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Fr =
U√
gL

.
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= U
� ∗, � = L � ∗, t = LU−1t∗, p = U2p∗,

/
= g
/ ∗.
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∂x
+
∂v

∂y
= 0,
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∂u

∂t
+
∂(uu)

∂x
+
∂(uv)

∂y
= −∂p

∂x
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1
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∂2u
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+
∂2u

∂y2

)

+
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Fr2
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+
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∂2v
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+
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 F�N8 'F6#1C6F�!$21V"78p1�6)�+s)6)M/"%021=�!87T�'W&��Ck7,
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φ( � , t)

k��;�FMl1��C�!��"%, 0)&w1�"%,.'W&
T
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φ( � , t)
 )"��F0)*- )�.'W&��

φ( � , t) =
1

T

∫ t+T

t

φ( � , τ)dτ , T0 << T << T1,

"
φ′( � , t)

k�&4 )"%8 G *-&( )"�,.k% )*-��d%"7�C&("%, φ( � , t)
Ti�D )"%K7&�,.':&�8+*-$%S!&D )"�"78CKX�NML�!8; #" � "��V0#&�M- )8Ak

 )"7�F0#*- F�w':&!�
φ( � , t) = φ( � , t) + φ′( � , t),
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∂ui
∂xi

= 0,
� ��H���!

∂ui
∂t

+
∂(uiuj)

∂xj
= − ∂p

∂xi
+

∂

∂xj

(

ν
∂ui
∂xj

− u′iu
′
j

)

+ gi, i = 1, 2,
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u′iu

′
j

Trk`&Y1�"%0#8C&��� )"i1�"%0#8 1@"%8p #" � "7�@0)&�M/ )8�a@6#"[�C"7')�C"78C"70B1��5&�8�"7bc"7*/1�&!8� )�Y1�6#�Cs)6)M/j%0)K7*L��8C&�s#�C"
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σij ≈ −pδij + νDij − u′iu
′
j,

� ��H ��� !
"7,�aB6)"

Dij
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∂ui
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+
∂uj
∂xi
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σij =
(

−pδij + νDij
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κδij,
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κ
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= 0,
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∂ui
∂t

+
∂(uiuj)

∂xj
= −∂pe

∂xi
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1

Re

∂

∂xj

(

∂ui
∂xj

)

+
1

Fr2
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1
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∂

∂xj
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pe = p+ pt = p+
2

3
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∇ · � = 0,
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∂t

+ ∇ · ( ��� ) = −∇pe +
1

Re
∇2 � +

1

Fr2

/
+

1

Re
∇ · (νt � ),
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∂κ

∂t
+ ∇ · (κ � ) =
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Re
∇ ·
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(1 + νt
σκ

)

∇κ
)

+
v − ε,
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∂ε

∂t
+ ∇ · (ε � ) =

1
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∇ ·
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(1 + νt
σε

)

∇ε
)
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v − C2εε)/Tt,
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κ

ε
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∂xi
+

1

Re

∂
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∂ui
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+
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Fr2
gi +

1

Re

∂
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+
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∂xj

(
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∂ui
∂xj

− ε,
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∂t
+
∂(εuj)

∂xj
=

1

Re

∂
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∂κ

∂t
= CONV (κ) +

1

Re
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∂

∂x

(
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σκ

)∂κ

∂x

)

+
∂

∂y

(

(1 + νt
σκ

)∂κ

∂y
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∂ε
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1
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∂

∂x
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∂y

(
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)∂ε
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(

∂u

∂x
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(

∂u

∂y
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∂v

∂x
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T
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CONV (u) = −
(

∂(uu)

∂x
+
∂(uv)

∂y

)

,

CONV (v) = −
(

∂(vv)

∂y
+
∂(vu)

∂x

)

,

CONV (κ) = −
(

∂(κu)

∂x
+
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∂y

)
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∂(εu)

∂x
+
∂(εv)

∂y

)

.

�Y,��;bc&��+,��w�!Ml1�"%�+0F�N1C* G �; F�!8Y"%aB6F�!$21V"785 )&.,.& G */,�"70B1C&wa@6#"A" G *l1=�w')�C&�s#M-"%,��!8o0B6),.k%�+*-K%&!8Y"7, )"%8+K%&�021�*/0B6)*- F�N )"%87TqK%&�0#E)"%K7*- F�gK%&�,.&�K7&�,.')M-"�1=�!,."%021�"9K7&�0)8+"%� G �N1C* G � � � 3�" G *-M/M-"!T&����� �� ! Tp'W&V #".8+"%�&�s#1�*/ F�9*-021��+&V #6)d%*/0) )&�� 8C"e& G "�1�&�� G &!�+1�*/K%*/ F�! )" ω = ∇× � TF )"R,��!0)"%*/���;aB6)"

∇2 � = −∇× ω.
� ��H����8!

��8C8C*/,�T#�!8o"%aB6F�N$-1@"%8� )"RK%&�0#8C"%� G �!$XS!& � ��H��
��!�� � ��H�� 	 !�T@'F�!�C�9')�C&�s#M-"%,��!8ts#*- )*/,�"70)8C*/&�0F�!*/8%TB�C"7 )6��
d%"%, � 8+"Q�!8�8C"%�!6)*-021�"78Ybc&!�C,��!8tK%&!,�')M/"71��!,�"7021�"eK%&!0)8C"7� G �N1�* G �!8

∂u
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∂x
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∂
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∂y
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∂
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(
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,
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∂v

∂t
= CONV (v) − ∂pe

∂y
− 1

Re

[

∂

∂x

(

∂u

∂y
− ∂v

∂x
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∂

∂y

(
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∂v
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(∂u
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∂x

)

+
∂

∂y

(
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+P − ε,
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∂y

)]

+(C1εP − C2εε)/Tt.
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φf =



















φU
8+"

φ̂U 6∈ [0, 1],
1
4
(7φU − 3φR)

8+"
0 < φ̂U < 3/8,

1
8
(3φD + 6φU − φR)

8+"
3/8 6 φ̂U 6 3/4,

1
4
(3φD + φU)

8+"
3/4 < φ̂U < 1.
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ûi+ 1

2
,j 6∈ [0, 1],

2ui+ 1

2
,j − ui+ 1

2
,j−1

8+"
0 < ûi+ 1
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ûi+ 1

2
,j−1 =

ui+ 1

2
,j−1 − ui+ 1

2
,j−2

ui+ 1

2
,j − ui+ 1

2
,j−2

.

• �5'#�C&*.V*-,��!$-1@"%8o'F�N���
ui+ 1

2
,j− 1

2

T)aB6F�N0) )&
v̄2 < 0

�

� � �,� � t �

ui+ 1

2
,j− 1

2

=



























ui+ 1

2
,j

8+"
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2
,j < 1."%,�aB6)"
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,j − ū2κi− 1

2
,j

δx
,

� � H���� !
"%, aB6)"R&�8 G �!M-&��+"%8 ū1
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ū2 < 0

�

� � ���f� t �

κi− 1

2
,j =























κi,j
8+"

κ̂i,j 6∈ [0, 1],
10κi,j − 9κi+1,j

8+"
0 6 κ̂i,j < 3/74,

1
8
(3κi−1,j + 6κi,j − κi+1,j)

8+"
3/74 6 κ̂i,j < 1/2,

1, 5κi,j − 0, 5κi+1,j

8+"
1/2 6 κ̂i,j < 2/3,

κi−1,j

8+"
2/3 6 κ̂i,j 6 1.

�
���lz � +`�

κi− 1

2
,j =















κi,j
8+"

κ̂i,j 6∈ [0, 1],
2κi,j − κi+1,j

8+"
0 < κ̂i,j < 3/10,

1
8
(3κi−1,j + 6κi,j − κi+1,j)

8+"
3/10 6 κ̂i,j 6 5/6,

κi−1,j

8+"
5/6 < κ̂i,j < 1.

�
z s + � t � �e�

κi− 1

2
,j =















κi,j
8C"

κ̂i,j 6∈ [0, 1],
1
4
(7κi,j − 3κi+1,j)

8C"
0 < κ̂i,j < 3/8,

1
8
(3κi−1,j + 6κi,j − κi+1,j)

8C"
3/8 6 κ̂i,j 6 3/4,

1
4
(3κi−1,j + κi,j)

8C"
3/4 < κ̂i,j < 1."%,�aB6)"

κ̂i,j =
κi,j − κi+1,j

κi−1,j − κi+1,j

.
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� � H � ��!�T:aB6F�!0) )&>8+"9�!')�+&�.V*/,��

ui+ 1

2
,j+ 1

2

'F�!�C��&�KX�N8C&� )"
v̄1 < 0

T�& G �!M-&!�� F��'#�C&�')�+*-"7 F�! )"A1C���!0#8 �
'W&��<1=�! F�

u
0)&9'W&�021�& �

= (i+ 1
2
, j + 2)

 )" G "R"%8<1=�!�o #"7�F0)*/ )&)Hi�50)�!M-&����!,�"7021�"!T@0F�w�!')�+&*.#*/,��N$XS!&� � H�� � !�Tp'F�!���4�N')�C&*.V*-,��!�
κi− 1

2
,j

aB6F�!0# )&
ū2 > 0

T�& G �!M/&��� )�D')�C&�'#�C*-"7 F�! )".1��C�!0)8C'W&��<1=�! F� κ 0)&'W&�021�& �
= (i− 2, j)

kR�+"%aB6)"%�+*- )&#H I , �N,;s:&!8o&�8�KX�!8+&�8%TF&w"%8+aB6)"%,���E)]/s)�C*/ )&9kR�!K7*-&�0F�N )&)H
I ,��C"78C6),.&)TF�N8Y"7aB6F�!$-1@"%8Y )"RK%&!0)8C"7� G �!$XSN&� )*/8CK7�C"71C*-d%�! F�!8o1�&!�C0F�!, � 8+"
�

•
���������	��
���
���
��
� "%aB6F�!$%S!& � ��H�� 
�!t� G �!M-*-�! F�A0#&.'W&�021�& (i, j)

kQ�!')�+&�.V*/,��! )�;':&��
ui+ 1

2
,j − ui− 1

2
,j

δx
+
vi,j+ 1

2

− vi,j− 1

2

δy
= 0.

� �
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�58�"%aB6F�!$21V"78 � �!H�����! " � ��H�� ��! � G �!M-*-�! F�!8 0)&!8�'W&�021�&�8 (i+ 1

2
, j)

"
(i, j+ 1

2
)
T!�C"78C'W"%K�1�* G �!,."%021C"!T8�S!&��!')�+&�.V*/,��! )�!8t'W&��

ũn+1
i+ 1

2
,j

= un
i+ 1

2
,j

+ δt

{

CONV (u)

∣

∣

∣

∣

i+ 1

2
,j

− p̃ei+1,j
− p̃ei,j

δx

+
1

Reδy

[(

ui+ 1

2
,j+1 − ui+ 1

2
,j

δy
−
vi+1,j+ 1

2

− vi,j+ 1

2

δx

)

−
(

ui+ 1

2
,j − ui+ 1

2
,j−1

δy
−
vi+1,j− 1

2

− vi,j− 1

2

δx

)]

+
2

Reδx2

(

νti+1,j(ui+ 3

2
,j − ui+ 1

2
,j) − νti,j(ui+ 1

2
,j − ui− 1

2
,j)
)

+
1

Reδy

[

νti+ 1

2
,j+ 1

2

(

ui+ 1

2
,j+1 − ui+ 1

2
,j

δy
+
vi+1,j+ 1

2

− vi,j+ 1

2

δx

)

−νti+ 1

2
,j− 1

2

(

ui+ 1

2
,j − ui+ 1

2
,j−1

δy
+
vi+1,j− 1

2

− vi,j− 1

2

δx

)]

+
1

Fr2
gx

}n

,

ṽn+1
i,j+ 1

2

= vn
i,j+ 1

2

+ δt

{

CONV (v)

∣

∣

∣

∣

i,j+ 1

2

− p̃ei,j+1
− p̃ei,j

δy

− 1

Reδx

[(

ui+ 1

2
,j+1 − ui+ 1

2
,j

δy
−
vi+1,j+ 1

2

− vi,j+ 1

2

δx

)

−
(

ui− 1

2
,j+1 − ui− 1

2
,j

δy
−
vi,j+ 1

2

− vi−1,j+ 1

2

δx

)]

+
2

Reδy2

(

νti,j+1(vi,j+ 3

2

− vi,j+ 1

2

) − νti,j(vi,j+ 1

2

− vi,j− 1

2

)
)

+
1

Reδx

[

νti+ 1

2
,j+ 1

2

(

ui+ 1

2
,j+1 − ui+ 1

2
,j

δy
+
vi+1,j+ 1

2

− vi,j+ 1

2

δx

)

−νti− 1

2
,j+ 1

2

(

ui− 1

2
,j+1 − ui− 1

2
,j

δy
+
vi,j+ 1

2

− vi−1,j+ 1

2

δx

)]

+
1

Fr2
gy

}n

.
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∂2ψ

∂x2
+
∂2ψ

∂y2
=
∂ũ

∂x
+
∂ṽ

∂y
.

�5')�+&�.V*/,��!0# )&�� 8+"R�!8� )"%�+* G �! F�N8o':&��o #*/bc"%�+"%0)$%�!8�K%"70B1C���!*/8�&�s#1�j7, � 8C"
ψi+1,j − 2ψi,j + ψi−1,j

δx2
+
ψi,j+1 − 2ψi,j + ψi,j−1

δy2
= D̃i,j,

� � H�� � !

� 	
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"%, a@6#"
D̃i,j =

ũi+ 1

2
,j − ũi− 1

2
,j

δx
+
ṽi,j+ 1

2

− ṽi,j− 1

2

δy
.
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• � � � � � � � � � ��� ����� �
� "%aB6F�!$%S!& � ��H�����!t� G �!M-*-�! F�A0#&.'W&�021�& (i, j)

kQ�!')�+&�.V*/,��! )�;':&��

κn+1
i,j = κni,j + δt

{

CONV (κ)|i,j

+
1

Re

[

1

δx2

(

(1 +
νti+1,j + νti,j

2σκ
)(κi+1,j − κi,j)

−(1 +
νti,j + νti−1,j

2σκ
)(κi,j − κi−1,j)

)

+
1

δy2

(

(1 +
νti,j+1 + νti,j

2σκ
)(κi,j+1 − κi,j)

−(1 +
νti,j + νti,j−1

2σκ
)(κi,j − κi,j−1)

)]

+ Pi,j − εi,j

}n

.

• � � ��� � � ��
 � � 
�� � � � � � ���� "%aB6F�!$%S!& � ��H�����!t� G �!M-*-���F�A0#&.'W&�021�& (i, j)
kQ�!')�+&�.V*/,����)�;':&��

εn+1
i,j = εni,j + δt

{

CONV (ε)|i,j +
1

Re

[

1

δx2

(

(1 +
νti+1,j + νti,j

2σε
)(εi+1,j − εi,j)

−(1 +
νti,j + νti−1,j

2σε
)(εi,j − εi−1,j)

)

+
1

δy2

(

(1 +
νti,j+1 + νti,j

2σε
)(εi,j+1 − εi,j)

−(1 +
νti,j + νti,j−1

2σε
)(εi,j − εi,j−1)

)]

+ (C1εPi,j − C2εεi,j)/Ti,j

}n

.
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�� ��� ���
� "%aB6F�!$%S!& � ��H�����!t� G �!M-*-���F�A0#&.'W&�021�& (i, j)

kQ�!')�+&�.V*/,����)�;':&��

P n
i,j = νnti,j

{[

2

δx2
(ui+ 1

2
,j − ui− 1

2
,j)

2 +
2

δy2
(vi,j+ 1

2

− vi,j− 1

2

)2

]

+

[

1

4δy

(

ui+ 1

2
,j+1 + ui− 1

2
,j+1 − ui+ 1

2
,j−1 − ui− 1

2
,j−1

)

+
1

4δx

(

vi+1,j+ 1

2

+ vi+1,j− 1

2

− vi−1,j+ 1

2

− vi−1,j− 1

2

)]2
}n

.
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'� �)( 
 
!* � (���+,�

u( � , tn+1) = ũ( � , tn+1) +
∂ψ( � , tn+1)

∂x
,

v( � , tn+1) = ṽ( � , tn+1) +
∂ψ( � , tn+1)

∂y
.

-.%$/ 
0( � � � � � � � �$� % ���#*��
(i+ 1

2
, j)

�
(i, j + 1

2
)
��1	*�23+ � � �54�
�� � %6� (3*�
07 � + � �#* �54

un+1
i+ 1

2
,j

= ũn+1
i+ 1

2
,j
−
ψn+1
i+1,j − ψn+1

i,j

δx�
vn+1
i,j+ 1

2

= ṽn+1
i,j+ 1

2

−
ψn+1
i,j+1 − ψn+1

i,j

δy
.

•
� � ����� � �
-8�������5�9� ���;: �! =< ">� 7 ��/ 
 ����� �$� % ���#*��

(i, j)
2 ��%$
 �9?	
0+ � ���@% � 


pn+1
ei,j

= p̃ei,j
+
ψn+1
i,j

δt
.
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SE

v

n
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u i−1/2,j ( "

ei,jp~

S

u
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n

E
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ei,jp~

S
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n

E
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= (1, 0)
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pe =
2

Re
(1 + νt)

∂u

∂x

�k: ��<5| "
�

1

Re
(1 + νt)

(

∂u

∂y
+
∂v

∂x

)

= 0.
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pei,j
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ui+ 1

2
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�
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2
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