(}(hqio}(l~� nohq� � �jp��q��lX��hq� l_vXio��ikrohj}(l_uTvXhji�r|l�u�v
k
m>l�nol_vXhqikr|l#u�v���p>l���u�hqiono� rtv_mZv�n
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)2∑
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m|e · p|ψ0
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]
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�l�}~hqpsrth�v�iUm�nov �qhjikiov�i�u�h hj}~��ikit��v�u�h u�v���iQ� �#rtv�p�iQ�jv�nknohjikm6v�p�u�hq}V��i�l#}(m���� rtxTu�hji
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�x�pTu�v_rthqno}~v(nohqm�nohqiohjp�r|lXl_l��Tiov�nk����v
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2ω = ωmn
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ω = ωmk = ωkn

 �
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l�m>l#nkrt��n�u�v hjikrtl�u�v�hq��hqron���pT���qv�� xTp�u>l�}~hjp�r|l��
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mTnov��6h�u�h �('-m�nov�}(v ��hRlXl���iov�no���#vbu�hRxT}O� ��rtv�p u�h�ntl#��v�i��)']m>l�nolXvXhjikrtl�u�vbhj��h�rtn ��p����qv
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X
 �io��v�nohqm�nohqiohqpsr|l#u�v�ij��u�h

l#�jv�nku�v~�qv�}Wv�i�nohjikx���rtl�u�v�i�u>l iohq���#vX z�! z��m6hj��v�i��jl�}~m6v�i�hq� ��rtno���jv�i

Eα(t) = Ẽα(t) cos(ωαt+ ϕα), α = L,X,
�  z� �� � 

v�p�u�h
Ẽα(t) = Ẽα(t)eα

� � i�m�x���iov�i�u�h(ntl�u���l��j��v�	 �Ah��*'Ait��v }~v u�x���l#u�v�i�pTv rohj}~m6v
l rtntl�� �ji�u>l#i�� x�p��*% hqi l�}~m���� rtx�uThji

Ẽα(t)
� xThbm6v�ikiox�hq}dx�}_l1� v�no}(l �

kα

 �� u�x�ntl#����v �
τα
�

}~hq��lX��l�n&
�xTntlb�b}~hj��lbl�� rtx�nol- �h io��v¢�jhjp�rtnol�u>l�i�p�vbrthj}~m6v
tα
l#rtnol � �qi�u�h hjikm6hj�q���>�jl��*% hqi

l#u�hj�sx>l#u>l�ij�& �uT���j��v�p>l#��} hjp�rth���x�} ��p�rthjn��#l���vcu�h�rthj}~m6v �
∆t
 ����psronov u�x�§q��u�vLhjpsronoh�v�i

rohj}~m6v�i1hq} �sx�h
EL(t)

h
EX(t)

h �zm6hjno��}~hjpsrtl�} l#i1iox>l#i l�}~m���� rtx�u�hqi¢}) �z��}(l�iq� � i
m6v#rthjpT�j��l#��iRuTh1��psrohjntl#����v u�v�i m�x���iov�iRu�h¢ntl�u���l����#v 	 �Ch �('C�jv�}d�jv�} l }(l#r �qno��l�io��v��
nkhjikm6hj�qro��� l�}(hqpsroh��

VL = d · EL e VX = D·EX ,
�  z�!���- 

v�p�u�h �¢h$�-it�#v�l�i�p�v�r|l#�*% hji��sx�hynohjmTnohjikhjp�r|l�})v�}~v�}~hjpsrov�uThyu���m6v���v�hj� ��rtnk���jv�u�v�io��ikrthq}_l
�sx ,#psrt���jv �sx>l�p�u�v~m6hjn�rtx�nk�>l�u�v�i�m6hj��v�i�mTx���ikv�i�u�h�ntl�uT��l��j��vR	 �)h��('��>nkhjikm6hj�qro��� l�}(hqpsroh��
 Pl�}~m���� rtx�u�hXrov�r|l#��u�h¢rtntl#p�io������v m6v u�h1ikhjn(v��Trt��u>lT� v�nou�hq} l v�nou�hq}���ioh 
�x���p�u�vLv�i

mTnov �jhqu���}~hqpsrtv�i�u>l�rthjv�no��l�u�h�m6hjn�rtx�nk�>l��j��v~u�hjm6hqp�u�hqpsrth¤u�vRrthj}~m6v��8��l#ntl xzrt������§�l#no}~v�i�v�i
nkhjikx���rtl�u�v�i�u�l iohq����v_ z� 
 v v�m6hjnol�u�v�n�u�h�m6hjnkrox�no��l�����v~u>lRntl�uT��l��j��v

V (t) = VL(t) + VX(t),
�  � �#"- 

����psronov u�xT§j��uTv�� ��h���h�iohqnyv���iohqnk�#l#u�vR�sx�h�p�l¤rthqv�no��l¤l�ikhjnyu�hjikhjp���v���� ��u�lT��l#iym6hjn�rtx�no��l��*% hqi
uThq� ��u�l�i(��i ntl#u���l�� % hjiR	 �Ph �*'Ohjp�rtntl#}�� �jv�ps��hjpT��hqpsrthq}(hqpsroh��yhj} x�}_l }~hjik}_l v�nku�hj}
m6hqnkrox�no�>l rt��� l p�v m>l�n ,#}(h�rtnov

λ
� ��rt������§jl�p�u�v lRp�v�rtl����#v

〈ψ0
m|VQ(t) · · ·VB(t2)VA(t1)︸ ︷︷ ︸

q vezes

|ψ0
n〉 =

=
(

1
i~

)q∑
a · · ·

∑
j

∑
k

∫ t

0
dtq−1e

iωmatq−1〈ψ0
m|V (tq−1)|ψ0

a〉 × · · ·
· · · ×

∫ t2
0
dt1e

iωjkt1〈ψ0
j |V (t1)|ψ0

k〉
∫ t1
0
dt0e

iωknt0〈ψ0
k|V (t0)|ψ0

n〉 =

=
(

1
i~

)q 〈ψ0
m|
∫ t

0
dtq−1e

iH0tq−1/~V (tq−1)e
−iH0tq−1/~ × · · ·

· · · ×
∫ t2

0
dt1e

iH0t1~V (t1)e
−iH0t1/~

∫ t1
0
dt0e

iH0t0~V (t0)e
−iH0t0/~|ψ0

n〉,

�  z�!���� 

T �
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l#i�l�}~m���� rox�u�hqi�u�h�m�nov��>l���������u�l�u�h�u�h�rontl�p�ik���j��v hj}WmTno��}~hj��ntl�v�nku�hj}1�

c
(1)
m (t) = 〈ψ0

m|VL(t)|ψ0
n〉 + 〈ψ0

m|VX(t)|ψ0
n〉,

�  z�!���- 
ikh*
�xTp�u>l~v�nku�hj}1�

c
(2)
m (t) = 〈ψ0

m|VL(t)VL(t1)|ψ0
n〉 + 〈ψ0

m|VL(t)VX(t1)|ψ0
n〉

+ 〈ψ0
m|VX(t)VL(t1)|ψ0

n〉 + 〈ψ0
m|VX(t)VX(t1)|ψ0

n〉,
�  z�!���� 

rohjnk�jhj��ntlRv�nouThj}1�

c
(3)
m (t) = 〈ψ0

m|VL(t)VL(t2)VL(t1)|ψ0
n〉 + 〈ψ0

m|VL(t)VL(t2)VX(t1)|ψ0
n〉

+ 〈ψ0
m|VL(t)VX(t2)VL(t1)|ψ0

n〉 + 〈ψ0
m|VX(t)VL(t2)VL(t1)|ψ0

n〉
+ 〈ψ0

m|VX(t)VX(t2)VL(t1)|ψ0
n〉 + 〈ψ0

m|VX(t)VL(t2)VX(t1)|ψ0
n〉

+ 〈ψ0
m|VL(t)VX(t2)VX(t1)|ψ0

n〉 + 〈ψ0
m|VX(t)VX(t2)VX(t1)|ψ0

n〉,

�  z�!�1$- 

h�rt�#�¤it�#v��£hjp�r|��v��£v��zrt��u�l�ij�¤��l�u>lXx�}Pu�v�i�rthjnk}(v�i�u�hqikr|l#i�l�}~m���� rtx�uThji�iohqn  bu�hqp�v�}~��p>l#u�v
uT��l�
�ntl�}(lT� � i�uT��l�
�ntl�}(l�i�u�h�m�no��}(hq��nol�v�nou�hq}]�jv�p�r �q}-��pT� v�nk}_l#�*% hji�u�h�rtnol�p�ik���*% hqi��sx ,�pz�
ro���jl�i�hjp���v�� ��hjp�u�v l�l�����v�u�hXxT}\� ��rov�p � 	 �Wv�x �('  ���u�hXikh*
�x�pTu>l v�nku�hj}1� u�v���i¤� ��rov�p�i
hqikrtl�nt��v mTnohjikhjp�rthji�p�v m�nkv �jhqioiov�� u�v���i�	 �+v�x¢u�v���i �*'+v�x¢x�}A	 �+h�x�} �('  ��Tron&�qi�� ��rov�p�i
hq}0rthjnk�jhq��ntl~v�nouThj} � ron&�qi�	 �]v�x�ron&�ji��('Vv�x u�v���i�	 �]h�xT} �('Vv�x x�}C	 �]h¤u�v���i��*'  �
h�rt�#���ikrthqi�rthjnk}(v�i���p��q��x�hq}Ortl�}�� �j} l�i��jv�p�rtnk����x����*% hqi��jv�nknohjikm6v�p�u�hqpsrohji¤l�v�i�m�nov �qhjikiov�i
uTh¤l#��iov�nk����vT�>hj}~��ioit��vRh�hjiom�l�����l�}(hqpsrov u�h���x�§#�
 ���
�x�}(l�i�l�mTnov �z��}_l#�*% hji�u�h���hj}\ikhjn�� hj� r|l�i�m>l�ntl1����h 
�l�nk}(v�i¤l1x�}(l1h �zm�nohqioit��v l�u�h �

�sx>l#u>l�m>l�ntl�l�l�}~m���� rox�u�h�u�h�m�nkv��>l#��������u>l�u�h u>l�hqiom6hj��rtnkv�io�jv�m���l�m�x�}~mz�
m�nkv��6hyu�h�	 �&% �*'��
��nk��}~hj��ntl�} hjp�rth#� hqikrtl�nohq}(v�i���psrthqnohqioitl#u�v�i�l�m6hqp>l�iyp�v¤m�nov �qhjioikvRu�h�l���ikv�no�j��v�u�h�x�}@� ��rtv�p
u�l nol�u���l�����v �('��>��hqikr|lR� v�no}(lT� rtv u�v�i�v�i�u���l�
�nol�}(l�iy�jv�psrthqp�u�v~x�}Am�nkv u�xTrtv u�h�u�v���i�v�x
}(l���i�� l#rtv�nohji�p�v(m6v�rohjp��q��l��`u�h���psrohjntl#����v

VX

ikhjno��v(��
�pTv�ntl�uTv�ij� � h 
�x�p�u�vT�Zl ntl�u���l����#v~	 �
p���v(m6v u�hjn& _l#rox>l�n�p�v(hqikr|l#u�v_h��z�j� r|l�uTv_v�x���v�p���§jl�u�v u�h¤�jl�}_l#u>l~��psrohjnop�lT�� �ioio��}��>rov u�v�i
v�iRu���l�
�ntl�}(l#i�v�p�uTh¢v m6v�rohjp��q��l��yu�hb��p�rthqntl��j��v

VX

p>�#v hqikr� l#rox>l�p�u�v u���nkhqrtl�}~hjpsrohXp>l
� xTp����#v(u�h¤v�p�u>l~u�v~hjikrtl�u�v(�sx ,�psro���qv$�>p>l#�

ψ0
m

� �sx�h¤ikhjn& (��uThjpsro���>�jl�u�v �jv�}~v~x�}0hqikr|l#u�v
h �z�j� r|l�u�v��#��v�pT��§jl�u�vLu�h���l�}(l�u>lL��psrohjnkp>l- ~ikhjnt�#v r|l�}�� �q} u�hjikm�nohq§�l�uTv�ij�V��v�nXh �zhj}~m���v��
v�i8u���l�
�ntl�}(l#i u�h��sx���psrtl�v�nku�hj} 〈ψ0

m|VL(t)VL(t4)VX(t3)VL(t2)VL(t1)|ψ0
n〉
v�x~u�h�rthqno�qhj��ntl

v�nou�hq} 〈ψ0
m|VL(t)VL(t2)VX(t1)|ψ0

n〉
� xTh�r&�j})v�hji�r|l�u�v

ψ0
m

��p�rthqntl�
���p�u�v�u���nohqrtl�}~hjpsrohy�qv�}
v1��l�}~m6v�uTh(ntl#u���l��j��v1	 ���Qh(p>�#v��jv�}Fv1u>l1ntl�u���l��j��v��*'��Qp���v�it�#v�u�h(��psrthqnohqioioh#�b	
ikrov
m6v�no�sx�h�� ��io���jl�}~hjp�rth���hqioikhXu���l�
�ntl�}(lbu�h(rohjnk�jhj��ntl1v�nou�hq}���m6v�n¤h �zhj}~m���v���u�hqio�qnohq��hXx�}_l

T T



��� � ������	��	��
� ��� �1�H��
 � �������	� ���������F�H��� �
	 � ����� �!�"� ��
#��$

T�� � � ���2� � �'��	 � 	 ��� � � ��
 �?���� ����	 ��� � � �
����� � � �F��� � � 
 
1� � ����� � �F�H��� � 	 �

��� � �!$

h �z�j� r|l��j��v�u�v�hji�r|l�u�v � x�p�u>l#}(hqpsr|l#�
ψ0

n

m>l�ntl�x�}\hji�r|l�u�v���p�rthjnk}(hqu��+ #no��v
ψ0

k

u�h_��l�}(l�u>l
��psrohjnop�l_ikh*
�x���u�vXm6v�n�u�x�l�i�rtnol�p�ik���*% hqi��jl�x�iol�u>l�i�m6hq��l_nol�u���l�����v(	 �@����h 
�l�p�uTv¢l�vXhqikr|l#u�v
��p>l���u�hR��l�}(l�u�lX��p�rthqnop>l

ψ0
m

� � h*
�xT��p�u�vbhqikr|l#i�l�m�nkv �z��}_l�� % hjiq�`lbl�}~m���� rox�u�h¤rov�r|l#��m>l�nol
rontl�pTio��� % hji�	 ��%��*')m6v u�hqn�iohqn�hjik�jnk��r|lR�jv�}~v

cm(t) = 〈ψ0
m|VX(t)|ψ0

n〉
+〈ψ0

m|VX(t)VL(t1)|ψ0
n〉

+〈ψ0
m|VX(t)VL(t2)VL(t1)|ψ0

n〉
+〈ψ0

m|VX(t)VL(t3)VL(t2)VL(t1)|ψ0
n〉 · · · .

�  z�!��;- 

� rthqno}~v_hq}
VX(t)

m6v uTh�iohqn�� l#rtv�nk��§jl�u�v~h�l�i��jv�p�rtnk����x����*% hqi�hj}
VL

�jv���h�r|l�u>l#i�hj}Cx�}_l
ikv�}(lT�

cm(t) = 1
i~
〈ψ0

m|
∫ t

0
dτeiH0τ/~VX(τ)e−iH0τ/~

× [1 + VL(τ) + VL(τ)VL(t1) + VL(τ)VL(t2)VL(t1) + · · ·]|ψ0
n〉.

�  z����¨- 
  iov�}(l�l��q��}(l ����}(hqu���l#r|l#}~hqpsroh�nohj�qv�p��hq�j��u>l��qv�}~v�iohqp�u�v�l�iov���x��j��v���rohjnol#rt� �#l�u>l�hj�sx>l �
�j��v u�h � ����n"! u���p
�hjnRu�hjm6hqp�u�hqpsrth�uTv rohj}~m6v p>l nohjmTnohjikhjp�r|l��j��vLu>l�iR��p�rthjnol��*% hqi m>l#ntl v
�jl�}~m6v u�h�ntl�u���l����#v hq��h�rtnov�}_l�
�p��qro���jl

VL(t)
m6hqnkrtxTno�>l�pTu�v(v~¦�l#}(��� rtv�p���l#p�v

H0 �
ΦI(t) = T{e 1

i~

R t

0 VI,L(τ)dτ}ψ0
n = ψ0

ne
iE0

nt/~ + 1
i~

∫ t

0
dτVI,L(τ)ΦI(τ)

VI,L(t) = eiH0t/~VL(t)e−iH0t/~.

�  z��� 
  
��hjikrtl � v�no}(lT�

cm(t) =
1

i~
〈ψ0

m|
∫ t

0

dτeiΩτ (
D·ẼX(τ)

2
)e−iH0τ/~|ΦI(τ)〉,

�  �!�� � 
v�p�u�h

Ω = ωX − ωmn
�G�} 
�hjnol�� ��l � xTp�����v

ΦI(t)
m6v u�h¢iohjn v��Trt��u>l m6hj��l ��psrth 
�ntl#����v

psx�} �jnk����lXu>lbhq� x�l�����v1u�h � ����n ! u���p
�hqn�m>l�nolbv¢m�nov�����hq}_l_� x,�psro���qv¢u�h �>pT��u�v¢m6v�n
H0 +

VL(t)
m6hjn�rtx�nk�>l�u�v_m6hj��l~ntl�uT��l��j��v(	 ���Z Viov���x��j��v_m>l#ntl(hji�rth�m�nov�����hq}_l v�p�u�h

VL(t)
��xT}

m6v#rthjpT�j��l#��u�h���psrohjnol�����vXik��}~m���hqi�m6v u�h��£hq��hqpsrox>l���}~hjp�rth#�`iohqn�v��Tro��u>l_uTh�� v�no}(l_l�p>l�����ro���jlT�
��l�i�io��}�x���l#�*% hjiQrtnol#r|l�u�l�i�p�v�i���l�m�� rtx���v�i�"T����h��T��hji�r|l�n& �iohqp�u�v�l�u�v#r|l�u�v�v�m�nov �qhju���}(hqpsrov
psx�} �jnk���jvRp>l iov���x��j��v u>l hq� x�l�����v~u�h � ����n ! u���p
�hqn�u�hqm6hjp�uThjpsroh�uTv rthq}(m6vT�>hq� �6�  z�!� 
  ��
 &l�}~m���� rtx�uTh�uTh�rontl�p�ik���j��v�u>l�hq� �"�  �!�� � m6v u�h�iohqn�hqio�jnk��rtl��jv�}~vRl¤rtntl#p�ik� v�nk}_l#u>l�uTh

�>v�x�no��hjn
cm(−Ω)

��p�v ����}~� rth(u�h
t → +∞ � � ����}~� rth(��pT� hjnk��v�n�u>l���p�rth 
�ntl��j��v�m6v u�hXiohqn

��hq� l�u�v�l −∞ m6v�no�sx�h���m6v�n¤u�h �>p�������vT� l���psrohjntl#����v�u�l�}_l r �jnk��lb�jv�}\l1ntl�uT��l��j��v��(' �

psx���l�m�l�ntl
t < 0

� ����p>l#��} hjp�rth���l�m�nov���l���������u>l#u�h�u�h�rontl�p�ik���j��v
P (Ω)

��v��zrt��u�l�m6hj��l�p�v�no}(l
uTv~m>l��qv�rth�u�h�v�pTu>l h �T�q��rtl�u�vs�#��v�p���§�l#u�vRu�h���l#}_l#u>lR��p�rthqnop>lRp�v hjiom�l��jv(u�h�� nkhj����jpT�j��l

P (Ω) = |cm(−Ω)|2. �  z�����- 

T �
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����� ,	�#(  )
 �$�Y: ����� H����$� ���Y$�� ��� �$
 �A$�� � � ��� �$
 �

 Fu������jx���u>l�u�h m>l�nol v x�iov{u>l hq� x�l����#v �  z� "s�� (�jv�}~v x�}(l � x�p��j��v{hjikm6hj�qrontl�� � l
h �z��ikr&�jp��q��lbu�hRio��p 
�x���l�no��u>l#u�hji�hq}

ωmn = ω
�Q�jl�ntl#�qrthqno��ikrt����l�i�u>lX� x�pT����v¢u�hq��r|lXu�h ����nol��

δ(ωmn − ω)
�{ �ikio��}1��p�hqp�sx�}_l l���iov�no���#vLv �qv�nonoh1l }(hqp�v�i �sx�h l ntl#u���l��j��v ��p��j��u�hjp�rth

m6v�ioiox�l~l�� nkhj����qp��j��l
ω
h �Tl#r|l�}~hjp�rth���
�x�l��g�

ωmn

��  m�nov��>l���������u�l�u�h�u�h�rontl�p�ik���j��v��zp�hji�r|l
�qv�p�uT�����#v���rtv�nkp>l � ioh ��p �>p�� r|l��^��Tm6hqno��}(hqpsrtl���}~hjp�rth���l�i_�>l�pTu>l�iXuTh l��Tiov�nk����v m6v�ikiox�hq}
� v�no}(l�i~�sx�h�h��z���6hq} rtl�psrovLx�}_l ��l�n 
�x�ntl �qv�}~vcl���rox�ntl �>pT��r|l#ij� 	
ikrov v �qv�nonkh�m6v�nk� xTh v
hqikrtl�u�v_h��z�j� r|l�uTv

m
p>��v �¤xT}Chji�r|l�uTvXnk��
�v�nov�itl#}~hjpsroh�hjikrtl��q��v�p  #no��vT� }(l�i�u�hq��l��U�qv�}Cx�}

rohj}~m6v�u�h�}~hj��l � � ��u>l��jl�ntl���rthqno��i�rt���jv
τm
� 8}-hqiom6hj�q��l�� �sv�i8hqikr|l#u�v�i hj��hqron���p����jv�i l#��r|l#}(hqpsroh

h �z�j� r|l�u�v�ij�`�jv�} xT}_l_� l�� ,�pT�j��lbhj��hqron���p�����l(� v�no}(l�u>l_hq} ��l�}(l�u>lX��psrohjnop�lT�£m6v�ioikx�hj};x�}
rohj}~m6v(u�h�}(hq��l � � ��u>lR�>l�i�r|l�p�rth��jx�n�rtv�� �jv�}~v~u���ik�jxTro��u�v~p�vX��l�mT��rtxT��v 
 �y �ioik��}1�6l � v�no}(l
uTh�x�}_l¤�>l�p�u�l�hjikm6hj�qrontl��£�qv�}2��psrohjp�ik��u>l#u�h�h���l�n 
�x�nol��>p�� r|l�iy�qv�nonkhqrtl�i ��v��Tro��u>l¤iov�}(hqpsrth
�qv�}0lR��p��q��xTit��vRu�hji�rth�rthq}(m6v u�h�}~hj��l � � ��u>l ��p���rov��
��}(l¢}_l�pThj��ntlbu�h(ikh(��p��q��x���n�v1rthq}(m6v1u�h(}~hj��l � � ��u>lbp�l1noh*
�ntl1u�h~v�x�nov1u�h_�>hjnk}(� �

�qv�p�ik��u�hqntl�pTu�vbx�}Ou�hq��l���}(hqpsrovXh �Tm6v�p�hjpT�j��l#��m>l�ntl_l_u�hjp�ik��u>l#u�h�u�h�mTnov��>l#��������u>l�uTh |ψ0
m|2uTvRhqikr|l#u�vRh��z�j� r|l�uTv��8� l�§qhjp�uTv

ψ0
m → e−γmt/2ψ0

m

hj} �  z� "�¨- �zh�ioxT��ikro��rtxT��p�u�v�v�nkhjioxT��r|l#u�v
hq} �  z� 
 $� ���v��Tr �q} � ioh�m�l�ntlRv~�qv h �>�q��hqpsroh�u�h�m�no��}(hq��nol�v�nou�hq}

c(1)m (t) =
ie

2mc~
〈ψ0

m|e · p|ψ0
n〉A0

(
ei(ωmn−ω)t−γmt/2 − 1

i(ωmn − ω) − γm/2
+

ei(ωmn+ω)t−γm/2 − 1

i(ωmn + ω) − γmt/2

)
.

�  z����"= 
� m>l#n ,�}~hqronov

γm

�jv�nknohqiom6v�p�u�hR�(��l�n&
�x�ntl~�_}~hq��l(l�� rtx�nol~u>l(�>l�p�u�l_u�h�l#��iov�no���#vXh �
mTnov�m6v�nk�j��v�p>l��£l�v ��p���hjnkiov~u�v rohj}~m6v u�h�}~hq��l�� ��u>l

τm
uTv~hji�r|l�u�v~h �T�q��rtl�u�v

ψ0
m

�

γm = ~/τm.
�  z������ 

��l#i�io��}�x���l#�*% hji�u�v�i�hjiom6hq�qronov�i�m�x�}~mz� m�nov��6h�u�h¤	 ��%��*'�� v(l���l�n 
�l�} hjpsrov u�hq� ��u�vXl#v
rohj}~m6vcuTh }~hj��l � � ��u>l u�v�i_hqikr|l#u�v�i(� ����nol��q��v�p>l#��i u�vchqikrtl�u�v hq��h�rtn���p����qv � x�p�u�l�}(hqpsrtl�� �
pTv�no}(l���}~hjp�rth¤u�hjik�jv�p�ik��u�hqntl#u�v����ikrtl¢l�m�nkv �z��}(l��j��v � .kx�ikro���>�jl�u>lXm6hq��v_rthj}~m6vbuThR}~hj��l �
� ��u>l��>l�ikrtl�p�rth���v�p 
�v�u�v�i�hqikr|l#u�v�i�� ����ntl��q��v�p>l���i�u�h�}~v�� �q�jx���l�i�uT��l#r���}(� ��l#i�hj}V� l�ikh 
�l�ikv�itl
�
.

 }~i� � �sx>l�pTu�v��qv�}~m>l�ntl#u�v�i`�jv�} v�i`rthq}~mZv�iQu�h l#rontl�ikv�h8u�xTntl��j��v�u�v�iQm�xT��ikv�iQu�h8ntl���v�i��

'�� u>l�v�nou�hq}-u�h�l���
�x�}(l�i x�p���u>l�u�hqi v�x~u�hq§jhjp�l�i�u�h�� hq}�rov�ioh 
�x�p�uTv�i� �jv�pTio��uThjntl#u�v�i p�hqikroh
rontl���l�����vT�
 2m>l#nkrt��n�u>l1hq� x�l�����v �  �!��"- �v��Tr �j}R�
ikh(l¢m�nov���l���������u�l�u�h�rtv#r|l�� u�h rtntl#p�io������v¢m>l�ntl¢v

T �
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mTnov �jhqioikv_u�h�l��Tiov�nk����v~uTh���x�§��

lim
t→∞

∑

m

|c(1)m (t)|2 =
q2|A0|2
4m2c2~2

∑

m

|〈ψ0
m|e · p|ψ0

n〉|2
γm

2π

1

(ωmn − ω)2 + γ2
m/4

�  z�����- 

�sx�h1
�hqntlcx�} �qv�p .kx�p�rtv u�h�mT���jv�i_�jv�p���v���x��j��v�p>l�u�v�i_�qv�} lL� v�no}(l u�h�x�}(l � x�p��j��v uTh
�`v�nohjp�rt§ � v�x£��}(l���i(�qv�}�x�}~hjp�rth����`v�nohqpsrt§q��l�p�l�i� ~uTh���l#n&
�x�nolc�c}~hj��lcl�� rtx�nol � � � ¦��  
��
�x>l#�`l

γm

�

����� 5 (  ���� ���$�$� �$� , � � "��&�����
 � ��� "%�&� ��� ' � � � 
 ' ��
�<
� ��� � 
 ' �$(  b<�' ��
��)� ��� 4>HYNO. � � 
 �g<TS  �� � � �$( �

: 
�� � �������

 �i�h��zm�nohqioi&% hqi�m>l�nol�l#iymTnov��>l#��������u>l�uThji8u�h�rontl�pTio���j��v¤hj} mTno��}~hj��ntl�h�ioh 
�x�pTu>l�v�nou�hqp�i
� v�ntl�}Vu�hjikhjp���v���� ��u�l�i m>l#ntl�v��jl�iov�
�hjntl#�>u�l���p�rthqntl��j��v�u>l�ntl�u���l��j��v�hj��hqrtnkv�}(l�
�p���rt����l��qv�}
xT} io��i�rthq}_lL�sx ,�p�rt���qv nkhjm�nkhjiohqpsrtl�u�v m6v�n_x�}(lL��l�n 
�l

q
iov�� l l��j��v uTh�x�} m6v#rthjpT�j��l#�

uTh1��psrthqntl��j��v
U(r)

l�nk����ron  �nk��v��  Chqiom6hq�j������l��j��vLh��Tl#r|l u>l p�l#rtx�nkhj§jl u�v ik��ikrohj}(l ��hq� lT�
m6v�nkr|l#psrtvT�>l�v�i�u�����hqnoiov�i��jl�iov�i�m>l�n�rt���qx���l#nohji�u�h���p�rthqnohjikioh#�

��v�rtnol#r|l#}(hqpsrtv�� x,�psro���jv�uTh�hji�rtnoxzrtx�nol�i�h�m�nov�m�no��hju>l#u�hji8u�h�}~v�� �q�jx���l�i ���qv�ps��hqp���hqpsroh
uT��ikro��p
�x���n�uTv���i 
�nox�m6v�i u�h1m>l�n�rt���qx���l�iR�sx�h l#i~�jv�p�ikro��rtxThj}1�1v�i p ���q��hqv�i(l#r ��}(���jv�iRh1v�i
hq� ��rtnov�p�ij��  � x�pT����v�u�h�v�p�u>l�rtv#r|l��Tu�h�x�}-ik��i�rthj}(l�}~v���hj�jxT��l�n�u�h�xT}-hqikr|l#u�v�� x,�psro���jv

Mm6v uTh iohqnUhjik�jnk��r|l��qv�}~v�xT}_l�iov�}_l�u�v�m�nkv u�xTrtv�ik��}~m���hqi`u>l#iQ� x�pT�*% hjiUu�h8v�p�u>l�uThjio�qnoh���hjp�u�v
v }~v � ��}~hjp�rtv�u�v�i�p ���q��hqv�i�l#r ��}(���jv�i�h�uTv�i�hj� �qrtnkv�p�iq�

ψ0
M(r, R) =

∑

m

ψel
m(r;R)φ

(m)
M (R).

�  z���-�� 

 V� x�p��j��vbu�h�v�p�u>lXhq��h�rtn ��p����jl
ψel

m(r;R)
uThjm6hjpTu�h u�l�i��jv v�nku�hjp�l�u>l�i�hjikm>l��q��l���i�u�h�rtv u�v�i

v�i hj� �qrtnkv�p�iq���qv���h�rt� �#l�}~hjp�rthXnohq� hqno��u>l�iR�jv�}~v
r
� h¢m>l�nol�}~hqrtnk���jl�}~hjp�rthXu>l#i �jv v�nku�hjp>l#u>l�i

uTv�i�p ���q��hqv�i¤l#r ��}(���jv�ij�Q�qv���hqrt� �#l�}~hjp�rthRnohqm�nohqiohjp�r|l�u�l�i�m6v�n
R
�(  � x�p��j��v�u�h~v�pTu>l1m>l�nol

v }~v � ��}~hqpsrtv1u�v�i¤p ���q��hjv�i�l#r ��}(���jv�i
φ

(n)
M (R)

u�hjm6hqp�u�hbikv�}~hjp�rth_u�h_ikx>l�i��jv v�nku�hjp�l�u>l�i
hqiom>l#�j��l���i

R
�

 a� x�p��j��v{u�h v�p�u>l �  z���-�� _itl rt��i�� l�§ l hj�sx>l#����vGuTh � ����n"! u���p
�hjn¢��p�u�hqm6hjp�u�hqpsrohLu�v
rohj}~m6v���hj� � �  z� 
  �

H0ψ0
M(r, R) = E0

Mψ
0
M(r, R),

�  �!��$� 
T �
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m�l�ntlRv~v�mZhqntl#u�v�n�¦�l�}~��� rov�p���l�p�v�rtv#r|l��

H0 = Hel + TN .
�  z����;- 

 ��q��}(lT�
TN = −∑A

1
2mA

∇2
A

��vXv�m6hjnol�u�v�n�hjp�hqn&
���l_�j��p��qro���jl_u�v�i�p����q��hjv�ij� ∇2 ��vbv�mZh �
nol�u�v�n �Ql�m���l��j��l�p�v�h�l�iov�}(l�hj}

A
��iov���noh�rtv u�v�i�v�i�p ���q��hqv�i�l r ��}~���qv�iy�sx�h��jv�}(m	% hq}Av

ik��i�rthj}(lX}~v���hq�jxT��l�nq�
Hel ��v¢v�mZhqntl#u�v�n�¦�l�}~��� rov�pT��l�pTvX�sx�hR�jv�p�r �q} v�i�rthqno}~v�i�u�hRhjpThjn��


���l~�j��p��qro���jl(u�v�i�hq� ��rtnov�p�i�h�hqp�hjn 
���l�i�m6v�rthqp��j��l���i�u�h�nohqm�x���io��v_hj� �qrtnkv�pz� hj� ��rtnkv�p�h�l#rtnol�����v
hq� ��rtnov�pz�
p����j��hjv��
 -� x�pT����v¢uThRv�p�u>l

ψel
m(r;R)

itl#rt��ik� l#§ lXhq� x�l�����v¢u�h � ����n ! uT��p
�hqn���p�u�hqm6hjp�u�hqpsroh~uTv
rohj}~m6v m>l�ntlRv~mTnov�����hj}(l�hj��hqrtn ��p����jvRu�h ��p���u�v mZv�n

Hel,
��ikrtv �#�

Helψel
m(r;R) = Eel

m(R)ψel
m(r;R).

�  � ��¨� 
� l�xzrtv#� �#l���v�n

Eel
m(R)

u>l�hj�sx>l��j��v�u�h�u�h � ����n ! uT��p
�hqn�u�v�m�nkv�����hj}(l�hq��h�rtn ��p����qv�u�v�hqikrtl�u�v
m
u�hqm6hjp�uTh¤u>l�i��qv v�nou�hqp>l�u�l�i�u�v�i�p ���q��hqv�i�h ��v��Tro��u�vRm>l�nol xT}W�jv�p .kx�psrov~u�h��jv�pT� v�no}(l �

� % hji�}~v���hq�jx���l�nohqiym�nkhq� ��l�}~hjp�rth�hqio�jv�������u>l�iq��hqpsronoh�v�i�u�����hqnoiov�i�l�nonol�p .kv�iyhjiom�l��j��l���iy� xTh�v�i
p����q��hjv�i�l r ��}~���qv�i�m6v u�hq}0l�ioikx�}(��nj�

� x���i�rt� rtx���p�u�v�l�h �zm>l�p�io��v �  z���-�� �hj} �  z����$� �����hq� l�p�u�v�hq}-�qv�p�io��u�hjnol����#v¤l�� l rtv�nk��§�l#����v
�  z����;- XuTvw¦�l#}(��� rtv�p���l#p�v }(v���hj�qx���l�nXhLl{hq�sx>l��j��v �  z� �#¨- ���l ioh*
�x���nq��}�x���ro��m���� ��l�p�uTv v
nkhjikx���rtl�u�vX�(hqio�sx�hqnou>lXm6v�n

(ψel
n )∗

h¤��psroh*
�nol�p�u�v(p�l�i��qv v�nou�hqp>l�u�l�i�u�h�rtv u�v�i�v�i�hq� ��rtnov�pTij�
v��Tr �q} � ioh
[
TN + Eel

n (R) + 〈ψel
n |TN |ψel

n 〉 − E0
M

]
φ

(n)
M (R) = −

∑

m6=n

〈ψel
n |TN |ψel

m〉φ
(m)
M (R).

�  z� � 
  

�i�rth��jv�p .kxTpsrtv�u�h�hq�sx>l��*% hqi�l��jv�mT��l�u�l�i�u�h �>p�h�l�u���p ,#}(���jl�u�v�i8p����j��hjv�i8l#r ��}(���jv�i�l#rontl � �qi
u�l�i�� x�p�� % hji8p x��q��hjl�nohqi {φ(1)

M (R), φ
(2)
M (R), φ

(3)
M (R), · · ·}. � �qv�p .kx�p�rtv�u>l�i8hqp�hjn 
���l#i8hq��h�rtn�� �pT���jl�i {Eel

1 (R), Eel
2 (R), Eel

3 (R), · · ·} � l�§�v¢m>l#mZhq� u>l�i��qx�nk�#l#i�v�x ikx�m6hjnk� ���j��hji�u�hRhqp�hjn 
���lm6v#rthjpT�j��l#� 
�x���l#p�u�v{v�i1}(v � ��}~hjp�rtv�ibpsx��j��h�l�nkhjiq�W �i���psroh*
�nol���i 〈ψel
n |TN |ψel

m〉
u���l�
�v�p>l���i

(n = m)
u�vL��l�u�v hqio�sx�hqnou�v h�p���vLu���l�
�v�p�l���i

(n 6= m)
u�vL��l�u�v uT��nohq��rov uTvcik��p>l#��uTh

��
�x>l#��u>l�uTh�io��v��Tnohjikm6hj��rt��� l�}(hqpsroh��>l�i����>l�}(l�u>l#i��jv�p�i�r|l�p�rthqi�u�h�l��qv�m���l�}~hjpsrovRl�uT��l��  rt���jv
h¤p���v#��l#u���l#�  #rt� �jv u�v�i�hji�r|l�uTv�i�hq��hqron���pT���jv�i

n
h
m
u�hq� ��uTvXl(��psrthqntl��j��v(hq� ��rtnov�p�i�� p ���q��hjv�ij�

��psrohjntl#�*% hqi��z����n���p����jl�ij�Tu�hjikm�nohq§�l�u>l#i�p>l hj�sx>l#����v��  z� ��¨- �
��vb�jl�iovb}_l#��i#
�hjnol�� �Z�sx>l�p�u�v

φ
(n)
M (R)

� v�n�x�}Pm>l��qv�rth�u�h�v�p�u>lT�gm6v�nkr|l#psrovXrthq}Px�}(l
uThjm6hjpTu�jp��j��l�h��zm������j� r|l�p>l��#l�nk�+ ���hj��rohj}~m6v�� v�x¤�sx>l�p�u�v�l���
�xT}_l�hjp�hqn&
���l�m6v�rohjp��q��l���u�hjm6hqpz�

T #
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uThjp�rth�u�v�rohj}~m6v
Vnm(R, t)

� v�n8��p��q��x���u>l�p>l�hj�sx>l#����v¤u�h � ���Tn ! u���p
�hjn8u�v¤}~v � ��}~hqpsrtv�p xz�
�q��hjl�nj��hqpsrt��v�v��jv�p .kx�psrov�u�h�hj�sx>l�� % hji u�h � ����n ! u���p
�hqn l#�jv�m���l�u>l#i�u�hjm6hqp�u�hqpsrth�u�v�rthq}(m6v��

i~
∂φ

(n)
M

(R)

∂t
=

[
TN + Eel

n (R) + 〈ψel
n |TN |ψel

n 〉
]
φ

(n)
M (R)

+
∑

m6=n〈ψel
n |TN |ψel

m〉φ
(m)
M (R) +

∑
mn Vnm(R, t)φ

(m)
M (R).

�  z� �� � 

uThq��h�iohqn�nkhjiov���� ��u>lz�
 �i~hq�sx>l�� % hji(u�h � ����n"! u���p
�hjn~l��qv�m���l#u>l�iR��p�u�hqm6hjp�uThjp�rth�u�v rthq}(m6vT��hj� �9�  z� � 
  �� v�x

uThjm6hjpTu�hjp�rthbu�v�rthq}(m6vT��hj� ���  � �� � ���m6v u�hj}\ikhjn�nohqiov�� � ��u>l#i¤p x�} �jnk���jl�v�xc}~hjik}(v���m>l�nol
l#��
�xTp�i���l�ikv�i�ik��}~m���hqij�6l#p>l���� rt� ��l#}~hjp�rth#� � i���p
�nohqu���hjpsrohji�p�hj�qhjioi& �no��v�i�m>l�nol(ikh�u�h �>p���n�v�i
�  �no��v�i¤m�nkv�����hj}(l�i�u�h_��psrthqnohqioioh_it��v�l�i¤�jx�n��#l�i<� iox�m6hqnk� ���j��hqi� �u�h_hqp�hjn 
���l�m6v#rthjpT�j��l#� hXl�i
�qv�p�i�r|l�p�rthqiRu�hbl#�jv�mT��l�}~hjp�rtv1�z����n���p����qv�l�u���l��  #ro���jl�i�hXp>�#v#��l�uT��l�� #rt� ��l�iq�� �i��qx�nk� l�iRuTh
hqp�hqn&
���l m6v�rohjp��q��l���io��vcl#rtx�l���}~hjp�rthbv��Tro��u>l#i u�h1� v�no}(l nkv�rt��p�hj��ntl�m6v�n~} �qrov u�v�i u�h��* �� �
�qx���v�i��qv�nonkhj��l#�j��v�p>l�u�v�i�v�x p>��v¢�jv�nknohj��l��j��v�p>l#u�v�i�u�h hjikronoxTrox�ntl�i�hj��h�rtn ��p����jl�i�u>l1��xT��}~����l
��x ,#psro����lz�  ���rohjnop�l#rt� �#l�}~hjp�rth#�8hq��l�iRm6v u�hq} ikhjn m>l�nol�}~hqrtnk��§jl�u>l�i�m�l�ntl l#��
�x�}(l�� x�pT����v
l#u�hj�sx>l#u>lR�jv�}3m>l�n&,�}~hqrtnkv�iyv��Trt��u�v�iyh��zm6hqno��}~hjp�r|l���}~hjpsroh�v�xb}(v u�hq��l#u�v�i�l�m>l�n�rt��nyu�h�l�n��

�x�}~hjpsrov�i(rohj��nk���qv�ij�^ �iX�qv�p�i�r|l�p�rthjiXu�h�l��qv�m���l�}~hjpsrov � ����n ��p����qvcio��v���hj} 
�hjntl#� ��}(l���i
uT��� ���jhj��i�u�h~iohqnohj}Fv��Trt��u>l�i�m6hj��v�i�} ��rtv u�v�i�u>l ��x���}(���jl1��x ,�p�rt����lT���=x�}(l¢m�n  #ro���jl¢�jv �
}�xT}]nohqm�nohqiohqpsr  �
��l�i8m6v�n�x�}_l�� x�pT����v�m>l�nol�}(h�rtnk��§�l#u>lT����v�n�h��zhq}(m���v���p>l#i l�m�nkv �z��}_l�� % hji
����pTh�l�n �� �� � v�x���l�xTioio��l�p>l �� �� � rohj}~v�ij��nkhjiom6hq�qro���#l�}~hqpsrth#�

〈ψel
n |TN |ψel

m〉 = λnmR e 〈ψel
n |TN |ψel

m〉 = Anme
−σ(R−Rnm)2 ,

�  z� ���- 
m�l�ntl�l���
�x�}(l�u���ikr ,�p��j��l��qno� rt���jl

Rnm.
��}(l�l�mT�����jl����#v�u>l�hqiom6hq�qrtnkv�io�jv�m���l�m�x�}~mz�
m�nkv��6h�u�h

	 ��% �(' m>l#ntl�x�}Vm�nkv�����hj}(l�hqps��v�� ��hjp�uTv�u�v���i�hjikrtl�u�v�i�hq��h�rtn���p����qv�i��jv�})�#l#� ,�p��q��l���psrohjnop�l
�

(1s−1)
l��qv�m���l�u�v�iym6v�nyx�}_l���psrthqntl��j��v�� ����n ��p�����l ��l�m�nkhjikhjpsrtl�u�v p�v~��l#m���rox���v���m>l�nolRl

}~v�� �j�qx���l�u>l 
�����v��Tl���} v�p�v��z��}(lz�
 fl�u>l�mzr|l��j��v�u>l#i8h �TmTnohjiki&% hji��sx�h�m6hjnk}(� rthq}Vv��  #���jxT��v�u�l�i8mTnov��>l#��������u>l�uThji u>l#i�rtnol�pz�

ik��� % hjiy�sx ,#psrt����l�i�hjp�rtnkh�v�iyhqikrtl�u�v�iyhj��hqron���p����jv�i
ψel

n

h
ψel

m

h�psx��j��h�l�nkhji
φ

(n)
M

h
φ

(m)
M

u�h�x�}_l
}~v�� �j�qx���lT� m6v uTh�ikhjn�� hj��rtlT�6iohq}P}�x�� r|l�i�u��'�>�qx���u>l#u�hjiq�gxTro������§�l�pTu�v_l_h �zm>l�p�io��vbu>l(� x�pT����v
uTh_v�p�u>l1rtv#r|l��9�  z���-�� �h_v�¦�l#}(��� rtv�p���l#p�v1}~v���hq�jx���l�n8�  �!��;- �����l#ntl1r|l�p�rtv����jv�p�ik��u�hqnoh_v�i
hq��hq}(hqpsrov�i�u>l�i�}(l#rtnk��§qhji�u�v~m6v�rthqp��j��l��`u�h���psrthqntl#����v h�u�v~v�m6hjnol�u�v�n�¦�l�}(��� rtv�p���l#p�vRm>l�nol
v }~v � ��}~hjp�rtv�p x��q��h�l#nj�

(VX(τ))mn ≡ (VX(R, τ))mn =
1

i~
〈ψel

m(r;R)|VX(R, r, τ)|ψel
n (r;R)〉

T %
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Hmn ≡ (H(R))mn = 〈ψel
m(r;R)|TN +Hel|ψel

n (r;R)〉
=

[
TN + Eel

n (R)
]
δnm + 〈ψel

n |TN |ψel
m〉

�  z� �#"= 
mTnov .khqrtl�u�v�iRp�v hjiom�l��jv u>l�i�� x�p��*% hqi~u�hbv�p�u>l hj��hqrtn ��p�����l�iq� ��ikrov �#��v��zrt��u�l�i l#m6��i~l#i ��p �
roh*
�nol�� %zhqi(p>l�i(�qv v�nouThjp>l�u�l�i(u�v�i(hq� ��rtnov�p�ij�f�i�rthji_hq��hq}(hqpsrov�i~u�h�}(l#rtnk��§bit��vT��u�h1� l#rov��
v�m6hjntl#u�v�nohqi��sx�h l rtx>l#}PpTvbhjikm>l��qv¢u>l�i�� x�p�� % hji�u�h�v�p�u�lXp xT�j��hjl�nkhji

φ
(n)
M

� u>l#� xT��hj}Pu�� �
l#psrth�l�u�hjm6hqp�u�jpT�j��l p>l�i��qv v�nou�hqp>l�u>l#i

R
u>l�i�� x�p�� % hji�u�h�v�p�u>lRpsx��j��h�l�nkhji�iohjn& v�}~��ro��u>lz�

h �z�jh�rtv(� x�l�p�u�v~ioh �>§jhqn�p�hq�jhjiki  �no��v(v iohqx�x�iov~h��zm������q��rov= ��� �ioik��}1��u>lRhj�sx>l��j��v �  �!�� � ��

cM(t) =
1
i~

∑
m

∑
n〈φ

(m)
M (R)[〈ψel

m(r;R)|
∫ t

0
dτeiΩτ 1

2
(D·ẼX)(R, r, τ)e−iH0τ/~|ψel

n (r;R)〉]Φ(n)(R, τ)〉
=
∑

m

∑
n

∑
k〈φ

(m)
M |

∫ t

0
dτeiΩτ 1

2
(Dmk · ẼX)(R, r, τ)e−iHknτ/~|Φ(n)(τ)〉, �  z� ���� 

�sx�h ��v~nohqiox�� r|l�uTv~u�hqioh/.ol�u�v��
Ω = ωX − ωmn

�>�jv�}(v uTh �>p���u�v(l�p�rthqno��v�no}~hjp�rth��  &� x�pT����v
uTh�v�p�u>l�p xT�j��hjl�n

Φ(n)(τ)
�yv��Trt��u>l�m6hj��l�iov���x����#v�u>l�hj�sx>l��j��v�u�h � ����n ! u���p
�hqn uThjm6hjpTu�hjp�rth

uTv rthq}(m6v u�h �>p���u�l p>l mTnohjikhjp��jl(u�v ��l�}~m6v u�h�ntl�u���l��j��v hq��h�rtnov�}_l�
�p��qro����l�	 ���

i~
∂Φ(n)(t)

∂t
=
∑

k

∑

l

eiHnkt/~(VL(t))kle
−iHklt/~Φ(l)(t)

�  z� ���� 
v�x

i~
∂φ̃(n)(t)

∂t
=
∑

m

[Hnm + (VL(t))nm]φ̃(m)(t)
�  z� ���� 

m�l�ntl
Φ(n)(t) =

∑
m e

iHnmt/~φ̃(m)(t)
�

��} m�nkv �jhjuT��}~hjp�rtv�m�n& #rt���jv�m>l�nol�l�v�rthqp��j��v�u�h8x�}&hqiom6hq�qrtnkv�m�x�}~mz� m�nov��6h8uTh 	 �&% �*'��
m�l�ntl(x�}OmTnov�����hj}(l~hjp���v�����hqp�u�v

p
hji�r|l�u�v�i�hj��hqron���p����jv�i�l��jv�m���l�uTv�i�m6v�n���p�rthjnol����#v(� ����n �#�

pT���jl hqps��v�� ��hjp�uTv
q
�qv v�nouThjp>l�u�l�i1u�h x�}(l }(v�� �j�qx���lz��ioh*
�x�h v{ioh 
�x���psroh nkv�rthq��nkv��@	
p�� �

�q��l#��}~hjp�rth#�	� 
  ¤v �qv�p .kx�p�rtv u�hbiox�m6hqnk� ���q��hqiRu�h¢hqp�hjn 
���l�m6v�rohjp��q��l�� {E0(R1, R2, . . . , Rq),

E1(R1, R2, . . . , Rq), . . . , Ep(R1, R2, . . . , Rq}
l#v���v�p
�v�u�l�i��jv v�nku�hjp�l�u>l�i�p x��q��hjl�nohqi hqio�qv#�

������u>l�i�� u���ikr�,#p��j��l�ij��,#p
�x���v�i�u�h�����
�l#����v�v�x),�p 
�x���v�i�u�h�rtv�nk����v- io��v�u�h�rthqno}~��p>l�u�l�ij����l�}R�
� �q};u�h���hj};iohqn�v��Tro��u�v�i�rov u�v�i�l�i��qv�p�ikrtl�psrohji�u�h~l#�jv�m���l�}~hjp�rtv_�z����n���p����qv�� � i�hqikrtl�u�v�i
hq��h�rtn���p����qv�i�ikhj��hj�j��v�p>l#u�v�i�it��v_l��sx�hj��hji��sx�h¤hjikrtl�nt�#v_��p�rthqntl�
���p�u�v }�xTrtx�l�}(hqpsroh�m6hj��l(l��j��v
u�l�i�ntl#u���l#�*% hji�	 �)v�x��('�� ��l�ntl v�i�m�nkv�m6��io� rtv�i�u�hji�rth¤h �zhj}~m���v���v�i

l
hqikr|l#u�v�i�hj��hqrtn ��p����jv�i

uTv�iox��6�qv�p .kx�p�rtv
L
� {EL

0 (R1, R2, . . . , Rq), E
L
1 (R1, R2, . . . , Rq), . . . , E

L
l (R1, R2, . . . , Rq}hqikrtl�nt��v���psrthqntl�
���p�uTv¤�qv�}2l¤ntl#u���l#����v¤	 �=hqp��sx>l�psrov�� xTh�v�i

x
hq��hq}(hqpsrov�i�u�v�ioxT�6�jv�p .kxTpsrtv

X
� {EX

1 (R1, R2, . . . , Rq), E
X
2 (R1, R2, . . . , Rq), . . . , E

X
x (R1, R2, . . . , Rq}

iohqnt��v m6v�m�x���l �
uTv�i�m6hq��l(l����#v_u>l(ntl#u���l��j��v)�('-l~m>l�nkro��n�u�v�i�hjikrtl�u�v�i�hq��h�rtn���p����qv�i�u�v_m�nk��}~hj��nkv~ikx��6�jv�pz�
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.kxTpsrtvT� ��h/.ol�����
T�  z� 
 �U �iQ��psrohjnol��*% hqi`� ����n ��p�����l�i£hji�r|l�no��v�l rtx>l�pTu�v�l#m6hjp>l#iUhqpsronoh8v�iQhqikrtl�u�v�i
hq��h�rtn���p����qv�i�u�h~x�};}(hqio}~v1ikx��6�jv�p .kx�psrov��M�  � �  hj�sx>l#����v�u�h � ����n"! u���p 
�hjn�u�hqm6hjp�uThjpsroh

IV
L

X

RX

c0

00

RX

IV

����
�xTntlR z� 
 ��	
psrthqntl#����v u>l�i�nol�u���l��*% hqi�u�h�	 �
h��(' �jv�} v�i`hjikrtl�u�v�iQ�sx ,�p�rt���qv�iQu�l�}(l#r �qno��lz�

uTv rthq}~mZv �  z� ���� �m>l�ntl�v }~v � ��}~hjp�rtv�l��jv�m���l�uTv u�v�i�p ���q��hqv�i�l#r���}(���jv�i�p>l�i�ikx�m6hjn�� ���q��hji
uTh�m6v�rohjp��q��l#�£u�v�i�hqikrtl�u�v�i�hq��h�rtn���p����qv�i�u�v �qv�p .kx�p�rtv

L
p�lRm�nohqiohjpT��l � nol�u���l�����v�	 � ��hjp�r|��v

nkhjikv���� ��u>lT��mZv�nRh �Thq}(mT��v p>l l�mTnov �z��}_l��j��v�uTv u���m6v���v�hq� ��rtno���jv�� ��hqikrtl l�m�nkv �z��}(l��j��v���l
hqp�hqn&
���l uTh���psrohjntl#����v nol�u���l�����v �
}(l r �qno��l

(VL(t))mn

��l�m�nov��z��}(l�u>l��qv�}~v
(V i

L({R}, t))mn = (di({R})nmE(t) cos(ωLt+ ϕL),
�  z� �1$- 

m�l�ntl��jl�u>l�hji�r|l�u�v¤u�h�m6v���l�no��§�l#����v
i = x, y, z

u�l¤nol�u���l����#v�h
(d({R}))nm

��x�}@hq��hq}(hqpsrtv
uTh~}(l#rtnk��§�u�v¢��h�rtv�n�}(v�}(hqpsrov¢u�h u���m6v���vbhj� �qrono���qv¢u>l¢}~v�� �q�jx���lT�� �i��jv�p�uT��� %zhqi���p����q��l#��i
lXikhjnkhj} x�itl#u>l�ij�`p�l#rtx�nol���}~hjp�rth#�gu�hjm6hqp�u�hq}auThR��l#iov1lX�jl�iovT����}_l_u>l#i�}(l���i�io��}(m���hji �
rohjn�v1hjikrtl�u�v�hj��h�rtn ��p����jv#� �z����ntl#�j��v�p>l���� x�p�u>l#}(hqpsrtl�� |00〉 �jv�}al1m6v�m�x���l��j��v 
 p�v¢rthj}~m6v
t = 0

h_rtv u�v�i�v�i�v�xTronov�i�hji�r|l�uTv�iRh��z�j� r|l�uTv�iRp>�#v m6v�m�x���l#u�v�ij� ��h/.ol ����
��� z� 
 � ��h�l�����§�l �
u�l�i�hji�r|l�i���psroh*
�nol��*% hqij�Qv�i�m>l��qv�rthqi�u�h v�p�u�l¢psx��j��h�l�nkhji

Φ(n)(t), n = 1, 2, . . . , l
hqikrtl�nt��v

hqpsrt��vXuThqrthqno}~��p�l�u�v�iq�#��l(m�nk� �z��}(l~h�r|l�m�lT��� �� ��6hjikrohji�m>l#�jv�rohji�u�h�v�pTu>l(it��v_m�nov�m>l�
�l�uTv�i
p�l�i¤iox�m6hqnk� ���q��hqi¤u�h_m6v#rthjpT�j��l��8u�v�i¤hji�r|l�u�v�i�hj��hqrtn ��p����jv�i�uTv iox��6�qv�p .kx�p�rtv

X
��x�}arohj}~m6v

ikx �>�q��hqpsrthq}(hqpsroh�
�ntl�pTu�h ��xTro������§�l�uTv
(≈ 1000)

� ij�y8i�r|l~m�nov�m>l�
�l#����v~hqikr  (��p�u�����l�u>lRm6hq��v
rohjnk}(v

e−iHknt/~Φ(n)(t)
p>l~hq�sx>l��j��vM�  z� ���� �h ��l~h�r|l�m>l �sx�h¤�qv�p�iov�}(h¤l }(l���v�n�m>l�n�rth�u�v

rohj}~m6v��qv�}~m�xTrtl��j��v�p>l�� �U	
ikrtv�m6v�nk�sx�h�� m6hq��l�i��jv�pTu���� % hji8��p����j��l�� i ��}~m6v�ikrtl�i�l�v�mTnov�����hj}(lT��l
mTnov�m>l�
�l��j��v~u�hq��h¤iohqn�nohqm6hqro��u>l~m�l�ntl ��l�u>l~m�l��jv�roh�u�h¤v�p�u>l~nkh*
���ikrtnol�u�v~p�v~rohj}~m6v

tk
� u>l

ikx��jhqioit��v
tk = t0+k∆t

m>l�ntl�v�m>l#ioiov
∆t
u�h�l��#l�pT�jv�p�v�rthq}(m6vT������mT����l#}(hqpsrth#�

∆t ≈ 10−5

� iq�8����p>l���}~hqpsroh�� � "- 8x�}(l�}�x���ro��m���� ��l��j��v�h�x�}(l���p�rth*
�ntl��j��v¤p�v¤rohj}~m6v�psx�} �jno����l�i u�v�m6v#�
rohjp��q��l#�zu�hy��p�rthqntl��j��v�u>l�ntl#u���l��j��v��('

(VX(t))nm

�jv�})v�i�m�l��jv�rohji uTh�v�p�u�l�u�hqrohjnk}(��p>l�u�v�i
T �
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p�l~h�r|l�m>l�� �- �io��v(nkh�l�����§jl�u>l�iq��h¤l~l�}(mT��� rox�u�h�u�h�rontl�pTio���j��v~uTv(hjikm6hj��rtnov_m�xT}(mz� m�nov��6h�uTh
	 ��% �('&m�l�ntl�hjikroh�m�nov��T��hq}_l¤hji�r� R�jl����qx���l#u�v�� � hjiom6hq�qronov�� ��hqpsr|�#vRv��Trt��u�v�m6hq��l�}(� uTx���v
�sx>l#u�ntl�uTv(uThjikrtl(l#}(m���� rtxTu�h�u�h�m�nov���l���������u>l#u�h��
 Ah��zm�nohqioit�#v m�l�ntl�l#}(m���� rtxTu�h(u�h_m�nov���l���������u>l#u�h(uTh_rtnol�p�io������v hq�6� �  z� ���� �m6v u�hXikhjn


�ntl�p�uThj}~hjp�rth�io��}~m����'����l�u�l�ioh�l�l�mTnov��T��}_l#����v�u�h�¥yv�nop � � m�m6hjp ��hj��}(hqn�� v�n�itl rt��ik� hj� r|l�m>l�nol
xT}_l�}~v�� �q�jx���l�u�h���psrohjnohqioikh�����l�l�mTnov��T��}_l#����v�u�h�¥yv�nop � � m�m6hjp ��hj��}(hqn8�sx>l#���sx�hjn�rt��mZv�uTh
l#�jv�mT��l�}~hjp�rtv�hqpsrtnkh�v�i�}~v � ��}~hqpsrtv�iyu�v�i�hq� �qronov�pTi�h�u�v�i�p ���q��hqv�i�l#r���}(���jv�iyit��vRu�hqio�jv�p�io� �
uThjntl#u�v�ij��	
i�rtv_io��
�p����>�jl~�sx�h¤rtv u>l#i�l�i��jv�p�i�r|l�p�rthqi�u�h�l��jv�m���l#}(hqpsrtv � ����n ��p����jv(io��v(� hj� r|l�i
��u�hqpsrt����l�}~hjp�rth�psx���l#ij�� �ikio��}1��v�i8hj��hj}~hjp�rtv�i8u�l�}_l#rono��§�u�v�v�m6hjnol�u�v�n ¦�l�}~��� rtv�p���l#p�v�m>l�nol
v�i�}(v � ��}~hjp�rtv�i�psx��j��h�l�nkhji�rtv�nkp>l�}R�
ioh�u���l�
�v�p>l#��iq�

Hmn =
[
TN + Eel

n (R)
]
δnm,

�  z� ��;- 
h�ikv�}~hjpsroh�l�i�hq� x�l��*% hqi�u�h � ����n ! u���p
�hqn�u�hqm6hjp�uThjpsroh�uTv rthq}(m6vT�

i~
∂φ(n)(R, t)

∂t
=
[
TN + Eel

n (R) + (VL(R, t))nn

]
φ(n)(R, t),

�  � $�¨- 
m�l�ntl�l¤}~v�� �j�qx���l�p�l�m�nkhjikhjp��jlRuTv�mTx���ikv�ntl�uT��l��j��v¤	 �=u�hq��h�iohqnynohjikv���� ��u>l�iohjm�l�ntl�u�l�}(hqpsroh
m�l�ntlR��l#u>l hji�r|l�u�v~hj��hqron���p����jv

n
u�hqioh .ol#u�v��

��l�ntl ik��rox>l�� % hji�ro��m�����l#ij� l hqp�hjn 
���l�	 �0p>�#v �Xikx �>�q��hjp�rthXm>l�nol m�nkv�}(v ��hjn¤h��z�j� r|l�� % hji
hqpsronoh�v�i�p�� ��hj��i�hj��hqron���pT���jv�i�uTh�x�}(l�}(v�� �j�qx���l �siov�}~hqpsrth�rtnol�p�io���*% hqiyhqpsronoh�v�i�ikhjx�i�}~v u�v�i
� ����ntl��q��v�p>l���i�it�#v~m6v�ikio����hj��iq�8��l�}�� �j}1��m>l#ntl l�i��qv�p�u����*% hqi�v�nou���p  �nk��l#i�u�h�rohj}~m6hjntl rtx�nol h
mTnohjikit��vT� l�}~v�� �j�jxT��l¤ioh�hqp��jv�psrontlRp�vRiohqx1hqikrtl�u�v hq��hqron���pT���jv�h�� ����nol��j��v�p>l#�6� x�pTu>l�}~hjp�r|l�� �
 �ioik��}1�gp>l_hqiom6hj��rtnov�io�jv�mT��lXm�x�}~mz�
mTnov��6h#�g��p����j��l�� }~hqpsroh�� ���jnk��l�u�vXl�m6hqp>l�i�x�}Om>l��qv�rth�uTh
v�p�u>l

φ(t) ≡ φ(n)(R, t)
� hq� � �  � $�¨� . m>l#ntlcv�iX}~v �z��}(hqpsrov�i~u�v�i_p ���q��hqv�ibl r ��}~���jv�i(l�v

��v�p
�v�u>l��qx�nk� l8� ikx�m6hjnk� ���j��h  �u�h�hqp�hjn 
���l�m6v�rohjp��q��l��
Eel

0

uTh �>pT��u>l�m>l#ntl�v�hjikrtl�u�v�hj��h�rtn ��p����qv
� xTp�u>l�}~hjp�r|l��yu>l }~v�� �j�jxT��lT� �yv�} l ��p�rtnov uTx�����v u>l ntl�uT��l��j��v u�h �*'�� hqikrth¢m>l��qv�rth¢uTh
v�p�u>l �Lh �z�j��rtl�u�v���m>l�ioikv l{m>l�ioikvwp�v{rthq}(m6v���m>l�nol{x�} hji�r|l�uTvwhj��hqrtn ��p����jv{�qv�} x�}_l
� l�� ,#p��j��l�hj}]��l�}(l�u>l���psrthqnop>lz� ��hqikr|l�� v�nk}_lz��l�hqiom6hj��rtnov�io�jv�m���l�m�x�}~mz� m�nov��6h�u�h�	 ��% �('
rov�nop�l �
ikh1x�}(l r �j�jpT���jl v�p�u�h1ikv�}(hqpsroh1u�v���i hjikrtl�u�v�i~hj��hqrtn ��p����jv�iRh1v�i~iohqx�i(nohjikm6hj��rt����v�i
ikx���p�� ��hj��i�� ����nol��q��v�p>l#��i�hji�r|��vRhjp���v�� �z��u�v�iq�8����p>l#��} hjp�rth��zl�h��zm�nohqioit�#v~m>l�ntl�l�}(mT��� rox�u�h�uTh
mTnov��>l#��������u>l�uTh�u�h�rtntl#p�io������v��Tp�hji�rth��jl�iov��>ikh�nkhju�x�§�l

cBO
IV +RX(t) = 〈φ(c)|

∫ t

0

dτeiΩτ Dc0·ẼX(τ)

2
e−iHcτ/~|φ(τ)〉. �  � $ 
  

� �
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� m>l#�jv�roh�u�h v�p�u�l
φ(t)

� v��Tro��u�v��jv�}~v�x�}(l�ikv���xT����v�u>l�hq� x�l�����v�uTh � ����n"! u���p
�hjn4�  z� $�¨- £h
�#��hjp�r|��v�����h��#l�u�v�l�m�nkv�m>l�
�l#n p>l��jxTnk�#l�u�h�hqp�hjn 
���l�m6v#rthjpT�j��l��

E0
c

u�v�hji�r|l�uTv��jv�})�#l��*,�p��q��l
��psrohjnop�lR��p��q��x���u>l�pTv~v�m6hjnol�u�v�n�¦�l#}(��� rtv�p���l#p�v

Hc

u�h�l��qv�nou�v �jv�}

|φc(t)〉 = eiHct/~(
Dc0·eX

2
)|φ(t)〉. �  z� $� � 

 Al�}~m���� rtxTu�h u�h~rtnol�p�io�����#v�u>l�hq� ���  z� $ 
  �p�v�����}~� rthRu�h
t → +∞ � v�nop�hq�jh_l¢rtntl#p�i��

� v�no}(l�u>l u�h��>v�xTno��hqn
cBO
IV +RX(−Ω)

� � ����}~� rth���pT� hqno��v�n�u�l(��p�rth 
�ntl��j��v~m6v u�h¤iohjn���hq�#l�uTvXl
−∞ m6v�no�sx�h��£m6v�n�uTh �>p������#v��£l_��p�rthjnol����#vXu>l_}(l#r �qno��l~�qv�}PlXnol�u���l����#v��(' ��p x���l_m>l#ntl
t < 0

�8����p>l#��} hjp�rth��Tl�m�nov���l���������u>l#u�h�u�h�h �z�j��rtl����#vs�#��v�p���§jl��j��v�u�h���l�}(l�u>l���psrthqnop>l
P (Ω)

�¢v��Trt��u>l m6hj��l p�v�nk}_l u�v m>l��qv�rth1uTh1v�p�u>l h��z�q��r|l#u�vs�#��v�p���§�l�u�v u�h1�jl�}(l�u>l ��psrohjnkp>l p�v
hqiom>l#�jv(u�h�� nkhj����jpT�j��l �� 1$T�  �; �

P (Ω) = |cBO
IV +RX(−Ω)|2. �  z� $��- 

  �#l�nk�+ ���hj�
Ω
��u�h �>p���pT��u>lz�sm>l#ntl�m�nov �qhjikiov�i�u�h�h��z�q��r|l#����v�u�v¤hq� ��rtnkv�p~u�h���l�}(l�u�l���p�rthqnop>lT�

�qv�}~v
Ω = ωX − ωc0

�gv�pTu�h
ωX

�Rl(� nkhj����qp��j��lXu�v_� ��rtv�p u�h�nol���v�i��)'Vh
ωc0 = E0

c (r
c
e) −

E0
0(r

0
e)
�¤l hjpThjn&
���l u�h�h �T�q��rtl�����v(l�u���l��  #ro���jlRhqpsronoh�v�i�hqikr|l�uTv�i�� xTp�u>l�}~hjp�r|l��`h�h �z�j��rtl�u�v

uThR�jl�}(l�u>l_��psrthqnop>lz����v�i�m�nov �qhjioikv�i�u�h���v�p���§jl��j��v_u�h�x�}Phq� ��rtnkv�p hq}P��l#}_l�u�l_��p�rthjnkp>lT�
Ω = BE − I1s

�gv�p�u�hR¥�
� ωX − ε

�RlXhqp�hjn 
���l_u�h�����
�l#����v(u�vX� v�rov hj� �qrtnkv�p£�Ziohqp�u�v
ε
l

hqp�hqn&
���lR�q��p���rt����l�u�v�� v�rtv hq� �qronov�pX��v�p���§jl�u�v�� h
I1s

��vRm6v�rthqp��j��l��gu�h���v�pT��§�l#����v�l�u���l#�  #rt���qv��
 Orontl�pTio���j��v ��l�x�iol�u>lcl m>l�n�rt��n u�vLhjikrtl�u�vchq��hqron���pT���qv � xTp�u>l�}~hjp�r|l���m>l�ntl vLhqikr|l#u�v

hq��h�rtn���p����qvc�qv�}M�#l��*,�p��j��lc��psrohjnop�lLu>lc}~v�� �j�qx���lz�yu�hq� ��u�v �cl���ikv�no�j��v uTh�xT} � ��rov�pwu>l
nol�u���l����#v �('�� �!
�v ��hqnop>l#u>lT��p>l l�m�nkv �z��}_l��j��vLu�v u���m6v���vLhq� ��rtno���jvT��m6hj��v }~v�}~hjp�rtvcuTh
uT��m6v���v u�h rontl�pTio���j��v

Dc0

�2 ���p�u>l p>l{l�m�nkv �z��}(l��j��v u�v{u���m6v���v hq� ��rtno���jv���l�i¢}~��nk��l�uThji
uTh�rontl�pTio��� % hjiXhqpsrtnkh v�i_}(v u�v�i_� ����ntl#�j��v�p>l���i(p�v hqikrtl�u�v hj��h�rtn ��p����qvc� xTp�u>l�}~hjp�r|l�� ��it��v
��p�u�x�§q��u�l�i�m6hq��l~��p�rthqntl��j��v(hjp�rtnoh¤v_�jl�}(m6v(hj� �qrono���qv(u>l(nol�u���l����#v(	 �]�jv�}Cv_}~v�}~hjpsrov(uTh
uT��m6v���vbm6hqno}(l�p�hqpsroh � u�l¢}~v�� �j�jxT��lT� � ���z��l�}~hjp�rth��`}~v�� �j�qx���l�i�u���l#r ��}~� ��l�i�l�m6v���l#nohqi�p�v
ikhjx_hji�r|l�uTv�hq��hqron���pT���jv�� x�p�u>l#}(hqpsr|l#� io��v¤��p�ikhjp�ik����hq��i���nol�u����j��v�	 �^h#� �jv�p�ikhj����hjp�rthj}~hjp�rth��
v�i h��zm6hq�qrtnkv�iym�xT}(mz� m�nov��6h�uTh�	 �&% �('Iioh��jv�}(m>l#ntl�}-l�v�i8hjikm6hj�qronov�i��jv�ps��hjpT�j��v�p>l���i '�  �
v�x '�� � �

��v�no}(l���} hjpsroh8v�i�}~v�}~hjpsrov�iQu�h�u���m6v���v�hq� ��rtno���jv�iUm6hjno}(l�p�hqpsroh�h�u�h rtntl#p�io������v�io��v�� x�p �
� % hjiQu�l�i`�jv v�nku�hjp�l�u>l�i`p x��q��hjl�nohqij���psronohqrtl�p�u�vT� ioh8l�l�mTnov �z��}_l��j��v�uTh ¥�v�nopz� � m�m6hjp�Thj��}~hjn
�1nol�§jv�l ��hq��}~hjpsroh1iol#rt��ik� hq��r|l m>l#ntl v�i~hji�r|l�u�v�i(hj��hqrtn ��p����jv�i u�h1��psrthqnohqioioh#��hjpsrt��v r|l#psrov!�
�sx>l#psrtv

Dc0

io��v(hjikm6hjntl#u�v�i��#l�nk��l�n�}�x���rov ��hjpsrtl�}~hjpsroh�p>l�i��qv v�nou�hqp>l�u>l#i�psx��j��h�l�nkhjij� m6hj��v
� �
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}~hqp�v�iym>l�ntl¤x�}3m6hq�sx�hjp�v ��psrohjnk� l���v¤u�h��#l#no��l#����v�u�hqikrtl�i�hq}2rtv�nop�v�u>l�m6v�io���j��v�uTh�hj�sx������ �
�Tno��vRu>l 
�hqv�}~hqrono��l�u>l }~v�� �q�jx���lT� ��l�ntl l�i�l�m������jl��*% hqi�u>l hqiom6hj��rtnkv�io�jv�m���l~	 ��% �('+p>��v �
xT}_lR�6v�l~l�m�nkv �z��}(l��j��vR�jv�pTio��uThjntl#n�l#m6hjp>l�i�m6hq� xThjp>l#i�u���ikrtv�no�*% hqi�}~v���hq�jxT��l�nkhji��jl�x�iol�u>l�i
m6hq��lXl��j��vbuThRxT}Pm�x���iovbuThR��l�iohqn���p�rthjpTiovbv�m6hqntl�pTu�vbp>lXnoh 
�����vXuTvb	 ���£��v�n �j} l(rtntl#p�io� �
�j��v���p�uTx�§j��u>l¤m6hj��l¤ntl�uT��l��j��v �*' mZv uTh�iohqn��jv�p�ik��u�hqntl�u�l��qv�}(v�v �jv�nonohqp�u�v�hj}3xT}2rohj}~m6v
}�xT��rtv��qx�nkrov �

< 10−15 i  �� ��hqikr|l � v�nk}_lz��hqikr|l rontl�pTio���j��v m6v u�hXikhjn��qv�p�io��u�hqntl�u>l �jv�}(v
xT}_l(rontl�p�ik���j��v_��hjn�rt���jl�� �Z�sx>l�p�uTv1lX}~v�� �j�jxT��l~hq� hqro���#l#}(hqpsroh�p>��vX}�x�u>lXlXiox�lbhqikrtnkxTrtxTntl

�hjv�} �qrono����lT� ��hji�rth���l#iov��6v(}(v�}~hjp�rtv~u�h¤u���m6v���v u�h�rtnol�p�io�����#v

Dc0

m6v u�h¤iohjnq�Zm6v�n�r|l�p�rtv��
�qv�p�ik��u�hqntl�uTvbx�}(l_�jv�p�ikrtl�psroh����ikrtl��RlXl�m�nov��z��}(l����#v_u�hR�>nol�p��������yv�p�uTv�p£����l�i�l�m�������l �
� % hjiUu>l�hqiom6hj��rtnkv�io�jv�m���l�m�x�}~mz�
m�nkv��6h8u�h 	 �&% �*'Gm>l#ntl�v�iUik��ikrohj}(l�iQ}(v���hq�jx���l�nohqiQl�m�nkhjiohqpz�
rtl�u�v�i�p�v�i���l#m���rox���v�i "��T�z����hqikr|l#nohj}~v�i�hj}~m�noh 
�l�p�u�v�l�l�m�nov��z��}(l����#v¤u�h��>nol�p��������yv�p�uTv�p
p�lXuThjio�qno������vXu>l�i�rtntl#p�io���*% hji���l#x�itl�u�l�i�mZhq��v�i�ntl���v�i�� ']}(l�ij�gl_�jv�nonoh�r|l_u�hqm6hjp�u�qp��j��lXp>l#i
�qv v�nouThjp>l#u>l�i�psx��q��h�l#nohji�u�v�i�}(v�}~hqpsrtv�i�u�h�u���m6v���v m6hjnk}_l#p�hjp�rth�u�v�i�hjikrtl�u�v�i�hj��hqrtn ��p����jv�i
ikhjno��v~u�hq� ��u>l�}~hjpsroh�u�h�rthjnk}(��p>l�u>l#i�m6v�n�} �qrov u�v�i�u>l(��x���}(���jl ��x ,�p�rt����lT�

����� 4 "%�&����� ���	�#" � ���3H � �$��� � ��
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�  #no��v�i�m>l�n&,�}~hqronov�i�uTh �>p�hq}@v�m6hjn ���>u�v�hqiom6hj��rtnov¤m�xT}(m �
m�nov��6h�u�h�	 �&% �('fnohqiov�� � ��u�v
pTv_rthq}~m6v��Zhqpsronoh�hj��hjij�Zv�i�m>l�n ,#}(h�rtnov�i��jv�psrtnkv���l#u�v�i�h�� rthqnop>l�}~hqpsrth��jv�}~vXl(��p�rthqp�io��u>l�u�h#�
� v�no}(lT�zu�xTntl��j��v uTv�i�m�xT��iov�i�u�h�ntl�u���l����#v�	 �+h �('&h�vRrohj}~m6vRu�h�l#rontl�ikvRhjp�rtnoh�hq��hqij�8��}
v�xTrtnkv_m>l#n ,�}~hqronov(��}(m6v�n�r|l�p�rth ��l~� l�ikh¤u>l(ntl�uT��l��j��v(	 ���Z�ikrthqi�l�ikm6hj�qrov�i�iohjno��v_u�hqrtl����>l �
u�l�}~hjpsroh�hqikrox�u>l�u�v�i�p�v ��l�m�� rtx���v�"�� ��hqikrtlRikhj�j��v��Thjikrtl�nohq}(v�i���psrthqnohqioitl#u�v�i�hj} � v ��l�����§jl�n
v�m>l�m6hj�Zu>l¤� l�ikh�u>l�ntl�uT��l��j��v�	 � �sx�h���psrtnkv u�x�§�x�}2hq� hq��rov���psrohjnohqioiol�psroh�p�v�hjikm6hj�qronov �>p>l��
�sx�hbrohj}dx�}(l��jv�nonohqiom6v�p�u �jp��q��l u���nohqrtl��jv�}Yv hq� hq��rtv u�hb��p�rthqnk� hjn �jp��q��l�hqpsrtnkh¢v�iRp�� ��hj��i
� ����ntl��q��v�p>l���i�u>l }~v�� �j�jxT��l�p�v~iohqx�hji�r|l�u�v~hq��hqron���pT���qvR� x�p�u�l�}(hqpsrtl�� �
 \hq�sx>l����#vwu�h � ����n"! u���p 
�hjnF� hq� ���  z� ���� . � nohqiov�� � ��u>l x�itl#p�u�vwlGl#m�nov��z��}(l�����v u>l

v�p�u>l nkv�r|l rt��� l � iohq���� z�!�� ~m>l�ntlcv m�nov �qhjikiov u�h l���ikv�no�j��v |0〉 → |1〉 hjp�rtnkh v�iXhji�r|l�u�v�ihqikrtl��j��v�p  �nk��v�i�� ����nol��j��v�p>l���i |0〉 h |1〉 u�v�hji�r|l�uTv�hq��hqron���pT���jv�� x�p�u>l#}(hqpsrtl�� ���jv�}]l�ntl#u���l��j��v	 �)uTh�� nkhj����qp��j��l
ωL = ω10

�8 �ioio��}1�Trthj}~v�i��sx�h

a1(t) = ı e−ıϕL

t∫

−∞

dt1 (d10 · ẼL(t1)) = e−ıϕL c1(t), a0(t) ≈ 1,
�  � $#"= 

� T
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v�p�u�h
d10 = 〈0|d|1〉 � ��l hq� � �  � $�"- ���l�v �jv�psrtn& �no��v uTh

a0(t) ≈ 1
��l l�}(mT��� rox�u�h�u�h

mTnov��>l#��������u>l�uThRu�v1m�no��}(hq��nkvbhqikr|l�uTv1�z����ntl#�j��v�p>l���iohjn�m6v�mTx���l�uTv1u�hqm6hjp�uTh_u>lb� l�ikh
ϕL

u>l
nol�u���l����#v�	 ��� ��iol�p�u�v�rthqv�no��l�u�h m6hqnkrtxTno�>l��j��v�u�hjm6hqp�u�hjp�rth�u�v�rthj}~m6v�� �jv�}~v�p>l�hj� � �  � $�"- ��
��mZv�ioio� ��hj��hjp�rthqp�u�hqnb�qv�}~vcvcm>l��jv#rth u�h v�pTu>l � hj� � �  z��� 
   u�hqm6hjp�uTh u>l � l�ioh �sx>l�pTu�v
ωL = ω10

|φ(t)〉 ≈ |0〉c0(t) e−ıε0t + |1〉c1(t) e−ı(ϕL+ε1t) + |2〉c2(t) e−ı(2ϕL+ε2t) + · · ·, �  � $��� 
v�p�u�h

c0(t) ≈ 1
�
c1(t)

�Ru�h �>p���u�v¢p>lbhq�6� �  z� $�"= �£h
c2(t) ∼ c21(t)

� � i��qv h �>�q��hqpsrthqi
cν(t)p���v(u�hjm6hqp�u�hq}Pu�l~� l�ikh

ϕL

p�l_l�mTnov��T��}_l#����v u>l~v�p�u>l~nkv�r|l#ro���#lz�y )hj� � �  � $��� �}~v�i�rtntl~l

�ntl�p�uTh�u�hjm6hqp�u�qp��j��l~uTh

φ(t)
�qv�}0lR� l#ioh#�

 \hj�sx>l��j��v �  z� $��� ��L��psrohjnomTnohqrtl�u>l{�qv�}~vGikhjp�u�vwx�}(l{ikx�m6hjnkm6v�io������vw�qv hjnkhjpsrohcu�v�i
hqikrtl�u�v�i�� ����nol��q��v�p>l#��i��jnk��l#u>l�mZhq��l���p�rthjnol����#v�u�l�nol�u���l����#v 	 �0�qv hjnkhjp�rthb�qv�}\v�io��ikrthq}_l
}~v���hj�qx���l�nq� �ikrtl~u�hjm6hqp�jpT�j��l(uTv(m>l#�jv�roh�u�h�v�p�u>l p xT�j��h�l�n

φ(t)
�jv�}0lR� l�ioh�u�l~ntl#u���l��j��v

	 �+nkhjikx���rtlRp�v�i�hqiom6hj��rtnkv�i�m�x�}~mz� m�nov��6h�u�h�	 � %+ntl���v�i�� '=r|l�}�� �j}3uThjm6hjpTu�hjp�rthji�u>l�� l�ikh
ϕL

�� @uThjm6hjpTu�jp��j��lbu�v�i�hjiom6hq�qronov�i�m�x�}~mz� m�nov��6h�u�hR	 � %@ntl���v�i�� '-�qv�}Pnohq��l��j��vb�_� l�ikh
ikhjn& }~v�ikrontl�u�l�p�v�i���l�mT��rtxT��v�iy" h��z�8�p�rtnoh�r|l�p�rtv���pThjikroh�}(v�}(hqpsrtvT� ��h��zm�������l�uTvR�jv�}~v l
uThjm6hjpTu�jp��j��l_uTv_m>l#�jv�roh¤u�h¤v�p�u>l~p x��q��hjl�n�u�v(hjikrtl�u�v_hq��h�rtn���pT���qv � x�p�u>l�}~hjp�r|l��

φ(t)
�jv�}

l � l�ioh
ϕL

ikv���noh�� ����h�u�x�nol�psroh�v�i~m�nkv �jhqioiov�i_u�h l��Tiov�nk����vs� ��v�pT��§jl�����v u�h�nol���v�i��)'��8��l#ntl
��ikrov�� �qv�p�io��u�hqnohj}~v�i~l m�nov��>l���������u�l�u�h_rov�r|l��yu�h1l���ikv�no�j��vs�#��v�p���§�l��j��v uTh1nol���v�i�� ' 
�x���l#u>l
m6hq��l¤nol�u���l����#v¤	 � iohqp�u�v�m�nov�m6v�no�j��v�p>l��6l#v�}(� u�xT��v�� x�l�u�ntl#u�v�u�v�m>l��qv�rth�u�h�v�p�u>l �  � $��� ��
��hjikrtl�}(l�p�hq��ntlz�sv¤m�nk��}~hj��nov�h�v¤ioh 
�x�p�uTv�rthqno}~v�i u�v���l�u�v�u���nohq��rtv�u>l¤hq� � �  z� $��� �u���v¤x�}_l
��psrohjnomTnohqrtl��j��v l#��rthqnop>l rt��� l1hX}�x�� rtv �Tro���8iov���nkhXv�h�� hj� rtv u>l�� l�ikh � ��¨ � �  Au�hqmZhqp�u�qp��j��l
�qv�}Ml � l�ikh1ioxTn&
�h1u�l ��psrohjnk� hqn&�qp��j��l u�v�i~�jl�p>l���i u�h�l#��iov�no���#vs�#��v�p���§jl����#v u�h1x�} h¢u�v���i
� �#rtv�p�iq��l��Tiov�nk����vbuT��noh�r|l_u�h�x�}O� �#rtv�p�u�h�ntl���v�i�� ']u�vbhji�r|l�uTvb� ���Tntl��q��v�p>l#�Q� x�p�u>l�}~hjp�r|l#�
�
ν �

¨- �h�l��Tiov�nk����v�u�h�x�}]� ��rtv�p u�h�ntl���v�i�� 'fu�v�hqikr|l#u�v�� ���Tntl��q��v�p>l#��h �z�j��rtl�u�v �
ν � 


 �sx�h
��mTnohq� ��l�}(hqpsroh�m6v�mTx���l�uTv m6hj��l~l#����v u�h�x�}A� �#rtv�p¢u�h�	 ������h/.ol~����
T�> z�! z�
� iyu�v���i��jl�p>l���iyuTh�l��Tiov�nk����v�u�h�nol���v�i��)'^u�h�x�}2h�u�v���i � ��rtv�p�iy}~v�ikrontl�uTv�i�p>l�����
��z z�! 

uT��� hqnohj}2hjp�rtnkh�io�gikv�}(hqpsroh�m6hq��l¤� l�ikh�uTvRm�x���iovRmTx�}(mg�� �ikio��}1�Tl�� l�ikh
ϕX

u�vRm�xT��iov�m�nov��6h
uTh�ntl���v�i�� '+p>��v~��p � x�hjpT�j��l~l ��psrthqnk� hqn&�jpT�j��lz�>�sx�h¤u�hqm6hjpTu�h�iov�}(hqpsroh�u>l � l#ioh

ϕL

u�v~m�x���iov
mTx�}(m�u�hR	 ���g @nol�§j��vbm>l#ntlX��ikrov ���sx�hRvb}~hjik}(v_� ��rov�p�u�hRnol���v�i��)']m>l�n�rt���j��m�l(u�v�i�u�v���i
�jl�p>l#��i�u�h�l���iov�no���#v�����hji�r|l_}_l�pThj��nolT�6l(�qv hjn&�qp��j��l_u>l(nol�u���l#����v~	 � ��v_hq��hq}(hqpsrov_���>l ��h
u�lRhqiom6hj��rtnov�io�jv�mT��l mTx�}(m �
m�nkv��6h�u�h�	 �&% �*'+u���io�qxTrt��u>l�p�hqikrth�rontl���l�����v�u�h�rthjikh���� l#§jhjpTu�v
�qv�}a�sx�h(v�m6hjn �>� u�v�i¤hqiom6hj��rtnkv�i�u�h_l��Tiov�nk����v��#��v�pT��§�l#����v¢uTh(ntl#��v�i��)' ioh/.ol�}Fikhjp�ik����hq��i��
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�xTntlL z�! z��	
p�rthqnk� hqn&�jpT�j��lLhjp�rtnkh v�i(�jl�p>l���i
uTh�h��z�q��r|l#����v�u�v�hj� �qronov�p uTh���l#}_l�u�l���psrohjnop�l
m6v�n�x�}Ah�u�v���i�� �#rtv�p�iq�

� l#ioh
ϕL
� ��l�����
T�� z�  �m6v u�hj}~v�i�pTv�r|l�n �sx�h�v�i�hqiom6hj��rtnkv�i u�h�l���iov�no���#vs�#��v�p���§jl����#v�u�h�ntl���v�i��

'Aiohqnt��v iohqp�io� ��hj��i��1� l�ioh
ϕL

u>l�ntl�uT�����#v�	 �����sx>l#p�u�v l�u�x�nol�����v u�v m�x���iov u�h_nol���v�i��)'
p���v � v�n�}_l#��v�ny�sx�h

π/ωL

�8 &u�x�nol�����v u�v~mTx���ikv~u�h�nol���v�i��)'&uThjikrtl~v�nou�hq}���nkhjioxT��r|l#n  Rp�v�i
hqiom6hq�qrtnkv�iRu�hXnol���v�i��)'3�jv�}Yl�i��>l�p�u�l�i�u�hXl���iov�no���#v ��l�n&
�l#i¤v�iox ���j��hjpsrohbm�l�ntl nkh*
���ikrtnol�n
vch�� hj� rtvcuTh ��p�rthjn�� hjn �jp��q��lLhqpsronoh v�i(��l�p�l���i(uTh x�} h u�v���i~� �#rtv�p�iq���jv�}(vL}~v�ikrontl�u�vLp>l
����
��> �  �
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� hjikrox�u�v(u>lRu���p,�}(���jl�u�hqiohjp���v�� �z��u>l m6hj��v�i  #rov�}~v�i�hq}Wx�}Wik��ikrohj}(lR}(v���hj�qx���l�n�xzrt� �
����§jl�p�u�v�r �j�qp�����l�i�u�h�m�nov�m�l�
�l��j��v¤u�h�m>l��jv#rthji�u�h�v�p�u>l�p�hj�qhjikio��r|l¤u>l�v��Trohjp��j��v�m�n �q� ��l�u>l#i
�qx�nk� l�i�u�h�hqp�hjn 
���l�m6v#rthjpT�j��l#�Zu�v�i�hqikr|l#u�v�i�hj��h�rtn ��p����qv�i�hjps��v���� ��uTv�ij�Tm6v�n�h �zhj}~m���vT�Thq}3x�}
mTnov �jhqioikv~� v#rtv �sx���}~���jvT� ��}3m�nov �jhqu���}(hqpsrtv l#��rthqnop>l rt����v�h��>l�i�r|l�p�rth�x�itl#u�v m>l�ntl�ikh�v��Trohjn
l#i��qx�nk� l�i�u�h�hjp�hqn&
���l�m6v�rohjp��q��l��Zp�hj�qhjiki  �no��l�i�� l�§�x�iovRu�v�i�} ��rtv u�v�i�uTh��  #���jxT��v�iyu�h�hji�rtnoxz�
rox�ntl1hj��h�rtn ��p����jlT� ��hjikroh_rontl���l�����v1it�#v xTrt������§jl�u�v�i�v�i¤} �qrtv uTv�i¤}�x�� rt���qv�p � 
�xTntl��q��v�p>l�� u�v
�jl�}~m6vXl#xTrtv#�
l�xTrov �jv�p�ik��i�rthjp�rth � ��� � ���� ��� 
 � h¤u>l(�Uhjv�no��l~u�vX�>x�pT�j��v�p>l��QuTh���hqp�io��u>l�u�h
� �����	 � �� � �   ioh 
�x���nj� ��l�m�nkhjikhjpsrtl�u>lT�Tm�no��}(hq��nol�} hjp�rth��zl�hjiki&�jpT�j��l�u�vR} �qrov u�vR¦�l�nkronohjh �
�>v ����� ¦��C � � 
 � � ioh*
�x���u>l¤m6v�n�xT}2��nkhq��h�nohjikx�}~v�uTv�iy} �qrov u�v�i��jv�}(mTxTr|l��q��v�p�l���i���� � �y�
h��������

� ��� K � ��� �����y<�E 
 ���

� ¦�l�}(��� rov�p���l#p�v
H
�sx�h¢u�hqio�qnohq��h1v }(v � ��}~hjp�rtv�u�hbx�}dio��ikrohj}(l uTh

n
hq� �qronov�pTi �

hqio�qno��rov��>uTh¤l��qv�nouTv~�jv�}0l l�m�nov��z��}(l����#vRu�h¤¥�v�nopz� � m�m6hjp�Thj��}(hqnj���jv�}~v x�}(lRiov�}(lRio��}R�
mT��hqi�u�h

n
v�m6hqntl�uTv�nohqi�u�hXx�}\hj� �qrtnkv�p£� �sx�hX�jv�psr �q}dl hjpThjn&
���l �q��p���rt����l�u�v�hj� ��rtnkv�p

i
h

v¢rthjnk}(v1u�h(l#rtnol����#v�u�hqikroh_�qv�}av�p �T�j��hjv
A
�U}_l���i

n(n − 1)/2
rthqno}~v�i�u�h(u�x�l�i¤m>l#nkrt� �

�qx���l�i�u�hq� ��u�v��#i��qv�psrono����x���� % hji�u>lbnohjmTx���io��v¢m6v�rthqp��j��l��8��v�x���v�}R�T��l#p>l_hqpsrtnkh v�i�hj� �qrtnkv�p�i
i
h
j
�R  ikv���xT����v¢u�v¢m�nov��T��hj}(lXhj��hqron���p����jv � u�h�rthjnk}(��p>l�u>lXm6hj��l¢hq�sx>l��j��v�u�h � ����n"! u���pz�


�hjnj�
HΨ = EΨ

��m>l�ntl l � x�pT����v u�h1v�p�u�l
Ψ ≡ Ψ(r1, r2, ..., rn;R1,R2, ...,Rm)

�y�sx�h
uThjm6hjpTu�h�h �zm������j� r|l�}~hqpsrth�u�v(�qv�p .kx�p�rtv~u�h��jv v�nou�hqp>l�u>l�i��

ri � u�v�i n hj� �qronov�p�i�u�v~io��ikrthq}_lh�m>l�ntl#}(h�rtno����l#}~hjpsroh¤u�vX�jv�p .kxTpsrtvXu�h��jv v�nou�hqp>l�u>l�i	�
RA � uTv�i m p �T�j��hqv�i�l#r���}~���qv�i�u�v

ik��i�rthj}(l�}(v���hj�qx���l#nj�zl�� �j}2u>l�i��jv�p�u���� % hji�uTh��jv�psrtv�nop�v l�uThj�sx>l�u>l#i�m>l#ntl�hqikr|l#u�v�i�����
�l�u�v�ij�
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}(l�i�hj��hqrtn ��p����jv�i�nohqikrono��rov�i8u�h���l�}(l�u�l�� hq����l�u>lT� ��hqikrohjij� ��}(l�psro��u>l�x�}(l��jv�}~m���hqr|l�io��}(h �
rono��lR�jv�}Wnohq��l��j��v~l�v�i�hq� ��rtnov�p�i�u�h�ikm���pTi�u�� � hjnkhjpsrohji

α
h
β
� ��l~l�mTnov �z��}_l#����vRu�h�¦�l rtnohqh��

�>v ��� ��l�� xTp�����v�u�h�v�p�u�l�rov�r|l��
Ψ(r1σ1, ..., rnσn; {RA})

��hjik�jno� r|l�p>l�� v�no}(l�l�m�nkv �z��}(l�u>l
uTh�x�} ��p����jv�u�h�rthqno}~��p>l�p�rthyu�h � ��l#rthqnj��v��sx>l#����u�hjik�jno� rtv�m6v�n x�}Vm�nov uTxTrtv�l�p�rt� �
io��} ��rtno� �jv
uTh�iom���pz� v�no��� r|l�� i�uTh�x�}2hj� �qrtnkv�p

ψi(riσi; {RA})
�Tv�pTu�h

σi
�jv�nonohqiom6v�pTu�h����jv v�nou�hqp>l�u>l�uTh

ikm���p�u�h¤x�}Chq� �qronov�pg����}(l � x�p��j��v_u�h¤v�p�u�l(hj��hqron���p�����l hjik�jno� r|l~�jv�}~v(x�}CuThqrthqno}~��p>l#psroh
uTh � ��l#rohjn�iol#rt��ik� l�§�v m�no��p��j��m���v�u�h�h��z�q��x�io��v(uTh¤��l#x����£m�l�ntlRv�i

n
hq� ��rtnov�p�i�u�v io��i�rthj}(lT�

� }~hj����v�n��jv�p .kx�psrov�uTh_iomT��pz� v�no��� r|l�� i �
ψi(ri, σi) � � u>l#� xT��hq}\u���l�p�rth���l�u�hqm6hjp�u�qpz�

�q��l m>l�ntl#} ��rtnk����l��jv�} v �jv�p .kx�psrovLu�h1�qv v�nou�hqp>l�u>l#i(uTv�i~p �T�j��hqv�i(l#r���}~���qv�i �
RA � iohjn& v�}(� rt� u>l- �¢hqio�qv�������u�v u�h1l#�jv�nku�v �jv�}dx�}d�jno� r �qno��v �#l�no��l��q��v�p>l#�yl�m�������l�uTv l�v � xTp��j��v�p>l��

E[Ψ] = 〈Ψ|H|Ψ〉/〈Ψ|Ψ〉 �Zm>l�ntl_l(� x�pT����vXu�h�v�p�u>l Ψ
}(l�p�rt��u�l~p�v�nk}_l�����§jl�u>lT��8i�rth��jnk� �

r �jnk��v¤��}(mT��� ��l�hj} hqp��jv�psrtnol�n�v¤�jv�p .kxTpsrtv�uTh�� x�p��*% hqiy�sx�h�� v�nkp�hj�qh�x�}-�#l���v�n8}(��p���}~v�m>l�nol
E[Ψ]

� v_�sx>l#� �¤�qv�p�ikh*
�x���u�v_��
�x>l#��l#p�u�v~l~§jhqnovXl �#l�nk��l��j��v
δE[Ψ]

u�v~� x�p��j��v�p>l#�
E[Ψ]

�� 
ikv���xT����v u�hqikroh¤mTnov�����hj}(l�nohqiox�� r|lRp>l hj�sx>l#����v~u�h�¦�l�n�rtnohqh��
�>v ���_nohqikrtnk��rtlT�

Fψµ(r) = εµψµ(r).
� �T� 
  

� v�m6hjntl#u�v�n�u�h¤�>v ��� �L"�� ��u�h �>p���uTv~�jv�}(v

F(r) = h(r) + vHF(r) = h(r) +
∑

ν

[Jν(r) − Kν(r)],
� �T�! � 

m�l�ntlRv�i�v�m6hqntl�uTv�nohqi�u�h�nohqm�x���it��v(�yv�x���v�}�����l�p>l��j�� �ioik���qv��

Jν(r)ψµ(r) =
1

4πε0

∫
ψ∗

ν(r
′)

[
e2

r′ − r

]
ψν(r

′)dr′ψµ(r),
� �T���- 

h�uTh�ronov ��lRv�x1m6hqno}�xTrtlT�

Kν(r)ψµ(r) =
1

4πε0

∫
ψ∗

ν(r
′)

[
e2

r′ − r

]
ψµ(r′)dr′ψν(r),

� �T� "= 

��#
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hq��h�rtnov�ikr� rt���jlT���ikroh ��� rt��} vXv�m6hjnol�u�v�nq�?� �T��"- ��£rthq};v�nk��
�hq}Pp�v¢nohj�sx�hqno��}(hqpsrov1u�hRioh x�itl�n
xT}_lR� x�p��j��v_uTh¤v�p�u>l(l#psrt� �
ik��} ��rtnk����lRm>l#ntl~x�}0io��ikrohj}(l~hj��hqron���p����jvT� v�x£�6v(�sx�h ��hj�sx���� l �
��hjp�rth#��p�v1m�no��p��j��m���vbu�h~h��z�j��x�it�#v u�h(��l�xT��� �$��l1hq� x�l����#v � �T�! � ��l1ikv�}_l¢ikv���nkh(v1��p�u����jh
ν
��� l�nonkh�rov u�v�i�v�i�v�nk����rtl���i�u�h�x�}Whj� �qrtnkv�p1v �qx�m>l#u�v�i�m6hq��v�i

n
hj� ��rtnkv�p�i�u�v~ik��ikrohj}(lT� 
?���  

�Xv�v�m6hjnol�u�v�n�u�hbxT}Yhj� �qrtnkv�p � hjpThjn&
���l �j��p��qro���jl }_l���i¤hjp�hqn&
���l u�h¢l rtntl#����v��qv�}Yv�i�p��z�
�q��hqv�i�l#r ��}(���jv�ij�zm>l�ntl�v hj� �qrtnkv�p �  yh

vHF(r)
nkhjm�nkhjiohqpsrtl~v v�m6hqntl�u�v�n�hq� h�rt����v uTh�nohqm�x���it��v

hq� ��rtnov�pz�
hq� ��rtnov�p£�Tv~m6v�rohjp��q��l��£} �juT��vRu�h�¦�l�n�rtnohqh��
�>v ��� �
��hq� ��u�v ��p>l#rtxTnohj§jl�p>�#v�����p�h�l�n�u�l hj�sx>l��j��v u�hX¦�l�n�rtnohqh��
�>vz��� � �T� 
  ���iox>l#i�iov���x��*% hqi

io��vbuThqrthqno}~��p>l#u>l�i�uTh�� v�no}(l(��rohjntl rt��� l_l�xzrtv#� �jv�p�ik��i�rthjp�rth#�� ]m>l�n�rt��n�u�h�x�}P�qv�p .kx�p�rtvbuTh
� xTp��*% hqi���p����j��l�� i �

ψ
(0)
µ � � v v�m6hqntl�u�v�n�u�hX�>v ��� u�h_v�nku�hj}\§qhjnkv��

F(0) � �(� v�nk}_l�uTv�� �yv�}
hqikrohbv�m6hjnol�u�v�nq��nohjikv�� ��h��
ikh¢l hj�sx>l��j��v u�hb¦�l�nkronohjh ���>v ��� � �T� 
  �hXx�}Yp�v ��v �jv�p .kxTpsrtv uTh
v�no��� r|l���i �

ψ
(1)
µ � nohqiox�� r|l�p�rthji�u�hji�r|l_m�nk��}~hj��ntlR��rohjntl#����v �¤m�nkv u�x�§j��u�v����ikrohjij�gm6v�n�iox>l~��hj§��io��v�xzrt������§�l#u�v�iQp�l��jv�p�ikronox��j��v�uTv�v�m6hqntl�uTv�n�uThy�>v ����l#rtx�l�����§�l#u�v��

F(1) �#�sx�h��#�z��l�l�hj�sx>l��j��v
uThb¦�l#nkrtnkhjh ���>v ��� � �T� 
  �� 
�hjnol v��jv�p .kx�psrov u�h_v�no��� r|l���i�u�hXikh*
�xTp�u>l���rthqntl��j��v �

ψ
(2)
µ � � �mTnov �jhqu���}~hqpsrtv���rohjnol#rt� ��v ��hqpsrt��v��jv�p�rt��psx>l�uTv�m>l#ntl

F(2) ��� v�no}(l�u�v�l�m>l#nkrt��n�uTh�� ψ(2)
µ � � l r ��sx�h¢l u�hjp�ik��u>l#u�hbhq��h�rtn���pT���jl

ρ(i) u>l i � �qio��}_l���rohjnol����#v�ioh/.ol u�� � hjnohqpsrohXu>l�u�hqp�io��u>l�u�hXu�hv�nou�hq}
(i − 1)

�
ρ(i−1) �`m>l�ntlXx�};hqnonkv1u�hR�jv�p���hjn 
 �jp��q��l

η
����¨- �hjikm6hj�q���>�jl�u�v��U��ikrov �#��l r �

�sx�h x�}(l¢l�xTrtv �
�qv�p�io��ikr �qp��q��lbikh .ol1l����jl�p��jl�u>lT�R��ikx>l���}~hqpsrth
η
� u>lbv�nou�hq};u�h

10−12 �R 
uThjp�ik��u>l#u�h�hj��hqron���p�����l

ρ(i) ��u�h �>pT��u>l��qv�}~v�iohjpTu�v�l�iov�}_l�u�v�}(� u�xT��v��sx>l�uTntl�u�v�u�v�i n/2v�no��� r|l���i
ψ

(i)
µ
u�h�}~hjp�v�n�hqp�hjn 
���lI� v�i�v�nk����rtl���i�v �jx�m�l�u�v�i��jv�}Ahj� �qrtnkv�p�i  ��

��v1m6v�psrov1u�h � ��ikr|lb�jv�}~m�xTrtl��j��v�p>l�� �£x�}(lb� v�no}(lb�qv�ps��hqp���hjpsroh(u�h ioh~v��Trthqn�x�}_lbikv#�
��x��j��v(u>l�i�hj�sx>l�� % hji�u�h�¦�l rtnohqh��
�>v ���F� �T� 
  ��h �zm>l�p�u���p�u�v_v�i�v�no�T��rtl���i

ψµ

hq}OxT}_l~�>l#ioh
�qv�p�Thj�j��u>l

ξν
uTh � x�p��*% hqi � l r ��}~����l�i  ��

ψµ(r) =
∑

ν cµνξν
� ��hqikrth~��l�ikv��Uv��qv�p .kx�p�rtv�uTh

hq�sx>l�� % hji¢��p�rth 
�nov#� u�� � hjnkhjp��q��l#��i_l��qv�m���l�u>l�i_u�h ¦�l#nkrtnkhjh ���>v ��� � �z� 
  � rontl�p�i�� v�no}(l�u�vchj}
xT}W�jv�p .kx�psrov(uTh�hq� x�l��*% hqi�l���
 �q��no����l#i�p>�#v#�
����p�h�l#nohji�l��jv�m���l�u�l�i�p�v�i��jv h �>�j��hjpsrohji�����p�h�l�nkhji
{cµν}

���sx�hbio��v uThqrthqno}~��p>l#u�v�i�u�h_� v�no}(l���rohjntl rt� �#lT��hq}Yx�}\m�nov �qhju���}(hqpsrtv�l�p  ���v 
�v l�v
hqio�sx�hq}_l rt��§jl�u�v(l#�j��}(l�m>l#ntl l u�h�rthqno}~��p>l��j��v uTh

ψµ

�
 Vl�m�nov��z��}(l����#v~uTh�¦�l�n�rtnkhjh��
�>v ���_rtntl#rtl~v�i�hq� ��rtnov�pTi�uTh�� v�no}(lR��p�u�hqm6hjp�uThjpsroh��� )noh �

mTx���io��v hj��h�rtn ��p�����l ikhjp�rt��u>l m6v�nRx�} hj� �qronov�p hjik�jv�������uTv � �¢��p��q��xT��u>l �jv�}~v x�}(l } �ju���l
m�l�ntl~v~}(v �z��}~hjpsrov u�v�i�v�xTrtnkv�i

n− 1
hq� ��rtnov�p�i�u�v(io��i�rthq}_l hj��hqron���p����jv��y��l�nol~�sx�h�l~�jv�n��

nkhj��l����#v¤hj��hqron���pT����l�m�nkhjikhjpsroh�pTv�v�m6hqntl�uTv�n�¦�l�}~��� rov�pT��l�pTv�v�no��
���p>l���m6v�ikitl¤iohqnynkhj�qx�m6hjnol�u>lT�
��p�hj�qhjioi& �no��vX�sx�h¤} ��rtv u�v�i�m6��i���¦�l�nkronohjh ���>v ���bv�x£�6m6v�n�h �zhj}~m���v�� v(} ��rtv u�v(�����&ikh .ol#}

� %
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∫
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− ~
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2me

∇2
1 −

N∑

A=1

ZAe
2

4πε0rA1

+

∫
ρ(r2)e

2

4πε0r12
dr2 +

δEXC [ρ](r1)

δρ

}
ψi(r1) = εiψi(r1).
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1"� & ��')(%* �%H43?�Va"C"'(3,� $417$4�:D�+"����� �e.�$4C#�x�%!#'/3#D7C#$4�%$?$[8?3,'/g�.:!#'p$\1#-p$=� *,89-/.�$[1"3?8?3,+"w aB-(1"3

4NM



� 
�� " � ��$%��
�� ���!����� $%��� " � "	��
��� ������
��
� �	��� �������(������� "�� � ��$%����� ����� 4(� �� ����$%�����������

531,0

532,0

533,0

534,0

1.5 2.0 2.5 3.0 3.5
r (u.a.)

0,0
1,0
2,0
3,0
4,0
5,0E

ne
rg

ia
 (

eV
)

A
B C

Probabilidade de absorção

Ω
 (e

V
)

B

C
D

Probe

Pump

2Σ− 
[NO*(1s)]

2Π [ΝΟ]X

-1 0 1 2 3
Ω (eV)

0,00

0,02

0,04

0,06

0,08

0,10

P
ro

ba
bi

lid
ad

e 
de

 a
bs

or
çã

o 
(u

ni
d.

 a
rb

.)

BC

D

A

R>-/N,!#�%$�1#W �.�uR73,��82$4G�H4321"3	�:� C���.)�%��3d1#�^$=c#� 3,��G0H=3	1#�
�%$=-(3,��A * v��

s
1#3�893,+#w0a"-/1#3j1#�?+#-x�%��3,N.��+"-(3J�

X2Π →
2Σ−

���)aB.:-/�<$=1#3�sT-/c#�%$4.:-(3,+#$4'/89��+��%�9C�3,�t!#8~C#!#'/� 3�1#�
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Ω =

ωX − ωc0, ωc0 = 531, 30
� � W

ϕL = 0
W
ωL = ω10 =

0, 241
� � W

eL � d
W
τL = 100

56�:W�v@�[C7$4.:34�%�:�91#�
3,+#1#$���8~1#-/56�:� ��+��%�:�e� ��89C�3,�e1#$�C#��3,C7$4N�$=G0H43�1#3�����A
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C�3,+#1"��+;� �����%H=3e-/+#1#-(.�$41#3,�ZC�3,�o�tD6���E{EW � �@�

IL = 0
D

τX = 15
56��W`� �O�

IL = 2, 3×1012
#J.:8
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D
τX = 3

56�:D
∆t = 1035

56��W9� {O�
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D
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∆t = 1025
56�:W�� q��
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−2
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τX = 15
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X2Π
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1σ
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2σ
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1s
� J
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D

������C���.:� -/s_$48?�:+;� �4W�� �%�%$=+#� -/G0H43I1#��!#8 ��'/g:� � 3,+�1#3�3,��c#-/�%$4'uv
1s

C7$4� $I3�3,��c#-/�%$4'�$4+;� -xA
'/-(N,$4+;� �j�dC7$4� .:-p$4'/89��+��%�j3T.:!#C7$41"3#D

2π
DnN,�:�%$L]T!#$=�%��3I�:���<$=1#3,�2�:'(�)�%� *4+#-(.:3,�9�VaB.�-/�%$41#34�?1#�

.�$48?$417$�-/+;� ��� +#$
4Σ−

D
2Σ−

D
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�
2Σ+

DZ3,��-(N,-/+7$=1#3,�e1"3,�[$4.�34C#'p$489�:+;�%34�\�:'(�:� � *,+"-(.:3,�\17$
.:3,+"M#N,!#�%$=G0H43

1σ12σ23σ24σ21π45σ22π2
Wn|B348?�:+;�%��3,���:���%$41#3,��1#!#C#'/�:� 3,��� H43?3,c"� ���Qs=$41#34�

+"3,�u�:� C���.)�%��3,�E1#�e$4c#��3,� G�H43?1#�t�%$=-(3,��A * D71#�)sT-(1#3 �4��� ���Q�%� -/G��T�:�u-(89C�3,�Q�<$4�`C��:'p$4������N,� $4�u1"�
����'/��G�H43L1"3F� -(C�3�1#-/C�3,'/3���'(g)�%��-(.:3#W J ���Q�%�j���Q�%!#1#3"D�$4�^� -/8\!#'p$=G��T���e1#3,�^��� C��:.:� � 3,�9C#!#89CBA
C"� 3,c��^1#��& ��' � $4-(3,��A * � H43j� ��$4'(-/�0$41#$4�@����C���.:-/M7.�$489��+;� �9C7$4� $j$&�%� $4+#� -/G0H=3j�:'(�:� � *,+"-(.0$&1"�
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C&1�� E 5 G =ID���5 H ?�5 �
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J $4�u��-(8\!#'($4G��T�:��1"3,�u����C���.:� � 3,�EC#!#89CBASC"� 3,c��k1#� &�� ')(%* 1#3 J v\D�C"� -(89��-/�%$=89�:+;� �4DXg
.�$4'/.�!#'($41#3�3�C7$4.:34�%�O1#�`34+#17$�+;!#.�'/�0$4�

φ(t)
1#3��:���<$=1#3k�:'(�:� � *,+"-(.�3E56!#+#17$489�:+;�<$='7$=� �%$0s,g��Z1#$

��3,'(!"G0H439+;!#89g�� -/.0$^17$9�:];!7$4G0H=321#�e|T.V�#��T1#-(+"N,���`1#��C��:+#1#�:+;�%�e1"39�%�:8?C�3"D7��]XWb���BW �����VW�YZ8
����N,!"-(17$BD 32C7$4.:34�%�e1#�e3,+#1#$2+T!".�'(��$4�

φc(t)
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φc(t)
� �:]�W����BW � ��� ��X"�=D"M7+7$4' A
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P (Ω)
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+"39C7$4.:34�%��1#��3,+"17$"D

āν(t;ϕL) = 〈ν|φ(t)〉, ρν = |āν(t;ϕL)|2, � 1#W � �
5634�%$48�.0$='(.:!#'p$41#$4�`�<$48\c�g:8�$4��56� �:]Tl ��+#.:-p$4�usT-(c#� $4.:-(3,+7$=-(�`�\$=�u56!#+"G��T���E1#�e34+#17$?���Q�<$4.:-(3=A
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C"� 3,C7$=N�$4G�H43#W
J $=����-(8\!#'($4G��T�:� 1"3,������C���.:� � 3,��C#!#89CBASC#��3,c��r1#� &�� ' �%$4-/3,�QA * D:3`$4'p$=� N�$48[��+��%3��

Γ ≈ �BD ���
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� ����+7$

X2Π → 2Σ−
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X2Π
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1#$[����N,!"+#17$[.0$48?$417$\1#34��f=� 3,8?34�n1#��+#-x�%��3,N.��+"-(3\��3 aB-(N���+#-/3#WZv@�O��'(g)�%��3,+#� J�� �tv � �%H43
8?$4+��%-/1#3,��-/+7$=�%-xs,3,��+#�:��� �?����]T!"��8?$�1#�9.:3,� ����'($4G0H=3#W?qE34-(��.�34+_��!#+��%3,�k1#�9c7$=� ���t$=�%*48?-/.0$=�
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�m��� $4-(3,��A * �

α = X
�m� H43t893T1#��'($417$4�
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Iα exp
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(t− tα

τ̄α

)2kα
]
, τ̄α =

τα
(ln 2)1/2kα

,
� 1#W �4�

34+#1#�
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tα
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kα = 1, 2, ··· WrYm���%$@�)aBC#�������%H43�gn$41#��];!7$=17$
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kα = 1
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kα � 1
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5 $=� �
ϕL

1#!"�%$4+��%�u$k-(+��%�:�%$4G�H43k17$k�%$=1#-p$4G�H43�&�� .�3,8�$k893,'/g�.:!#'p$"D,�`�<$=8^c�g:8�D;$4C�w4��3kC#!#'/� 3
� ����1#�:-xa"$41"3e3e��-(��� ��8?$k8?34'(��.:!#'p$=��Wb� C"� -(+".�-/C7$4'7�%$4��H43tC7$4�%$k���Q�<$t'(3,+"N�$k89�:8?w,��-($���3,c#� �E$
5 $=� �e17$?�%$41#-($4G0H=3�& �eD�1#�)s,�)A�� �^$43&'/3,+#N43?� ��89C�321#�e8?�:-p$_A sT-/17$91"3,�E���Q�<$41#34�EsT-(c#� $4.�-/3,+7$=-(�
�VaB.�-x�<$41#34�e1#3��:���%$41#3���'/�:�%��*,+#-/.�3d56!#+#1#$48?�:+;�%$4'E� �:���%�?�%�:8?C�3�g?.�3,+#��-(1#�:�%$=1#3�� �:�e-(+"M7+"-/�%3
];!7$=+#1#3I.�348?C7$=�%$41#3L.:3,8 $L�:� .�$4'p$L1#�d� ��89C�3J.�3,+"� -(1"���%$=17$J+"����� ���%� $4c7$4'/�#3#D�����+#1"3�17$
34� 1#�:8~1#�2$4'/N,!#8?$4��!#+#-(1#$41#���t34!I1#�:���:+7$4�e1#�956��8e�%34� ��N4!#+#1#3,�%�)WjYm���%�?�:56��-x�%3�g91#�:M7+"-(1#3
.:3,893[39�)56��-x�%3[17$[89g�893,��-($"W

������� � � )3�D)=AO>Q!?����� �") #(� MN�10%>

J ���Q�<$\����G0H=3^� ��� H43\8?3,�Q�%� $417$4��$e�)s,3,'(!#G�H43\+#3e� ��89C�3\17$=�nC�3,C"!#'p$4G:�T���
ρν = |āν |2

1#34�
+"�/s,�:-(�msT-/c#�%$4.:-(34+7$4-/�

ν �
�"D �,D �BD;��R�17$�893,'(g:.�!#'($ J v 1#�)sB-/1#3 ��-/+;�%�:�%$4G�H43�.�348 !#8 C#!#'/� 3

1"�[�%$41"-p$4G�H43 &��\D s,��� $jR>-(N#W 1#W[TBW\��R>-(N"W 1"WUT&893,��� �%$2�<$48\c�g:8h$	1#-(�Q�%��-(c#!#-/G0H=3	+"3j� ��89C�3
1"3?.�$489C�39��'/g:� � -/.�3[1#39C#!#'/� 39C#!"8?Cd+#3,��82$='(-x�0$41#3^C#$4�%$[39����!ds=$4'/3,�O82f�a"-/893[$ �,D7-/���%3[g4D
ζL(t) = EL(t)/Emax

L (t)
W

�E�uC�3,C#!#'($4G:�T���
ρν

+7$2Rb-(N#W,1#WUT"� $��O893,�Q�%�%$=8�!#8?$9C���];!#�:+7$28?3T1#!"'p$4G�H43?$43?'(34+#N,391#3
� ��89C�3�.:3,8 !#8 C������(3T1#3I1#��34� .�-/'p$4G�H43J-(N,!#$4'u$43I-(+�s,��� ��3�1"3�1"3,c#� 3�1#$J56� ��];l,�:+#.�-($�1#3
&��eW�Ym���%$4�u3,� .:-('p$=G��T�:��3,� -/N,-/+7$48\A�� ��1#$?-/+;�%�:�%$4G�H439+7H43?� �:� � 34+7$4+��%�e.�348�$9�%$=1#-p$=G0H43�&��eW��
$=!#���:+#.�-($@1"�n34� .�-/'p$4G:�T���b+#3@C��:� �(3T1"3@1"��� ��89C�3@�:8 ]T!"�O$E-(+��%�:+#� -/17$41#��1#3�&�� g�8\!#-/� 3�56�%$4.�$
� R>-(N"W 1#W[T#� $�� �`.�3,+"���%-x�%!#-b!#8?$2�)sT-(1,�:+#.�-($&1#�\];!#�^$&C��:];!#��+7$	893T1#!#'p$=G0H43?17$4�@C�3,C"!#'p$=G��T���
.:3,8 $256� �:];l,��+#.:-p$	1#�

2ωL

�:���<f&� ��'($4.:-(3,+7$=17$2.:3,8 $256� �:];l,��+#.:-p$	1"� ( $=c#- W���56� ��];l,�:+#.�-($
1"� ( $4c#-og	$d56� ��];l,�:+#.�-($�.:3,8�];!#�	$4�eC�3,C#!#'($4G��T�:�e1#�&1"3,-(�t���Q�<$41"3,�\];! V4+;� -(.:3,�e3,� .:-('($48dD
34!�� H43F� � 3T.�$417$4�^��+;� � �j��- Do1"�:sT-(1#3L$43,�^C#��3T.������ 3,�91#�j�VaB.�-/�%$4G0H=3L�	��89-(� � H43F�:��� -(8\!#'($417$
];!#�d3T.:3,� ����8 1"!#�%$4+��%�d$F-(+��%�:�%$4G�H43F.�348 $F�%$=1#-p$4G�H43���'(�)�%��3,82$=N,+#g)�%-/.0$��:8 ������� 3,+ V=+#.�-($
.:3,8 $F�%�%$=+#� -/G0H43J];! V=+;�%-/.0$L��8 ];!#���Q�<H43"W Ym���%��.:-(.:'(3L1#���)aB.�-x�<$4G�H43�/=�:89-(� � H43J1"�:M7+#��$4�
.<�7$=82$41#$4�[34� .�-/'p$4G:�T���^1#� ( $4c#- Do];!#�d$4.�34+;�%�:.��:8 .�3,8�!#82$�56� ��];l,�:+#.�-($LC"� 3,C�3,��.�-/3,+7$4' �
5634� G0$^1#3[.0$489C�3[��'/g:�%��-(.:3[17$^�%$41#-($4G0H=3[�:'(�)�%� 3482$=N,+#g:� -(.�$"DB17$417$^C�3,�

GR = |ẼL · d10|, TR =
2π

GR
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.:3,� ������C�3,+#1#��$43\.�$4� 3^��8y]T!"��$e�%$41#-($4G�H43 &�� g@1#�:� '(-/N�$41#$e����C��:+;�%-/+7$489��+��%�E��$\-/+;� ���%$=G0H43
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ρν(t) = |〈ν|φ(t)〉|2 ��1#34�O+"�xA

s,�:-(�tsT-(c#� $4.�-/3,+7$4-/�2�
ν = 0, 1, 2, 3

�k1#3��:���%$41#3�56!#+#17$_A
89��+��<$4'Z1#3 J v��:� C7$4.:-p$='(89��+;� �93,��-(�:+;�<$=1#3��

eL � d
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C7$4� $�C"!#'(��3,�t1#��&��¡�
ζL
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C#!#'/� 3d1#��&��g91#����'(-(N,$41#3j'(��+��<$=8?�:+;�%�[.:3,8¡3j�%��89C�3
1#�e1#�:� '/-(N�$489��+��%3

∆T ≈ 715fs
W@v@�@C#$4�WV=8?�)�%� 34�u.�3=A
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12

#J.�8
−2

�
ωL = ω10 �

�"D ��1,�����\W

	 �



� 
�� " � ��$%��
�� ���!����� $%��� " � "	��
��� ������
��
� �	��� �������(������� "�� � ��$%����� �����

4(� ¢���� �	
���$ �����!� "� ��� ��
 �����
1s → 2π��� � � ��� � $ " 
 " ��� ����� � ���	��� ����� ��


.:!#��� 3d];!#�93jC������(3T1#3j1#� ( $4c#- W J �:���%�[.0$4��3#Db$	893,'(g:.�!#'($&C��:� 8?$4+#�:.��^sB-/c#�%$=.�-/3,+7$4'/89�:+;� �
�VaB.�-x�<$417$�89����8?3�$4C�w,�j3�C"!#'(��3�1#� &��~�%�:�j1#��- a"$41#3�3�� -(�Q�%�:82$"Du8?$4+;� ��+#1"3#D@$4��� -(8dDE$
89�:8?w,��-p$e1#$[� !7$[-(+��%�:�%$4G�H43[.:3,8 3�&��\W
&S� � $41#-p$=+#1#3d3���-(��� ��8?$d893,'/��.:!#'p$=��.�348¡!#8¡C#!#'/� 3�C#!"8?CJ1#��&��1#�?'/3,+#N,3	�%��89C�3�1"�

1"!#�%$4G�H432gtC�3,��� �/s,�:'b34c#� �:��s=$4�E$4�u3,��.�-('($4G��T�:��1#� ( $4c"- D7s,�S� $&Rb-(N#W 1"WUT#�6cX�)W J $=�E��-(8\!#'($4G:�T���
1#$?R>-/N#W 1#WUT"� cX�ngk.:3,+#��-(1#�:�%$41"3?];!#�t39.�$489C�3[��'(g)�%��-(.:391#$9�%$=1#-p$=G0H43�&�� gk1#����'(-/N�$41#3^s_$4N�$_A
��3,�%$=8?�:+;� �4D7� �:+#1#3?3[� ��89C�391"�k1#�:� '/-(N�$489��+��%3

∆T ≈ 715
56�`.�348?C#$4�%f0s,��'�.:3,8 39C��:� �/3T1#3

1"� ( $4c#- W J ���Q�%�E.0$=� 3#DB3e��-(��� ��8?$k8?3,'/��.:!#'p$=�Z� �:N,!#�@$41"-p$4c7$_�%-/.0$48[��+;� ��3t'(��+��%3t1#��.�$4-/8?�:+;�%3
1#$[-/+;� ��+#��-(17$41"��17$^'(!#��$_�%g�$=�%-/+#N,-/��3^s=$4'/3,�n���:� 3"D7];!7$4+#1#39��3,89��+��%��3[�:���<$=1#3[sT-(c#� $4.�-/3,+7$4'
56!"+#17$489��+��<$4'm�:���%f�C�34C#!#'p$=1#3#D�+7H43dN,!#$4� 17$=+#1#3d8?�:8?w4� -($&17$d-/+;� ���%$=G0H43j.�3,8h3dC#!#'(��3�1"�
&��eW

������� � � G�):� �"A ;*27,N#%� � 0 )*,12 � � ,N#%� MN��>Q,�)���� #(,��5� C%� � 27�")*�"C �	�
#(�	�%PE�EMN��#%>?��� � , - . - C(A	, � 27�"CR;=�


 !7$4+#1"3\$k�%$=1#-p$4G�H43k-/+"56�%$0s,��� 89��'/�#3�!#�%$=17$tC7$4� $k�)aB.�-x�<$4�ZsT-(c#� $4.�-/3,+7$='(8[��+��%�`3t� -/���%�:82$
893,'/��.:!#'p$4�9g�-(+".�3T������+��%�4D�3,!������ $"D�C�3,��� !#-@!"82$J5 $4����]T!"���7!"�%!7$�+#3I�%��89C�3�$4'(��$=�%3,��-($_A
89�:+;�%�=D

ϕL(t)
D#39����!dK#+#-(.:3[C7$4C��:'�+7$[�:� C��:.:�%��3,� .:3,C#-p$[C#!#89CBASC"� 3,c���1#��&�� ')(+* g�8\!#17$=�

$j1"-(��� � -/c#!#-(G�H43	1#�[C�3,C#!#'($4G0H=3
ρν

� �:]�Wo� 1#W ��� �E1#3,��+#�xs,��-(�@sT-(c#� $4.�-/3,+7$4-/�
ν
W J ���Q�%�9.0$4��3#Db$

C"� 3,c7$=c#-('/-/17$41"�`1#�u�Va".:-/�%$4G0H=3e�:'(�:� � *,+"-(.0$�1#�u.�$48?$417$�-(+��%����+7$kgu!#8?$k��3,8?$k-(+".�3T������+��%�u17$=�
C"� 3,c7$=c#-('/-/17$41"���nC7$4� .:-p$4-/�

P (ν)(Ω)
1#��!#8�.����Q�%39+#�xs,��' sT-/c#�%$4.:-(3,+#$4'

ν

P (Ω) =
∑

ν

ρνP
(ν)(Ω).

� 1#W[T,�

��C"� 3,c7$=c#-('/-/17$41"�o� 34�<$='T1#�O$=c#� 3,��G0H43@1#���%$=-(3,��A * � �:]�W#� 1#W[T,� ��+7H=3@1#�:C���+#1#�O1#$u5 $4� ��17$E�%$=1#-xA
$=G0H43)&��eD,!#8?$Es,�:�`];!#�4D;+"3�.�$4� 3�1"�O'(!#�n-/+#.�3T�:� �:+;�%�=D;$4�mC�3,C"!#'p$4G:�T���

ρν

�%H43�-(+#1"��C���+"1#��+��%�:�
1#$^5 $4���4W

��R>-/N#W 1"W[Z�893,��� �%$�3,�^����C���.)�%� 34�91#�j$4c"� 3,��G0H43�1#�	�%$4-/3,�QA * C7$4��.�-($4-(�:D
P (ν)(Ω)

DZC#$4�%$
� ���:�E�%�%$=+#� -/G��T�:�@��'/�:� � *,+#-/.0$=�E1#�e.0$48?$417$?-(+��%����+7$21"-/56�:� ��+��%�:��D

X2Π → �
2Σ−
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2∆

�
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�VD
C#$4��� -(+#1#3�1"3,�j�:���%$41#3,�	sT-(c#� $4.�-/3,+7$=-(�2�:���<$=.�-(34+7f4� -/3,� |ν〉 � |0〉 D |1〉 � |2〉 W �¡� 3482$�17$4�
C"� 3,c7$=c#-('/-/17$41"���>C#$4� .:-p$4-/�>1"�`$4c"� 3,��G0H43�1#�n.0$=17$@���Q�<$41#3���'/�:� � *,+#-/.�3Egn�%$48\c�g�8�$4C#��������+;�%$417$
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ν �
�"D��F� �TW v@�	��� C��:.:� � 3,�

1"��$4c#��3,� G�H43J1#�d�%$4-/3,�QA * .�$4'(.:!#'p$=1#3,�[C7$=�%$
Γ = 0

� H43J893,���%� $41#34�9+7$JR>-/N#W 1#W ZLC7$4� $J$
� �%$4+"� -(G�H43��:'(�:� � *,+"-(.0$���+�s,3,'/s,�:+#1#3L3����Q�<$41#3F1#�	.0$=82$41#$�-(+��%����+7$
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�:���%$41#3^��'/��*,+"-(.:3\-/3,+#-(��$41#3t+#3\3,� c#-x�<$4'�v
1s

1"3^30a"-/N.�:+#-(3e1"3�$41#3,�:DB��+#.:3,+;� �%$_A�� �@1#-(�Q�<$4+��%�E17$
.:3,+"M#N,!#�%$=G0H43^17$\� �%$4+"� -(G�H43\s,�:��� -(.0$=' DB+7H43^����+#1#3[C�3,� ���/s,�:' 3[����!d8?$4C���$489��+;� 3\!"�%-/'(-/��$4+#1#3
$^����C���.)�%� 3,��.�3,C#-($ * ��|	.�3,+�s,��+#.:-(34+7$4' W

v�C#� -/+#.�-/C7$4'=3,cT���)�%-/s,3O1#�:��� �Z����� !#1#3�gm-/+;s,�:���%-/N�$4� 3,���:� C���.)�%� 34�iC#!#89CBA�C#� 3,c��r1#� &�� ')(%*
1"3t1#�(89�:� 3�1#�uf4N,!7$BD;c���8�.�3,893#D�8?34���%� $4�Z];!#�u$k�:� C���.)�%��3,� .�34C#-p$k563=�%3T��'/�:� � *,+#-/.0$@1#���%$4-/3,�QA
* N,!#-($417$[C�3,��!#8?$9�%$41"-p$4G�H4391#� &���-/+;�%�:+#�%$9.�3,+"���%-x�%!#-i$[56�����%$489��+��<$?$=1#��];!7$41#$2C7$4� $9� �
�)sT-(1#�:+#.�-($4�E$91#-/+ V489-(.�$[1#�k�%� $4+#�Q56�����:+#.:-p$?1#3&P +#32���Q�<$41"3&-/3,+#-(��$41#3[1#�e.�$48?$417$9-/+;� ��� +#$
1"393 aB-(N���+#-/3[1"3�$41#34�`1#391"�(89����3[1#�kf4N,!#$"WZ� N4�%$4+#1"��s=$4+��<$4N,�:8 1#39�:8?C#����N4391#�:���<$9+"3�s=$
� g�.:+#-(.�$k��� C��:.:� � 3,��.�w,C#-/.0$t+#3t���Q�%!#1"3e17$��%� $4+#��56�:���:+#.�-($k1#3eP +#3t1"�(89��� 3�1#�uf4N,!7$�-(34+#-(��$41#3
1"�k.�$48?$417$^-/+;� ��� +#$[�:���%f?$4��� 3T.:-p$417$[$43[!#��3?17$^�%$41"-p$4G�H43�&�� -(+��%��+"�%$"D#]T!"�kC#� 348?3 s,��!#82$
1"-(��� � -/c#!#-(G�H43�1#�jC�3,C#!#'($4G0H=3L+#34�9���Q�<$41"3,�[sB-/c#�%$=.�-(34+7$4-/�\�)aB.�-x�<$41"3,�9�VaB� ��+#1"��+#1#3=A�� ��$=�%gd$
����N,-(H43^1#���%�%$=+#��56�:����+".�-p$[1"3?P +7$[��!#C����Q56�(.�-/��1"�k�:+#����N,-p$^C�34� ��+#.:-p$4' 1#39�:���%$41#39��'(�)�%��*,+#-(.:3
56!"+#17$489��+��<$4' Wb� C"� ��C#$4�%$4G�H43�C#� g)sB-($�1#3k�:���%$41#3k��'/�:� � *,+#-/.�3@56!#+"17$489��+;�%$4'#�VaB.�-/�%$41#3�sT-(c#� $_A
.:-(34+7$4'(89�:+;� �e563,��+#��.:�9$	3,C�3,�Q�%!#+#-/17$41#�^$41#�:];!7$417$jC7$4� $	];!#�9$&5634�%34-(3,+#-x�0$4G�H43&1#�[� $4-(34�QA *
3T.:3,� � $^1#-(���:�<$=8?�:+;�%�@+7$[� �:N,-(H43[1"��� �%$4+"��56������+#.:-p$[1"3?PtW

�Y1�� � H�� 5 C G 7 H � 7�� �!@BG = C ;,7 B =:; H

v@��.0f4'/.�!#'/3,�`1"3,����� C��:.:� � 3,�uC#!#89CBASC#��3,c���1#��&�� ')(%* 1#3?1"�(89����391"�ef=N,!7$[.�34+#� -/���%�:8
�:8¡.:-(+#.:3d�:�<$=C7$4�:W�� ����{nf4'(.:!#'(3	1#3�C#$4.�34� �91"�93,+#17$j+;!#.�'/�0$4�

φ(t)
1"3��:���<$=1#3���'/�:� � *,+#-/.�3

56!"+#17$489��+��<$4'O$=�%� $ s,g:�917$F� 3,'/!#G0H=3L+T!"8?g:� -(.�$�17$F��];!7$4G�H43J1#��|B.<�#��T1#-(+"N,���[1#�:C���+#1"��+;� �
1"3�� ��89C�3����TW�� ���)WJ���4����s=$4'(-($4G�H43d1#3�C7$4.�3=�%�?1#�23,+#1#$�+;!#.:'(�0$=�

φc(t)
��3,c#� �2$�.�!#�Qs=$�1#�

�:+#�:� N,-($�C�34�%�:+#.�-($4'�1#3����Q�<$41#3F-/3,+#-/�0$41"3�1#�	.�$48?$417$�-(+;� ����+7$�� �:]XW����BW ���,���)W��QR��\{nf4'/.�!#'/3
1#$�� �%$4+"��563,��82$41#$�1#�jR734!#� -/���e1"3FC#$4.�34� �	1"�	3,+#17$

φc(t)
� �:]XW`���BW � �����)W�� 1;�\{nf='(.�!"'(3�17$

C"� 3,c7$=c#-('/-/17$41"�t1#�e563=�%3,-/3,+#-/��$4G0H43?1"�\�%$4-/3,�QA *
P (Ω)

� ��]XWm���TW[Z R�� �)W^� T4�E{nf4'/.�!#'/3217$&89g:1#-p$
1#$^C#� 34c7$4c#-/'(-/1#$41#�E1#�@5634� 3,-(34+#-/�0$=G0H43e1#���%$4-/3,�QA * C7$4�%$\1#-x56��� �:+;� ���O3,� -/��+��<$4G:�T���O1"3[� -/���%�:82$
893,'/��.:!#'p$4�O.:3,8�� �:'p$=G0H432$=3?s,�)�%3,�uC�3,'($4� -/�0$=G0H43[17$?� $41#-p$=G0H43�&��\DXs4��� $2$4�u��];!7$=G��T���^� TBW 1;�)D
�STBW[T,�)W2v$4'p$4��N�$48[��+;� 3j1#$dc7$=+#17$d�:� C��:.:�%� $4'E�

Γ ≈ �"D �.�j������.�$4!#�%$=1#3�C���'(3j.�!#�Q�%3d� ��89C�3
1"�E8?�:-p$_A sT-/17$�1#3\�:���%$41#3\��'/�:� � *,+#-/.�3t-/3,+#-(��$41#3k1#�E.�$482$=17$t-/+;� ��� +#$t+#3\f=�%3,893t1#�u3 aB-(N.�:+#-/3
v

d

g�+"��N,'/-(N,�:+#.�-($41#3e+#���Q�%�����Q�%!#1"3#D71#�)sT-(1#39$=3,�OC#!"'(� 34�O1#���%$4-/3,�QA * �)aT�%����8?$489��+��%��.:!#��� 3,�
τX �

�BD �O56�b� � �`56�b!#�%$=1#3,�>+#$4�b� -/8\!#'p$4G:�T���:D=];!#��-(89C#'/-/.�$48 ��8 c7$=+#17$4�b����C���.)�%�%$=-(�>c#$4���%$4+;� �
'($4� N,$4�

1/τX ≈ �"D R[��� � �"D � �\���eD7� ����C���.)�%-/s_$489��+;� �4W
�E��� !"C�����56�/.�-/����1#�E�:+#����N,-p$tC�34� ��+#.:-p$4'�1#34�������%$41#3,����'/�:�%��*,+#-/.�3,�Z56!#+#17$489��+��<$='��u-(3,+#-/�0$_A
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1"3,�u1#�t.0$48?$417$[-(+;� ����+7$91#321#�/8?�:� 391#�ef4N,!#$�� R>-(N"W(TBW �,�n563,�%$=8�.0$='(.�!"'p$41#$4��C���'/3?8?g)�%3T1#3
1"�98\!"'/�%-/.:3,+"M7N4!#�%$4.:-/3,+7$='>.�$489C�3d$4!"�%3T.:3,+#��-(��� ��+��%��� z�{O|#{nRr��!#� $4+#1#3d!#8h�:� C7$4G:3�$=� -/s,3
.:3,89C#'(�)�%3�� {��@|#�e.�3,893�-/8?C#'/�:89��+��<$41#3�+#3FC"� 3,N,� $48?$�q`� ��K�v J  1���� WIYm��� ���[.0f4'/.�!#'/3,�
5634�%$48~� ��$4'/-(�0$=1#3,�e$=� � !"8?-/+#1#3�$���-(89�:� � -p$j1#3�N,� !"C�3�1"�&C�3,+��%3

Cs

1#3�1#�(89����3�1#�&f4N,!7$"W
J ���Q�%����.�f4'(.:!#'(34�u5634-b��89C#� �:N�$41"3&3	.:3,+_��!#+��%3&1#�\c7$4������$_�%*,89-/.0$4�u$4!#N=A�.�.)A�C �@q��  1 � D T ��� D
.:3,8¡�)aB.��:G0H=3�1#$�Rb-(N#W TBW[Tj3,+#1"�?g?!"�%$417$�$dc7$4� �2$=!#N=A�.�.)A�CX{ � K �  1 � D#T ��� Wj��8¡��� C#$4G�3
$_�%-/s43d1#�9.�3,��� �:'p$4G�H43d�:'(�:� � *,+"-(.0$L� {��@|#��1#� � �	3,� c#-x�<$4-/�9� 1

π
���

σ
�E563,-m� �:'(�:.�-(34+7$41#3dC7$=�%$

$=.�3,893T17$4�+� ����'/g:� � 3,+#�o1#��s=$4' ��+#.:-p$2� 1
π

� �
σ
�VWZv@��3,� c#-x�<$4-/�Z-/+;� ��� +"3,� �

s
� �
s

1#34�nf_�%3,893,�
1"�k3 aB-/N.��+#-/3#D"C�3,�`� �:� �:8�34� c#-x�<$4-/�n'(3T.0$='(-/��$41#34�O��3,c#� ��3,��+;K#.�'/��3,��$=� *,8?-/.�34��DB563,�%$48�8?$4+��%-xA
1"3,��-/+7$=� -/s,3,�:D .�348 �)aB.��:G0H43�1"3j3,� c#-x�<$4'!�

s
1"3�f_�%3,893&1#�[30aB-(N.�:+#-(3&-(34+#-(��$41#3&1#�^.0$48?$417$

-/+;� ��� +#$^]T!"�kg�-(+#.:'(!#�/1#3\+#���Q�%�k����]T!"��8?$91#��.�3,��� �:'p$4G�H43#W

O   (1s   )d -1

 2  4  6  8 10 12 14 16R(O-O) (u.a.)  1.0
 1.5

 2.0
 2.5

 3.0
 3.5

 4.0
 4.5

 5.0

r(O-H) (u.a.)

-132.50
-132.45
-132.40
-132.35
-132.30
-132.25
-132.20
-132.15

V(R,r) (u.a.)

O   (1s   )r -1

 2  4  6  8 10 12 14 16R(O-O) (u.a.)  1.0
 1.5

 2.0
 2.5

 3.0
 3.5

 4.0

r(O-H) (u.a.)

-132.40
-132.35
-132.30
-132.25
-132.20
-132.15

V(R,r) (u.a.)

Estado fundamental

 2  4  6  8 10 12 14 16R(O-O) (u.a.)  1.0
 1.5

 2.0
 2.5

 3.0
 3.5

 4.0
 4.5

 5.0

r(O-H) (u.a.)

-152.30
-152.25
-152.20
-152.15
-152.10
-152.05

V(R,r) (u.a.)

Rb-(N,!"�%$�TBW �6�k|B!#C��:��56�(.:-(�:��1#�[��+#�:� N4-p$	C�34�%�:+#.�-($4'r1#3,�����Q�<$41"3,�k��'/�:� � *,+"-(.�34�@56!#+#17$=8?�:+;�<$='m�
-/3,+#-/�0$41"3,�n1#��.0$48?$417$^-/+;� ����+7$9v

d(1s
−1)

�tv
r(1s

−1)
1#391#�/89��� 3^1#�kf4N4!7$"W

��-(+��%�:�%$4G�H43�1#3�C#!"'(� 3�1#�2�%$41#-($4G�H43 &�� .:3,8�3,�e893T1#3,�t1#�?sT-(c#� $4G0H=3�1"3�1#�(89����3�1"�
f=N,!7$�$4.:3,+��%��.:�&.:3,8�$�1#��C��:+#1,�:+#.�-p$���8~� � vuASP@��1#3�8?3,89��+��%3d1#�21#-/C�3,'(3dC��:� 8?$4+#��+��%�=D
d
� �%�)DT1#3t�����%$41#3e��'/�:�%��*,+#-/.�3�56!#+#17$=8?�:+;�<$='X1#3e1#�/8?�:� 3k1#�Ef4N4!7$"WmYm�Q�%�E893,89��+��%3k1#�u1#-(C�34'(3
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C��:� 8?$4+#�:+;� �ng�.�348?C#!B�<$41#3E1#��8?$4+#�:-(�%$�����89��'/�7$4+;� � �E1"��� .:� -x�<$@$4.:-(8?$�C7$4� $@$4�>��!#C����Q56�(.:-(���
1"�t��+#�:� N,-($9C�34� ��+#.:-p$4' W���R>-/N#W�TBW[R9893,�Q�%�%$[];!#�e��3,89��+��%�e$=�u.�348?C�3,+"��+��%���`ad�ILd1"�

d
� �%�

893,�Q�%�%$=8y1#�:C���+#1 ��+#.�-($^��8�0� vuA�PE�)W &S���%3^��-(N,+#-xM7.0$t];!#��$e�%$41"-p$4G�H43 &�� +7H43\-(+��%��� $4N,�E.:3,8

1 2 3 4 5
r(O-H) (u.a.)
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R>-/N,!#�%$ TBW[R6� �o$=� -p$=G0H43\17$=�O.�3,89C�3,+#�:+;�%�:�`.�$4��� ����-p$4+7$=�
1#3�8?348?�:+;�%3d1#�21#-/C�3,'(3dC�����82$4+"��+;� �21#3�1#�(89����3�1#�
f4N,!#$[�:8�56!#+#G�H43917$^.�3T3,��1#��+7$=17$[+T!#.:'(�0$=�`�0� vuA�PE�)W

3I� -(�Q�%�:82$J893,'(�:.�!#'($4�[]T!#$4+#1#3
eL ��� �4W J ����� ��.0$4��3#D�$J5634� 3,-(3,+"-/�0$4G�H43J1"���%$=-(3,��A * +7H43�g

-/+ �7!#�:+#.:-p$417$^C��:'(3�&��\W
v@����� C��:.:� � 3,�k563=�%3T��'/�:� � *,+#-/.�34��1"�9� $4-(34�QA * N43�s,�:� +7$41"3,�kC��:'p$	�%$41"-p$4G�H43 &��y�%H43j.0$4'/.�!BA

'($41#34�[!"� -('/-/�0$4+"1#3F3LC"� 3,N,� $48?$��
SP

�:.  R ���`1"�dC#� 34C7$4N�$=G0H43F1#�dC7$4.:34�%�:�91#�d3,+"17$"W��u8
�:� ];!#�:82$\1#�E1#-x56������+#.:-p$4G�H43e��8y����N,!"+#17$\3,� 1"��8 � |"v�q@�  R.��� g@$4C"'(-(.�$41#3t+"3,��.0f4'/.�!#'/3,��1#34�
C#$4.�3=�%���k1"�93,+#1#$j.�3,8h!#8hC#$4� ��3�+#3j�%�:8?C�3j1#� �BD � R2a � �

−2
56�:W9�E��.�!#�Qs=$4�k1#�[��+#�:� N,-($

C�3=�%��+".�-p$='X$43k'(34+#N,3�1#���0� vuA�PE�>563,� $48�.0$4'/.�!#'($417$4�m+#3k-(+��%���Qs=$4'/3�1#���,D � T�$�1#D Z�! W $BWr1#-(��.�� �VA
� -(��$417$e�:8 R�T �eC�3,+��%3,�:WZqE�:sT-(1"3��=�n.�!#�Qs=$4�O1#�@�:+#����N,-p$e1#�@C�34�%�:+#.�-($4' $43\'(34+#N,3e1#�@� � vuASP@�
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��'(�)�%��*,+#-/.�3,��.:3,8�s=$=. V4+#.:-p$t1#�@!"8y��'/g:�%��3,+2+#3,�nf=�%348?34��1#�E3 aB-xA
N.��+#-/3J1#3�$41#34�?��� ��.:��C"� 3,�2�%H=3�893,�Q�%�%$=17$4��Dn������C���.:� -/s=$=8?�:+;� �4D
C�3,�^'(-/+#�7$4�e.�34+;�%�/+T!7$��	� �%$4.:��� $41#$"W�qu3,-(�\.0$4+7$=-(�^];!7$='(-/�%$=�%- s=$_A
8?�:+;�%�k1#-x56������+;� ���u1"�t-(3,+#-/�0$=G0H43?v
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82$41#$t-/+;�%�:� +7$t+#$e� �:N,-pH=3t1#�u�%�%$=+#��56�:����+".�-p$t1#3\C#��w4�%34+	$tC7$4�Q�%-(�
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�<$41#3"W

� -(.�$4' �\.�34+"M7N,!#� $4G0H=3[1#����];!#-/'(�(c"� -/3e1#3[�:���%$41#3[��'(�)�%��*,+#-(.:3\56!"+#17$489��+��<$4' WmqE�:���<$^82$4+"��-(� $"D
+"��+#�;!#8�$='p$4��N�$48[��+;� 3j1#$4�kc7$=+#17$4�k�:� C��:.:�%� $4-(�ev
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1"3L1"�(89����3�1#�df=N,!7$�g	����C���� $41#3L� ���[.�$4!#� $41#3LC��:'(3�8?3T1#3�sT-/c#�%$4.:-(3,+#$4'�1#�j���Q�%-/�%$489��+��%3
vuASPtWT�b3,� g:8�DT3e8?�:� 893e+7H=3egE3,c#������s_$41#3\C7$4�%$t$4��.:!#��s=$=�n1#�E�:+#�:� N,-($tC�34�%�:+#.�-($4'�$43t'(3,+#N43
1#$\.�3T3,��1#��+7$=17$ ( � vuAQv��VDB3,+#1"��$4��563,��82$4��17$4�O.:!#��s_$4�O1#���:+#����N,-p$eC�34�%�:+#.�-($4' 1"3,�O�:���%$41#3,�
-/3,+#-/�0$41"3,�k1#�2.0$48?$41#$�-(+��%�:� +7$�1#-x56��� �:8~1#�%$=���%-/.0$489�:+;�%�?1#$�.�!"��s=$�1#3��:���<$=1#3���'(�)�%��*,+#-(.:3
56!"+#17$489��+��<$4'T+7$E����N,-(H43�s,���Q�%-(.�$4'6�E.�34+"M7N,!#� $4G0H=3@1#�n�:];!#-('/�(c#��-/3#W��E��� -/8�D=3@893T1#3E1#��sT-(c#� $_A
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G�H43d-(+��%����8?34'(�:.�!"'p$4�E1#�9���Q�%-(� $489��+��%3�vEA�vyg9C#���:sT-(�Q�%3�.:3,+;� � -/c#!#-(�@.�348¡!#8¡$4'($4� N�$=89��+��%3
1"� �BD[Rt����� �"D �E����+7$4��c7$=+#17$4��1#�@$4c#��3,� G�H43[v

d

�
1s−1

�o��v
r

�
1s−1

�o1#3\�:� C��:.:�%��3 * �o|21#3
1"�(89����3[1#�kf4N4!7$"W

�E�t3,c#������s_$4G��T�:�e56��-x�<$4�k+#3�C7$4�%f=N,�%$=563�$4+��%�:� -(34�k� H43�.��:��� -/M7.�$417$4�tC���'($�$4+7f4'/-(���91#3����QA
C��:.:� � 3 * ��|�1#3�1#�/89��� 3�1#�Lf4N4!7$"DER>-/N#W TBW[TBW�v~����C���.)�%� 3 * �o|�1#3�1#�(89����3�1#�Ff4N,!7$"D
$=C#� �:� ��+��<$=1#3L+7$�R>-/N#W<TBWUTTDZ893,��� �%$�1#!7$4�^c#$4+#17$=�^1#-(�Q�%-(+��<$4�e�:8 T R.�BD � �������!T R � D � Z����
���:56�:� ��+��%�:� �\-(3,+#-/�0$=G0H43e1#�@.0$48?$417$e-(+��%�:� +7$e1#3,�`f_�%3,893,��1#�@3 aB-(N���+#-/3\1#3,$41#3,����� �:.��:C"�%34��D
������C���.:� -/s_$48?�:+;� �4Wov $4C7$=� ��.:-(89��+��%3�1#���Q�<$4��1#!#$4��c#$4+#17$=������C7$=�%$417$=��C�3,�Z!#82$���+#�:� N,-($k1"�
�4D � � ����.�3,+#�Q�%-x�%!#- $eC"� -(89�:-(� $k.0$=�%$4.)�%�����(�Q�%-(.�$t17$e�)aB-(�Q�	�:+#.�-($\1#$\'/-(N,$4G�H43t1#�@�"-(1#��3,N.�:+#-(3t+#3
1"�(89����3j1#�?f4N4!7$"W�&S�Q�%3�C�3,��];!#�4Db34�kC7$4C�g:-(��1#3�$=1#3,���[� ��.:��C"� 3,�k1#3,�kf=�%3,893,��1#�[3 aB-(N.�:+#-/3
+#$2'(-(N,$4G�H43?1#�e�#-(1"� 3,N.�:+#-/321#3&1"�(89����321#�\f4N,!7$?.�3,+B56��� �:8�D�� ����C���.)�%-/s_$489��+;� �4D !"82$?1#-/8?- A
+;!#-/G0H43&�\!#8 $4!#89��+;� 3&��8 � �:!#��C�34�%�:+#.�-($4-(�u1#�\-(3,+#-/�0$4G�H43	v[�

1s−1
�u];!7$=+#1#3	.�3,89C7$4� $41#3

.:3,8y3ts=$='(3,�o1#�/T R.�BD�� Rk����C7$=�%$t3\893,+#*48?�:� 3t1#�@f4N4!7$&� ����C#����� �:+;�%$41#3^C���'($t� �:�%$ts,����� -(.�$4'
+#$9R>-/N#W TBW[T,�)W
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0,4 eV

Rb-(N,!"�%$ TTWUT6� Ym� C��:.:�%��3y5634�%3T�:'(�)�%� *4+#-(.:3�1"�
� $4-(34�QA * 1#3j1#�/8?�:� 3&1#�[f4N4!7$"Wt� � �:�%$&s,����� -xA
.�$4',-(+#1"-(.0$�3�C�34� ��+#.:-p$=',1#�Z-/3,+#-(��$4G�H43�v[�

1s−1
�

� ��w,��-(.:3�� T R.�"D � R������eC7$=�%$�3F893,+"*,8?�:� 3�1"�
f=N,!7$"W

vy�:� C���.)�%� 3 * �o|F1"3d893,+#*48?�:� 3&1#�9f4N,!7$F� R>-/N#W�TBW[Z,�@$4C#����� �:+;�%$d!#8?$	c#$4+#17$	1#�9$4cBA
��3,� G�H43�.�3,8¡!#8?$d'($4� N4!#�%$j$d8?�:-p$j$4'/� !#�%$j1"� �"D Rd�����9� ����3,'/!#G0H43dsT-/c#�%$4.:-(3,+#$4'm.�$4!#� $417$4�
C"� -(+".�-/C7$4'(8[��+��%�9C���'/3�893T1#3�sT-/c#�%$4G�H43�1#�21#�:563,��82$=G0H43�$4+#N,!#'($4��[T � ��]T!"�&g&$=�%-xs=$41#3�1#!BA
� $4+;� �?3�C"� 3T.��:� ��3�1#�95634� 3,-(34+#-/�0$=G0H43j1#�?.0$48?$417$d-/+;� ��� +#$"WjqE�28?$4+#�:-(� $j� ��89�:'(�7$4+��%�=D>+#3

�T£



� ��) � ��� �����G��� � 
�� " � ��$%��
�� ���	��� ���	��� �
� $>� � " � " ��
�� � ������
 ��� ��� � 
��,�(�	� �	�
 $>����
�� " $ � �(� � � � " ��$ ����������� *�� � " $%�� "
� ���(� " � 
 " � � 
 �����	� � ) " ��$�������� � � ����� �
� ����� � " �����!����� � ��� " $ �(�

	�� ¢ � " 
,��) �����	��
 "+* ��
,���(
,
 ���

�:� C��:.:�%��3 * �o|�1#3&1#�/8?�:� 321"�^f4N,!7$BD $=�@1#!#$4�@c7$4+"17$4�@1#�\$4c#� 34� G0H=3&�%$48\c�g�8�8?34���%� $48�$
C"� -(+".�-/C7$4'r.:3,+;� � -(c"!#-(G�H43j1#3�$4'p$=� N�$48[��+��%3&sB-/c#�%$=.�-(34+7$4'r.:3,893d����+#1#3�.0$4!"�%$417$dC��:'(3d893T1#3
-/+;� �%$4893,'x��.:!#'p$=��1#�\1#�:5634� 8?$4G0H43&$4+#N4!#'p$4�:W��b3,��g�8dD 3	�:� C��:.:�%��3 * �o|�1"3	1#�/8?�:� 321#�^f4N4!7$
+#H43d$4C#� �:� �:+;�<$j� ����3,'(!"G0H43	sT-(c#� $4.�-/3,+7$=' W\vy8?3=�%-/s,3&1#3d1"���%$=C7$4� �:.�-/8?�:+;� 3d17$4���:��� � !"�%!"�%$4�
sT-/c#�%$4.:-(34+7$4-/��+7$4�Oc#$4+#17$4�O1#��$=c#� 3,��G0H43^1#3[�:� C���.)�%��3 * �o|	1#3^1#�(89����3\1#��f4N,!7$BD#����1"�:s,�k$
!"8$4'($4� N,$489�:+;�%3k�)aT� �%$e.�$4!#�%$=1#3\C���'/3,��8?3T1#34��1#�usT-(c"�%$4G�H43e-/+;�%�:� 893,'/��.:!#'p$=� �:��D;1#�Ec7$4- a"$4�
56����];l,�:+#.�-($4�  T��2� D"�<$=8^c�g:8 $=� -/s=$=1#3,�O+#3[C#� 3T.:����� 3?1#��5634� 3,-(34+#-/�0$=G0H43[v[�

1s−1
�)D#.�3,893#D"C�3,�

�VaB��89C#'(3"Di3d8?3T1"3d1#�9�:���%-/�%$489��+��%3�vuAQvy� �:C#� �:� �:+;�<$=1#3�+7$�R>-/N#W TBW 1"W2qE�:���<$d82$4+"��-/�%$"D�$
5 $='/�<$21#�[������3,'(!"G0H43	sT-(c"�%$4.:-(3,+7$='>17$=��c7$4+"17$4��1#�9$=c#� 34� G0H=3d+#3j�:� C���.)�%� 3 * �o|�1#3j1#�(89����3
1"��f4N,!7$\.:3,+#��� -/� !#- $^����N,!"+#17$[.�$4�%$4.)�%�:� �(�Q�%-/.0$e��� C��:.:� �%$4'�$=� � -/c#!#�(1#$��\C#����� �:+#G0$[17$\'(-(N,$4G�H43
1"�k�"-(1#��3,N.��+"-(3^+#3[1#�(89����3^1#�kf4N,!7$"W
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0,3 eV 

Rb-(N,!"�%$ TTW[Z � Ym� C��:.:�%��3y5634�%3T�:'(�)�%� *4+#-(.:3�1"�
� $4-(34�QA * 17$ 893,'/g�.:!#'p$�1#� f4N4!7$"W

Γ �
�BD �.�

���\We�>$4� V489�:�%��3,�J�:� C���.)�%��3,� .�w4C#-(.:3,���)aBC�����-xA
89�:+;�<$=-(�O���:� -(�%$=1#3,�O17$^� �:5�W  T6� � W

�EC��:�%$4�u17$4�u.�$4�%$4.)�%�:� �(�Q�%-/.0$4���:� C��:.:�%� $4-(�u3,c#������s_$417$4�E+#3?����C���.)�%� 3 * �o|d1#321"�(89����3?1"�
f=N,!7$I];!#���:sT-(1"��+#.:-p$48 $I563,��82$4G�H43I17$�'/-(N�$=G0H43J1#���#-(1"� 3,N.�:+#-/3#DO+#�:+#�T!#8?$�-(+B563,� 8?$4G�H43
�VaT�%�%$dg93,cB�%-(1#$j� 34c#� �?$d���0$4G�H43�1#�[� �%$4+#�Q56������+#.:-p$d1#3dC#� w4� 3,+J+"3�1#�/8?�:� 3j1#�?f4N,!#$"W�&S��� 3
893,�Q�%�%$\];!#��$^����C���.:� � 3,��.�3,C#-($^5634�%3T�:'(�)�%��*,+#-(.�$e1#���%$4-/3,�QA * +7H43^gk$e56��� � $489��+��<$^$41#�:];!7$417$
C#$4�%$�� �2���Q�%!#1#$4�^$�1#-/+ V489-/.0$j1#�?�%� $4+#��56�:���:+#.�-($�1#3�C#� w4� 3,+I+#3�1"�(89��� 3�1"�&f4N,!7$"Wd��%$_A
��H43	C7$4� $&���Q�<$j$_M7� 8?$4G0H=3&���Q�<fj$4��� 3T.:-p$417$&$43&5 $=� 3&1#�^];!#�[$&� �:N,-pH=3&1#�\� �%$4+"��56������+#.:-p$&1#3
C"� w4� 3,+j+7$^��!#C����Q56�(.�-/��1#����+#�:� N,-($^C�3=�%��+".�-p$=' 1"39�:���%$41#39�:'(�)�%� *4+#-(.:39v
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c��:8~$_5 $4���<$=17$j1#$j.�3,+"M#N,!#�%$=G0H43js,�:���%-/.0$4'm$jC�3,� -/G0H=3d1#�[��];!#-/'(�(c"� -/3&+#3d�����%$41#3d��'(�)�%��*,+#-(.:3
56!"+#17$489��+��<$4' W

�yRb-(N#W�TBW��&893,��� �%$	$jC#��3,C7$4N,$4G0H=3j1#3dC#$4.�34� �[1#�[3,+"17$j+7$	� !#C��:��56�/.�-(�^1#�[�:+#�:� N,-($j1"�
�:+#�:� N,-($e1#3^�:���<$=1#3^��'/�:� � *,+#-/.�3^v

d(1s
−1)

$=3\� �:�O�VaB.�-/�%$41#3\+7$\C�34� -(G�H43\���:56�:� ��+��%���eN,�:3,89�)A
� � -($�1#����];!#-/'(�(c"� -/3�1#3t�����%$41#3k56!#+#17$489�:+;�<$=' WrY>aB-/���%�:8��%�����o.0$489-(+#�"3,�Z1#��� �0$=G0H43tC�34� � �xs,��-/�
C#$4�%$k]T!"�@3tC7$4.:34�%�u1#�E34+#17$e$=� -(+_� $k$t����N,-(H43t1"�u�%� $4+#�Q56�����:+#.�-($t1#3eC#� w=�%3,+ �>.0$=8?-/+#�#3k.�'(f4�QA
��-(.:32� � �:C#� �:� �:+;�<$=1#3eC���'($����:�<$�� �%$4.:��� $41#$�+7$tRb-(N#W�TBW��,�)D,�%!#+"��'p$=8?�:+;� 3k�`C#� 34C7$4N�$4G�H43k$4.�-/82$
1#$?c7$4� ����-/�%$��6����� �e1#3,-(������C#����� �:+;�%$41#3,�@+7$2Rb-(N#W(TBW��9C��:'p$9� �:�%$2.:3,+;� �(+T!#$��)WO�E�E��-(8\!#'($4G:�T���
1#$@R>-(N"W TBW��u893,��� �%$48 ];!#�n3E.0$489-(+#�"3E.:'pf4��� -/.�3E+7H43EC�3T1#��� ���>� �:N,!#-/1#3@1#!"�%$4+��%�n$E1#-/+ V489-/.0$
1"�@�%� $4+#�Q56�����:+#.�-($\1#3^C#� w4� 3,+ D"!"82$ts,����];!#��3\�%�:8?C�3\1#��89��-($_A�sT-/17$k1#3^���Q�<$41#3^��'(�)�%��*,+#-(.:3
v

d(1s
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D ≈ �k56�:D"gu�)aT�%����8?$489��+;� �E.:!#��� 3\.:3,89C7$4�%$=1#3t.�3,8�3t�%��89C�3e1#�u� �0$=G0H43e1#� ≈ ���
$R�1\56��WZ��� �0$=G0H43^1#��� �%$4+"��56������+#.:-p$^1#3^C#� w4� 3,+jC�34�n�%!"+#��'($48?�:+;� 3^3,!jC"� 3,C7$=N�$4G0H=3[$4.�-/82$
1#$2c7$4� ����-/�%$?3T.�34� � �e�:8�!#8�C���� �/3T1#321#�e� ��89C�3&8?$4-(��.�!"���%3F� ≈ �&$ � Z?56�%�)W�Ym+��%� �)�<$4+��%3#D
3d$='p$4��N�$48[��+;� 3&�)aT�%� $j.0$=!#�%$41"3dC���'/3,��8?3T1"3,�@sT-/c#�%$4.:-(34+7$4-/�E-(+;� ����8?3,'/�:.�!#'($4�����E+#3j1#�(89����3
1"��f4N,!#$e-(89C���1"�E];!#��$4'/N,!#8?$k-(+B563,� 8?$4G�H43t��3,c#� �@$e1#-(+�V48?-/.�$k1#�E� �%$4+#�Q56������+#.:-p$e1#3^P C�3,�
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L �
TBD 1ja � �

14
#I.:8

−2
Db1#!#� $4G0H=3

τL �
�TD � 56�k�956� ��];l,�:+#.�-($

ωL = ω10 �
�BD 1�T����eDTC�3,��� !#-�3,�oC7$=�WV489�:� � 3,�o$���!#���%$41#3,�oC7$4� $kC#��3,893�s,���o$k1#-/���%��-(c#!#-/G0H=3�1#�

C�34C#!#'p$=G0H43^��+;� � ��3,�`+#�xs,��-(�nsT-(c"�%$4.:-(3,+#$4-(�
ν & 9

$=C#� �:� ��+��<$=17$9+7$9Rb-(N#W TTW � W
�u8?$	-/8?C�34���<$=+;�%�e.0$=�%$4.)�%�����(�Q�%-(.�$	17$	�%$=1#-p$4G�H43 &��yg[$j��!7$j.�3T�:����+".�-p$BW^��'/!#��&��y.�3_A

�:� �:+;�%�=DOC�34� � !#-/+#1#3J!#8?$F5 $=� �I�
ϕL

�[$4c#��3,'(!"�%$Fc���8 1#�:M7+"-(17$"D��Va"�:� .:��$LC"� 3,C#��-(�:17$41#�d1"�
C"� 3,893�s,�:��!"82$	��!#C�����C�3,� -/G0H43d.�3T������+��%�91#3,���:���<$41"3,��sT-(c#� $4.�-/3,+7$=-(�:D�.:� -($4+#1#3#D�$4��� -(8dD�!#8
C#$4.�3=�%�@1#�@3,+"17$\];!#�@C#� 34C7$4N�$e.:3T������+��%��89��+��%��+7$e.�!"��s=$\1#�@��+"��� N4-p$eC�34� ��+#.:-p$4'�1"3^�:���<$=1#3
�:'(�)�%� *4+#-(.:3[56!"+#17$489��+��<$4' W�v s_$4'(3,�O�:� C���� $41#3217$[C�3,� -/G0H43"D

r̄(t) = 〈φ(t)|r|φ(t)〉 DXg=DX��+��<H43"D-/+;� ��� C"� �:�%$41#3[.:3,893[����+#1#3?$\�%�%$����)�%w,��-p$e1#������+�s,3,'/sT-(1#$[C���'/3[C7$4.:34�%��1#��3,+#1#$9$=3['(3,+"N,3^1#3
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=7,54 fs
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L
=12,11 fs

R>-(N4!#�%$ TBW � �[�b3,C#!"'p$4G�H43��
ρν(t) = |〈ν|φ(t)〉|2 �k1#34�\+"�/s,��-/�ksB- A

c#�%$4.:-(34+7$4-(���
ν = 0, 1, 2, ..., 24

�m1#3,��893T1#3,�Z1#�u�:���%-/�%$=8?�:+;�%3evuA
P ��8�1#-x56��� �:+;� ���`�%��89C�3,��1#$9C#� 34C7$4N�$4G�H4391#3?C7$=.�34� �k1#�t34+#17$
1#3F���Q�<$41#3�56!#+#17$=8?�:+;�%$4'n1"3F1#�(89����3�1"�df4N4!7$��:� C7$=.�-p$='(89��+��%�
3,� -/��+��<$41#3	�

ϕ �
�e�

θ = π/2
�)Wov@�nC#$4�WV489�)�%� 34��1#3^C"!#'(��3^1"��& �

�%H43,�?�
L �

Z���56��D
τL �

�BD � 56��D �
L �

TTD 1�a � �
14
#J.�8

−2
D
ϕL �

R"D��
�%$41j�

ωL �
�"D 1�T\���eW

� ��89C�3#Dos,��� $JR>-/N#W TTW � �BW v C7$=.�34� �d1#�d3,+#17$F� �:C#� �:� ��+��<$41"3�+7$LR>-(N"W TBW � �F1#�:� ��89C���+"�7$
� f4C#-/17$4�\3,��.�-/'p$4G:�T���\1#3��%-(C�3 �)s=$=-n�&s,3,'x�<$��)��8�!#8�C��:� �(3T1"3�1#�&�%��89C�3�C#� 34C�3,� .:-(3,+#$4'n$=3
C��:� �/3T1#3I1"��3,��.�-('($4G0H=3LsT-(c"�%$4.:-(3,+#$4'`1"3���-(�Q�%��8?$L8?3,'/��.:!#'p$=��W J $IR>-/N#W TBW ���Jg�8?34���%� $417$
$d-(+ �7!,�:+#.�-($d17$d5 $=� �?17$d�%$41#-($4G�H43 &���.:3T��� �:+;� �2� 3,c#���2$d� �%$����:� w,� -($j1#3�C7$4.:34�%�?1"�?3,+#17$
+;!#.:'(�0$=�`1#39�:���%$41#39��'/�:�%��*,+#-/.�3\56!#+#17$489�:+;�<$=' W

��� ���+���  '& O � ��� O ������� �����( �  1*+�����*�� O
� � ��3,��-p$[1#$9��� C��:.:� � 3,��.�3,C#-($?C#!#89CBASC"� 3,c��k1"� &�� '�(%* DX$4C#� �:� �:+;�<$=17$?+#3&{n$4C#�x�%!#'/3 �TD

g�s=f4'/-(17$\C7$=�%$[� -/��� ��8?$4�`893,'(�:.�!#'($4� �:�O3,��-(�:+;�<$=1#3,�O+#39��� C#$4G�3?.�348�����'($4G0H=3?$=3[s,�:� 3,��C�3,'($_A
��-(��$4G0H=3�17$d�%$41"-p$4G�H43 &��¡�

eL

���[563,� +#�:.��2$dC#� 3,c#$4c#-/'(-/17$=1#�[1#�9563=�%3,-/3,+#-/��$4G0H=3d1#�?� $4-(34�QA *
P (Ω) ≡ P(Ω; θ, ϕ)

� �:]XW��BW Z R,�)D434+#1#�
θ
�
ϕ

� H43#D4� �:� C���.)�%-xs=$489��+��%�4D,3,� V=+#N,!#'/3,�bC�3,'($4�i�n$4��- A

S�4



� ��) � ��� �����G��� � 
�� " � ��$%��
�� ���	��� ���	��� �
� $>� � " � " ��
�� � ������
 ��� ��� � 
��,�(�	� �	�
 $>����
�� " $ � �(� � � � " ��$ ����������� *�� � " $%�� "
� ���(� " � 
 " � � 
 �����	� � ) " ��$�������� � � ����� �
� ����� � " �����!����� � ��� " $ �(�

	�� ¢ � " 
,��) �����	��
 "+* ��
,���(
,
 ���

1 2 3 4 5
-10

0

10

20

t -
 t L

 (
fs

)

1 2 3 4 51 2 3 4 51 2 3 4 5

ϕ
L
=3,8 ϕ

L
=3,8-π/2 ϕ

L
=3,8-π ϕ

L
=3,8-3π/2

r(O-H) (u.a.)

R>-(N4!#�%$ATBW � � ��Ki�%$����:� w,� -($��6s_$4'(34�E����C����%$=1#3j17$&C�3,� -/G0H=3L�
r̄(t)

� �
1#3IC7$4.:34�%��1#��3,+#17$J1"3I���Q�<$41#3J56!#+#17$=8?�:+;�<$='�1"3I1#�(89����3J1"�
f4N,!7$^3,� -/��+��<$41"3[+#39�:� C7$4G:3��

ϕ �
�^�

θ = π/2
��C7$4�%$^1#-x56��� �:+;� ���

5 $4� �:���
ϕL

�i1#3@C#!#'/� 3@1#�n� $41#-p$=G0H43 &��eW�v@�rC#$4�WV489�:� � 3,�b1#3�C"!#'(��3
1#� &����%H43,�&�

L �
Z ��56��D

τL �
�TD � 56��D �

L �
TBD 1�a ���

14
#I.:8

−2
�

ωL �
�"D 1�T\���eW

8\!B�<$4'�];!#��1"�:�%�:� 89-(+7$=8$e3,��-(�:+;�<$=G0H43e1#3es,�:� 3,�nC�3,'($4� -/�0$=G0H43t17$e�%$41#-($4G�H43 &�� +#3\� -/���%�:82$
1"�@.:3T3,� 1#�:+7$417$=�n];!#�@1#�:M#+#��$t3,� -/��+��<$4G�H43e1#3\��-(��� ��8?$t8?34'(��.:!#'p$=�E� s,��� $\R>-(N"W�TBW � �)WmYm+;�%���)A
�%$4+;� 3#D 893,'(g:.�!#'($4�u1#�^!#8?$&� !"c"� V4+".�-p$&+7$4�E5 $4� �:��'/�(];!#-/17$?�^N�$4��3,�%$&���Q�<H43d$='(��$=�%3,��-p$=89�:+;� �
34� -(�:+;�%$417$4�b+#3@����C7$4G:3#WmqE�:���%�O893T1#3#D=gn+"��.��:� �%f=� -(3����0$4'/-(��$4�i!#8?$E89g�1"-p$u17$EC#��3,c7$4c"-('(-x17$41#�
1"�k-/3,+#-/�0$4G�H43^1#���%$=-(3,��A * � �:]XWb���BW[Z R�� ����3,c#����� 3T17$4��$4�OC�34� � �xs,����3,��-(�:+;�<$=G��T���O8?34'(�:.�!#'($4� �:�
.:3,8 ����'($4G0H43[$43^s,�:� 3,�`C�3,'p$4��-(��$4G�H43^17$^�%$41#-($4G�H43�&��eW

J �:���%�?� �%$4c#$4'(�#3�$d8?g:1#-p$j17$dC#� 3,c#$4c#-('/-/17$=1#�[1#�?-(3,+"-(��$4G0H43j1#�?�%$4-/3,�QA * g9�%�%$_�<$417$d1"�
5634� 8?$j$4C#��3 aB-(8?$417$&.�3,+"� -(1"���%$=+#1#3�$4C��:+7$4�t$4'(N4!#8?$4��3,��-(�:+;�<$=G��T�:�k1#3d� -/���%�:82$	8?3,'/��.:!#'p$=�
.:3,8 ����'($4G0H43[$43^s,�:� 3,�`C�3,'p$4��-(��$4G�H43^17$^�%$41#-($4G�H43#Wm�>$4� $[-/���%3"D#����.�� �)s,��893,�E$^�)aBC#����� � H43

P(Ω) =
1

4π

2π∫

0

dϕ

π∫

0

dθ sin θP(Ω; θ, ϕ) ≈ 1

2

(
P(Ω; 0) + P(Ω;

π

2
)
)
,

�STBW 1��

34+#1#�
P(Ω; θ) =

2π∫
0

P(Ω; θ, ϕ)dϕ/2π
g9$j89g�1"-p$&17$jC"� 3,c7$=c#-('/-/17$41"�\1#�[-(34+#-(��$4G0H=3	1#�[.0$�A
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8?$41#$^-(+��%�:� +7$^C7$4� $[1"-/56������+��%���Os=$='(3,�����O1#32V4+#N4!#'(3
ϕ
D

P(Ω;
π

2
) ≈ 1

4

[
P(Ω;

π

2
, 0) + P(Ω;

π

2
,
π

2
) + P(Ω;

π

2
, π) + P(Ω;

π

2
,
3π

2
)
]
.

�STBWUT4�

 !7$=+#1#3

θ = 0
D�$�.:3,89C�34+#��+��%�	1#3�s,�:�%34�[893,89��+;� 3�1#�	1#-(C�34'(3�C�����82$4+"��+��%�d$43�'(3,+"N,3

1"3���-xaB3
z

C���� C��:+#1#-/.�!#'($4�\$43�C#'p$=+#3�17$�893,'(g:.�!#'($dg2+T!#'($��6s,�S� $�R>-/N#W#TBW R��)W &S�Q�%3�� �:� !#'x�<$
�:8

d · eL = dz = 0
W�qE�����%$�8?$4+"��-(� $"D�3���-(�Q�%��8?$�8?3,'/��.:!#'p$=�2+7H43���3456� ���)aB.:-/�<$=G��T���

sT-/c#�%$4.:-(34+7$4-/�O�e$[C#� 34c7$4c#-/'(-/1#$41#��1#�k-(3,+"-(�0$=G0H43[1"�t� $4-(3,��A *
P(Ω; 0)

.�34-(+#.:-(1#�=DX�:+;�%H43#DX.�348
$^C#� 34c7$4c#-/'(-/1#$41#�@1#��5634� 3,-(34+#-/�0$=G0H43\1#���%$4-/3,�QA * D

P0(Ω)
D7C7$=�%$

IL �
�"W

�>$4�%$[� �k���Q�%!#17$=�E$=��8\!#17$4+#G�$4��.�$4!#�%$=17$4�uC��:'p$[� $41#-p$=G0H43[C#!"8?Cd+#3?�:� C���.)�%��3&.:3,+;s,�:+BA
.:-(34+7$4'�1#�	5634�%34-(3,+#-x�0$4G�H43�1#�j�%$4-/3,�QA * gj.:3,+;s,�:+#-/��+;� �d!#�%$=�9$�� �:N,!#-(+��%�j1"-/56������+#G�$FC7$=�%$F$
C"� 3,c7$=c#-('/-/17$41"�@1#��5634�%3,-/3,+#-/��$4G�H43^1#��� $4-(3,��A *

∆P(Ω) =
P(Ω)

S
− P0(Ω)

S0

,
�STBW[Z,�

34+#1#�
S

�
S0

� H43�$4�?f4� ��$4�?� 34c $4�?C#��3,c7$4c#-/'(-x17$41#�:�91"��563=�%3,-/3,+#-/��$4G0H=3L1#��� $4-(34�QA * .:3,8
�
P(Ω)

�n������8~�
P0(Ω)

�n3�&��\D#� ����C���.:� -/s_$48?�:+;� �4W

$ ��*,�� �
� ������ �#243 �
��� � O �  �� �	���  �
�  � O �����( 
�m��-(89��-(� $48[��+��%�	�%H43I$4+7$='(-/�%$41#34�[3,�9�:� C���.)�%��3,�2C#!#89CBASC"� 3,c��j1#� &�� ')(+* ��-(8\!#'p$=1#3,�

!"�%$4+#1"3FC#!#'/� 3,�\1"�	� $4-(3,��A * 1#�&.�!#�Q�%3��%�:89C�3�1#�&1#!#� $4G0H43"D
τX = 2, 2

56�:WIv@�\����C���.:� � 3,�
563=�%3T��'/�:� *,+#-/.�3,�[1#��� $4-(34�QA * v

d(1s
−1)

1#3I1#�(89�:� 3J1"��f4N,!#$J�)aB.:-/�%$41#3JsT-(c#� $4.�-/3,+7$4'/89�:+;� �
C�34��!#8 C#!#'(��3?1#�k� $41#-p$=G0H43�&���� H43?893,��� �%$41#34��+#$4�uR>-(N4��W�TBW ���k� TBW � �BW J $9R>-(N"W�TBW � �^�%H43
$=C#� �:� ��+��<$=1#3,�	34�2��� C��:.:� � 3,�	C#!"8?CBA�C#� 34c���1#� &�� ')(%* C7$4� $I1#-x56��� �:+;� ���23,� -/��+;�%$4G��T�:�21#3
1"�(89����3[1#�tf=N,!7$[.:3,8 � ��'($4G�H439$43[s,�)�%3,�`C�3,'p$4��-(��$4G0H=3^17$[�%$41#-($4G0H=3�&����

ϕ = 0
34!

eL ↑↑ a
�6'(-/+#�7$�.:3,+��%�(+;!7$��r�

ϕ = π
3,!

eL ↑↓ a��6'(-/+#�7$E�%�%$=.���� $=17$��)Wmv@�o����C���.:� � 3,��$4C#����� �:+;�%$41#3,��+7$
Rb-(N#W�TBW � �t893,��� �%$48�!#8?$eN,� $4+#1#�E� �:+#� -/c#-('/-(17$41"�u.�348� �:'p$=G0H43��e3,� -/��+;�%$4G0H=3\893,'/��.:!#'p$4�:Wmv
C#$4.�3=�%��1#��3,+#17$^-/+#1#!#�:-(1"3^C���'/3[C"!#'(��3[1#�)&�� 1#�:� ��89C���+"�7$4+#1#39!#8?$\C#� 3,C#$4N�$4G�H43^1#3^� -(C�3
�Vs=$4-X�`s,34'/�%$��,� Rb-/N#W�TBW � ���>5 $4�`.�348�];!#�u3tC��:��M7���:� C���.)�%� $4-(��1"3,�o����C��:.:� � 3,��C#!#89CBASC#��3,c���1"�
&�� ')(+* � ��� $=8 1#��C��:+#1#��+��%����1#3�� ��89C�3k1"�u$_�%�%$=� 3?�

∆t
�>��+��%����3,�ZC"!#'(��3,�Z1#�+&��}�`�%$=-(3,��A * W

qu�����%$�82$4+"��-/�%$"D4$@����.�34'(�7$@1#3@� ��89C�3�1#�O$=� �%$4��3�$41"��];!7$41#3"D
∆t ≈ � �u56�:D�];!7$4+#1"3�3�C7$=.�34� �

1"�93,+"17$j���Q�<fj'(3T.�$4'(-x�0$41#3&+7$j� �:N,-/G0H43j1"�[� �%$4+#�Q56������+#.:-p$j1#3dC"� w4� 3,+�� R>-(N#W�TBW �����)D�C�����8?-x�%�
];!#�t$9c7$=+#17$91#��� �%$4+"��56������+#.:-p$91"3?C#� w=�%3,+I�QK`�o�O+#3?1"�(89����391"�tf4N,!7$[� �S� $9� �:N,-(�Q�%�%$=17$[+#3
�:� C��:.:�%��32C"!#8?CTASC#��3,c���1"��&�� ')(+* D#s,�S� $?R>-/N#W TTW � �TW
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∆t=-10,22 fs

=-5,53 fs

=-0,70 fs
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'/3T.0$4'/-/�0$=1#3,��� 3,c"� ��3,�

f_�%3,893,�b1"�n30a"-/N.��+"-(3u1#3�$41"3,�>34!\� ��.:��CB�%3,�r'/�:s=$ �u563,��82$4G�H43u1#��1#3,-(�b�:���<$=1#3,�r��'/�:� � *,+#-/.�34�>1"�
��-(89�:� � -p$

2A′
D73,�`];!7$4-(�`893,��� �%$48�!#8 .:� !#��$48?�:+;� 3?1#�k��!7$4��.�!#�Qs=$4��1#�k�:+#����N,-p$[C�3=�%��+".�-p$='

$=3@'/3,+#N43u17$E.:3T3,� 1#�:+7$417$E+;!#.�'/�0$=�
q
� �:'p$=.�-(34+7$417$`.�3,8 3@.�$4+7$4'T1#���%� $4+#��56�:���:+#.�-($E1#3EC#� w4� 3,+

+#$ �kzJDXs,��� $&Rb-(N#W�Z"W �BWuYZ�Q�<$4�E�%H43&$4�u.�!#�Qs=$4�@1"�e��+#�:� N,-($?C�34�%�:+#.�-($4'i1#-($4c7f=� -(.�$4��];!#�e1#����A
.:� �)s,��8 3,�O1#3,-/�O�:���<$=1#3,�`�:'(�)�%� *4+#-(.:3,�n-(+#1"��C���+"1#��+��%���:DX+7H43[�7$0s,��+"1#39-(+��%��� $4G0H=3^��+��%� ����'/����W
�b34�n3,!"�%��3^'($41#3#D"$eC#� �:� ��+"G0$[1#�@!#8�$4.�34C#'p$489�:+;�%3e�%$=1#-p$4'��:+;�%����3,�n1#3,-/�n�:���%$41#3,�O��'/�:� � *,+"-xA
.:3,�O1#��8?�:� 8?$\� -/8?�)�%��-p$tg�� �:C#� �:� ��+��<$41#$9C��:'p$4�n.�!#�Qs=$4�`1#���:+#����N,-p$\C�34� ��+#.:-p$4' $41"-p$4c#f=�%-/.0$=�
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R>-/N,!#� $ Z"W �.� ��'/-/3 a"$4'x8934+#3 aB-/89$2� �kz��o�
��A�+#-/� � 3,��3T�:�%�:+#3,'m� J Yo�)W

+#$4�t];!7$4-/�t3�.���!#�0$489��+��%3�g9�:sT-/�%$41#3#W 
 !7$4+;� 3�82$4-/3,�@563,�k3�$4.:3,C#'($48?�:+;� 3d��+��%� �?3,�k1#3,-(�
�:���%$41#3,�O��'/�:� � *,+#-/.�3,�:D"8?$4-/3,��� �:�%f[$\����C7$=�%$4G�H43[1#���:+#����N,-p$e��+��%� ��$4�n1#!7$=�O.�!#�Qs=$4�O1#����+"���QA
N4-p$2C�34�%�:+#.�-($4'r$41#-($4c7f=� -(.�$4�E+7$4��C#��3 aB-(89-/17$41#�:�@1#3	C�3,+;� 3j1#�^.�� !"�0$489��+��%3#W J 3jC�3,+��%3j1"�
.:� !#��$489��+��%3#D�3,�r1#3,-/�r���Q�<$41#34�Z��'/�:� � *,+#-/.�34�r-(3,+"-(��$41#3,�>1#�O.�$48?$417$@-/+;� ����+7$@���Q�<H43k$4.:3,C#'($41#3,�
8?$4-/�E563,�Q�%��89�:+;�%�=W[v$4.:3,C#'($489��+;� 3	� $41#-p$='>��+��%���[3,��1"3,-(�@�����%$41#3,���:'(�:� � *,+"-(.�34��-/3,+#-/�0$41#34�
1"�&.�$482$=17$�-(+��%�:� +7$�+7$ �kz g2!#8 $4.:3,C#'p$=8?�:+;� 3�1"3��%-(C�3dsB-/c#� *4+#-(.:3�C�3,-/�e3T.:3,� ���?sT-p$�3
893T1#3t1"�usT-/c#�%$4G�H43t1#3,��+TK".�'(�:3,��$4� ��3T.�-($41#3\$=3e.�$4+7$4'�1"�u� �%$4+#�Q56������+#.:-p$t-/+;�%� $4893,'/�:.�!#'($4�m1#3
C"� w4� 3,+ W

J �:���%�u�%� $4c7$4'/�#3tgu���Q�%!#17$=17$^$t1"-(+ V=8?-/.0$�1"�u�%� $4+#��56�:���:+#.�-($e1#3eC#��w4�%34+2� ��+"1#3^-/+;� ��� 89�)A
1"-p$41#$[C���'/3?$4.�3,C"'p$489��+��%3^sT-(c"� *,+#-/.�3[��+��%� �k3,���:���%$41#3,����'(�)�%��*,+#-(.:3,�`-/3,+#-/�0$41#34�O1#�k.0$48?$417$
-/+;� ��� +#$�v

(1s−1)
17$JN,'/-(30a#$='/8934+#30a"-/89$F�)aB.�-x�<$41#$JsT-(c"�%$4.:-(3,+7$='(8[��+��%�dC�3,�?!#8 C#!#'(��3I1#�

� $41#-($4G0H=3 &��\Wiv@�kC#$4�WV489�)�%� 34��1#3dC"!#'(��3d1#��&��y�%H43�$���!#�Q�<$41#34�t$41"��];!7$417$=8?�:+;� �9C7$4�%$	� �
C"� 3T1#!#�:-(�i3��<$4!B�%*,89����3 J Y�];!#��g=D4��+��<H43"D4����N,-/���%� $41#3�+#3E����C���.)�%� 3E5634� 3T��'/�:�%��*,+#-/.�3`1#���%$4-/3,�QA
* W &S+"563,� 8?$4G:�T���e� 34c#� �	$�563,��82$4G�H43�1"3��%$4!"�%*48?�:� 3 J Y +#34�\����C���.:� � 3,�^C#!#89CBA�C#� 3,c��21"�
&�� ' �%$4-/3,�QA * ��3,89��+��%�u�%H=3e3,c"�%-/17$4�o1"�:sT-(1#3��k+7H43t��];l#-xs=$4' ��+#.:-p$k];!#�/8?-/.0$�1#34��1"3,-(��f=� 3,893,�
1"�e30aB-(N.�:+#-(3[+7$ �kz�];!#�tC�34� � !"��8�1#-x56��� �:+;� ���uC�34�%�:+#.�-($4-/��1#�t-/3,+#-(��$4G0H=32v

(1s−1)
W`qE�:���<$

8?$4+"��-(� $"DB$��tz .�3,+"���%-x�%!#-�!#8y� -/���%�:82$t8?34'(��.:!#'p$=��$41#�:]T!#$41#3[C#$4�%$e�����n��89C#� �:N�$41#3\+#�:��� �
� -(C�3e���Q�%!#1"3#W Kb$48\c�g�8y�����%f\�:��� !#17$417$^$4];!#- D"$e�:M7.:- �:+#.�-($e1#3[$=.�3,C#'($489��+��%3tsT-/c#� *,+"-(.:3\�:+BA
� � �u3,���:���<$=1#3,����'(�)�%��*,+#-(.:3,��1"�E.0$48?$417$k-(+��%����+7$\v

1(1s
−1)

��v
2(1s

−1)
$_�%�%$0s,g���17$e$4+7f4'/-(���

1"�k��!7$4�`.�3,+��%� -/c#!#-/G��T���OC7$=� .�-($4-/�O+#$[C#� 34c7$4c#-/'(-x�%$41"�E�%34�%$4' 1#��5634� 3,-(34+#-/�0$=G0H43\1#���%$4-/3,�QA * W"�
1"-/56�:� ��+"G0$91"�k��+#�:� N,-($[��+��%���t34��C�34� ��+#.:-p$4-/�`1"�k-(3,+"-(�0$=G0H439v

1(1s
−1)

�ev
2(1s

−1)
+#$ �kz¡g

N4�%$4+#1"�e32��!"M7.�-/��+��%�eC7$4�%$9]T!"�\����� $2C�3,��� �xs,��'b�:���%!#1#$4�@$?1#����'(3T.�$4'(-/�0$4G�H4393,!��%�%$4+"��56������+#.:-p$
1#$us_$4. V=+#.�-($E�:8 .�$48?$417$�-(+;� ����+7$  T�1��B!#�%$4+"1#3@.�3,893u8?g)�%3T1#3u1#�n$4+#f4'(-/� ��$u�:� C���.)�%��3,� .�34C#-p$
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Rb-(N,!"�%$ Z"W � ��{�!#��s_$4�j1#����+#�:� N,-($�C�3=�%��+".�-p$='
1"3,���:���<$41"3,��56!#+#17$489��+��<$4'4�Z-(34+#-(��$41#3,� 1#�Z.0$�A
8?$41#$\-/+;� ����+7$^$43\'(34+#N,3\1#$\.�3T3,��1#��+7$=17$^+;!BA
.:'(��$4��������'($4.�-/3,+7$41#$2.:3,8 3	.�$4+7$4'>1"�\� �%$4+#��A
56�:���:+#.�-($[1#39C"� w4� 3,+ W

563=�%3T��'/�:� � *,+#-/.0$e1#���%$4-/3,�QA * W

�21ED � � 72?&58D>7 465��:9<; C 7

���%�:3,� -($?];!#�\1#����.�� �)s,�9$2N,�:�%$4G�H43&1#3&C7$4.:34�%�e1#�\3,+"17$2+#3&�����%$41#3	�:'(�)�%� *4+#-(.:3?56!#+#17$�A
89�:+;�<$='i1#�:sT-/1#3 �2-/+;� ���%$=G0H43?17$2893,'(g:.�!"'p$[.�3,8�!#8�C#!"'(� 321#�e�%$=1#-p$4G�H43�&�� ge1#�:� .:� -/�%$2+#3
{n$=C#�/� !#'(3 �BW J �����%$2� ��G�H43&�%H43&$4C"� ������+��<$417$=��$4�u��];!7$4G:�T���@C����Q�%-(+"��+;� �����?� �:N,!#+#17$2�:�%$4C7$
1#$[�:� C��:.:�%��3,� .:3,C#-p$[C#!"8?CBA�C#� 34c���1#��&�� ')(+* D7$4�O]T!#$4-(�O�%H=3?$=17$4C"�%$417$4�OC7$=�%$^1#�:� .:� �:s,���u$
�VaB.�-x�<$4G�H43�� -/8\!#'/�WV4+#��$"Di.�$4!#� $417$�C���'/3�C"!#'(��3�C#��3,c��?1#�?�%$4-/3,�QA * D�1#3�C7$4.:34�%�?1#�?3,+"17$�1#3
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 � ���	� � ������
 � " �����!����� � ���
� " $ �(� � ��� " $ � " �	�����	� � " )�� * � �����!��� � � "
 $>����
�� " $ � �(� � � � " � $ ������� � ����$%������) " �����
) ��$ ����� ) ��������) ���������(� ���

� � � � � ��� " )��  #" ��$ ��� �

�:���%$41#3t56!#+#1#$489��+;�%$4'XC#$4�%$k3tC7$=��$4.�3,C"'p$41"3t1"�u���Q�<$41#34���:'(�)�%� *4+#-(.:3,�o-/3,+#-/�0$41"3,�Z1#��.0$48?$417$
-/+;� ��� +#$"W>v�1#�:� �:+;s,3,'xsB-/89��+;� 3�� ��w,��-(.:3�17$=�i��];!7$=G��T���b];!#��N43�s,�:� +7$48�3u$4.:3,C#'p$=8?�:+;�%3nsT-(c#��*=A
+"-(.:3���+��%���`3,�m�����%$41#3,�Z�:'(�)�%� *4+#-(.:3,�r-(3,+#-/�0$41"3,�r1#�O.0$48?$41#$�-/+;�%�:� +#$�gn�<$48\c�g�8�$4C#��������+;�%$41#3
+"�����%$9����G0H=3#W

� �Q����� �D) G�):;=��#%,�)DG�!?�	;*2���C(>QAO,�) - ,�C(> �O��#%,�) #(� � � PE��#%� - CR;=� 27C(�

� -/3,+#-/�0$4G�H43L1#��!#8 ��'/g:�%��3,+���8 3,� c#-x�<$4'�v
1(1s)

3,!�v
2(1s)

17$JN,'/-(30a"$4'/8[3,+#30aB-(89$
N4���%$BDT������C���.:� -/s=$=8?�:+;� �4DB3,�Z�����%$41#3,�o��'/�:�%��*,+#-/.�3,�Z1"-p$4c7f_�%-/.�3,� |ψ1〉

� |ψ2〉
];!#�u893,��� �%$48�!#8

.:� !#��$489��+��%3&1#�e� !7$4�@������C���.:� -/s=$=��.:!#��s=$=��1"�\�:+#����N,-p$?C�34�%�:+#.�-($4' D
EO1(1s−1)(q) ≡ E1(q)

�
EO2(1s−1)(q) ≡ E2(q)

DT+7$t.:3T3,� 1#�:+7$41#$e+;!#.�'/�0$=�
q = qc

DTs,�S� $eR>-(N#W�Z"W �BWr�}56!#+"G0H43e1"�u3,+#17$
� 34�<$=' 1#3,�`�:���<$=1#3,��-/3,+#-/�0$41#34�O1"�k.�$48?$417$^-/+;� ��� +#$[g��:� .:� -/�%$[.:3,8?3

Ψc = (ψ1φ1 + ψ2φ2)e
−ıEct,

�QZ"W � �
34+#1#�

Ec

g^$&�:+#����N,-p$289�(+#-/8?$9�:+;�%���^3,�@1#34-(�EC�34�%�:+#.�-($4-/�
E1(q)

�
E2(q)

X
ψ1

�
ψ2

�%H43j$4�
56!"+#G��T�:�@1"�e3,+#1#$?��'/�:�%��*,+#-/.0$4��1#3,�u�:���<$=1#3,�E-(34+#-(��$41#3,�`1#�e.�$48?$417$9-(+��%�:� +7$9+7$2$4C"� 3 aB-/82$_A
G�H43	1"����3,� +TAQv@C#C���+"�#��-/8?�:�%X �

φ1

�
φ2

�%H43	34�@C7$4.:34�%�:��1#�\34+#17$&+;!#.�'/�0$=� ���@1#3,�@�:���%$41#3,�
�:'(�)�%� *4+#-(.:3,� |ψ1〉

� |ψ2〉
D7����� C��:.:� -/s=$=8?�:+;�%�=W

J $E�:� C���.)�%��3,� .�34C#-p$@C#!"8?CBA�C#� 34c���1#� &�� ')(+* D=��8 !#8 .:����� 3@� ��89C�3@1#�n$=� �%$4� 3@$EC7$4�Q�%-/�
1#$k-(+".�-(1 ��+#.:-p$�1#3kC#!#'(��3t1"� &��eD;!#8 C#!#'/� 3k1#���%$4-/3,�QA * 1#��.�!#�Q�%3k� ��89C�3k1#��1#!#� $4G0H43k�)aB.�-x�<$
3�� -(�Q�%��8?$I8?34'(�:.�!#'($4�?C7$=�%$�3�C7$4�	$4.:3,C#'($41#3�1#34�	�:���<$41"3,�	��'/�:�%��*,+#-/.�3,�2];!#��C�3,��� !#�:8 $
s_$4. V=+#.�-($J1#��!#8 ��'/g:� � 3,+�+#3,�?3,��c#-/�%$4-/�[1#��.�$48?$417$L-/+;�%�:� +7$Iv

1(1s
−1)

��v
2(1s

−1)
W}v

C"!#'(��3�1#� (+* $4N,��C"� 3,893�s,�:+#1#3�3�C#$4.�3=�%��1#�F34+#17$�1#3��:���%$41#3�56!#+"17$489��+��<$4'EC7$4� $�$4�
.:!#��s_$4��1#����+#�:� N,-($kC�34�%�:+#.�-($4'X1#34�����Q�<$41"3,��-/3,+#-/�0$41"3,�Z1#�u.�$48?$417$k-/+;� ����+7$k3,+#1"�ugu-(+"-(.:-p$=17$
$^C#� 34C7$4N�$=G0H43[1#3[C7$4.:34�%��1#��3,+#1#$[1#���%$=-(3,��A *

|φc(t)〉 = eıHtζ|φ(t)〉, ζ =

(
ζ1

ζ2

)
, ζn =

1

2
(Dn0·eX), n = 1, 2.

�SZ"W �,�

J ���Q�<$d�:]T!#$4G0H43"D
Dn0

g[3d8?3,89�:+;�%3	1#�91"-(C�3,'/3	1#�[� �%$4+#��-(G�H43j1#3dC#� 3T.:��� ��3�1#�[-(3,+#-/�0$=G0H43
1"�E.�$482$=17$k-(+��%����+7$"DT�

EX

gu3ts,�:� 3,��C�34'p$4��-(��$4G0H=3k17$t�%$=1#-p$=G0H43k1#�E� $4-(34�QA * W
H

gE$t8?$=�%��-(�
Pu$489-('x� 3,+#-/$4+7$2];!#�9-(+��%��3T1#!#�[$j-/+;�%�:�%$4G�H43j�:+;�%���934�k1"3,-(���:���<$=1#3,�t$41"-p$4c7f_�%-/.�3,�@-/3,+#-/�0$41#34�
1"�k.�$48?$417$^-/+;� ��� +#$"D"s,��� $[� �:G0H=3 Z"W �,W[RBW

���:];!7$4G0H=3�1#�O|T.V�#��T1#-(+"N,���b1#�:C��:+#1#�:+;�%�O1"3E�%�:89C�3@];!#��N,3 s,����+7$E3@893 sB-/89��+;� 3u1"3@C7$_A
.:34�%�O1#�`3,+#17$�+T!#.:'(��$4�m� 3,c#���u$=�Z1#!7$=�o.:!#��s_$4�o1#�`�:+#����N,-p$�C�34� ��+#.:-p$='#1#3,�Z���Q�<$41"3,�o-/3,+#-/�0$41#34�
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 $>����
�� " $ � �(� � � � " � $ ������� � ����$%������) " �����
) ��$ ����� ) ��������) ���������(� ���

� � � � � ��� " )��  #" ��$ ��� �

1"�k.�$48?$417$^-/+;� ��� +#$[+"39C#� 3T.:����� 3?1#��5634�%3,-/3,+#-/��$4G�H43^1#���%$=-(3,��A * g��:� .���-/�%$[.�348?3

ı
∂

∂t
φc(t) = Hφc(t)+Vφ(t), V =

(
V10

V20

)
, Vn0 = −(Dn0·EX) cos(ωXt), n = 1, 2,

�SZBW[R��
34+#1#�

ωX

g�$L56� �:]Tl ��+#.:-p$I17$J� $41#-($4G0H43L1#��� $4-(34�QA * W�{�34+#� -/1#��� $4+#1#3�$I$4C#� 30aB-(8?$4G0H=3J1"�
R7� $4+#.<U,AQ{�3,+"1#3,+ Dr3,�t8?3,89�:+;�%34�t1"�21#-(C�3,'/3�1"�?�%�%$=+#� -/G0H43

D10

�
D20

Dr+7$���]XWn�SZ"W R��)Db�%H43
56�:-/� 3,�O-(N4!7$4-/�O$ �,W

vC7$4.:34�%�91#�93,+#1#$d+T!#.:'(��$4�2�6��]XW��QZ"W �,� �@g9����.���-/�%3d.�3,893d!#8hs,�)�%3,�k1#�91#!#$4�t.:3,89C�3=A
+"��+��%���:D�1"�t$=.�3,��1#39.:3,8

|φc(t)〉 =

(
|φ1(t)〉
|φ2(t)〉

)
.

�QZ"W 1��
v�C#$4.�3=�%��1#�F3,+"17$�1#�F1"!7$4�j.:3,89C�3,+#��+��%�:�J� ��]XWk�QZ"W 1;� �?g�� 3,'/!#G0H=3�17$��:]T!#$4G0H=3�1"�

|T.V�"� T1#-/+#N,�����6��]XW��QZ"W[R,� �[1#����.�3,+#��-(1#�:�%$4+"1#3�3I� ��� 893I1#��-/+;�%�:�%$4G�H43I1#3,�2�%$4-/3,�QA * .:3,8 $
893,'/g�.:!#'p$"DB-/���%3^g4D

ı
∂

∂t
φc(t) = Hφc(t).

�QZ"W[T,�

� �Q��� � � 2�,�0%�10 >?!?>?#%��#%� #%� &(,B;=,�>Q,�C(> �O��� � ,F#(� MN��>?,�) � � � �%>?��#%� � ,12
�%PE� - CR;=�"C%)*�HMN��#(>Q��� � , - .

��� �%$4+#�Q563,� 8?$417$�1#��R73,!"� -(�:�^17$L�:]T!#$4G0H=3��SZBW �,�e'(�:s_$J$=3JC#$4.�3=�%�d1#�d3,+#1#$L1#�d1#!#$4�
.:3,89C�3,+#�:+;�%�:��+#391"3,89�(+#-/3\17$^56����];l,�:+#.�-($

|φc(−Ω)〉 =

∞∫

−∞

dt e−ıΩt EX(t) |φc(t)〉,
�QZ"W Z��

34!dC7$4� $[.�$417$[.:3,8?C�34+#��+��%�

|φn(−Ω)〉 =

∞∫

−∞

dt e−ıΩt EX(t) |φn(t)〉, n = 1, 2.
�SZ"W��,�

J $	�:]�WZ�SZ"W��,�)D
Ω �

�nY −I1s

g[$	��+"��� N4-p$&1#�^'(-(N,$4G�H43&����'($=�%-xs=$�����Y
� ωX − ε

�)D�3,+"1#�
ε

g
$\�:+#����N,-p$e1#3\5634�%3T�:'(g)�%� 3,+&�

I1s

g@3^8?�:+#3,��1#3,�OC�34� ��+#.:-p$=-(��1#��-/3,+#-(��$4G�H43\$41#-p$=c7f=�%-/.�34��1#34�
1"3,-(�O�:���<$=1#3,���:'(�)�%� *4+#-(.:3,�O1#-($4c7f=� -(.�34�n1#��.0$48?$417$^-/+;� ����+7$9v

1(1s
−1)

�ev
2(1s

−1)
W

R>-/+7$4'/89��+��%�=Dt$ C#� 34c7$4c#-/'(-/1#$41#�J1#��563=�%3,-/3,+#-/��$4G0H=3�1#3���'/g:� � 3,+���8 .0$48?$417$�-/+;� ��� +#$
P (Ω)

D�3,+#1"�9$j'($4N,!#� $&17$	c7$4+#1#$j����C���.)�%�%$='Z1#�:� ����8?-/+7$417$&C���'/3	�%�:8?C�3j1#�^8?�:-p$_A sB-/1#$&1"3
£ 	
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� ) " ��$ ���	��� ��
 � ���	� � ������
 � " �����!����� � ���
� " $ �(� � ��� " $ � " �	�����	� � " )�� * � �����!��� � � "
 $>����
�� " $ � �(� � � � " � $ ������� � ����$%������) " �����
) ��$ ����� ) ��������) ���������(� ���

� � � � � ��� " )��  #" ��$ ��� �

�:���%$41#3E��'/�:� � *,+#-/.�3�1#��.�$48?$417$�-/+;� ��� +#$�g�+#�:N,'(-/.��:+#.�-($417$t�
Γc = 0

�)D=g�.�$4'(.:!#'p$=17$`C���'($�+#3,��82$
1"39C7$4.:34�%��1#��3,+"17$[1#���%$=-(3,��A * +#3[1#3,89�(+#-/3\17$^56����];l,�:+#.�-($  � � �

P (Ω) = 〈φc(−Ω)|φc(−Ω)〉 = 〈φ1(−Ω)|φ1(−Ω)〉+〈φ2(−Ω)|φ2(−Ω)〉 = P1(Ω)+P2(Ω).�SZBW����
�}��]XW �SZ"W ���m893,��� �%$k];!#�E34������C���.:� � 3,��C#!#89CBASC"� 3,c���1#� &�� ')(%* �%H=3#DT��+;�%H43#DT3,c"� -(1#34�oC���'($
��3,8?$E17$=�rC#��3,c7$4c#-/'(-x17$41#�:�bC7$4� .:-p$=-(�

P1(Ω)
�
P2(Ω)

$4� ��3B.:-p$=17$4�r$43,�>C#��3T.������ 3,�m1#��5634�%3,-/3,+#- A
��$4G�H43	v

1(1s
−1)

�\v
2(1s

−1)
+7$ �tzLDX� �:� C���.)�%-xs=$489��+��%�4WO�u�uC#��3,c7$4c#-/'(-x17$41#�:�`C7$4��.�-p$=-(�O1#�

563=�%3,-/3,+#-/��$4G0H=3
P1(Ω)

�
P2(Ω)

�%H43u.�$4'(.:!#'p$=17$4��$�C7$4�Q�%-/��1"��1"-/56������+��%�:�b.:3,+#1#-/G��T���i-/+#-(.:-p$=-/��17$
C"� 3,C7$=N�$4G�H43t1"3tC7$4.�3=�%��1#�u3,+"17$k� 3,c"� �u3tC#$4�o1#��.�!#�Qs=$4��1#�u�:+#����N,-p$�C�34� ��+#.:-p$4'X$4.�34C#'p$41#$4��D
1#$417$4�`C��:'p$4�n�%�%$=+#� -/G��T�:��C#$4�%$^3,�`�:���<$=1#3,���:'(�)�%� *4+#-(.:3,� |ψ1〉

� |ψ2〉
D7����� C��:.:� -/s=$=8?�:+;�%�=W

� �Q��� � � � � � 27��#%,12��F� PE>?!K;=, C(>?� C(,
H

v�PE$489-(' �%34+#-($4+"3
H

g�����.�� -x�%3[+7$^563,��82$\17$^82$_�%� -/�� � Z����

H =

(
H11 H12

H21 H22

)
.

�QZ"W � �

J $^82$=� � -/�[�SZBW � �VD#3,�O� ��� 893,�O17$[1"-p$4N43,+7$4' � H43917$41"3,�`C�3,�

Hnn = Tnuc + 〈ψn|Hel|ψn〉 = − 1

2mH

d2

dq2
+ En(q), n = 1, 2,

�QZ"W �����
34+#1#�

Tnuc

gE3\34C��:�%$=1#3,��1#$e��+#�:� N,-($t.�-(+"g:�%-/.0$t1"3,��+TK#.:'(�:3,���
En(q)

g@$t��+#�:� N,-($tC�34�%�:+#.�-($4'
1"-p$4c#f=�%-/.0$\1#3[���Q�<$41#39��'/�:� � *,+#-/.�3 |ψn〉

W
v@�m�%�:� 893,�r563,� $�17$�1#-($4N,3,+#$4'

Hnm

D�+7$�8?$=� � -(��17$���]XW��SZBW � �VD,563,��+#��.:��8 3k$4.�34C#'p$=8?�:+;�%3
�:+;� � ��3,�O�:���%$41#3,�O��'/�:�%��*,+#-/.�3,��1#-p$=c7f=�%-/.�3,� |ψ1〉

� |ψ2〉
D"3[];!7$='�$4.�34+;�%�:.��@sB-($\3^893�sT-(89��+��%3

1"3,��+TK#.:'(�:3,�t$=3d'/3,+#N,3	17$j.:3T3,� 1"��+7$41#$
q
W[��-/+;� ���%$=G0H43j� $41#-($4'>��+��%� �[���Q�%���k1#3,-/���:���%$41#3,�

�:'(�)�%� *4+#-(.:3,�&1#-($4c7f=� -(.:3,�2g�'(�:s_$417$���8 .�34+#� -/1#��� $4G0H=3�.�3,8 $�-(+".�'(!"�%H43�1#3,�&�%�:� 893,�&+7H43=A
$=1#-p$=c7f=�%-/.�34�E1#�\C#� -/8?�:-(� $?�\� ��N4!#+#17$	3,��1#��+#��+#�:N,'/-(N,�:+#.�-($41#3,�u+7$	$4C#��3 aB-(8?$4G�H4321#����3,� +BA
v@C#C��:+#�#�:-(89���:D73,!d����� $"D

Hnm = − 1

2mH

(
2〈ψn|

d

dq
|ψm〉

d

dq
+ 〈ψn|

d2

dq2
|ψm〉

)
.

�SZ"W �.���
Ym8 N,�:�%$4' D 3`3,C��:�%$41#34��1#�o$=.�3,C"'p$489��+��%3�sT-(c#��*,+#-/.�3#D

Hnm

D�gm� �%$=�%$41#3O1#�r563,� 8?$n$4C#� 30aB-(8?$417$
����+#1"3[1#����.���-/�%3\C�3,�n!"82$e.:���Q�<$e56!#+#G�H43d� ���:�%$  � Z�� 3,! ��$4!#��� -($4+7$  �.�2� D"C�34�n�Va"�:8?C"'(3;�o];!#�
� $=�%-/��5 $4G�$`$O.�34+#1#-(G�H43`1#�Z8?$4+��%����$O�#����8?-x�%-/.�-/17$=1#�r17$O8?$=�%��-(�rPE$489-(' �%34+#-($4+#$

H
� ��]XWT�SZBW � ���)W

£ �
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� " $ �(� � ��� " $ � " �	�����	� � " )�� * � �����!��� � � "
 $>����
�� " $ � �(� � � � " � $ ������� � ����$%������) " �����
) ��$ ����� ) ��������) ���������(� ���

� � � � � ��� " )��  #" ��$ ��� �

J �:���%�E�%�%$=c7$4'/�#3eg@!#� $417$^$\$4C"� 3 aB-/82$=G0H43t'(-/+#�0$=��� !"N,����-(17$eC�3,�O{��:1#����c7$4!#8  � Z�� C7$4� $
1"��� .:� �)s��:�j3�$4.:3,C#'p$=8?�:+;� 3IsT-/c#� *,+"-(.�3I��+��%� ��3,�&1#34-(�2���Q�<$41#34�	��'/�:�%��*,+#-/.�3,�2-/3,+#-/�0$41"3,�21"�
.�$48?$417$^-/+;� ��� +#$"W

qE���Q�<$F8?$4+#�:-(�%$BDm3,�\� ��� 893,�\.���!#�0$=1#3,�[+7$�8?$=� � -/�&PE$489-(' �%34+#-($4+#$
H

� �:]�W`�SZ"W � ���t�%H43
$=C#� 30aB-(8?$41#3,�n1#�k$4.:3,� 1#3[.�348

Hnm ≈ λq.
�SZ"W � �,�

qE���Q�<$�8?$4+#�:-(� $"D`$I��];!7$=G0H43�1#�F|B.<�#� T1#-/+#N,�:�F�6��]XW��SZ"W R�� �[g��)aBC#'/-(.:-/�<$=89��+;� ����� .:� -x�<$
.:3,893[39C#$4�`1#���:]T!#$4G��T�:�E$4.:3,C#'p$=17$4�

ı ∂
∂t
|φ1(t)〉 =

[
− 1

2mH

d2

dq2 + E1(q)
]
|φ1(t)〉 + λq|φ2(t)〉 + V10|φ(t)〉e−ıEt

ı ∂
∂t
|φ2(t)〉 =

[
− 1

2mH

d2

dq2 + E2(q)
]
|φ2(t)〉 + λq|φ1(t)〉 + V20|φ(t)〉e−ıEt

.
�SZ"W � R��

RX$4���:+#1#3
λ = − A

2mH

D#� ��893,�O]T!"�

ı ∂
∂t
|φ1(t)〉 = − 1

2mH

[
d2

dq2 |φ1(t)〉 + Aq|φ2(t)〉
]

+ E1(q)|φ1(t)〉 + V10|φ(t)〉e−ıEt

ı ∂
∂t
|φ2(t)〉 = − 1

2mH

[
d2

dq2 |φ2(t)〉 + Aq|φ1(t)〉
]

+ E2(q)|φ2(t)〉 + V20|φ(t)〉e−ıEt
.

�SZ"W � 1;�

� �Q����� � � � � C(>K; �(#%� #(� � ,�C():;=��CR;=� #%� � A	,1� !?� PE�"CR;=,
A
� �HM � �

!?��� � ,H�"CR;*27� ��)DMN� �(27�")*�"C ;=����� �") � >Q�10��B;�>?AO�L� � #(>Q�10��1;=>?A	�

J ���Q�%�k.�$4� 3?$[8?$=� � -/��PE$=8?-/'x�%34+#-($=+7$
H

� �:]XWb�QZ"W � � ��g���������.���-/�<$[.:3,893

H =

(
H11 H12

H21 H22

)
=

(
E1 λq

λq E2

)
,

�SZ"W � T,�

34+#1#�
En

ge$?��+#�:� N,-($?C�34� ��+#.:-p$4'�1#32���Q�<$41"3&��'/�:� � *,+#-/.�3?1"-p$4c7f_�%-(.:3 |ψn〉
D��

λq
gt3&$4.�34C#'p$_A

89�:+;�%3^sT-(c#��*,+#-/.�3^��+��%� ��3,�`1#34-(�O���Q�<$41"3,����'/�:� � *,+#-/.�34�O1#-p$=c7f=�%-/.�3,� |ψ1〉
� |ψ2〉

W
��8?$=�%��-(�2�QZ"W � T,�`C�3T1#�e� �:�E� �%$4+"��563,��82$41#$?17$?� ��C"� ������+��<$4G�H43j1"-p$4c7f_�%-(.�$9C7$=�%$2$&$41#-($_A

c#f=�%-/.0$[$_�%�%$0s,g��`1#��!#8?$\�%�%$=+#��563,��82$=G0H43^!#+#-x�<f4��-p$e� �:� !#'x�<$4+"1#39+7$^82$=� � -/�@1#-($4N,3,+7$='

C−1HC =

(
E− 0

0 E+

)
=

=




E1+E2

2
−
√

(λq)2 +
(

E2−E1

2

)2
0

0 E1+E2

2
+
√

(λq)2 +
(

E2−E1

2

)2
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�SZ"W � Z��

£7S



� � ����)���� " ����� 
 � �	$�������� � " ����$ " � 
 �����	��

� ) " ��$ ���	��� ��
 � ���	� � ������
 � " �����!����� � ���
� " $ �(� � ��� " $ � " �	�����	� � " )�� * � �����!��� � � "
 $>����
�� " $ � �(� � � � " � $ ������� � ����$%������) " �����
) ��$ ����� ) ��������) ���������(� ���
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34+#1#�
C

gk$[8?$=�%��-(�E� �%$4+"��563,��82$4G�H43^1#�:M#+#-(17$^.�3,893

C =

(
cos β senβ

−senβ cos β

)
,

�SZ"W �2�,�

�k$^.�34+#1#-(G�H43[1#��3,��� 3,N,3,+#$4'(-x�0$4G�H43^g

tg(2β) =
2λq

E2 − E1

.
�SZ"W �0���

v C7$=�WV489�:� � 3?1#3&$4.:3,C#'($48?�:+;� 39sT-(c#��*,+#-/.�3?C�3T1#�t� ���E�:��� -(8?$41#3?C7$4� $?!#8?$?1#$417$?1#-/56�VA
����+#G�$91"�k�:+#����N,-p$[$41"-p$4c7f_�%-/.0$e+#39C�3,+��%391"�k.:� !#��$489��+��%3

qc
D#3,!d����� $"D

∆E(qc) = E+(qc) − E−(qc) = 2λqc.
�SZ"W � � �

{�348?3 √
λ2 = A

2mH

D"�%�:8?3,�O];!#�
A =

mH∆E

qc
.

�SZ"W � ���
vys=$4'/3,�����Q�%-/82$41"3d17$d.�3,+#�Q�<$4+��%�?1#�2$=.�3,C#'($489��+��%3d�yC7$=�%$dN,�:�%$4�t$=�t.:!#��s=$=�e1#�9��+#�:� N,-($
C�3=�%��+".�-p$='o$41"-p$4c#f=�%-/.0$4��.:3,8¡!#8?$j� ��C#$4�%$4G�H43�1#� �"D Zd����+#3�C�34+;�%3d1#�?.:� !#��$489��+;� 3��

qc
�VD

.:3,893[8?34���%� $41#3^+7$9R>-/N#W�Z"W �BD#g�1#���0�"D[T\! W $"W
q@$289����82$982$=+#��-/�%$"DX3,�u�����%$41#3,�E��'/�:� � *,+#-/.�3,�u$41#-($4c7f=� -(.:3,�e� |ψ−〉

� |ψ+〉
�`�����%H43&� �:'p$_A

.:-(34+7$41#3,�O.:3,8 3,�`�:���%$41#3,��1"-p$4c7f_�%-/.�3,��� |ψ1〉
� |ψ2〉

�n$=�%� $ s,g:��1"39C7$4�O1#����];!7$4G:�T���

|ψ−〉 = cos β|ψ1〉 − senβ|ψ2〉
|ψ+〉 = senβ|ψ1〉 + cos β|ψ2〉

,
�SZ"W �6���

34+#1#�
β

g�3,cB�%-(1"3[C���'($^��];!7$4G�H43��QZ"W �0���)W
� � ��C"� ������+��<$4G�H43	$41"-p$4c7f_�%-/.0$^1#�:� .:� �:s,�\34�u�:���%$41#3,�u��'/�:� � *,+#-/.�34��+#34�u];!7$4-/�u$[s=$4.%V4+#.:-p$
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$=.�3,C"'p$489��+��%3

A
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W J ���Q�%�o���Q�%!#1"3�563,-,C�34� � �xs,��'�� �:N,-(�Q�%�%$=��$O.�348?C��)�%-(G�H43O��+��%� �o$
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Livros Grátis
( http://www.livrosgratis.com.br )

 
Milhares de Livros para Download:
 
Baixar livros de Administração
Baixar livros de Agronomia
Baixar livros de Arquitetura
Baixar livros de Artes
Baixar livros de Astronomia
Baixar livros de Biologia Geral
Baixar livros de Ciência da Computação
Baixar livros de Ciência da Informação
Baixar livros de Ciência Política
Baixar livros de Ciências da Saúde
Baixar livros de Comunicação
Baixar livros do Conselho Nacional de Educação - CNE
Baixar livros de Defesa civil
Baixar livros de Direito
Baixar livros de Direitos humanos
Baixar livros de Economia
Baixar livros de Economia Doméstica
Baixar livros de Educação
Baixar livros de Educação - Trânsito
Baixar livros de Educação Física
Baixar livros de Engenharia Aeroespacial
Baixar livros de Farmácia
Baixar livros de Filosofia
Baixar livros de Física
Baixar livros de Geociências
Baixar livros de Geografia
Baixar livros de História
Baixar livros de Línguas
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