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INTRODUCTION

We wrote this thesis having as the main goal the study of speculative bubbles existence in
spite of asset positive supply with and a finite present value of asset returns and total endow-

ments.

In economies with precautionary infinite lived agents, Arrow-Debreu equilibrium prices may
fail to be summable sequences as the utility functions are no longer Mackey continuous. Arrow-
Debreu allocations supported by non-summable prices can be implemented sequentially with
a speculative bubble in the prices of the assets that complete the markets. Actually, in this
context, transversality conditions become quite different, allowing for speculative bubbles in the

prices of assets in positive net supply, even when the present value of aggregate wealth is finite.

This analysis is presented in Chapter 1 for the case that each agent has Knightian impatience,
the sequential economy is deterministic and the asset is fiat money. An example of sequential

equilibrium is given where fiat money has a bubble component in his price.

The Chapter 2 treats the extension to stochastic frameworks. It is supposed that exists a
probability measure over the possible states of nature. The results that were shown in Chapter

1 are generalized.

At last, we close this work with some remarks on existence of speculative bubbles that are
induced by more general forms of non-Mackey-continuous and some relations between Knightian

impatience and Overllaping Generations.
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1. KNIGHTIAN BUBBLES AND FIAT MONEY: DETERMINISTIC CASE

In this chapter agents have a precautionary attitude with regard to the consumption stream
along their infinite life. The resulting precautionary demand for assets creates speculative bub-
bles, even when assets’ net supply is positive (as in the case of fiat money) and the present value
of aggregate wealth is finite, contrary to what had been established under standard assumptions

on preferences.

Although bubbles are an important phenomenon on the real world economies, their occur-
rence in a GE framework did not seem to be robust. Santos and Woodford’s paper [25], for
example, show that, when agents are impatient enough and traditional borrowing constraints
are imposed in order to avoid Ponzi Schemes (i.e., the possibility of postpone indefinitely the
debt payments by insure a new debt at every date) if the present value of total endowments is
finite, then speculative bubbles for assets in positive net supply, such as fiat money, are ruled
out. Bewley [7] had already given an example in which fiat money had a positive price at

equilibrium, but the present value of wealth was infinite in this example.

We deviate from the standard time-separable preferences by adding a term concerned with
the infimum of the utilities at all dates. Equivalently, agents could be using several discount
factors and tend to pick, for each consumption plan, the factor that discounts the future in
the most severe way. This formulation reminds us, in a deterministic setting, the well-known
models of Knightian uncertainty (see Schmeidler [27] and Gilboa [15]). For this reason we refer
to our approach as Knightian impatience. An important consequence of this modification is

that agents’ preferences are no longer Mackey-continuous.

Absence of Mackey-continuity in a two-dates model allows for Arrow-Debreu equilibrium
prices which are not countably additive. We show that these A-D equilibrium allocations with
non-summable prices can be implemented as equilibrium of sequential economies where an asset,

possibly in positive net supply, is being used to complete markets, date by date.
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Under Knightian impatience, the transversality conditions that hold at solutions of the se-
quential optimization problem are now quite different from standard ones. Following the tradi-
tional transversality condition approach, we impose on every portfolio a constraint that mimics
the transversality condition that the optimal portfolio must satisfy. Under suitable borrowing
requirements (that mimical constraint itself or explicit requirements that imply it), we can im-
plement an AD-equilibrium with non-summable prices as a sequential equilibrium with a bubble
component in the price of the asset that completes sequentially the markets. This asset may be
fiat money, in positive net supply, and its positive price is not due to binding borrowing con-
straints, but rather to the bubble induced by the non-summable component of the underlying
Arrow-Debreu prices. Intuitively, fiat money has a positive value because agents want to hold

it for precautionary reasons, since they are particularly concerned with the worst outcomes.

1.1 A Guiding Example: Outline

Consider a deterministic infinite horizon economy with a single commodity and two agents
whose preferences depart from the standard time separable utilities since agents are particularly

worried about the worst possible outcome:

Zés Y’ (x, —i—ﬁlnfu(xs)

s>1

with 6 € (0,1), 8 € [0,00) and w'(x) = logx for i = 1, 2.

This precautionary behavior is actually equivalent to a maxmin attitude, in the sense that
the consumer looks for a consumption plan that maximizes the worst discounted time separable
utility, within a class of discount factors (not necessarily of the exponential form) having §*~*
as lower bound at each date. It is as if the consumer were unsure about the discount factor
that should be used and, therefore, uses the severest one. More precisely (as shown in the next

section),

255 ! Z(:105)—1—ﬁ11r1fu(x5 = inf ZO‘S Ts)

€A
s>1 0'9)5>1

where A is the set of all real sequences (o5)s>1 such that Y o, 0, = 1175 + A Yand o, > 6°! for

1 So the weight sum of discount factors oy must be equal to sum of the bounds §°~! and the extra weight §3.
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every date s. Hence, by analogy with the Knightian uncertainty literature, we reinterpret the
above precautionary behavior in terms of imprecise impatience (or flexible discount factor) and

refer to it as Knightian impatience.

There are endowment shocks that agents try to get rid of. Let w! = (% + ps)s>1 and

s+1

w® = (= — ¢,)s>1 where ¢, is 1/2 when s is even and —1/4 when s is odd.

Let us start by finding an Arrow-Debreu equilibrium. The market clearing consumption
plans T8 = 7 = (££),51 can be shown to be optimal (see section 1.3) for the Arrow-Debreu

single budget constraint when § < 3/8, (3 is suitable and prices 7 are given by

7Tl‘_258 W (Z,) zs + pu'(inf T)b Zés !

T %5+ Fb(z)

where b is a linear functional (and continuous for the norm topology of the space of bounded

sequences) such that b((x1, ..., 7, ...)) = lim, >, %= when this limit exists.

Let us see next (section 1.4) that this Arrow-Debreu equilibrium can be implemented sequen-
tially in a monetary equilibrium. We introduce an infinite-lived asset that pays no dividends
and may be in positive net supply, fiat money. At each date, agents trade an amount z, € R
of money at a price g, > 0. Taking the single consumption good to serve as numeraire at each

date, the budget constraints that replace the Arrow-Debreu constraint are

To+ qszs S W + qszs-1Vs 2> 1
where 2y > 0 are endowments of money at the initial date.

It is clear that some borrowing constraints have to be added to avoid Ponzi schemes. At a

solution for which those constraints are not binding, the usual Euler equations must hold:

g5t (x) = 0geprv/ (24,

However, the transversality condition is now quite different, requiring only
lim 5"/ (23).7; € [Bliminf o (a)q,(3, — =), Blim sup/ (e2)qu (22, — 20
S

which becomes the usual one when § = 0. That is, contrary to the standard case, for g > 0,

agents can be lenders or borrowers at infinity. It is the precautionary behavior, trying to avoid
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a bad outcome at distant dates, that leads agents not to clear the asset position as time goes to

infinity.

Following the usual transversality approach, we impose the above transversality condition
(which must hold at an optimal solution) on every admissible portfolio plan and look for bor-

rowing constraints that imply those conditions.

For a suitable choice of those borrowing constraints, the above Arrow-Debreu consumption
plans can be implemented in an equilibrium of the sequential economy with a positive price of
money at every date (see section 1.5). More specifically, money prices can be obtained from the
Euler equations pyqs = ps11¢s11, Where the deflator process is given by p, = §*1u/(x,) = 55*15%1
(i.e., the summable component of A-D equilibrium price), by setting ¢; = 1/ps. Money holdings
are given by 2L = 3, _ (W — ;) /q + 2, that is, 20 = 37, (1)@, 0"t /(t + 1)) + 2, for
i =1,2. Clearly, when 2§, 2% > (1 — §)~! short-sales are not made in equilibrium (inside money

is not created).

Moreover, as the shadow prices of the borrowing constraints are zero, the fundamental value
of money is zero and the positive price of money must be due to a speculative bubble (see the
section 1.6). This bubble occurs under a positive net supply of money and finite present values of
aggregate endowments (as endowments are bounded sequences and the deflator process (ps)s>1
is summable), which was known to be impossible under complete markets and time separable
preferences, as shown by Santos and Woodford [25] (or even under incomplete markets, time-

state separable preferences and endowments uniformly bounded away from zero).

As agents are no longer required not to be lenders at infinity under a common deflator
process (limg psqszf # 0), the transversality condition becomes compatible with a positive price
at infinity (lim, psgs > 0) for an asset in positive net supply. This limiting price of the asset, as
time goes to infinity, is precisely the bubble. This example will be studied in more detail (and

refered to as example 1) as we move along this chapter presenting our results.

1.2 Precautionary Behavior and Knightian Impatience

We model a deterministic economy with countably many dates. Agents have infinite life and

care specifically about the worst future outcome. More precisely, agents have a utility function



1. Knightian Bubbles and Fiat Money: Deterministic Case 5

that allows for precautionary behavior (when 3 > 0) as follows:

Uz)=>_ 6 'u(z,) + Binfu(z,) (1.1)

s>1
with § € (0,1), 8 € [0,00), where the function v : Ry — R} U {—o0} is: i) above-bounded, ii)
increasing, iii) concave and iv) of class C' at (0,00) and satisfies v) the Inada Conditions, i.e.

limy o v/ () = 0 and lim, g v/ (z) = oo.

If § + 8 < 1 (and so §*71 + 3 < 1 Vs), the agent has several ways of discount the future.
For instance, for a date 3, let y = (ys)sen be a consumption plan such that u(ys) = infg u(ys).
Then U(y) = 32,50 "u(ys) + (°" + B)u(ys), i.e., the date 5 has been discounted by the rate
(651 + B)/*! (the one within the possible that less depreciates the consumption welfare at
this date), whereas all the other dates by the rate § (the most severe one). Thus the degree of

impatience for an arbitrary date can change according to his relative level of consumption.

Let us make two important remarks about the above utility function. First, it fails the
usual impatience requirement of Mackey continuity in the space of bounded sequences. In fact,
it is Mackey-u.s.c., but it is not Mackey-l.s.c. since for z, = cx, — 5x,, Wwith ¢ > 0 and
E, = {n,n+1,...} we have z, Mackey cxy 2, but it is not true that U(z,) — Ul(cy,) (as

u(c/2) = infu(z,) - infu(cy,) = u(c)).

Secondly, the above utility function can be reinterpreted as the minimal separable utility
when the discount factors have a certain lower bound at each date. In this reinterpretation
consumers are not sure how to discount future events and they end up maximizing the worst

discounted utility, over a certain set of possible discount factors. Let us be more precise.

The preferences represented by (1.1) are a particular case of

a/uoxdu+(1—a)infuox with « € (0,1] (1.2)
s

In fact, we can write the summation at (1.1) as 1%5 | g woxdy where p is the probability measure

on subsets of S = N defined by p, = u({s}) = 6 1(1—6). Now, multiplying the utility function

by ﬂ+11%5 we obtain (1.2) by setting av = m.

to Schmeidler’s [27] work on the Choquet integral and non-additive expected utility. Given

In this form, preferences can be easily related

2 See the appendix of Bewley |[6].
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an arbitrary set S and S, a ¢ algebra of subsets of S, we say that a set-function v : § — R is
a capacity if v(0) = 0, and v(A) < v(B) whenever A C B. A capacity v is said to be convex
when v(AUB) +v(ANB) > v(A)+v(B) VA, B € S.

Now, the utility representation that we considered above can be shown to be the infimum
over all integrals of w o x with respect to all probability measures that dominate a convex
capacity v obtained by making a linear distortion of p with coefficient o« € (0, 1] ( i.e., taking
v(A) = au(A) for AC S and v(S) = 1) 3. In fact, let M(S) be the set of probability measures
on S, then 4

a/uoxdp—l—(l—a)infuox: inf /uoxdn (1.3)
S S neI;I(S) S
>

The representation of preferences as a minimal integral over a set of beliefs was suggested
first by Schmeidler [27] in his pioneering work on Knightian uncertainty. The right-hand side
of (1.3) is actually a particular case of the Choquet integral, proposed by Schmeidler, where the
minimum is taken over charges n - finitely additive set functions - that dominate the convex
capacity v and such that (S) = 1. In our case, the minimum over dominating charges coincides
with the infimum over dominating probability measures (see appendix). That this Choquet
integral coincides with the left-hand side of (3) is shown, for instance, in Hodges and Lehmann

18].

Notice that the minimal integral over the beliefs set tries to represent a precautionary or
pessimistic behavior. The minimization solution n* is selected so that it puts more weight on
sets where the utility reaches its lowest values. When each agent has a “collection” of beliefs
about nature states, this approach tries to capture the concept of Knigthian uncertainty. In a
deterministic setting, each agent may be unsure about the discount factor and, therefore, by
analogy, we say that preferences given by (1) or (2) represent agents’ Knightian impatience.
Gilboa [15] had already remarked that a possible explanation for the use of the Choquet
integral as a representation of deterministic preferences may be that the agent dislikes great
wobbles in his consumption level along time and is actually concerned with the worst future

outcome.

3 This is the called e-contamination capacity. Some applications can be found in Berger and M. Berliner [5]

and in Boratynska [9].
4 A proof is given in the Appendix A
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1.3 Arrow-Debreu Economies with Non-Summable Prices

In this section we address the Arrow-Debreu equilibria of the infinite-dimensional economy
with the precautionary preferences defined above. Consumption plans are nonnegative bounded
sequences, that is, elements in /3°. For an endowment vector w € ¢° and prices m given by a

linear functional on ¢>°, we define the Arrow-Debreu budget set as the set
Bap(m,w) ={z € (& :n(x —w) <0}

Consumer’s problem is defined as

max U(x)

s.t. x € Bap(m,w)

Suppose that there exists a number finite I of consumers each one characterized by («, u’, i, w?).

A couple (7, (z%)L_,) is said to be an Arrow-Debreu Equilibrium when

e 7' is a solution of the problem of consumer i for (m,w?);

e Markets clear: Y1 (7' — w') = 0.

Let us recall Bewley’s [6] result on existence of Arrow-Debreu equilibrium. Endowments are
such that w’ > 0 Vi and preferences are assumed to be strongly monotone, |.|| -l.s.c. and
such that have convex upper-contour sets. There exist equilibrium prices in ¢! if preferences are
Mackey continuous, but if only the Mackey upper semi-continuity holds equilibrium prices may
be in the dual of ¢*°, which is the space of bounded finitely-additive set functions, also known

as charges, denoted by ba.’?

Since U? is not Mackey-Lh.c., sometimes we have © ¢ ¢'. Indeed, we will show sufficient
conditions for this to happen, but first we need to define the Banach limit functional LIM
as a continuous linear mapping from ¢* into R such that LIM(z) = lim, z,, when this limit
exists. Clearly, this functional is not uniquely defined and LIM(z) € [liminf(x), lim sup(x)] (See
Dunford and Schwartz [13]).

® Recall that set function 7 is said to be finitely-additive set if n(@) = 0,n9(Ur,4;) =
Yo n(A;),V{A;} where A; N A; = 0 Vi # j}.
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Proposition 1: Let y be a consumption plan in (5% such that y := inf, y, > 0.

If lim,, y, = y and it is not attained, then y is mazimal for U in Bap(m,w) when

(i) ™ € ba is given by
T =a« / z v (y)dp + (1 — a)u'(y)LIM(z)

and (1) w is such that Tw = Ty. 0

Remark: Intuition from the finite-dimensional case: given x = (1, %2,...) € £ let 2" € R
be the n-truncation (x1,...,x,) of x and the function u™ : R} — R, defined by u"(z") =
ad " u(x) pi+(1—a) min}_; u(x;) the n-truncation of u. Now, once ' is increasing, Y ., u(y;)+
min} ; u(y;) = > .., u(y;) + w(minyy). Hence, if y is the utility maximizing bundle, then the
price vector m will be a scalar multiple of aVu™(y)Op + (1 — @) VU (y)O0miny, Where dminy, 18
the Dirac probability measure with unit mass at k such that y,, = miny;. As n goes to infinity,

if inf y, is not attained then this expression tends to the one given in the proposition.

PROOF: Let x € ¢3° such that 7o < 7y. We will show that Uz — Uy < 7z — 7y and so y is
maximal at {z € (> : 7(z —y) < 0}.

Since u is concave, it is true that u(z) — u(w) < v/(w)(z —w) Vz,w € R, then

/(uox—uoy)duﬁ/(u’oy)(m—y)du (1.4)

on the other side
infuor—u(y,) <u(rm)—u(y)

< U (Yn) (Tm = Yn)
making n — +o00 and using that u € C'(0, +00), we get

infuox —infuoy <u'(y)(zm, —y)
making m — 400 we get

infuox —infuoy <u/(y) (liminfz —y)

y (1.5)
</ (y)LIM(z) — ' (y)LIM(y)

by (1.4) and (1.5), we get Uz — Uy < mx — 7y. n

Remark: (Gilles-LeRoy) By the Yosida-Hewitt Decomposition Theorem ° | every © € ba,

can be written as m = p + £ where p is a non-negative countably additive set function and

6 See Bhaskara Rao and Bhaskara Rao [8].
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¢ is a non-negative pure charge’. In the previous proposition, (1 — a)u/(y)LIM(:) is the pure
charge component. Gilles and LeRoy [17], suggested that the pure charge component of an AD-
Equilibrium price system could be interpreted as a speculative bubble. However, these authors
did not develop a sequential general equilibrium model and failed to relate this pure charge
component to price bubbles in the assets that serve to complete the markets. Our goal will be
to show that the Arrow-Debreu price can be implemented as an equilibrium of a deterministic
sequential economy with an asset completing the markets in such a way that the countably
additive component of the Arrow-Debreu price induces the deflator process whereas the pure

charge component induces the asset price bubble.

We close this section with two examples of Arrow-Debreu equilibria with non-summable

prices.

Example 1 Consider the example outlined in section 2. Let u!(z) =logz, w'= (2 +¢,)

s+1

and v?(z) = logz, w?=( == —ps)s>1 Where @, is 1/2 when s is even and —1/4 when s is odd.

The candidates to Arrow-Debreu equilibrium consumption are 7' = 72 = (%)821. Markets

clear. Let us check individual optimality.

7' is maximal (by Proposition (1)) for price system 7 and income 77’ when 7 is the functional
defined by

S
m::Z(SS 18+1$s+ﬂb(w)

where b is a particular Banach limit such that b((zy,..,z5)) = lim, Y | % when this limit

exists®.

It remains to show that mw! = 77" = mw? or equivalently that 77! + 7o = 77! — 7. So we

need to show that m¢ = 0 for the functional 7 defined above. That is, we want to show that

>0 e+ Bb(e) = 0 (1.6)

" A charge p > 0 is a pure charge when [\ € cay, p > A= A =0].
8 See Bhaskara Rao and Bhaskara Rao [8].
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This Banach limit is uniquely defined on the set B := {z € (> : Ilim, . 2= . We

n

start by verifying that ¢ € B. Let S, = # We will show that lim, S, = 1/8. In fact,

S = HUIE 15 o that Sy = ML — YR | S g 1015

when n — oco. So equation (1.6) becomes

P N 1.7
; sr1Pe g (1.7)

It suffices to check that the first term is negative so that 5 can be chosen in order to make
this equation hold. The first term can be rewritten as

> 2 25 — 1 2, 521 9 482 — 1
3 (e s D )= S )

s r 17T 2s 2 25+ 1 8052

s= S=

which is negative when § < 1(1 — 55 for every s and this holds if § < 3/8.

So (z',7?) is an AD-Equilibrium, for § < 3/8. This is an example of an Arrow-Debreu equi-
librium whose prices are not in ¢!, as contemplated by Bewley’s [6] existence theorem dispensing

Mackey lower semicontinuity of preferences.
Example 2 The economy has two consumers whose preferences and endowments are given by
ul(z) =22, W= and § =1/2,

u?(z) =logz, w?=1(%2)?and §=1/2.

1

Let the consumption bundles be y! = w? and y? = w!. We have market clearing. Let us

construct the price functionals induced by marginal utilities (given by Proposition 2), which are

the same for the two agents. In fact, 42 (yl) = 42 (y2) = e and L (y!) = %(y_Q) = 1. Hence,

for any bundle x, we have

1

n
Wx:azn+8ﬁxn+(l—a)b(x)

n>1

i.e., m does not depend on .

Finally, for a suitable choice of a we have that mw! = 7y! (and, therefore, 7w? = 7y?). In

fact, 7w! =1 and my' = 3[ad o 225+ (1—a)]. Soa = = 1 and we want show

n on—1 -1
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that anl ”TJFSin,l > 4. If suffices to notice that the first term in the series is already greater

than 4. Then, (7,4, 4?) is an Arrow-Debreu Equilibrium.

1.4 Optimality in a Sequential Economy

Let us define now a sequential economy whose equilibria can be put in one-to-one corre-
spondence with the above Arrow-Debreu equilibria, under certain borrowing constraints. In
this sequential economy agents can transfer income across different dates through a financial
structure. More specifically, it will be enough to introduce an infinite-lived asset that pays no
dividends and may be in positive net supply, fiat money. That is, agents can trade at every date
t an amount z; € R of an asset that does not pay any kind of remuneration beyond the market
price. Denoting by ¢; > 0 the asset price at time s and taking the single consumption good to
serve as numeraire at each date, the budget contraints added to optimization problem of the

agent, in place of Bap, are

T+ Qozs < Wy + @oze_1Vs > 1 (1.8)

where the portfolio z = (z;)s>0 is such that holds the inicial condition zyp = Zy > 0

Now, if ¢g; = 0 at some date s , then we have also ¢, = 0 at every s subsequent (by a non-
arbitrage condition that is necessary for existence of solution on agent’s problem) and, therefore,
one can not transfer income across time. In this case, since there is only one good at each date,
the consumption solution would be 2} = w, and nothing interesting would happen. That is, the
asset would not play any role and the market becomes incomplete. Consider now the opposite
case, ¢s > 0 and recall that money does not give any pay-off. If the borrowing constraints, which
will be introduced below with the purpose of preventing Ponzi schemes, are not binding, then
the associated shadow prices are zero and, therefore, the fundamental value is zero (see section
(1.6) for a more precise discussion). Hence, the positive price of money has to be interpreted as a
speculative bubble that can have real effects since the consumption opportunities are increased.

Hence, until the end of section (1.4) we will consider only the relevant case where g; > 0 Vs.

It is well-known that the budget restrictions (1.8) are not sufficient in order to guarantee the
existence of a constrained maximal solution due to possibility of implementing Ponzi Schemes.

Then, we need to impose borrowing constraints. The tip about which one we must choose will
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be given by the following analysis.

Suppose that we already know that the Property P over z ensures that there exists a solution

for
max Y o, 0% u(x,) + B infs u(z,)

1.9
st. (2s)sen € {x € £5°: 32 € R™ such that (1.8) and P are valid } (1.9)

Since there is one good in each period s, the decision of values for z,_; and z, determines
the consumption z4(2z) := ws + ¢s (2s_1 — 25), 1.e., the variable of choice becomes the portfolio
z = (zs)sen- S0, problem (1.9) can be restated in the form of a typical problem of dynamic
programming;:

max Y o, 0% tuoxy(2) + Binf,uox(2)

st 0<ws+ qs(zs-1 — 25)Vs

(P) is valid for z (1.10)
(ws + qS(Zs—l - Zs))seN € (>
20=202>0

Let x(z) be the sequence (z(z))sen and Bp(g,w) be the set
{z € £ : 3z € R™ such that (1.8) and P are valid } .

Definition: v € R* is said to be a P-admissible direction at z € Bp(q,w) when 3¢y > 0 such

that z o (z+vt) € Bp(q,w) Vt € (—¢q,&0). O

Let z* be optimal on (1.10). Let v be a P-admissible direction at z*. If there exists the limit

D(onoz>(2*,v):%ir%on(z —l—tUt)_on(Z )’

it is clear that it must be equal to zero.

Given a sequence x in ¢*°, we say that x is positive - which will be denoted by x > 0 - when
rs > 0Vs > 0 and we say that x is bounded away from 0 - which will be denoted by x > 0 -
when 3h > 0 such that z, > h Vs.

Since u satisfies Inada’s Condition a suitable choice of Property P would guarantee that
x(2*) > 0. In this case, u/(zs(2z*)) would be always well-defined. So, suppose for the moment

that this is true.

Definition: Let z be a real sequence. z is said to be a P-feasible portfolio when zy = Zy >

0, z(2) € £5° and P is valid for 2. O



1. Knightian Bubbles and Fiat Money: Deterministic Case 13

1.4.1 Necessary Conditions for Optimality
Euler Equation

Proposition 2: Let z* be optimal for problem (1.10) and z* := x(z*) Suppose that i) x* > 0,
and 1) inf 2* is not attained.
Let us denote by vy the sequence that has all components equal to zero except for the st which

is 1. If vs is a P-admissible direction, then it is true that

*

qsu'(7) = 0qss1u' (T34 q) (111) o

Remark: Equation (1.11) is called the Euler’s Equation, at date s, associated to the solution

z* of problem (1.10) - (EE) for short. This is a necessary condition to optimality that implies

*
S

absence of arbitrage. In fact, letting Ay = 0* 'u/(2%) > 0 as date s deflator, we get \,q, =

)\5+1qs+1-

Remark: When 5 =0, (EE) holds if (i), (ii) and (iii) can be replaced by the weaker condition
(@) (w7) > 0

s

*

¥) is not attained either. For ¢ with |¢| small

PROOF: : Continuity of w implies that inf, u(x
enough it is true that

inf u(z, (2" + tvg)) = inf u(x,(2%))
thus, we have

0=D(Uowxoz)(z*v,) = limyt [ 0% H(u(a} —tq,z) —u(z?))+
+07 (w341 + 1ge127) — u(e3i)) ]

= —58_1q$u’(x:) + 5SQS+IUI(~T:+1>
and so we are done. ]
Transversality Condition

Proposition 3: Let z* be optimal for problem (1.10) such that i) x* := z(z*) > 0, i) inf 2* is

not attained and iii) limg x* = inf, x%.

9 See, for instance, Stokey and Lucas [29].
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Suppose that (EE) holds for every s at a portfolio z* which is also a P-admissible direction at
z*. Then

lim 051/ (2%)qe2f € [Bliminf o/ (z%)qs (22, — 25), Blimsup v/ (27)qs (25, — 27)] (1.12)

S

If w converges then lim, 871/ (27)qs2t = Blimg v/ (27)qs (25, — 27) 0

*

*) can be interpreted as a deflator

Remark: : According to a previous remark, A\, = §* !/ (x
of money price ¢g. It is clear that when 3 = 0, we get lim, A\;¢s2 = 0, which is the traditional
transversality condition. However, in general, the transversality condition - (3TC) for short -
that we derived does not require that at an optimal portfolio z* the present value of portfolio

positions must be asymptotically zero.

* *

PROOF: Let y the sequence defined by ys = 2;_; — 2} Vs > 1. We will estimate lim;;o and
limy o of $[U o x(z* 4+ tz*) — U o x(z*)]. Since

limy o % 2521 6871[”(@: +1qsys) — u(zy)] = 2521 o>t limypo %[u(x: +1qsys) — ()]
= 2521 55_11/(37:)6]8?/5

= —limg 0" '/ (27) g2}

we get

im0 {3 551 0% Hu(@l + tasys) — w(@))] + Blinf, u(@ + tqsys) — infJu(z})} =

1.13
= —lim, & M/ (z¥)qs2} + B limy o %[infs u(zt + tqsys) — infs u(z?h)) ( )

and all that is lacking to estimate is limyo ¢ [inf, u(z} + tqsy,) — inf, u(z})).
Affirmation:

1
(i) im =[infu(x? + tqsys) — inf u(z?) = limsup v’ (2%)qsys]

t—0~

1
(1) lim =[inf u(x? + tgsys) — inf w(a?) = liminf o' (27)qsys)

t—0t

(the proof of this affirmation is given in Appendix (B.3))

Let t < 0. By optimality of z* we get 1[U o z(z* +tz*) — U o z(z*)] > 0. Thus, the affirmation
together with equation (1.13) imply lim, 6% o/ (x%)gszr < Blimsup, v/ (z})gs(2F_, — 27). The

demonstration of the other inequality is analogous.

*

*) = a2t —ws; — infz! — w and the interval in condition (11)

%
When w converges, ¢s(z_, — =z

collapses into 3 limg u/(z%)qs (2%, — 27). n



1. Knightian Bubbles and Fiat Money: Deterministic Case 15

1.4.2 Sufficient Conditions for Optimality

We already know that (EE) is true at every optimal solution for which the direction v; is
admissible for every s. Now we investigate what is the other condition that should be added in

order to ensure that a P-feasible portfolio will indeed be a solution.
Lemma 4: Suppose that for all z P-feasible portfolio we have

Blimsup, v (25(2))qs(zs—1 — 25) — lim, 6571/ (24(2))qszs <

1.14
< Bliminf, o' (24(2))qs(Zs_1 — 2s) — lim, 652/ (24(2))qs 25 (L14)

If w* converges and Z satisfies (EE) at every date, then it is a solution for the problem (1.10).n

PROOF: Now, let Z € Bp(q,w) be such that z(2) > 0 and inf, 24(2) is not attained. Suppose
that (1.11) is true for every period. Let z be a P-feasible portfolio. So

UozozZ—Ucwoz= 3 0" u(rs(2)) — u(zs(2))]+
+0[inf, u(xs(2)) — inf, u(z4(2))]
If we denote the series difference by Dy = >~ 0% Hu(xy(Z)) — u(z4(2))] it can be shown that
Dy > limg 0° '/ (24(2)) sz, — limg 6510/ (24(2))qs2, (see the Appendix (B.2)).

Let Dy = Blinfs u(zs(2)) — infs u(zs(2))], which is bounded from below, as shown by the next

lemma:
Affirmation:
Blinf u(zs(2)) — inf u(zy(2))] = Flim' (To)gs(Zs1 = Z5) + Flim' () gs(2s — 26-1)
(the proof is given in Appendix B.4).
So,

Dy + Dy > limg 65 M/ (24(2))qsz, — limg 671/ (24(2))qs 2+
+Aliminf, v/ (24(2))qs(Zs—1 — 2Zs) — Blimsup, v/ (24(2))qs(2s-1 — 2s)

and by condition (1.14) we get Dy + Do > 0. Since the limit lim; u'(x4(2))gs(Z5—1 — 2s) exists,
(1.14) trivially holds for Z. n
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Proposition 5: Under the same hypothesis of Lemma (4), if the property P is such that

z is (P)—feasible = lim " 'u/(2,(2))qsz, + Blim ' (7,)qs(zs — 25-1) > 0 (1.15)

s

then (EE) at every date and (8TC) become sufficient for optimality of z*. O

PROOF: By the Lemma (4) and the second part of proposition (1.12), (87°C') reduces to the

claimed condition. m

1.4.3 Borrowing Constraints

Next, we discuss different types of borrowing constraints that rule out Ponzi schemes, or
equivalently, serve as forms for Property P considered above. Let us start by recalling the
constraints that have been imposed in the standard case where 3 = 0. Notice first that,
in this case, for positive asset prices, a plan z* satisfying Euler and transversality becomes
optimal within all plans z satisfying lim, z; > 0. In fact, by Lemma (4), it suffices to show that
lim A\sqszs > lim A\gqs25 = 0, where, by (EE), Agqs is a positive constant.

For # = 0 and in models without default, these constraints have been of four kinds: explicit
upper bounds on borrowing, implicit bounds on borrowing, transversality requirements and

constraints relating borrowing to future wealth.

(P = M): Explicit upper bound on borrowing: a bound M > 0 imposed on short-sales that
requests qszs > —M for all portfolios that could be chosen by agent. Taking limit at this
inequality we get lim, z; > limg qlsM. Denoting ¢ = qiu'(z%), (EE) implies ¢, = o /u'(x%)§*~2
If * > 0, then, as v’ is continuous in (0, 00), results that the sequence (u/(z¥))s>1 is bounded

and, therefore, lim,q, = +00. Then, lim, z, > 0.

(P = DC): Implicit bound on borrowing: it is required that gsz; € ¢>°. Under the assumption
we have been making that inf,z* > 0, we have (u (z¥)), € £°°, implying that A € ¢! and,

s

therefore, A\gz € ¢'. So limg A\sqszs = 0.

(P = TC): Transversality requirement: condition (1.12) that must hold for a suitable optimal
is now imposed on all portfolios that can be chosen by agent. So, say that z is a T'C-feasible
portfolio means lim, §*'u/(x*)g,2, = 0 where x* = z(z*) for z* optimal. In our setting this

conditon is equivalent to lim, z; = 0 and so it is clear that (1.15) is true for P = TC.
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(P =W): Credit dependent on future wealth: require portfolio values ¢sz5 to be bounded from
below by the ability to repay out of your deflated future wealth —)\is > ios Mwr. Now dw € ¢
and, therefore, lim \,q,zs > 0.

Under Knightian impatience, for § > 0, to rule out Ponzi schemes, we will propose new
borrowing constraints that force all portfolios to mimic the new transversality condition that

the optimal portfolios must satisfy.

We start by presenting some forms for property-P which rule out Ponzi schemes when the

endowments sequence converges.

Let us now choose a constraint (P) on short-sales such that (1.15) be true. We suggest three

kinds of constraints that impose (1.15):

(P = pTC): The first will be called g-Transversality requirement. Following the traditional
transversality condition approach we will impose (1.12) (which we know that a suitable z* must
satisfy if it is optimal) to every portfolio that can be chosen by the agent, i.e., z ST C-feasible
requires limg A\°gszs = (B lim sup, (Si‘—jlqs(zs_l — z4), for a given deflator process A > 0 and so (1.15)
is true for P = BTC provided that §*u/(z?) = A,.

Remark: When P = §T'C, Proposition (5) implies that (EE) is sufficient condition to get z*

optimal.

(P = DC'): The second is a condition governing short-sale variations: given § > 1 one requests
that
Zs > VsZs1 VS > § (1.16)

where v, are exogenous parameters holding v, =1—§*"1/(3+6°7') Vs> s

So z DC-feasible portfolio implies
B (23)4s (25 — 25-1) + 6" ' (@7) gs 251 = 0/ (27)qs[B(2s — 25-1) + 057 '2] 20 Vs > 5,

therefore, lim, 6 'u/(x%) 25 + SBlimu/ (%) qs (25 — 25-1) > 0.

Actually, we can relax P = DC to accommodate an additional negative term on the right-
hand side that goes to zero as s tends to infinity. This allows for short-sales even when long

positions were taken before.



1. Knightian Bubbles and Fiat Money: Deterministic Case 18

(P = SW). The third is a variant of the wealth-conditional borrowing constraint and requires

)\SQSZS Z - Z )\twt + ﬁhm sup )\35_(8_1)(]5<Zs—1 - zs)' (117)

t>s

It is immediate to see that this constraint implies condition (1.15) since \w € ¢*.

We close this subsection with some remarks on the meaning of the requirements of P-

admissibility of directions v, and z*.

Let us see first what does it mean to require v to be a P-admissible direction in the there

possible configurations proposed for property P. Let z* be a P-feasible portfolio.
v, P-admissible:

i) P = BTC: Defining 2 = z* + tv, we have

lim 55’1u’(x:)qsz§s’t)—ﬁlim u’(x:)qs(zgi?—zgs’t)) = lim 6" '/ (2%) o2 —Blim v/ (27 qs (27, —2F) = 0

S0, vy is every (1 C-admissible;

ii) P = BDC" Suppose that (1.16) is never binding. For s > 0let hy = 2f—~v, 12 ; and hs =
23,1 — Vs%s. Defining
hs(t) = hs +1 s hs+1(t) = h5+1 — tUS

is true that (hs(0), hsi1(0)) > 0 and by a continuity argument vy is an 3 DC-admissible direction;

iii) P = W: If (1.17) is not binding at date s, then it it is clear that the direction v, is
BW -admissible.

We will see now what does it mean to require z* to be a P-admissible direction in the first

two cases proposed above for property P.
z* P-admissible:

i) P = BTC: Defining 2* = (1 + t)z* we have
limg 651/ (2%) g2t — Blimg o/ (27)qs (2t | — 2) =
(14 t) limg 0° 1o/ (%) g5zt — (1 + t)Blimg o' (25)gs (25, — 25) =0

S0, vy is every T C-admissible;

ii) P=pGDC: fort > —1, 28 > 752X | Vs > 5 implies (1 +¢)zF > vs(1 +t)z¥_, Vs > 5, and so

z* is ever S DC-admissible;
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1.5 Sequential Implementation of Arrow-Debreu Equilibria

Let U be the set of real functions u : Ry — R such that hold all the requirements in section
(1.2).

Given (6, 8, u’,w', ZH)1, € (0,1) x Ry x (U x £ x Ry)!, a couple (g, (z)1_;) is said to be a
Sequential P-Equilibrium when

1. z' is U'-maximal in Bp(q,w',Z})) Vi

2. Zf:l zZ, = Zij:l Zg =20 Vs

3. Zf:l 2(7') = Zle W'
Remark: It is clear that (2) implies (3) and also that, when ¢ > 0, (3) implies (2) in the above
definition.

Let us see whether an Arrow-Debreu equilibrium can be implemented as a sequential P-

equilibrium.

Recall that, by the Yosida-Hewitt decomposition theorem, any Arrow-Debreu equilibrium
price can be decomposed into a countably additive component p € E}r + and a non-negative pure
charge 7. The asset that will allow for the sequential implementation may be in zero or positive

net supply and its prices will be given by a vector ¢” > 0 such that
@ =1/psVs>1 (1.18)
and hence ¢? satisfies ps¢? = psy1¢h,, Vs > 1.

Let z be a consumption plan in Bap(p,w’) and zg > 0. The asset positions that implement

this consumption plan are given by the vector z* € R*> satisfying

7= (Wi —m)/d + 2, Vs> 1 (1.19)

that is, z — w = ¢O(2%; — 2%).
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The following theorem establishes the sequential implementation of A-D equilibria and, con-
versely, that sequential equilibria can be seen as A-D equilibria, under a condition on the as-
ymptotic behavior of portfolios. To present this condition we need to introduce a functional b
defined on ¢ which coincides with the Banach limit b on B = {z € > : 3lim,, #} and
is given by lim sup x for x ¢ B. Therefore, as discussed in section 3, the values of b are uniquely

determined.

Theorem 6: Given 3 > 0,0 € (0,1), (u;,w?, 28)_, € (U x B x Ry)!. Suppose that Property P

implies that for a certain deflator process A > 0 we have

. i . As g
h;rn As@s(zs — 2) > ﬁhgn Fb(qlﬂ(z_l —2)). (1.20)

i) If (¢,(Z'),) is a Sequential P-Equilibrium with ¢ > 0 such that inf,x,(z') > 0 is not
attained, lim, z4(Z') = inf,24(Z") Vi and, at x(Z"), vs is a P-admissible direction, for every s,

then (m, (TV)L))) is an Arrow-Debreu Equilibrium with m defined by

Tr = Z(Ss YW (@), + Bu(inf T9)b(z) (1.21)

seN

i) If (7, (TV)L,) is an Arrow-Debreu Equilibrium with  given by equation (1.21) and such that

inf, 2’ > 0 is not attained and lim, '’ = inf, 2’  Vi.

then (¢7,(Z')L_,) is a Sequential P-Equilibrium with p = (0° "u,(T.))sen and Z = 27 (by

(1.19)). .

PROOF: (i): Market clearing in the A-D economy follows from market clearing in the sequential
economy. Proposition 1 implies that for the price functional given by 7'z = ZS on 0 H(w) (7L ) s+
Bul(inf T)b(x), T is optimal in Bap(n’,T'). We need proof that 7'7* < m'w’ and that 7 can be

replaced by a price functional 7 that does not depend on i.

First, notice that for any budget feasible portfolio plan z we have z; = q—ll(w’i — 2(2)1) + 24 and

2 = D cs o (Wi — 2(2)1) + 2. So

lim 2, — Z— — z(2),) (1.22)
s —
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By individual optimality in the sequential economy, (EE) holds at every date s and, therefore,
As = 0 Ml (TL). Then, 7'(w'—T") = >, 0 M (TL) (W' —T) + Sul(inf T)b(w' —T) = 3, As(w' —
E;) + ﬁhms %g(qm(z—l - Z)) = hms )\SQS<ZS - ZO) + ﬁhms %E(QD(Z—I - Z)) >0 by the

assumption of this proposition.

By (EE) we have % = 55*23—? Normalizing 7 = 7' /u}(Z}) we obtain a price functional 7 that
i \*1

does not depend on i.

(ii) For asset prices and positions constructed from the A-D equilibrium, as explained in the
beginning of this section, we have, for any s > 1, adding the individual budget constraints
of date s, Y, ¢s2t = Y .(w! —T) + >, ¢s2._;, where the first sum on the right-hand side is
zero. Hence, for ¢; > 0, we get > 28 = > .20 | = ... = > . 2i. That is, asset markets clear.

Commodity markets clearing follows from A-D market clearing.

Let us show that the portfolios induced by the A-D equilibrium satisfy condition 1.20. By
equations (1.18) and (1.19) we get again (1.22), that joined with m(w’ — Z%) = 0 implies

o A ~ . .
Hmz, — 25 = flim ——=<b(¢0(z., — Z'))

J

where the value of the functional b that appears on the right-hand side can be replaced by the

value of the Banach limit b since ¢0(z" ; — z') = 7' — w', where T' converges and w' € B.

Let us show next that, for every i, the sequential budget set B,(¢”,w’, 2) is contained in the

A-D budget set at (m,w’). Let z be P-feasible. By equation (1.22), we get 7(w; — x(2)) =

lim, (25 —20)+ B lim, 525b(¢?0(2%, —2%)) and the right hand side is non-negative by assumption.m

Remark: It is immediate to see that in a sequential economy whose asset is in zero net supply,

1.20 assumed in the theorem is satisfied under borrowing constraints of the form P = gTC or

P=pDC or P=pW.

Let us illustrate part (ii) of the above theorem in the context of the two examples that were

presented in Section 3.

Example 1 (cont.)

Recall that agents’ preferences and endowments are u'(z) = logz, w' = (% + ©s)s>1,
u?(z) =logz, w?= (£ — ;)1 where ¢, is 1/2 when s is even and —1/4 when s is odd. In

section 3 we found an A-D equilibrium consisting of the allocation ! = 72 = (2),5, and the
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price functional 7 given by

_ s—1__ S
X = ZS:(S T + Bb(z).
To see that it can be implemented sequentially, we apply Theorem 2 (ii). We should find
a borrowing constraint that (a) implies condition (1.20) and (b) is verified by the portfolios
induced, through (1.19), by Z.

Consider a variant of constraint P = W that requires '°

Aoqs(zs — 20) > — Z Aw! 4 Bb(x — W) lim As

55—1
t>s

This constraint implies condition (1.20). In the context of this example, the requirement

becomes
2= 202 — > Awj + bz — w')

t>s

Let us show, for agent 1, that this borrowing constraint is verified by the portfolios induced

by T through (1.19). The proof in the case of agent 2 is almost the same.

By equations (1.18) and (1.19) (applied recursively) we have

Zpt% > — Zpt(ftl + @) + Bb(—¢)

t<s t>s

By equation (1.7) this inequality reduces to 0 > — 3", p:T; and, therefore, we are done.
Example 2 (cont.)

Recall that
ul(z) =212, wl="8 1 §5=1/2;
u?(z) =logz, w?=1(%5)2 §=1/2.

We constructed before an A-D equilibrium given by 7! = w? and 7? = w! together with the

10'We also could to impose a variant of the borrowing constraint BDC: s, qs, zs, = PspAsp_1 s 1 Zsp_1 +
¢5k/\sk,1uik — &, where (¢5,) and (&, ) are properly chosen and hold ¢5, — 1, &, — 0. For more details,
Sk—1
see the Appendix (C.1).
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price functional

n 1
Wx:azn_i_SFxn—i-(l—a)b(:c)

n>1

Let us implement this A-D equilibrium as a sequential equilibrium with a single asset, money,
in zero net supply. subject to borrowing constraints of the form P = gT'C. We know that
condition 1.20 assumed in the theorem holds. Then, the BT C-sequential equilibrium has the

n 1

53T, asset prices ¢, = 1/p, and

above consumption plan, spot prices given by p, = «

%

portfolios zj, = _-(wj, — ) + 2;,_; where 2 = 0 and, again, (7' — w') implies that condition

(1.20) holds for 7.

1.6 Bubbles in the Price of Money

In the two examples above of sequential equilibria, fiat money has a positive price. We show
next this positive price is just a speculative bubble. Let us start by defining the fundamental

value of money.

In general, if the direction v, is not P-admissible at the optimal plan, Euler conditions would
take the form A\;qs = A\s11¢s11 + 75 where v, > 0 is the shadow price of the borrowing constraint

at date s. Applying these Euler inequalities recursively we get

Asls = D gcyer Ve + AT41qT 11

Dividing by As > 0 we get

qs = )\LS ZtZS Ye + /\LS hn/1T >\TQT

Since dividends are null, the fundamental value of fiat money is just the series /\i ZtZS V.
The difference between the price of money and the fundamental value, /\islimT Arqr, is the
speculative bubble. Hence, the price of money can be positive due to positive shadow prices of
borrowing constraints or due to a bubble. If Euler equations (EE) hold at every date, as it is
the case in both examples, shadow prices are zero and the positive price for money (given by

¢s = 1/ps > 0 in the examples), must be due to a speculative bubble.

It is well-known that examples of speculative bubbles with zero net supply are easier to

construct (see, for instance, Magill-Quinzii [22]). However, example 2 is still important since
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some authors (Huang and Werner [19]) had claimed that Arrow-Debreu equilibrium with non-
summable prices could not be implemented in a sequential economy. Example 2 shows that
the sequential implementation becomes possible once we use transversality conditions that are

appropriate for Mackey-discontinuous preferences.

In the case of assets in positive net supply, the traditional context of Mackey-continuous
preferences was rather hostile to bubbles (see Santos-Woodford [25] and Magill-Quinzii [22],
except when default was allowed (as in Araujo, Pascoa and Torres-Martinez [2]). Let us recall
the reason and see what changes when we use new transversality conditions, suitable for Mackey-

discontinuous preferences.

When 3 = 0, the transversality condition requires lims A\sqsz- = 0 Vi. If Y. Z) = e > 0,
then, in a sequential equilibrium, Y ,z! =e Vs. So,
0= Zlim )\sqsii = lim A4q, ZZ’S = lim A\ q,e

]

Hence limg A\;qs = 0 and, therefore, bubbles can not occur.

Even when 8 > 0 a similar argument can be done if 7% | infz! >0 and @) | infw! >0
and bubbles can still be ruled out. Indeed, at an optimal plan, for which all suitable directions

are P-admissible, we get

lim /\quii = Blim u'(fs)qs(ii_l — ZZS) Vi

and, again, adding across agents, recalling that «/(ZT;) = A;/6°"* and that ) ,Z! = e > 0, we
get > . limg Ay¢s = 0 and bubbles are still avoided.

However, when limsupws; > liminfw, the above argument fails since the transversality
condition has now a weaker form:

lim )\sqsii € [fliminf u'(fi)qs(zifl — Ei),ﬁlim sup u'(fi)qs(zifl - EZ)] W

that does not imply lims A;qs = 0. In fact, when we add cross agents we get limg A qgse <
>, Blimsup, v/ (zh)qs(Zi_; — %), but the right-hand side is only know to be greater or equal
to Slimsup, A\s/0% g5 >;(Z,_; — Z%) which is zero. Therefore, bubbles with positive net supply

are possible. Note that it is the case in Example 1 since w’® does not converge. Notice that in
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this example the present value of aggregate wealth is finite, as it is the case for any sequential
equilibrium that implements an Arrow-Debreu equilibrium according to part (ii) of the Theorem
(since the deflator process in the summable component of the A-D equilibrium and endowments

are uniformly bounded).

1.7 Concluding Remarks

In this chapter we consider a very simple economy, a deterministic economy with infinite-
lived agents trading a single good and a single asset, fiat money. However, the results that we
obtained in this simple context changed the way some important issues in general equilibrium
theory have been addressed. First, we established that non-summable Arrow-Debreu equilibrium
prices can be implemented in a sequential equilibrium with asset trades, contrary to previous
claims (by Huang and Werner [19]). In fact, the argument against sequential implementation
assumed traditional borrowing constraints that guarantee the standard transversality condition
of Mackey continuous preferences. Having derived the appropriate transversality condition (and
some related borrowing constraints) for Mackey discontinuous preferences, we were able to put

in a one-to-one correspondence the Arrow-Debreu equilibria and the sequential equilibria.

Secondly, we characterized the class of non-summable Arrow-Debreu equilibrium prices, for
an interesting type of Mackey-discontinuous preferences that represents Knightian impatience,
and used this characterization to construct examples of non-summable Arrow-Debreu equilibria

and of the respective sequential equilibria.

Third, we were able to relate two concepts of bubbles that, according to the previous literature
(see Santos-Woodford [25] and Magill-Quinzii [22]), seemed to be unrelated. We showed that
the Gilles-LeRoy [17] bubble, which was just the pure charge component of a non-summable
Arrow-Debreu price functional, can be rewritten as the bubble in the price of the asset that

completes the markets sequentially.

Fourth, we found robust examples of bubbles in the price of fiat money in positive net supply,
even when the present value of aggregate wealth is finite. Previous examples of monetary
equilibrium in deterministic economies with infinite-lived agents were generated by positive
shadow prices of borrowing constraints and, therefore, due to a positive fundamental value

rather than to a bubble (and actually in stochastic economies a bubble for some deflator could
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always be reinterpreted as a positive fundamental value for some other defaltor). Moreover,
the previous literature claimed that infinite present values of aggregate wealth were necessary
for the occurrence of asset price bubbles of positive net supply assets in deterministic (or for
unambiguous bubbles in stochastic economies), under borrowing constraints consistent with the
necessary transversality conditions (see Santos-Woodford [25]). However, when preferences are
more general, allowing for Mackey discontinuity, and the transversality conditions become also

more general, this claim no longer holds, as our first example shows.



2. KNIGHTTIAN ASSET BUBBLES: EXTENSIONS TO STOCHASTIC CASE

In this Chapter we will extend the previous precautionary model to a stochastic setting. It
is supposed that exists a probability measure over the possible states of nature. The results
that were shown in Chapter 1 are generalized (so, speculative bubbles Knightian impatience
are “robust” to uncertainty presence), but with one advantage: the hypotheses become more

naturals because they need hold only at a specific path of all possibles.

2.1 Extension of The Utility Functional

There are countably many dates indexed by ¢t € N. At each date t > 2 a state of nature is
observed by agents. The set of possible states of nature is S = {1,...,N}. At t = 1 the state

realization is already known and it will be denoted by 1.

We say to be a node the path s € S* of t state realizations. Given s = (sq,..., 8,1, $¢)
we will call the node s = (s,...,8,1) as the predecessor node of s and a node such that

st € {(s',s) : s € S} as one of the successor nodes of s'.

Let us denote by S the set II,,cnS of all infinite paths of state realizations and by S the

set U ,S7 of all nodes.
For every node s!, the cylinder with base on s’ is the set
C(s") ={s* €5 :30° € S such that s> = (s',0%)},

ie, the set of all infinite paths of state realizations whose t initial values are s'. Moreover, for

n > t, the n — t-dimensional cylinder with base on s’ is the set
C"(s')={s"€S":30" ™€ S"™ such that s"=(s' 0"},

the one of all finite path with n realizations such its ¢ initial states coincide with s’. Let us
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denote S,, the union U,>;C7(s!) that is the set of all nodes that remains possible after the s*

realizations.

Let F; be the o-field that consists of all finite unions of cylinders with base on S*. Then
(Fi)ten defines the filtration
FCHhHhCc..CHC..CF

where F; is the trivial o-field and F is the o-field generated by the field U, F;.

In this setup, a ((F;)en-adapted) stochastic process ¢ : S x N — R™ can be seen as
a function on S such that g = 1(s>,t) for s = (s*,0°) since this value is completely

determined by st.

We assume that there is a positive probability measure p on the set S, (i.e., ps > 0 Vs =
1,..,N and Zivz1 ps = 1) that, for simplicity, is the same at every node. Let IP be the probability
measure on (S, F) induced by p.

A consumption plan z will be a real function on S that is bounded and non-negative (i.e.,

x € 12(9)).
Given a above-bounded real function f on S, let E be the expectation operator with respect

to IP, i.e.,
Bl = [_tap

a natural extension of utility function (1.1) to this framework is

Ulx)=F

> 6w ()

t>1

+ 6 inf u(xg) (2.1)

steS

again with § € (0,1), # € [0,00), where the real function u on R has the same properties of

section (1.2).

As previously, can be shown that U defined by (2.1) is not Mackey-continuous. Let us rewrite

this expression by noting that E [3,o, 6" 'u (z4)] = 32,51 0" Efu(2e)] ' and so

Ux) = Z 8 E [u (zg)] + B inf u(xg) (2.2)
=1 stesS
! Note that lim, B[}, ' 'u(zs)] = 0 since u is above-bounded. If infu o Z = —oo then T could be

discarded since it is not the optimal.
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By Proposition (15) of the appendix section (A) we know that (2.2) is the infimum of the
Lebesgue Integrals of u o z with respect to all measures v defined on the subsets of S and such
that v(s') > 0" 1 IP(s") Vs' € S and v(S) = t&5 + 3. In a similar interpretation as made before,
§'71IP(s') represent the minimal weight  given by agent to consumption at node s® whereas

§'1IP(s") + 3 is the maximal weight.

2.2 Stochastic Economy

The agents can make use of a financial structure to transfer wealth. But besides transfer
income across different dates through, they can transfer across states too (at a same date as
well). There are N numeraire assets (ie, there are as many assets as states). Your pay-offs are
bounded functions on S. At each node s the asset j pay-off R ; is non-negative. Let gq ; > 0

be the price of asset j at node s'. The budget constraint faced by agent at node s’ is

N N
Tgt + Z Qst,jZst,j < u);t + Z(qst’j + R5t7j>zst,,j (23)

j=1 j=1
where w' € (2°(S) is the endowment of the agent i and the real function z; on SU{0} is the asset

J position in the portfolio plan z = (21, ..., zy). 2; must hold the initial condition zy ; = Zo ; > 0.

Suppose that we already know that the Property P over z avoid Ponzi Schemes. The problem

of agent is:

max U(x) (2.4)
s.t. x € Bp(q,w,Zp)

where
Bp(q,w,%0)) = {z € £°(S) : 3z : SU{0} — R such that , zp = Zp, (2.3) and P is valid for  and z}.

Since u is increasing, for each portfolio plan z we see that there is only one consumption

plan z(z) that does not waste wealth:

J
Tt (Z) = wzt + Z [Rst,jzst_’j + qst,j(zst_,j - Zst’j) Vst (25)

j=1

2 Now this minimal weight now depends as on the factor §°=! as on probability P(s’).
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So, problem (2.4) can be restated as:

max 2521 S 1B uoxa(z)] + inf, guoxs(z)
s.t. 0 S wgt + Z;\f:l R5t7jzsi7j =+ QSt,j(Zsi,j — Zst,j> \V/St
(P) is valid for z (2.6)

x(z) € £2(S)
20, j :ggd‘ > 0 VJ

2.3 Optimality in a Stochastic Economy

In order to calculate the Gateux derivative at a solution of (2.6) we need extend the definitions

made in section (1.4):

Definition: A function v : S — RY is said to be a P-admissible direction at z € Bp(q,w)

when 3¢y > 0 such that xo (24 rv) € Bp(q,w) Vr € (—eo, o). D

Definition: A function z : SU{0} — R¥ is said to be a P-feasible portfolio when 2y ; = Zo ; >

0, z(2z) € £2°(S) and P is valid for z. 0

2.3.1 Necessary Conditions for Optimality

Let z* be optimal on (2.6). For every v P-admissible direction at z* it must hold D(U o x o
z)(z*,v) = 0 when this limit exists. So we can state an Euler Equation and a Transversality

Condition for the the agent’s problem.

Stochastic Euler Equation (SEE)

Proposition 7: Let z* be optimal for problem (2.6) and x* = x(z").
Suppose that i) x* > 0 and i) inf 2* is not attained.

Let us denote by v ; the function on S that is equal to zero except for st which is

0,..,0 0,...,0).

v
jm

If vee j is a P-admaissible direction, then it is true that

Gor 0 (750) = OE[(qs 5 + Ryt j)u/ (27 )] (2.7)
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where EP[.] = [,(.) s -

PROOF: : Continuity of u implies that infy u(z?) is not attained either. For r with |r| small
enough it is true that

inf u(@s (2" + rvg, ;) = infu(zge (7))
thus, we have
0= D(U ox o Z)(Z*a'ust,j) = hmT_>0 = {5t 1 [ ( — Tq5t7j> — U((L’:t)] P+
+6! Z L [u(l‘( 5) +1rqst,s),; T TR(sts), ])) — u(x’(*st S)):| P(St’s)}
= —0" 1Qs ju( ) st + o' ZS 1( q(st,s), j +Rst ,5), j) ( zﬁst’s)>lpstps
T Pagu () 4 SIPAE? (g, + R ety )]
+

and so we are done. n

Stochastic Transversality Condition (STC)

Proposition 8: Let z* be optimal for problem (2.6) such that (i) x* = x(z*) > 0, (ii)
inf z* is not attained and there is a path 0 = (o1, ...,0,,...) € S such that (i) lim, 2%, =
inf g2, (i) liminf, ming, g(z? — ') = lim_ (2 — wl.) and (v) limsup, max, g(z* —

%
oT

wi,) = lim, (v%, — wi.), where we denoted o™ = (04, ..., 0,).

Suppose that (SEE) holds for every s' at each asset j of a portfolio plan z* which is also a
P-admissible direction at z*. Then (denoting qs 2% = qst, j25 and Rezl =35 Ry 25 )

lim SB[ (%) e 25

belongs to

T

[gnmmfuf@;;,) (a0 + Bor)zr = a3 ), Blimsup /(o) (ar + Ror)2ie = o2 )]

If (wor)ren converges then

lim 6B o (230)gue 23] = Blimd (w52) (0 + Ror)2lr — aor 25

Remark: : The term §' '/(z%,) Py can be interpreted as a deflator of node s' to node 1. It is

clear that when 5 = 0, we get lim, ' ' E [u/(2% )¢5t 2] = 0, which is the traditional transversality
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condition. Again, in general the transversality condition that we derived does not require that
at an optimal portfolio z* the mean present value of portfolio positions must be asymptotically

Zero.

PROOF: We will estimate lim,o and lim, o of 2[U o z(z* + rz*) — U o z(2*)]. In section (B.1) of

appendix is given a demonstration that 3

lim, o {E [u(@fy = rgazly) —u(@h)] + 350 E [U(ﬂc; +7(gst + Ret)zly — qeezl) — u(a)

= —limy 0o 0" E [0/ (27 qst 23]
(2.9)

and all that is lacking to estimate is lim, |y and lim,;o of
1 . * * * . *
—[inf w(zl 4+ r(gs + Ret)zl — qstzie)) — inf u(al)].
T stesS steS

Affirmation:

1
(¢) im —[inf w(al+r((gsee+Rst)zl —qstzk))— inf w(al)] = limsup u'(z)-) ((q(,f + Ror)20r — Qo Zor

r—0= T steS B stes T

1
(¢4) lim —[inf w(ab+r((ge+Rst)zl —qstzs))— inf w(ak)] = liminf ' (z}) ((qu + Ror )2k — Qor2ir

r—0t T stcg - stesS T

(the proof of this affirmation is given in section (B.3) of appendix)

Let < 0. By optimality of z* we get X[U o z(z* 4+ r2*) — U o z(z*)] > 0. Thus, the above
affirmation together with equation (2.9) imply

lim 6" ' E [/ (2%)qe 2] < Blimsup o' (2%,) <(qot + Rot)2 — qo-tZ;t>

t—o00 t

The demonstration of the other inequality is analogous.

When (wor)ren converges (say to @), we have that (gor + Ror)2ir — @or2ir = Tjhr — Wor —

)
)

infs 2%, —w and the interval in condition (2.8) collapses into 8 lim, v’ (z%-) ((qu + Ror )2 — Qo z}) n

2.3.2 Sufficient Conditions for Optimality

Until the end of this subsection we will suppose that z is a P-feasible portfolio process

such that: (i) z := x(2) > 0, (ii) infz is not attained and there is a path (iii) o> =

3 In fact, this is the well-know Stochastic TC for the case 8 = 0 since the left hand side term must be zero if

z* is optimal. See, for instance, Stokey and Lucas [29].
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(01, 07, ...) € S such that lim, Z,r = inf, g Ty, (iv) inf,g(Ts — wl) = lIm (Tor — wi-)

and (v) supyg(Tst — W) = lim, (T, — w'.), where we denoted o™ = (01, ..., 0,).

We already know that if Z is the optimal solution then (SEE) is true for the asset j at every
node s' for which the direction vy ; is admissible. Now, supposing that (SEE) is true at every
node for all assets, we investigate what is the other condition that should be added in order to

ensure that z will indeed be a solution.
Lemma 9: Suppose that for all z P-feasible portfolio we have

Blimsup, v (T, )[(gor + Ror)2om—1 — Qor2o7] — limy 0" L E [/ (Tt ) g5t 2] < (2.10)
‘] ‘

< Bliminf, v/ (Ty7)[(qer + Ror)Zgr—1 — Qor2gr] — limy 6V E [u/ (T gt ) qat 2
If (wor)r converges and Z satisfies (SEE) at every node then it is a solution for the problem
(2.6). O
PROOF: If we denote Dy = Y, 8" ' E [u(4(2)) — u(zs(2))], can be shown* that

D, > li{n SB[ (246(2)) gt 2] — li{n STV [ (240(2)) qst 2] (2.11)

Let Dy = Blinf g u(zs (%)) — inf i g u(ze(2))], which is bounded from below, as shown by the

next lemmas:

Affirmation:
D2 Z ﬁh_mq—u/(fa")[(qﬂ' + RUT)ZJ"'*l - qg'rz(ﬂ'] + ﬂh_mru/(fa")[qafza"' - (qu + RU")ZJ"'*l]

The proof is given in Appendix B.4.

So,
Dy + Dy > limy 0" E [u/ (24(2))qst 2,0 ] — limy 0" E [0/ (24¢(2))qst 2,0 ] +
+Blm, ' (Zo)[(qer + Ror)Zor—1 — Qo Zgr] — Blim ' (Zo )[(qer + Ror ) 2071 — or Zo7]
and by condition (2.10) we get Dy + Dy >0 m

Proposition 10: Suppose that w converges. If P is such that

li{n SB[ (Tgt)qstzge] — Blimsup u/(Tor)[(qor + Ror)2gr—1 — Qor2g7] > 0 (2.12)

T

then (SEE) at every date and (STC) become sufficient for optimality of Z. 0

PROOF: By the previous lemma and the second part of proposition (8), (STC) reduces to the

claimed condition. n

4 See the Appendix (B.2).
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2.4 Stochastic Sequential Equilibria

Let us define the conceit of stochastic sequential equilibrium under the requirement of a

property (borrowing constraint) P that avoids Ponzi schemes.

Given (6, 8, (ui,w', Zh) /1, (R;);) € (0,1) x Ry x (U 12(8) x R x (£°(S))N, a couple
composed of a node-contingent asset price ¢ : S — Rﬁ and a portfolio plan z* : SU {0} — RY

for each agent is said to be a Sequential P-Equilibrium when

1. z' is U-maximal in Bp(q,w’,Z}) Vi
2. Zle Zy = Zle Zy 20 Vst

3. Zle Tst (zz) = Zf:l(wét + Rst%) Vs'

Remark: Since it is possible that exists a asset in positive net supply with positive pay-off (of
good units) at node s, we need include this quantity in supply side of the real market-clearing

equation.

Remark: It is clear that (2) implies (3) and also that, when ¢ > 0, (3) implies (2) in the above

definition.

2.5 Borrowing Constraints

As we made in section (1.4.3), let us discuss some borrowing constraints that generalize
the traditional ones (case § = 0) for stochastic economies. To rule out Ponzi schemes, we
will propose new borrowing constraints that force all portfolios to mimic the new transversality

condition that the optimal portfolios must satisfy.

In fact, let us now choose a constraint (P) on short-sales such that (2.12) be true, so by
Proposition (10) we have that (SEE) and (STC) become sufficient to optimality. We suggest
three kinds of constraints that impose (2.12):

(P = pTC): Following the traditional transversality condition approach we will impose (2.8)

(which we know that a suitable z* must satisfy if it is optimal) to every portfolio that can be cho-

oT

sen by the agent, i.e., lim; 6" 'E [u/ (2% )gs 2] = Blimsup, o/ (x%.) ((qof + Ryr)zir — qafzj}> :
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where (o), is a sequence of nodes that holds the conditions (iii), (iv) and (v) of Proposition (8).

Thus, (2.12) is true for P = BTC (and z* is BT C-feasible if w’ converges in the sequence (c?),).

Remark: When P = T'C, Proposition (10) implies that (EE) is sufficient condition to get z*

optimal.

(P = SDC'): The second is a explicit upper bound on borrowing (that depends on the (z(z) —w)

behavior at (o');): one requests that
85 (27 qarzet > B (050 ot (T4t (2) — wot) Vs' (2.13)

So z BDC-feasible portfolio implies that
Bu (%) [got (200 — 25t ) = Rotzpr | + 0" Elu/ (2% )qe 24 ] >0 Vs > 5,

(P = GW): The third is a variant of the credit dependent on future wealth (now in stochastic
setting). Require portfolio values ¢'z% to be bounded from below by the ability to repay out of
your deflated future wealth —% Y sres st Asrwsr and a additional term that again depends

on behavior of (z4 — z,) at the sequence of nodes (o)
/\Z(]stzst > — Z Agrwsr + (1P lim sup )\Uz(si(til)[RotZUti + gt (Zo’i — th»], (2.14)
£ t
s7eS 1 \{st}

where Ay = 61/ (2%,) Py

st

It is immediate to see that this constraint implies condition (2.12) since A\w € £1(S).

2.6 Speculative Bubbles in Asset Prices

Let us review some definitions and results that will be useful later. We follow the same

approach in Duffie [12], Magill-Quinzii [22], Santos-Woodford [25] and others.

Given asset prices ¢ : S — Rf and asset pay-offs R : S — ]Rf associated to an P-sequential
equilibrium, let Ty : RN — RY be the linear operator defined by the N x N-matrix (Rg , +
st s)ses that represents the asset returns. We say that the financial markets are complete at

node s* when T, (R") = R", what means that all desired wealth-position at the successors of s’
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can be reached by a suitable choice of portfolio. The financial markets are said to be complete

if they are complete at every s’. Let us suppose that it is true.

We say that A is a process of node-deflators (or node-prices) if it is a function A : § — R

such that
stqst = Z )\ + q(st, s)) (215)

at each node s'. Since ¢ is a price process assomated to a P-equilibrium (and so arbitrage free),
exists such process \. Once we supposed that financial markets are complete, it is unique for a

fixed A normalization ® .

If we iterate (n — 1) times the equation (2.15), we get

t+n
stqst - § E Asr Rgr + E )\st+”QSt+”
T=t+1 STGCT st 8t+nect+n(8t)

Making n — oo results °

MG j = Asr Ry j +lim > Mg
sTeS i \{s'} sTeCT (st)

As markets are complete and ¢ is of P-equilibrium, the node-deflator g must be positive
at each node. Thus we can define the fundamental value Vg ; and the speculative bubble By ;

of asset 7 at node s’ respectively as

1
st Y. AR (2.16)
s s"'egst\{st}

and as

—hm Z AsT 5T (2.17)

sTeCT (st)
when the residual term is is positive, we say that there is a bubble component in the price of

asset j at this node.

Let us denote By € RY the vector (B ;).,. It is clear that

AeBg = Nt 9B

ses

® A discussion about all of this can be found in Duffie [12].

6 Since Agtqst, j > Z::;H sTeCT(s) AstRsr ;j  Vn, the series (that has only non-negative terms) converges

and thus HhmT ZSTECT(St) /\qusTJ(Z 0)
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so, each asset bubble process must hold a martingale property.

When (SEE) (equation (2.7)) holds at every node, we can find the unique node-deflator
process making Ay = 8" 'uf(2% IPy) and use this expression to evaluate Vi ;. Therefore under

hypotheses that imply (SEE), if N = 1 we have that the definition of fundamental value (and

so of speculative bubble) given here coincides with the section (1.6) one.

2.7 Sequential Implementation with Bubbles

In this section we will whether an Arrow-Debreu equilibrium (with consumption space £°(S))

can be implemented as a sequential P-equilibrium.

Let T be a consumption that is optimum in the AD budget constraint defined by a price
e (I (S))* and endowments w' € e (S). Again, 7 price can be decomposed into a countably

additive component p € /1 (S) and a pure charge ¢.

Fixed the asset pay-offs R; : S — Ry for j = 1,..., N, the initial position z) € RY and a
process B = (El, ...,EN) . (S) — RY such that pyBg = Y ¢ pst.s)Bst,s) at every node, we

can define a price process for assets making
pstQSt7j = Z pSTRST7j +pstBst7j7 (218)
sTegst\{st}
what implies pgqs j = 3 cq Pists) (Ristys),j + A(strs),5) Vs, e, the G (S) component of price

is a node-deflator process.

Let us suppose that financial markets with this prices are complete and find a portfolio 2%

such that joined with 2* holds the budget constraints

N N
Tt + Z QSf,jZ?j =% + Z(qut,j + Rst,j)zft_,j (2.19)
j=1

=1

(where Wy is the adjusted endowment defined by wy — RyZ) ) and the initial condition 2§ = Z}.

If 27, is already defined, let us find 23,. At each nodes s"*' € C**'(s') and s"** € C**(s")

must be true that
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(q8t+1 + R3t+1)2§t = T4t+1 — &;H»l + Qgt+1 Z§t+1 (2.20)
and
<q5t+2 + R5t+2)2§t+1 = Tgt+2 — &if-*-? + qst+22ft+2 (2.21)
Multiplying (2.21) by pg+2 and summing up we get
Dst+1(gt+1 Z§t+1 = Z PDst+2 (Est+2 — @zt+2) + Z p5t+2q8t+QZ§5+2. (222)
8t+2€ct+2(8t+1) 8t+260t+2(8t+1)
Since for each s € CT(s'*!) the analogous of (2.22) must holds for prger 2%, we get
T+1
p5t+1q5t+1zft+l = Z Z Pst (fsr — w; —+ RSTEB) + Z PDsT+1(QsT+1 Z;ETH. (2.23)
T=t+2 sTeCT (st H1) sTHLeCT+1(gt+1)
Making 7' — oo, equation (2.23) implies
Dgt+1(gt+1 ZZH = Z Pst (Tsr — wif + RSng) + h%n Z pSTqSTsz. (2.24)
sr€§5t+l\{st+1} STECT(StJrl)
Let us multiply the equation (2.20) by pg+1 and use (2.24) to get:
Pst+1 <q5t+1 + R5t+1)2§t = Pgt+1 (f5t+1 — wit+1) + Zs"é? t+1\{8t+1}psT (fsf — wg} + RSTEE))—i—
+ hmT ZSTGCT(SH’l) PsTggT ZfT
(2.25)

So, to find 2% it is necessary know the value of the limit above at each node s'™' € C**!(st).

We will find it using the budget constraint at 1. In fact, since
qi2] = (@ + R)Z) — Ty +w) — RiZ,

from the analogous to (2.24) for piq27 we get

(1) == lmy Y- regr Parqsr 25 = 30 remy 1y Psm (Wer — Tsr — RyrZ)+
+p1(q1 + B1)Z — pi(T1 + wi — %)
= (&1 — Xsrem\ 1y Ps Rr) %

+ 2 res P (Wir — o)
= P1§1§6 +p(w' —7)
= p1Bi%) + (T — w')
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Let us define I(s") = I(1)[Py  (hence I(s") = 3 i1cpirq) [(s™)). Now we can find zf, from
equation (2.25):

~ 1 .
=T || B =Bt = > @ —wl 4 ReB) + 1) 7
t+1 N
) STESSH'I\{SH'I} St+1ect+1(5t)

(2.26)

where T is the linear operator defined in Section (2.6).

Remark: Interpretation of equation limy 3" regr porgsr 2% = prBiZh + ((T — wi): (i) With
traditional (TC) (i.e., limr >z gr psrqerz% = 0) and with AD-equilibrium price 7 € ¢! (S)
(and so ¢(T — w')), the allocation T only can be implemented as a sequential equilibrium if
Elzg = 0, i.e., only could exist bubble components in price of assets with zero supply; (ii)
Again with traditional (TC), generally only allocations related to summable equilibria can be

implemented without bubbles for positive net supply assets.

At the next, we need a bit of notation. Given a sequence of nodes (¢*); let A the set of
this nodes and b be the functional defined on £>(A) which coincides with the Banach limit b on
B={xe(*(A):3lim, Z‘ L%t} and is given by lim sup(z4¢); for z ¢ B.

The following proposition establishes the sequential implementation of A-D equilibria and,
conversely, that sequential equilibria can be seen as A-D equilibria, under a condition on the

asymptotic behavior of portfolios.

Theorem 11: Given 3 > 0,8 € (0,1), (w,w’,zZ0), € U x £2(S) x RV such (wi,), €
(>(A) Vi and given a financial structure characterized by R; : S — Ry for j = 1,...,N.
Suppose that Property P implies that for a certain node-deflator process A > 0 we have

hm Z AT Qs 25T > )\13120 + ﬁhm

sTesT

Aot
S IP, b((Rot —|—q0t)zoi — qotzot). (2.27)

i) If (q,(z(z),2).,) is a Sequential P-Equilibrium (of economy with adjusted endowments)
such that infg xe(Z') > 0 is not attained, limy ,¢(Z') = infg xe(Z') Vi and, at ©(Z"), vy is

a P-admissible direction, for every s, then (w,(Z")L_,)) is an Arrow-Debreu Equilibrium with 7
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defined by
me= Y 8 (T ) s + Bui(inf To)b((20),) (2.28)

t>1 steSt

i) If (m, (V)L ,) is an Arrow-Debreu Equilibrium with 7 given by equation (2.28) and such that

inf 24 (Z') > 0 is not attained, lim; x,+(Z') = infys x4 (Z') and if financial markets are complete

at prices q given by (2.18), then (q,z((z%), (z').,) is a Sequential P-Equilibrium (of economy
with adjusted endowments) with p = (8°u}(T.,) Py o5 and 7 = 27 (given by (2.26)). o

PROOF: i)First, notice that for any budget feasible portfolio plan z we have
limy 3 regr Mt qerzer = MBIZ) + 3 o og Asr (Wi — 247 (2))

By individual optimality in the sequential economy, (EE) holds at every node s and, therefore,
gt = 0" Ml (T") IPye. Then,
T (W = 2'(2)) = 20, Dres 0 (T ) (wie — w4 (2)) + Bui(inf T)b((wge — 25 (2)):)
> Zt€§ )\st (w;t - x’;t(Z)) + mat —(Vi\f;:’ ; b(qotZUt — (Rgt + qa't)zo'i)
= limy 3" regr Agrderzer — M BiZ + Blimg 5225-0(qo1 200 — (Rot + Got) 21 ) > 0
by the assumption of this proposition. That z(z°) is optimal in AD-budget constraint follows

from an analogous argument to the one made to demonstrate Proposition (1).

(i) For asset prices and portfolio positions constructed from the A-D equilibrium, as explained

in the beginning of this section, we have,

li%n Z perqer 2 = p1 Bz + Bul(inf T)b((TLe — wli)e)

sTesT

and so the borrowing constraint holds.
Commodity markets clearing follows from A-D market clearing.

By the same argument of item (i), the sequential budget set B,(g, ", z) is contained in the A-D

budget set at (m,w?). n
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2.8 Concluding Remarks

The simple deterministic set-up, that turned out not to be so hostile to speculation in fiat
money, can be replaced by a more elaborated stochastic set-up with contingent endowments
and several assets. Again be the same argument used in Chapter 1, the non-linearity of lim sup
operator does not allow to infer, from the transversality condition, that for an asset in posite

net supply speculation can be ruled out.

To sum up, we showed that precautionary behavior induces quite different transversality
conditions in consumer’s sequential optimization problems, which can accommodate bubbles in
the prices of assets in posite net supply, both in deterministic and stochastic settings, even under

finite values of aggregate wealth

The next stage of our research is try to replicate the same conclusion to a setting in that

agents own a collection of beliefs about the future (Knightian uncertainty).



3. FINAL COMMENTS AND REMARKS

Here we discuss some themes related with the previous ones worked and that will be the aim
of our future research. Along the next sections we present some conjectures, intuitions of why

they are true and prove some preliminary statements.

First, we deepen in the analysis of the relationship between non-summable AD-equilibrium
prices and speculative bubbles. We are looking for conditions that allow us to conclude that
other types of Mackey-discontinuities for agents’ utilities can generate speculative bubbles in

the asset prices of an associated sequential economy.

Later, we will mention the analogies of economies with Knightian impatience agents and
economies with the overlapping generations of agents. Besides we present some results of this
last class of models that are not valid in traditional setup of general equilibrium that will be

replicated in a framework with Knightian impatience.

3.1 Speculative Bubbles For General Preferences

In this section we keep the same framework of sections (2.1) and (2.2) except that other
forms for utility functions are allowed. We will find sufficient conditions to interpret an AD-
equilibrium (as defined in section (1.3)) with prices m ¢ ¢! as a P-sequential equilibrium (as
defined in section (2.2)) of a deterministic economy that has a speculative bubble on asset prices
for a suitable choice of P in spite of a positive net supply. We conjecture that these conditions

can be extended to the case in which uncertainty is modeled.

Let (U',w")L_, with U strongly increasing. If ((z")L_,,7) is an AD-equilibrium such that

7 € bay = (£*°)% then, by the Yosida-Hewitt Theorem, we can decompose this equilibrium price

as m = p+ ( where p € ca, and ( is a non-negative pure charge. Since (({n}) =0 Vn € N we
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must have p,, := p({n}) > 0.

Given an asset whose pay-offs are characterized by the deterministic path R = (R;); € {3
and given (z)" € R. the asset initial position of agents let us denote @; = wj — R,z the adjusted

endowment.

Now we will discuss the implementation of this AD-equilibrium as a P-sequential equilib-
rium (with P being an arbitrary borrowing constraint) of the deterministic sequential economy
(U, &)L, R)!, but we believe that the same results remain being true (and with similar proofs)

for stochastic economies.

The next proposition says: whenever an AD-equilibrium with 7 = p + ¢ ¢ ¢! can have
its allocations (7%)!_; implemented as a P-equilibrium of the deterministic economy obttained
from the initial by adding the asset, adjusting the endowments and imposing the borrowing
constraint P, then for the existence of a speculative bubble it is enough to have the pure charge
being positive at (T, — w}) for one agent 7 and that the portfolio otpimal position of this agent,

at least at a subsequence of dates, does not explode.

Proposition 12: Under the previous notations and hypothesis, let P be a borrowing constraint

that implements (T9)_, as a P-sequential equilibrium for the deterministic economy

I
(U5 5 R) with Y 5= 2> 0

and @t = i1 (@1 + Regr) VE>1 (3.1)

If Jig such that (T — w®) > 0 and (|Z°|); does not go to 0o then the asset prices have a

speculative bubble. o

PROOF: One can show by induction that p;q; = Zthz piRi + prqr and so, making T" — 400,
we get

gL = Z peRy + TLiIEOO prqr (3.2)

t>2

Since p; > 0, we have that ¢; is the sum of present value pil > o9 PRy (with respect to deflators
¢ )¢) < an e residual value = limp prgr. We will show that the last term is positive and so
pt):) 2 and th idual val plll' P We will show that the last t i iti d

there is a bubble component in the asset price.

LTt is clear that for do this we need @i >0 Vi, Vt.
2 As seen in section (2.6)
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The equilibrium consumption plan % holds V¢ > 1 that

T = + (q: + Rt)zzit(ll — 7
=w® — Rz’ + (@ + R)Z2, — gz

Multiplying by p; at every date ¢t > 2 results

P (TP — w°) = pylqe + Re)Z2 1 — peRezy — paiZ)
= Ptfl%fﬁio_l - ,OthZéO — ptntio

Summing up all the dates:

p(T —w) = 2121 pt(TiO - wio)
=pi(q + Rl)zci)o - PlRlzéO - Plfhzio + Zt22 [/)tfl%fﬁio_l - ,OthZéO - PtQtEiO}
= (P11 — Yopmp peRe) 2y — lim, prq 720
where the limit of p,q,z" exists because th? p:R; converges (since p € ¢! and (Ry); € ().
Once ((7%)f_,, ) is an AD-Equilibrium for the economy with endowments (w?);, (7 — w') and
so p(T' — w') = ((w' — ) that give us

lim prg: 7 = (g1 — ) puRa)2g + (T — w™)

>2

By equation (3.2) we have p1q1 — Y5, peRy > 0. Since (7 — w®) > 0 we get lim, p,q.Z, > 0.
Besides |z¢| does not go to infinity and thus lim, p,q, > 0. =

Thus any choice of a borrowing constraint P that allows implement the allocations of an
AD-equilibrium with non-summable prices and that holds the above conditions will ever leads
to equilibrium asset prices with speculative bubbles. So, a natural development of this work is,
given a particular (and relevant to the economic theory) non-Mackey-continuous utility, try to
find some P of those with meaningful economy intuition inside the framework. If this search

will has succeeds, we can get others good examples of bubbles with positive net supply.

Although this journey may seem difficult at first, we have already found an encouraging
preliminary answer: we know that given an AD-equilibrium with 7 € ba, there is P, although
artificial for the moment, such that the allocations of this equilibrium can be implemented as a
P-sequential equilibrium with a bubble component in the asset prices (the asset pay-offs being

arbitrary). This will be shown by the next proposition:
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Proposition 13: An AD-equilibrium ((z')L_,,7) with © € ba, can be implemented as a P-

sequential equilibrium of a deterministic economy ((U*, &%, 28)1_,, R) with an arbitrary financial
structure R = (Ry); € (5° such that  @; >0 Vi,Vt and
Piqr = Z pr Ry + ko

T>1

where kg > 0 and P 1is the borrowing constraint defined by the requirement:

liirl PrGrzr > kozo + C(2(2) — W) (3.3) o

PROOF: Since it is clear that p;q;: = pr11¢: + pri1R: then by the same argument made in proof
of proposition (12) we know that given z a P-feasible portfolio must be true that p(z(z) —w') =

(g1 — thz peRy)zo — lim, p,q,z;. If the condition (3.3) holds, we get
m(2(2) = w') = p(z(2) = w') + ((2(2) —w') <0

Let us define the portfolio plan z° of the following way: zj = 2} and given z. | we get z! by

solving T, = W, + (¢: + R:)Zi_, — ¢:Z;. By construction, z is P-feasible.

As 7' is maximal at B(m,w') and every z P-feasible gives x(z) € B(w,w') then Z' is maximal

for the sequential problem. =

Note that even allocations of an AD-equilibrium with 7 € ¢! (what results, for instance,
from the utility functions of Chapter 2 in the case § = 0), could be implemented as P-sequential

equilibrium with positive asset supply. In this case we would have lim, p.q,;Z, > kozo > 0.

However, this does not contradict with the traditional TC condition lim, p,q,z; = 0,
that is necessary to optimality for suitable solutions, since the directional derivative that must
be evaluated in order to obtain TC can not be calculated at Z once the direction Z is not

P-admissible.

In fact, as we saw in the proof, lim; p,q.z, = kozo+ (T —w?). If 7 € £, we get lim, p,q,Z, =
kozo. For the portfolio defined by Z-+7rZ be P-feasible it is necessary that lim, p,q,(1+7)Z; > ko2
but lim, p;¢, (1 + )z, = (1 +r) lim; p,q.2, = (1 4+ r)kozo so if kgzo > 0, the constraint P holds
only if » > 0. Thus the optimality of portfolio Z only that lim, p,q,z, > 0.

Of course, the choice of this requirement P as borrowing constraint for the case = € £! is not
natural. But when there are non-Mackey-continuous utilities and so the TC condition changes,

choose P or some variation could become suitable.
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3.2 Knightian Impatience vs Overlapping Generations

As we saw in Chapter 1, Knightian impatience allows that agents discount the future of
a special way: consumption at very distant dates do not need have marginal present value
asymptoticly vanished. This could connect the analysis of General Equilibrium (GE) with the
Overlapping Generations (OG) literature since in this class of models the welfare of future
generations of agents has the same weight of the present. So we conjecture that is possible
replicate in GE models some OG propositions that are not true for the case that agents have
traditional Mackey-continuous utilities. This theme will be future object of our research. One
example of such statement is the existence of speculative bubbles for assets with positive net
supply that is well-known for OG models (See Tirole [30]) and we dealt in GE along Chapter 1
and 2. Other possibilities can be found at Geanakoplos and Polemarchakis [14].

We will note another interesting fact due to Knightian impatience. We will change the model
of Chapter 1 in order to include the presence of a financial authority with power to make wealth
transferences among the agents through fiscal policies. As it sometimes happens in Overlapping
Generation models, even spendthrift governments could obtain besides nominal effects, also real

effects with their fiscal policies (See Balasko and Shell [3]).

3.2.1 Bonafide Equilibria

Under the framework of Chapter 1, we will make an adaptation: the existence of a central

monetary authority - the government.

Only the government can issue fiat money. At every date ¢ he can makes wealth transferences
through a fiscal policy, i.e., a vector of fiat money amounts (m!)/_,. If m! < 0, the government
is tax the agent ¢ wealth by the requirement of this money amount. If m} > 0 the agent receives
this amount. Let m; be the lump sum >, m! of the money issued at date ¢t. So M; = Zj—:l m,
is the total supply of fiat money at date t.

Now, the sequential budget constraints for agent i are
v —w < @z, —2) +qgmi Vt>0 (3.4)

with the condition that zé = 0 and zz > 0 Vt > 1. This last condition says that inside-money is

not created.
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Definition: A vector (g, (7',z',m');) where ¢ = (g,) is the money price, (7°,z') is a pair
consumption-portfolio and (m;)" = (m?); is a path of fiscal policies is said to be a Bonafide-

equilibrium for the deterministic economy (U?,w’); when (i)Vi 7' maximizes U’ s.t. (3.4)

with prices g and monetary transference m' , (i) >,(T" — W) = 0, (iii) >,z = M, V¢, (iv)
(@) > 0 and (v) §,(zi-y —2) + @, +w; 20 VL, Vi. :

So, in a Bonafide-equilibrium fiat money has a positive price. Condition (v) says that at
equilibrium the government can not tax agents by more than agents’ wealth. Since in our
framework every U is strongly increasing, conditions (i), (ii) and (iv) implies the market-clearing

in monetary market at each date (condition (iii)).

Now we can state that if 5 = 0, the agents only assign value to fiat money that government
will issue if the fiscal police plan is balanced, i.e., such that at least asymptotically the public

expenditure has been financed by revenue receivables from taxes:

Proposition 14: Asymptotic Ricardian Equivalence
Supposes 3 =0 and let (g, (T, z',m');) be a Bonafide-equilibrium such that Z¢ > 0 Vi,Vt. Then
it is true that lim; M, = 0. o

PROOF: Since each Z' is an interior optimal, it can be show in a analogous way to section (1.4.1)
that  q,(u")(T}) = 0,1 (u")(Tj1)Vt  and  lim, 6'(u')(T})q,Z; =0 must be true for every
agent. So, by defining \; = §'(u*)(Z%) as the normalized deflator of date ¢ (that is independent

of i), we get lim; \;g,z; = 0 for each agent. Thus
0= Z lim A g7} = lim A;g, M, (3.5)
On other side 0 < \g; = \q, V¢ soon
NG, = li{ﬂ MG, >0 (3.6)

finally, equations (3.5) and (3.6) imply M; — 0. n

However this proposition is not longer true if 4 > 0. An example of non-balanced fiscal
policy compatible with Bonafide-equilibrium can be constructed from the example 1 with two
agents of Chapter 1. It is enough define m¢ as the initial fiat money endowment of agent 7 and
m! =0 for t > 2. As it was commented in section (1.1) we can choose this asset initial position

such that z! > 0. Then exists a money issuing at date ¢ = 1 that is not taken back any date.
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Remark: In fact, a Bonafide-equilibrium can be seen as deterministic P-Sequential equilibrium
with a speculative bubble for fiat money but with a total supply that can change along the
dates. When 8 = 0, if the money total supply is positive it must tend to zero when ¢ goes to
infinite. When > 0, as we already seen, this is not the case and thus is natural that Ricardian

equivalence is no longer true.
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A. EPSILON-CONTAMINATION CAPACITY

Let S be an arbitrary set and S a o-field of S subsets. First, we will define the core of a capacity
vat (59,8):
core(v) = {n € ba(S,8) : n = v, n(S) =v(S)}

Let us define for r > 0 the set M" = {n € ca,(S,S) : n(S) = r}. Now we can state:

Proposition 15: Let it € cay(S,S), B € [0,400) and v the capacity defined by v(A) = pu(A)
for Ae S, A#S and v(S) = p(S) + B. It is true that *

min /uoxdn: inf /uoxdn:/uoajdu—l—ﬂinfuox
s S S S

necore(v) neMH(S)+8
n2v m

PROOF: Given x € B(S,S) such that uox € B(S,S), let I(v) = min,ccore(w) [gu 0 xdn and
F(v) =inf _ s+ [quoxdn. Itis clear that F(v) > I(v).
>

neM#
n=v

Let n € ba(S,S) such that n > v and n(S) = v(S). Thus (n — ) € ba;. So we get

Juowxdny = [uowxd(n—p)+ [uoxdu
> (n(S) — w(S))infuoz+ [woxdu
= fBinfuox+ [uoxduy
hence I(v) > [quoxdu+ Binfgu o x. On other hand, let (x,) a sequence in z(S) such that

T, — inf z.

Let us define ¢, = p + 39, , where 6., is the Dirac delta probability measure with mass at x,,.

So g, € MHMA+B ¢ >y and
I, = /uoxdgn = /uoxd,u—i—ﬁu(xn) > F(v)
s
since I,, — [woxdu+ Binfu oz we are done because we get

/uowd,u—i—ﬁinfuonF(y)ZI(V)Z/uoxdu+ﬁinfuox
]

LIf ¢ € call and € € (0,1), making 1 = e¢ and 3 = 1 — ¢, we get the e-contamination formula for the Choquet

integral.



B. EULER EQUATION AND TRANSVERSALITY CONDITION

B.1 TC is necessary for 3 =0

Proof of equation (2.9):

limy o 2 { B [ulw}s — g0 20) = u(@})] + uny 07 [ulel + rlas + o)z — aza) = ulas)| }
= E [lim, o £ (u(zl — rgaza) —u(zh))] +

+Y s 0 E [limT_)O 1 <u(xzt +7(gst + Rgt)zgt — qst2gt) — u(x:t)>

= E[—u/(25)gaz0)] + 25,0 'E [u’(a:;‘t) ((qst + Rot)zgt — (st st }

= Bl—/(zi)gaza)] + Y {07 E /(@3 (e + Ru)z | =07 B [/ (0) gz |

t>2

S/

v~
=a

but
oE [U'(xl‘t)(qst + Rst)zst_]

== 5Zst€St Pstu/($:t>(qst + Rst)zst_
N *
= 523265”*1 p ]PSipSul(x(si,s))@(SE,S) + Rt )25t
= 6231—1651—1 ]Pst—lzst—lEp [u’(x:i_l)(qsiq + Rsit_l)]
- Zst_lest_l P u'(x:t,l)qstflzstq
=F [u’(:{,‘:t_l)qst—lzst—l]

So

a=FE [—u/(25)qaza)] + Dy {072E [W/ (251 ) g1 201 ] — 8 E [u/(23)ge 2]}

= —limy oo 0" L E [u/ (2% st 25t
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B.2 TC is sufficient for =0

1 0 B [u(e (7)) — (e (2))] 2 302, 6B [/ (2 (2) (2 (2) — 24 (2))]

= S 0B [ (2 () (g + Ret) Gut. = 220) — 4 (Bt = 2]

= S {0 [ () (0 + Re) G = 20)| = 87 B 0 (w0 (2)) g (Bt — 2]}

= u/(21(2))(q1 + R1) (20 — 20) — v/ (21(2))q1 (21 — 21) +
T {5HE [u(:c ()1 (Gt — 29t )} B [ (240(2)) g Gt — 2 )]}

= —lim; 0' 1B [u/ (24 (2))qst (et — 25t)]

where we are using the equality 0 £ |:’U/<xst</2\:/))(qst + Rot)(Zst — Zst_):| =F [u’(wSH (2))gst—1 (Zst — 24t )
that is due to (EE) (see the section (B.1)).

B.3  Proof of Affirmation In Proposition (8)

Affirmation:

1
() lim —[inf w(zl+7r(gse+Rst)zh—qsezh ))—inf u(zl)] = limsup v’ (z}-) ((¢or + Ror)2hr—1 — qot2pr)
r—0= T steS - steS r

1
() im —[inf w(zl+r(ge+Rs )z —qszs ))—inf w(zh)] = iminf o' (2).) ((¢or + Ror)2Zhr—1 — qor20r)
r—0t T steS - steS t
PROOF: Let us denote:
z* = infg x} |

Ag = (qst + Rst)z;‘t — qstz;‘t

Let g9 be such that z(z* +rz*) € Bp(q,w) Vr € (—&p,¢€0)
We will prove the item (i) of affirmation.

There exists !

1
lim ~[inf u(z% + rAg) — u(z”
im — [inf u(zs + rAs) — ulz’)]

since inf(.) : £*°(S) — R is a concave function.

! This is a direct consequence of lemma 6.14, page 237, Simonsen [28].
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Fixed r € (—eg,0) and given € > 0 is valid for all 7 large enough that

Hinfyu(al +rAg) —u(z*)] + e =

(1) [u(z*) — er —infg u(zl + rAg)] >
(1) [u(zgs) — u(@h, + rA,-)] >

w(xh ) Agr

Making 7 — oo we get

1[infu( t +1rAg) —u(z")] + e > limsup u' (a3, ) Agr

T st T
So, we get
1
11%101 71[1ntfu(:17 t +1Ag) —u(z")] + € > lim supu "(2) Ay (B.1)

that were shown for an arbitrary € > 0.
Now we will prove the reverse inequality.
Claim 1: For r € (—eq,¢9), let 2" := infa (2%, + rAy). It is true that lim, o 2" = z*.

PRrROOF: We have
z" > a" + Tintf Agt
S

Since (Ag)g € £2°(S) then lim, 2" > x*.
On other hand, z* = infy(af, + rAy —rAg) > 2”7 + inf(—rAgy) and again by boundness of

(Ag) g we get z* > lim,_oz". n

So, lim,jou(z") = u(z*). Once that z* > 0, for r near enough to zero is valid " > 0 and thus

we can write
(—)fu(z) — u(@")] < (— o) (@) e - o]

r r

Let (r,)nen be a real sequence such that r, T 0, z(z* + r,2*) € Bp(q,w) ¥Yn and 2’ > 0 Vn. It

is true that
lim,, %[inf cu(@y + rplg) —infe u(zl)] = (B.2)
hmrm [lnfst U(x ¢+ rAst> infSt u<x:t)]
limz™ =z* and so limu(az™) =wu(z*), lmu'(z™)=1u'(z"), (B.3)

md (=) o) - e < (- ) Wl o - 2], (B.4)

Tn Tn
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Given n € N and € > 0 there is o(n,€) € S such that
" —rpe > xz(n7e) + 10 As(ne)
and thus we get

(=)@ —2™) —e < (=250 = (e T Tnlo(no)] (B.5)

Claim 2: lim, Z5(, ) = 2

PRrROOF: Given € > 0

*

’za(n,z—:) - g*’ < ’rnAa(n,e)‘ + |xa(n,e) + TnAU(n,s) - grn‘ + ‘grn -z

< Clry| +elran| + 2™ — z¥|

where C' > sup,, |Ay(n.q)|-
Therefore 3n € N such that n > 1 = |24, — 2| <. -

Since z* is not attained, the last claim implies that for each ¢ € N there are at most finite

indexes n such that o(n,e) € S* and so

. . N < b <1 <1
hmtlnf ( Stmelgt Ag) < hmnlnf Asne) < hmnsup Asne) < hmtsup(gleag% Agt)

Then, from (B.3), (B.4) and (B.5) we get

lim, (=) u(z®) —u(@™)] < lim,(—;-)u' (@) [z* — 2]

— Tn = = =

lim,, u/(z"™) lim supn(—%) [z* — 2]

u'(z*) limsup,, (—;-)[z* — 2] (B.6)

Tn

IN

o/ (z*) limsup,, (A (n.e) + €)

IN

o (z*) lim sup, A, + o/ (z%)e

with € > 0 arbitrary.

The proof of item (ii) is analogous. n

B.4  Proof of Affirmation In Lemma (2.9)

Let us denote Ty = 4(2)
By hypothesis lim; T,« = infy T4

Let z be a P-feasible portfolio. Then
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Dy = Plinfg u(Zg) — infsu(ze(2))]
> Plinfsu(Ts) — u(zse(2))] Vst
Given € > 0 we get for all ¢ large enough
Dy+e>  flu(Tsr) —u(zq(2))]

> Bu/(?ﬁgt> {(qgt + Rgt)ggs—1 — (pt 2yt — [(qa.t + Rat)zaz—1 — qgtzgt]}
and thus

Dy +e> ﬁli_mtu/(fat) {(qgt + Ro-t)zo-s—l — ot Zgt — [(qat + Rgt)zgt—1 — qo-tZO-t]}

> ﬁh_mtu’(fgt) {(qgt + Ra-t)go-s—l — qgtz,t} + ﬁh_mtu'(fgt) {qgtzgt —
What were shown for an arbitrary € > 0.

(qu + Ryt )Zo-t—l }



C. SEQUENTIAL IMPLEMENTATION

C.1 Borrowing Constraints

Now, we show that with last explicit short-sale constraint z* is optimal. Can be proved that

Uz* — Uz > fllimu/(xf)at — limu/ (25)xs] + limg A\sqs(zs — 27)
Let ¢ = Blimu/(zF)xt — limg A\gqs22

For Uz* — Ux > 0, it is sufficient that

¢ > fBlimu/ (xf)xs — limg Agqs2s.

Taking a constant M and a subsequence x;, — limx, it is sufficient too that
e+ 5L 2 B () Ts, — Asls 2s, =

Pu (@) (s, — ws) + U (25 Jws, — Aes Zep =

Bul(x:k)%k (Zsk_l - ZSk) + 5ul(‘r:k)w8k - )\Skqskzsk =

As
ﬂgs: QSk (Zsk 1 — Zsk) + ﬁg

- >\sk QSk Zsk

- ﬁggk QSk (Zsk 1~ Zsk> + /G(Sjk wsk - )\squkzsk

if and only if

As As
/\stSk{(;% + 1}Zsk Z ﬁtgs_EQSkzsk—l + 555_:0‘)% —C— -

A
AstSkzsk - 5ak+ﬁ{656k QSkzsk—l + Bp%wsk —C— _}



C. Sequential Implementation

57

8 B8 8%k M
Asi sy Zsy = m)\sk—lqsk—lzsk—l + mAskwsk - m{c + g}
So the explicit short-sale constraint
AstSkzsk 2 Usk)\sk—IQSk—lzsk—l + UskAskwsk — Xsg

is sufficient condition to optimality of z*.
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Baixar livros de Literatura

Baixar livros de Literatura de Cordel
Baixar livros de Literatura Infantil
Baixar livros de Matematica

Baixar livros de Medicina

Baixar livros de Medicina Veterinaria
Baixar livros de Meio Ambiente
Baixar livros de Meteorologia
Baixar Monografias e TCC

Baixar livros Multidisciplinar

Baixar livros de Musica

Baixar livros de Psicologia

Baixar livros de Quimica

Baixar livros de Saude Coletiva
Baixar livros de Servico Social
Baixar livros de Sociologia

Baixar livros de Teologia

Baixar livros de Trabalho

Baixar livros de Turismo
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