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Resumo

Petrassi, Myrian Beatriz Silva; Torres-Martinez, Juan Pablo.
Three Essays in General Equilibrium . Rio de Janeiro, 2008.
[40p. Tese de Doutorado — Departamento de Economia, Pontificia
Universidade Catoélica do Rio de Janeiro.

O objetivo desta tese é entender o papel de friccoes de crédito
em modelos de Equilibrio Geral com mercados financeiros incompletos.
Primeiro, o trabalho estuda a importancia das restrigcoes ao endividamento
dos agentes para a existéncia de equilibrio monetario em uma economia
com informacao simétrica onde a moeda (aqui caracterizada como um
ativo que nao paga dividendos, pode ser vendido a descoberto e estd
em oferta liquida positiva) tem apenas o papel de reserva de valor e é
0 Unico ativo da economia. Além disso, mostra que, apesar da moeda
possibilitar as transferéncias de riqueza intertemporais e entre os estados
da natureza, o equilibrio monetario ainda é Pareto ineficiente. A tese
também caracteriza a hipdtese de impaciéncia uniforme, um importante
requerimento para a existéncia de equilibrio, em termos das propriedades
assintoticas dos fatores de desconto intertemporal. Como conseqiiéncia,
mostra que desconto hiperbdlico é incompativel com a impaciéncia uniforme
de fungoes de utilidade separaveis. Finalmente, mostra que, se os ativos
financeiros sao colateralizados para a protecao dos emprestadores em caso
de default, sempre existe equilibrio em um modelo de dois periodos com
mercados incompletos e informagao assimétrica onde os ativos sao nominais,

independente da estrutura informacional.

Palavras—chave

Restricoes ativas a divida. Valor fundamental da moeda. Bolhas em

precos de ativos. Informagao assimétrica. Default. Colateral.
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Abstract

Petrassi, Myrian Beatriz Silva; Torres-Martinez, Juan Pablo.
Three Essays in General Equilibrium. Rio de Janeiro, 2008.
[40p. PhD Thesis — Department of Economia, Pontificia Universi-
dade Catodlica do Rio de Janeiro.

This thesis aims to understand the role of credit frictions in general
equilibrium models with incomplete financial markets. First, this work
studies the importance of debt constraints for the existence of monetary
equilibrium in an economy with symmetric information and where money
has only the role of store of value. It also characterizes the uniform
impatience assumption, an important requirement to equilibrium existence,
in terms of asymptotic properties on intertemporal discount factors. Finally,
it shows that, if assets are collateralized in order to protect lenders in the
case of default, equilibrium always exists in a two-period incomplete markets
model of asymmetric information with nominal assets, independently of the

financial-informational structure.

Keywords
Binding debt constraints. Fundamental value of money. Asset pricing

bubbles. Asymmetric information. Default. Collateral.
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1
Introduction

Restrictions that actually generate frictions in an economy have not
been included in most General Equilibrium models with incomplete markets.
However, in infinite horizon models, welfare gains can be generated if frictions
are allowed. Binding constraints can be important in several aspects. Among
others, it may allow for a positive fundamental value of money that creates
room for wealth transfers across time and states of nature. Also, collateral
requirements in an asymmetric information environment restrict the possibility
of unbounded arbitrage opportunities.

Seminal papers by Santos & Woodford (1997) and Magill & Quinzii
(1996) do include limits to economic agents indebtness; however, such con-
straints never bind in equilibrium and never generate frictions in the economy.
Some recent work by Santos (2006) and Gimenez (2006) include liquidity re-
strictions. Those take the form of a cash-in-advance constraint in the first
paper, and a no short-sales constraint in the second. They show that, under
these restrictions and some hypothesis over preferences, money has a positive
value that is a true fundamental value if they are binding infinitely often.

This thesis aims to understand the importance of some type of frictions
in general equilibrium models, and is divided in three chapters.

In the first chapter, we consider the widely studied case of an asset paying
no dividends (that we will, with all the necessary disclaimers, call money) and
in which the size of loans are bounded by an explicit debt constraint. We show
that, under uniform impatience of preferences, assets in positive net supply are
free of price bubbles for deflators that yield finite present values of wealth. This,
however, does not imply that equilibrium prices must coincide with present
values of dividends. In fact, if borrowing constraints are binding, asset prices
must take into account the shadow prices associated with such constraints.

In such a context, we prove that a positive asset price occurs at some
node if and only if debt constraints are either binding at this node or at some
future state of nature. Thus, binding debt constraints always induce frictions
which create room for improving welfare by allowing money to have a role in

transferring wealth across the event tree. Also, we develop a duality theory of
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individual optimization under infinite-horizon, necessary for the results here
obtained.

In the second chapter, we discuss how restrictive is the uniform impa-
tience hypothesis, a joint requirement on agent’s preferences and endowments
imposed in order to prove equilibrium existence, to the results. As already
mentioned, this hypothesis, under Kuhn-Tucker multipliers, precludes the pos-
sibility of occurrence of speculative bubbles on assets in positive net supply.
But it also can be too restrictive and precludes the possibility of time varying
intertemporal discounting (e.g., hyperbolic discount functions). In this chap-
ter, we characterize uniform impatience assumption in terms of asymptotic
properties on intertemporal discount factors. As a consequence, we show that
hyperbolic discounting is incompatible with uniform impatience of separable
utility functions.

Chapter 2 suggests that models with default and collateral requirements —
where uniform impatience assumptions are not necessary to prove the existence
of equilibrium (as Araujo, Pascoa & Torres-Martinez (2002, 2007)) — may be
more appropriate if hyperbolic discounting is expected.

Under this environment, we introduce, in the third chapter I assets
backed by physical collateral that extends the Cornet & de Boisdeffre (2002)
model of asymmetric information. Originally, the authors propose a decentral-
ized mechanism where agents anticipate asset prices and refine their signals by
precluding arbitrage opportunities. This procedure extends the classical non-
arbitrage asset pricing. However, there are financial structures for which only
asset prices that fully reveal information are equilibria. Differently, we show
that, if we allow for default and collateralized assets, equilibrium always exists,

independently of the financial-informational structure.

!This chapter is based on Petrassi & Torres-Martinez (2008).
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2
Welfare-lmproving Debt Constraints

2.1
Introduction

Long-lived assets in positive net supply, such as equity and fiat money,
have been widely studied in general equilibrium models. In such models, the
relation between dividends and equilibrium prices for those assets depends
crucially on whether agents are finitely or infinitely lived. In overlapping gen-
erations models, for instance, prices may exceed fundamental values. In models
with infinite-lived agents, however, prices tend to coincide with fundamental
values —i.e, price bubbles cannot occur (see Magill & Quinzii (1996) and Santos
& Woodford (1997)).

The source of the difference is the following. In overlapping generations
models, the present value of wealth may be infinite, whereas, in models where
agents are infinitely lived, the present value of wealth must be finite whenever
the relevant deflators are Kuhn-Tucker multipliers. Indeed, it is for such
deflators, and under a condition known as uniform impatience, that assets
in positive net supply are not subject to bubbles.

Uniform impatience is a usual requirement for existence of equilibrium in
economies with infinite lived debt-constrained agents (see Hernandez & San-
tos (1996) or Magill & Quinzii (1996)). This condition is satisfied whenever
preferences are separable over time and across states so long as (i) the in-
tertemporal discounted factor is constant, (ii) individual endowments are uni-
formly bounded away from zero, and (iii) aggregate endowments are uniformly
bounded from above.

In this paper, we impose a constraint on the amount of debt an agent
can have at any given point in time in a model with infinitely lived agents. It
is then shown that prices of assets in positive net supply may differ from their
expected discounted sum of dividends even under uniform impatience. The
necessary and sufficient condition needed for this pricing deviation to occur is
that each agent must have binding debt constraints now or at some point in
the future.
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Throughout the paper, we consider the case of an asset paying no divi-
dends and with positive endowments at the initial node. Samuelson (1958) (see
also Tirole (1985)) analyzed such an asset within an overlapping generations
context, whereas Bewley (1980), among others (see also Santos & Woodford
(1997)), consider this asset in the context of infinite-lived households. Araujo,
Péascoa & Novinski (2007) studied this infinite-horizon environment under un-
certainty about discounting rates and where, as a consequence, agents become
precautious.

The benchmark in which the asset pays no dividends is both simpler and
more intriguing. As usual, we call such an asset fiat money® In our model,
money may have positive price in equilibrium due to binding debt constraints,
which are imposed to avoid Ponzi schemes. This is somehow related to some
papers that consider the role of money as a medium of exchange. In Clower
(1967), for example, money has positive price in equilibrium because of binding
liquidity constraints. In a recent work along those lines, Santos (2006) showed
that monetary equilibrium can only arise when cash-in-advance constraints are
binding infinitely often for all agents. In our paper, in contrast, we consider a
pure credit economy where money can still be positively valued as a result of
agents’ desire to take loans when they cannot (either because monetary loans
are not allowed or because a debt ceiling has been hit) 2.

As shadow prices of debt constraints play a crucial role in our setting, we
develop a duality theory for the households’ dynamic programming problem.
We identify the Euler and transversality conditions that characterize individual
optimality and show that, under the Kuhn-Tucker multipliers, the present
value of endowments must be always finite. Once we combine this property with
the uniform impatience property, we rule out bubbles in the price of money.
Money then can only have positive price if debt constraints are binding. This
leads to a somewhat surprising result: credit frictions make room for welfare
improvements through intertemporal and inter-states transfers of wealth that
are only available when money has positive price.

Our monetary equilibrium is always Pareto inefficient. Indeed, if it were
efficient, the agents’ rates of intertemporal substitution would necessarily
coincide. As money is in positive net supply, at least one agent must carry

money, so that his debt constraint is non-binding (and the shadow price is

Tt is widely recognized that money plays three roles: (i) it is a mean to transfer wealth
across time and states (i.e., it stores value), (ii) it is a medium of exchange, and (iii) it is also
an unit of account. What we call money in our model plays the role of transferring wealth
across time and states. We, therefore, abstract throughout from roles (ii) and (iii) of money.

2In a similar context, Gimenez (2005) provided examples of monetary bubbles that can
be reinterpreted as positive fundamental values in cashless economies with no short-sales
restrictions.
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zero). When the agents’ rates of intertemporal substitution coincide and the
shadow price for one agent is zero, the shadow prices for all agents must be
zero, and, as a consequence, the price of money cannot be positive.

When money has a positive value, there exists a deflator, but not one of
the Kuhn-Tucker deflators, under which the discounted value of aggregated
wealth is infinite and a pure bubble appears. Also, independently of the
non-arbitrage deflator, when aggregated endowments can be replicated by a
portfolio trading plan, the discounted value of future wealth must be finite (see
Santos & Woodford (1997)). Therefore, if we allow for an increasing number
of non-redundant securities in order to assure that aggregated wealth can be
replicated by the deliveries of a portfolio trading plan, money will have zero
price. However, the issue of new assets, in order to achieve that efficacy of the
financial markets, can be too costly.

Uniform impatience is key for the results we derive. In fact, we provide
an example in which utility functions do not satisfy uniform impatience and
speculation in an asset in positive net supply occurs, even for deflators that
yield finite present values of wealth.

The rest of the chapter is organized as follows. Section 2 presents the
basic model. In Section 3, our results are proved. In the Appendix A we develop
the necessary mathematical tools: a duality theory of individual optimization.

Other important results are proved in Appendices B and C.

2.2
Model

We consider an infinite horizon discrete time economy. The set of dates
is {0,1,...} and there is no uncertainty at ¢ = 0. However, given a history
of realizations of the states of nature for the first £ — 1 dates, with ¢ > 1,
S = (So,...,St—1), there is a finite set S(5;) of states of nature that may occur
at date t. A vector £ = (t,5,s), where t > 1 and s € S(5;), is called a node of
the economy. The only node at t = 0 is denoted by &;. Let D be the event-tree,
i.e., the set of all nodes.

Given § = (t,5;,8) and pu = (t,5p,5"), we say that p is a successor of
¢, and we write p > &, if ¢ > ¢t and S5y = (54,5,...). We write p > £ to
say that © > £ but p # £ and we denote by () the date associated with
amnode & Let & = {u € D :(p>8& A (t(n) = t(€) + 1)} be the set of
immediate successors of €. The (unique) predecessor of £ is denoted by £~ and
D(&) :={p € D :p> &} is the sub-tree with root &.

At each node, a finite set of perishable commodities is available for
trade, L. Let p = (p(€);& € D), where p(§) := (p(§,1);] € L) denotes the
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commodity price at & € D. We assume that there is only one asset, money,
that can be traded at any node along the event-tree. Although this security
does not deliver any payment, it can be used to make intertemporal transfers.
Let ¢ = (q(£);€ € D) be the plan of state-dependent monetary prices. We
assume that money is in positive net supply that does not disappear from the
economy neither depreciates.

A finite number of agents, h € H, can trade money and buy commodities
along the event-tree. Agent h is characterized by his physical and financial
endowments, (w"(£),e"(§)) € RE, xRy, at each £ € D, and by his preferences
over consumption, which are represented by an utility function U” : Rf xL _,
R, U{+oc0}. For any £ € D, let W = >, _,y w"(€) be the aggregated physical
endowment at node &.

The consumption allocation of agent h at £ € D is denoted by z(€) :=
(2"(&,1);1 € L). Analogously, the number 2"(£) denotes the quantity of money
that h negotiates at £. Thus, if 2"(¢) > 0, he buys the asset, otherwise, he
short sales money making future promises.

Given prices (p,q), let B"(p,q) be the choice set of agent h € H, that
is, the set of plans (7, 2) := ((z(£),2(£));€ € D) € RP*F x RP, such that, at
each £ € D, the following budget and debt constraints hold,

g (y"(€),y" (€ )sp,a) =

p(&) (z"(€) — w™(©)) +q(€) ("(€) — e"(&) — 2"(¢)) 0,
q(©)"(&) +p(OM > 0,

IN

where y"(&) = (2"(€), 2"()), 2"(&§) = 0 and M € RE. Note that short
sales of money are bounded by the exogenous debt constraints above in order
to avoid Ponzi schemes. Agent’s h individual problem is to choose a plan

y" = (2", 2") in B"(p,q) in order to maximize his utility functions U".
DEFINITION 1. An equilibrium for our economy is given by a vector of prices
(p, q) jointly with individual allocations ((mh, 2M)ih e H), such that,

(a) For each h € H, the plan (2", 2") € B"(p,q) is optimal, at prices (p,q),

(b) Physical and asset markets clear,

> (@M€ 2"9) = (Wg, > (MO + zh(é‘))) :

heH heH
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2.3
Characterizing Monetary Equilibria

In our economy, a pure spot market equilibrium, i.e., an equilibrium
with zero monetary price, always exists provided that preferences satisfy the
first part of the following hypothesis. However, our objective is to determine
conditions that characterize the existence of equilibria with positive price of
money, called monetary equiltbria. For this reason, we also assume that agents

are uniformly impatience.

ASSUMPTION A.
A1l. PREFERENCES. Let U'(z) = > cen u(&, 2(£)), where for any & € D,

ul(&,-) : RY — Ry is a continuous, concave and strictly increasing function.

Also, Y eep ul (&, We) is finite.

A2. UNIFORM IMPATIENCE ASSUMPTION. There are w € [0,1) and (v(u); p €
D) € RY*L such that, given a consumption plan (v(p);p € D), with 0 <
x(p) < W, for any h € H, we have

u" (& 2(€) +v(©)+ > _u(u, 7 x(w) > u(px(n), VEED, Vi >

u>& 7243

Moreover, there is § > 0 such that, w"(€) > 6v(§), V¢ € D.

The requirements of impatience above depend on both preferences and
physical endowments. As particular cases we obtain the assumptions imposed
by Hernandez & Santos (1996) and Magill & Quinzii (1996). Indeed, in Her-
nandez & Santos (1996), for any p € D, v(u) = W,. Also, since in Magill &
Quinzii (1996) initial endowments are uniformly bounded away from zero by
an interior bundle w € R%, they suppose that v(p) = (1,0,...,0), Vu € D.

Under Assumption A1, Propositions A1 and B1 in the Appendices assure
that, given an equilibrium [(p, q); ((z",2"); h € H)], there are, for each h € H,
Kuhn-Tucker multipliers (y"(£); ¢ € D), such that,

h
d©) = Fear) + im 3 T
{p>&:t(n)=T}

where F(&,q,~") is the fundamental value of money, and the second term in
the right hand side is the monetary speculative component, also called bubble.

We say that debt constraints induce frictions over agent h in D C D if the
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plan of shadow prices (n"(11); 1 € D) that is defined implicitly, at each p € D,
by the conditions:

0 = 1) (a(p)2" (1) + p(p)M)
Y(waw) = D A"@aw) +n"(wa(w),

vept

is different from zero.

Just before our main result, we will show, in the following example, that a
monetary equilibrium can arise in economies without uncertainty. Essentially,
it is an extension of the monetary model of Bewley (1980) (for references over
this example, see Mattalia (2003)) modifying the no short-sales constraint.
However, we show that, in this monetary equilibrium, there is no bubble
component, only a fundamental value component which is a consequence of

the binding no short-sale constraints.

ExXAMPLE 1. Consider an infinite-horizon economy without uncertainty. There
is only one asset, fiat money, and a single perishable good at each date. There

are two agents ¢ € {1,2} with identical utilities of the form
Ui, 2t ) = 3 fulad),
=0

where 3 € (0, 1) denotes the intertemporal discounted factor and the function
u: R — R is strictly increasing, continuous and strictly concave in R, .

Each agent i will receive an endowment of money, ¢! > 0, only at the
initial date ¢t = 0, where ¢} = 0 and 3 = 1. Moreover, the physical endowments

of agents at date t are strictly positive and given by (w}, w?) := (w,w), when

t is even; and by (w},w?) := (w,w), when ¢ is odd. Note that w < w.

Finally, the amount of debt each agent can take is bounded, at each date
t, by a constraint M(¢,p(t)) := p(t)M, where p(t) denotes the price of the
single commodity at t and M = 0 is the borrowing limit®. The price of money
at date t will be denoted by ¢(t).

We affirm that the prices ¢(t) = ¢* > 0 (and p(t) = 1) constitute an

equilibrium monetary price. Also, the consumption and portfolio allocations

31t should be noted that this example could be extended to a fixed M > 0. The objective
here, however, is to keep the example as simple as possible.
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*

; w—q" ifi=1and tis even or ¢ = 2 and t is odd;
T, =
! w+¢q* i=1andtisodd ori=2 and t is even.

; {0 ifi=1and t is even or i = 2 and t is odd;
zy =

1 i=1landtisoddori=2andt is even.

where x! is the consumption choice and 2z} is the portfolio choice. They
are budget and market feasible.

Also, they are optimal choices for the agents as the following Euler
conditions are satisfied (see Definition A1 and Proposition A2 in the Appendix
A),

(0, 714") = (B (21), 70" + Nd),

where ~i is the candidate for Kuhn-Tucker multiplier and Mi is the
candidate for shadow price associated to the debt constraint.

Of course, as z! > 0, we know that v/ = [%/(z}). Then, it can be
shown that, under Kuhn-Tucker multipliers, transversality condition is satisfied
and that there is no bubble component. Under Kuhn-Tucker multipliers, the
discounted value of future wealth is also finite.

Note that at each t, debt constraint is binding for one of the agents:
when ¢ is even, agent 1 binds his constraint. When ¢ is odd, agent 2 portfolio
choice is 22 = 0. As a consequence, there is a monetary equilibrium that is
actually a fundamental value. Money has a positive value as a consequence of

the positive shadow values associated to the binding debt constraints.

THEOREM. Under Assumption A, for any equilibrium [(p, q); ((z", 2"); h € H)]

we have that,

(1) If q(&) > 0 then debt constraints induce frictions over each agent in D(§).

(2) If M # 0 and some h € H has a binding debt constraint at a node
p € D(§), then q(§) > 0.

(3) If for ech & € D, uME-) is differentiable in RL.  and
Ly, —0+ Vul(€,2) = +o0, then any monetary equilibrium is Pareto

inefficient.

OBSERVATION. Item (1) is related to Theorem 3.3 in Santos & Woodford
(1997), that establishes that, under uniform impatience, assets in positive net

supply are free of price bubbles for deflators that yield finite present value of
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wealth. However, in the frictionless framework used by these authors, absence
of bubbles necessarily leads to a zero price of money. The converse, item (2)
and item (3) are new in the literature.

Moreover, it follows from items (1) and (2) that binding debt constraints
always induce frictions, i.e., positive shadow prices. Also, if an agent becomes
borrower at some node in D(&), then all individuals are borrowers at some
node of D(£). In other words, in a monetary equilibrium, all agents take a

monetary loan (at some node).

PROOF OF THE THEOREM. (1) By definition, if for some h € H, (n"(u); pn >
€) = 0 then F(&,q,7") = 0. Therefore, as in Santos & Woodford (1997), a
monetary equilibrium is a pure bubble. However, uniform impatience implies
that bubbles are ruled out in equilibrium.

Indeed, at each £ € D there exists an agent h = h(£) with ¢(£)2"(€) > 0.
Thus, by the impatience property, 0 < (1 — m)q(£)2"(¢) < p(&)v(€). Moreover,
financial market feasibility allows us to find a lower bound for individual debt.

Therefore, for each h € H, the plan (‘I(S)Zh(g)) is uniformly bounded.
pOv(E) Jeep
q(§)

Furthermore, as money is in positive net supply, it follows that (—)
€eD

p(&)v(§)
is uniformly bounded too. As by Lemma Al we know that, for any h € H,

> ¢en AHEp(E)w (&) < +oo, it follows from Assumption A2 that bubbles do
not arise in equilibrium.

Therefore, we conclude that, if ¢(¢) > 0 then (p(u);pu > &) # 0, for all
heH.

(2) Suppose that, for some h € H, there exists p > £ such that
q(p)z"() = —p(u) M. Since monotonicity of preferences implies that p(&) > 0,
if M # 0 then g(u) > 0. Also, Assumption Al assures that Kuhn-Tucker
multipliers, (7"(n);n € D), are strictly positive. Therefore, the equations that
define shadow prices imply that ¢(&) > 0.

(3) Suppose that there exists an efficient monetary equilibrium, in
the sense that individuals’ marginal rates of substitution coincide. As
limyg),..—o+ Vu'(&,2) = 400, V(h,§) € H x D, all agents have interior
consumption along the event-tree. Positive net supply of money implies that
there exists, at each £ € D, at least one lender. Therefore, by the efficiency
property, it follows that all individuals have zero shadow prices. A contradic-
tion with item (1) above. O

Some remarks,

(1) It follows from the proof of the Theorem that under uniform impatience
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monetary debt is uniformly bounded—in real terms—along the even-tree.
Thus, it is easy to find a vector M* € Rf; such that, in any equilibrium, and
for each node &, the debt constraint q(£)z"(¢) > —p(£)M* is non-binding.
Therefore, when M > M* monetary equilibria disappear. That is, contrary to

what may be expected, frictions induced by debt constraints improve welfare.

(2) Given a monetary equilibrium, there always exists a non-arbitrage deflator,
incompatible with physical Euler conditions (see Definition A1), for which the
price of money is a pure bubble. Indeed, define v := (v(§) : £ € D) by v(&) = 1,

and

) = 1, VE> & q(§) =0,

v(§) 7€)

= V. : 0.

Ay T ) —wey oo

Euler conditions on (7*(£); & € D) imply that, for each £ € D, v(&)q(€) =
Zueﬁ v(p)q(p). Therefore, using the plan of deflators v, financial Euler

conditions hold and the positive price of money is a bubble. Since under
uniform impatience assumption the monetary debt is uniformly bounded along
the event-tree, under these deflators the discounted value of future individual
endowments has to be infinite.

We remark that the plan of state prices v is compatible with the
frictionless theory of bubbles developed by Santos & Woodford (1997) and,
in that frictionless context, we recover a property that was previously found
by them: a monetary bubble is possible only for deflators under which we have

an infinite discounted value of future wealth.

2.4
About Uniform Impatience

To highlight the role that uniform impatience has in our Theorem, we
adapt Example 1 in Araujo, Pascoa & Torres-Martinez (2007) in order to prove
that without Assumption A2 money may have a pure bubble for Kuhn-Tucker
multipliers. Moreover, bubbles on the price of money will be compatible with
a finite discounted value of future wealth. Essentially because individuals will
believe that, as time goes on, the probability that the economy may fall in
a path in which endowments increase without an upper bound converges to

zero fast enough.

EXAMPLE 2. Assume that each & € D has two successors: £+ = {€% ¢4},
There are two agents H = {1,2} and only one commodity. Each h € H
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has physical endowments (U)?)ge b, receives financial endowments e” > 0 only
at the first node, and has preferences represented by the utility function
UMx) = Y eep 8" p"(€) e, where § € (0,1) and the plan (p"(€))ecp € (0,1)"
satisfies p(&) = 1, p"(€) = p" (&%) + p"(€*) and

1

2t(£)+1p1(5)’ PP(E") = (1 = geer) P(S)-

pH(E") =
Suppose that agent h = 1 is the only one endowed with the asset, i.e.,
(e',e?) = (1,0) and that, for each £ € D,

wgz

[ 14879 itgeDn, , [ 148719 ifee{gdyuDm,
¢ 1 otherwise ;

1 otherwise ;

where D% is the set of nodes attained after going down followed by up, that
is, D% ={ne D: 3¢ n= ()" } and D" denotes the set of nodes reached
by going up and then down, that is, D" = {n e D : 3¢, n= (£4)¢ }.

Agents will use positive endowment shocks in low probability states to
buy money and sell it later in states with higher probabilities. Let prices be
(pe, @e)eep = (819, 1)eep and suppose that consumption of agent h is given
by m? = w?', where h # h'. It follows from budget constraints that, at each &,
the portfolio of agent h must satisfy z? = 349 (wg — wg,) + 2" where 2/ = "
and h # h'.

Thus, the consumption allocations above jointly with the portfolios

h
o

(%4> Z8us 20a) = (1,1, 0) and (28)¢ep = (1 — 2{)¢ep are budget and market
feasible. Finally, given (h,§) € H x D, let fy? = p"(€) be the candidate for
Kuhn-Tucker multiplier of agent h at node &. It follows that conditions below
hold and they assure individual optimality (see Proposition A2 in the Appendix
A),

(Vpeveae) = (B Op"(€), Yuger + Vfugea),
Z fyf?‘pnM — 0, as T' — 400,
{neD:t(n)=T}
Z 'y,};qnzf; — 0, as T — +o0.
{neD:t(n)=T}

Note that, by construction and independently of M > 0, the plan
of shadow prices associated to debt constraints is zero. Therefore, for any
M, money has a zero fundamental value and a bubble under Kuhn-Tucker
multipliers. Also, the diversity of individuals beliefs about the uncertainty

(probabilities p(€)) implies that both agents perceive a finite present value of
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aggregate wealth @ Finally, Assumption A2 is not satisfied, because aggregated

physical endowments were unbounded along the event-tree® 0

Appendix A: Duality Theory of Individual Optimality

Under Assumption A1, we will use duality theory to determine necessary
conditions for individual optimality. To attempt this objective, we restrict
our attention, without loss of generality, to prices (p,q) € P := {(p,q) €
RIP x RD ¢ (p(€),q(€)) € A#LHL Ve € D}, where, for each m > 0, the
simplex A™ = {z = (21,...,2m) € RT : > 7" | 2 = 1}. Also, remember that
the super-gradient of a concave function f : X C RF¥ — R U {—o0} at point
r € X is defined as the set of vectors p € RY such that, for all 2/ € X,
F(6,2) = F(&, ) < pla’ — ).

For convenience of notations, let the set of nodes with date 7" in D(§) be
denoted by Dr(€). Finally, let DT (£) = UZ:t(g) Dy (&) be the set of successors
of ¢ with date less than or equal to T. When £ = &, notations above will be
shorten to Dy and DT.

4Using agent’ h Kuhn-Tucker multipliers as deflators, the present value of aggregated
wealth at £ € D, denoted by PVEh, satisfies,

h
7 2 1
PV = Z P Wy = ) th(ﬂ)ﬁt(“) + Pa6) Z (1)
7229 e 7243 {p>¢&:peDuduDIvU{£d}}
Y > " (w)
1-3 ()

{u>€:neDHIUDIULELY, t(n) <t(§)+1}

+oo
1 1 1 1
+ Z |:25+1 (1 N 25) T (1 N 23+1> 25}

s=1(6)+1
U p® 31 11 1 h
= %3+ 53@ 350 T > P (1) < +oo.

{u>&:peDuduDd, t(u)<t(£)+1}

SIf Assumption A2 holds, there are (6,7) € Ry x (0,1) such that, for any £ € D% :=
{peD:3neDip= ")},

1w 1—n

=55 _- 7 h t(p)
55 > 59O E) Z p(p)B* "W, Vhe H.

u>€

Thus, for all (§,h) € D** x H, BHE) (6(11_7r) + Wg) > PV;'. On the other hand, given
§e D,

1 1
1 1 -1 - -
PVE > G E p(p)=1 2t(6)+1°

{u>&:peDuduDIw () <t(€)+1}

Therefore, as for any T € N there exists £ € D" with t({) = T, we conclude that,
BT (ﬁ + 2) > 0.5, for all T'> 0. A contradiction.
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DEFINITION Al. Given (p,q) € P and y" = (2", 2") € B"(p,q), we say

that (v"(€);€ € D) € RY constitutes a family of Kuhn-Tucker multipliers
(associated to y") if there ewist, for each & € D, super-gradients u'(§) €
ou(&,2"(€)) such that,

(a) For every & € D, 4"(&) g2 (y"(€),y"(€);p.q) = 0.
(b) The following Euler conditions hold,

u'(€),
& = u'(§a"),
Y(©a©) = Y A (wglp)

pueET

2
>
"
S—
=,
o
[V

where the last inequality is strict only if the associated debt constraint is
binding at &.
(c) The following transversality condition holds:

LEMMA Al. (FINITE DISCOUNTED VALUE OF INDIVIDUAL ENDOWMENTS)
Fiz a plan (p,q) € P and y* = (a"2") € B"p,q) such

that UM(a") < +oo. If Assumption Al holds then for any family of

Kuhn-Tucker multipliers associated to y", (y"(&); & € D), we have

Yeen YM(E) (p(&) w"(€) + q(€)e"(€)) < +oo.

PrROOF. Let L} : R*' x R*' — R U {—oc} be the function defined

by LE(y(€),y(€7) = v"(&y(€)) — ") g2 (y(€),y();p, @), where y(§) =
(2(€),2(£)) and v"(&,+) : RE x R — RU {—o0} is given by

ut(§,2(§)) if z(§) = 0;

—00 otherwise.

V(€ y(8) = {

It follows from Assumption Al and Euler conditions that, for each T" > 0,

ST Lk0,0) - > Ll D)<= ) (9a(€)(0 — 2 (€)).

&eDT &eDT €Dy

Therefore, as for each £ € D, v"(¢) g?(yh(ﬁ),yh(f‘);p, q) = 0, we have that,
for any S € N,
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T—+o0 ¢eDT
< U(a") +limsup Y +"(€)q(€)2"(€)
£eDr
< UMa") < 400,
which concludes the proof. [l

PROPOSITION A1. (NECESSARY CONDITIONS FOR INDIVIDUAL OPTIMALITY)

Fiz a plan (p,q) € P and y" = (2" 2") € B"(p,q) such that
Uh(zh) < +oo. If Assumption A1 holds and y" is an optimal allocation
for agent h € H at prices (p,q), then there exists a family of Kuhn-Tucker

multipliers associated to y".

PROOF. Suppose that (y"(£))¢ep is optimal for agent h € H at prices (p, q).

For each T' € N, consider the truncated optimization problem,

max 3 u"(§, x(S))

geDT
(PhT) g9¢ W(€),y(€ ) pa) < 0,V6€ DT,
.. q(£)=(§) > —p(§)M,¥¢ € DT\ Dr,
(@(&), 2(n)) > 0, Y(¢n) € DT x Dr.

It follows that, under Assumption Al each truncated problem P*T has

a solution (y"7(¢))ecpr 8

6 In fact, as (y"(£))eep is optimal and U”(z") < +oo, it follows that there exists a
solution for P™T if and only if there exists a solution for the problem,

max 3 u(§x(6))

0, V¢ € DT, where y(¢) = (2(£), 2(¢)),

— 20 we € DT such that ¢(€) > 0

O,ifo € DT-Yandq(¢) = 0]oré € Dr,
x(§) > 0,V¢e DT,

Indeed, it follows from the existence of an optimal plan which gives finite utility that if

q(&) = 0 for some & € D, then g(u) = 0 for each successor p > £. Now, budget feasibility

assures that,

(PT)

13
s.t. Z(E)
(&)

AV I AVAR VAN

p§w" ()
q(&)

As z(&) = 0, the set of feasible financial positions is bounded in the problem (P™T).
Thus, budget feasible consumption allocations are also bounded and, therefore, the set of
admissible strategies is compact. As the objective function is continuous, there is a solution
for (Ph7T). Moreover, the optimality of (y"(€))¢cep in the original problem implies that

2(8) < + 2(¢£7), V& € DT~ such that ¢(¢) > 0.
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Given a multiplier v € R, let LE(-,7;p,q) : R¥' x R¥ — R U {—oc0}

be the Lagrangian at node &, i.e.,

L), y(€ ),y poa) = v"(&,y(€) — vt (W(&),y(E);p, q).

It follows from Rockafellar (1997, Theorem 28.3) that there exist non-
negative multipliers (7" (§))¢epr such that the following saddle point property

> LEWE©.yE) AT @) < Y LI,y () A"T(©); pa).

geDT ¢eDT

is satisfied, for each plan (y(&))¢epr = (#(£), 2(§))¢epr for which

((£), 2(n)) 0, V(& n) € D" x Dr,
q(§)z(&) = —p(&M, v¢ € D'\ Dr.

v

Moreover, at each € € DT multipliers satisfy v (¢) g?(yh’T(f), YT (E7)p, q) =
0.

Analogous arguments to those made in Claims A1-A3 in Araujo, Pascoa
& Torres-Martinez (2007) imply that,

CLAIM. Under Assumption Al, the following conditions hold:
(i) For each t < T,

0< Y ") (pE&)w" (&) + q(€)e" (&) < UM,

geDt
(i1) For each 0 <t < T,

S ATOaOME) S Y W (E).

ceD, ¢eD\Dt-1

(iii) For each & € DT=' and for any y(€) = (x(€), 2(£)), with z(£) > 0 and
q(§)=(§) = —p(§)M,

Uh(z") is greater than or equal to > eepT ul (€, 27T (€)). In fact, the plan (f¢)eep defined
by g = y?’T, for each ¢ € DT, and by §¢ = 0 otherwise, is budget feasible in the original

economy and, therefore, the allocation (yh’T(f))ge pr cannot improve the utility level of
agent h.
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+ > (2" ().

neD\DT

Now, at each £ € D, w" (&) := minjer w(&,1) > 0. Also, as a consequence
of monotonicity of u"(£), ||p(€)||s > 0. Thus, item (i) above guarantees that,
for each £ € D,

Uh(zh)

h,T YT
0 <A™ < wh(€) [Ip(&)]]s’

VT > t(§).
Therefore, the sequence (v"7(§))rs4(¢) is bounded, node by node. As the
event-tree is countable, there is a common subsequence (Tj)gen € N and non-

negative multipliers (7"(€))¢ep such that, for each ¢ € D, YTk (€) — 10
7"(€), and

Y(©)gt (p, . v"(€),4"(€7)) = 0; (2-1)
litmsupZ’yh(f)q(f)zh(f’) < 0, (2-2)
—T ¢ep,

where equation (2=1) follows from the strictly monotonicity of u"(¢), and
equation (2=2)) is a consequence of item (ii) (taking the limit as 7' goes to
infinity and, afterwards, the limit in ¢).

Moreover, using item (iii), and taking the limit as T goes to infinity,

we obtain that, for each y(§) = (z(£), 2(£)), with z(§) > 0 and ¢(£)z(§) >
—p(§M,

(€ 2(€)) —u"(€,2"(€)) <

Let F*(¢,p,q) = {(,2) ERF xR: 2 >0 A q(§)z > —p(§)M}.

It follows that (1"(€)p(€); 7"(€)a(€) = L ees 7" (1)a(1) ) belongs to the
super-differential set of the function v"(£,-) + 6(-, F*(&, p, q)) at point y" (&),
where d(y, F"(€,p,q)) = 0, when y € F"(&,p, q) and d(y, F"(€,p,q)) = —o0,


DBD
PUC-Rio - Certificação Digital Nº 0410929/CA


PUC-Rio - Certificacédo Digital N° 0410929/CA

25

otherwise. Notice that, for each y € F"(£,p,q), k € 95(y, F*(£,p,q)) & 0 <
k(' —vy), Yy € F'(Ep,q)

Now, by Theorem 23.8 in Rockafellar (1997), for ally € F"(&, p, q), if v'(€)
belongs to
O [v"(&,y) + (y, F"(&,p,q))] then there exists 7/(£) € 9v"(§,y) such that
both v/(€) = #(¢) and (¢/(€) — #(€)) - (&, 4(€) =+ p(€) M) = 0, where y = (v, 2).
Therefore, it follows that there exists, for each & € D, a super-gradient
v'(€) € ol (&, y"(€)) such that,

Y(EPE); V(€)a€) = Y A (walw) | =€) >0,

pEET

YEPE); Y (©)a(€) = D A (walw) | —7()

pneEt

- (2"(€),q(6)2"(€) + p(&)M) = 0.

As ¥'(€) € o (&, y"(€)) if and only if there is v/(&) € dul (&, 2"(€)) such
that o'(§) = (v/(£),0), it follows from last inequalities that Euler conditions
hold.

On the other side, item (i) in claim above guarantees that,
Yeen YO @EW(E) + q(€)e"(€)) < +oo and, therefore, equations (2=I)
and (2-2)) assure that, limsup, ., . > ¢cp, A(E)q(€)2"(€)

< limsup Y 7€) (p(E)w"(€) + a(€)e" (€) + q(€)="(€7))

¢eD
< limsup Y "(€)q(€)"(¢7) < 0,
t=4e0 cep
which imply that transversality condition holds. 0

Note that we could prove, alternatively, the existence of a state price
deflator that satisfies the financial Euler equation only using, as Santos &
Woodford (1997), non-arbitrage conditions. However, to attempt our objectives
we need to assure that Kuhn-Tucker deflators exist, in the sense of Definition
Al, and also that the discounted value of endowments, using these deflators,
is finite.

On the other hand, as under Kuhn-Tucker multipliers the deflated value
of individual endowments is finite, our transversality condition is equivalent

to the requirement imposed by Magill & Quinzii (1996), provided that either
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short sales were avoided or individual endowments were uniformly bounded

away from zero.

COROLLARY.

Fiz (p,q) € P. Under Assumption A1, given h € H suppose that either
M = 0 or there exists w € RY, such that, at any & € D, w"(&) > w. If
y" is an optimal allocation for agent h at prices (p,q), then for any plan of

Kuhn-Tucker multipliers associated to y", (v*(€))eep, we have,

PROOF. Let (7"(€))¢ep be a plan of Kuhn-Tucker multipliers associated to y".
We know that the transversality condition of Definition A1 holds. On the other
hand, it follows directly from the debt constraint that,

S O €) > — 3 AEPEM > — (male> S OO

£eDr §eDT §eDT

Therefore, when M = 0 we obtain the result. Alternatively, assume that for
any £ € D, w"(§) > w. As by Lemma A1 the sum Y., v"()p(&)w"(§) is well
defined and finite we have that

> A OlpE)ls < +oo.
¢eD

Thus, liminfr 00 D ecp, Yr(€)q(€)z"(€) > 0 which implies, using the
transversality condition of Definition A1, that limz_, o > ¢eDr A (€)q(€)2"(€)
0. O

We end this Appendix with a result that determines sufficient require-
ments to assure that a plan of consumption and portfolio allocations is
individually optimal. Note that the result below will assure that, when either
short-sales were avoided, i.e., M = 0, or individual endowments were uniformly
bounded away from zero, a budget feasible plan is individually optimal if and

only if there exists a family of Kuhn-Tucker multipliers associated to it.

PROPOSITION A2. (SUFFICIENT CONDITIONS FOR INDIVIDUAL OPTIMALITY )
Fiz a plan (p,q) € P. Under Assumption Al, suppose that given y" =
(zh, 2") € B"(p,q), there exists a family of Kuhn-Tucker multipliers (v"(£); € €
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D) associated to y". Then, if

then y" is an optimal allocation for agent h at prices (p,q).

PrROOF. Note that, under the conditions above

Jim 7 (€)q(€)2"(€) = 0.
£eDr

On the other hand, it follows from Euler conditions that, for each 7" > 0,

> LEW©), y(€ ) A" Qs pa) = Y LY (©),¥"E), s pa)
i3

¢eDT eD”
<= 37 OO ) — ().
¢eDr

Moreover, as at each node £ € D we have that 'yh(f)g?(yh(é’), Y (E)ip, q) =
0, each budget feasible allocation y = ((x(§), 2(£)); £ € D) must satisfy

D u(& €)= Y uEa"(©) < = ) AYOa€)(=(E) — ().

¢eDpT €eDT ¢eDr

Now, as the sequence ( > 'yh(g)q(f)zh(g)> converges, it is bounded.
¢eDr TeN

Thus,

lim sup <— > A"(€a(€)(=(€) - zh<5))> < limsup (— > vh(é)q(ﬁ)z@))

T—+oo ¢eDy T—o0 ¢eDrp

Therefore,

U () = limsup 3w (€, 2(8)) < U"(a),

T—+o00 fEDT

which guarantees that the allocation (2" (€), 2"(€))¢ep is optimal. O
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Appendix B: On the Fundamental Value of Money
In the frictionless theory developed by Santos & Woodford (1997), that

is, where debt constraints are non saturated, two (equivalent) definitions of
the fundamental value of money make economic sense. The fundamental value
is either (1) equal to the discounted value of future deliveries that an agent
will receive for one unit of money that he buys and keeps forever; (2) equal
to the discounted value of rental services, that coincides with deliveries, given
the absence of any friction associated to debt constraint.

These concepts do not coincide when frictions are allowed. Thus, we
adopt the second definition, that internalizes the role that money has: it allows

for intertemporal transfers, although its deliveries are zero.

PROPOSITION B1l. (NON-EXISTENCE OF NEGATIVE BUBBLES)

Under Assumption A1, given an equilibrium [(p, q); ((z",2");h € H)], at
each node £ € D, q(&) > F(&,q,~"), where (Y"(€); € € D) denotes the agent’s
h plan of Kuhn-Tucker multipliers and

F(&q.9") = 7%(5) > waw) = D A" Waw) |
preD(E) veut

15 the fundamental value of money at & € D.

PrROOF. By Proposition Al, there are, for each agent h € H, non-negative
shadow prices (n"(€); € € D), satisfying for each & € D,

0 = 7" (a(€)2"(&) +p()M);
Y(q(§) = ZVh(M)Q(M)+77h(§)Q(§)-

pegt

Therefore,

Y(©a(€) = n"(wa(p) + lim > A" (u)q(p).

T—+o00
7249 pEDT(E)
As multipliers and monetary prices are non-negative, the infinite sum in
the right hand side of equation above is well defined, because its partial sums
are increasing and bounded by v"(¢)q(¢). This also implies that the limit of

the (discounted) asset price exists. O
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Note that the rental services that one unit of money gives at u € D are

equal to q(u) — > ¢+ :::E:gq(u) Thus, the fundamental value of money at a

node &, as was defined in Proposition B1, coincides with the discounted value

of (unitary) future rental services.
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Intertemporal Discounting and Uniform Impatience

The uniform impatience assumption — see Magill & Quinzii (1994,
Hypotheses A2 and A4), Hernandez & Santos (1996, Assumption C.3) or
Magill & Quinzii (1996, Assumptions B2 and B4) — is a usual requirement for
the existence of equilibrium in economies with infinite-lived debt-constrained
agents. In this note, we fully characterize uniform impatience in terms of
intertemporal discount factors. As an interesting side result, we obtain that
the uniform impatience assumption does not hold for agents with hyperbolic
intertemporal discounting™

We follow the notation of Magill & Quinzzi (1994). Consider a framework
where an infinite-lived price-taker agent demands L different commodities at
any node £ of an infinite countable event-tree D. This agent may trade finan-
cial assets to implement intertemporal transfers of wealth. At any & € D, she
receives a physical endowment w(§) € Ri and makes contingent consumption
plans, (), to maximize her preferences, which are represented by a function
U: RiXD — R, U {+o0}. Aggregated physical endowments in the economy
at node £ are given by W, € Rfr +- The date associated with a node § € D is
denoted by ¢(€).

ASSUMPTION A. Let UM(x) = Y .., u"(§,2(f)), where for any ¢ € D,
ul(€, ) Ri — R, is a continuous, concave and strictly increasing function.

Also, Y eep uh (&, We) is finite.

UNIFORM IMPATIENCE. There are 7 € [0,1) and (v(u); u € D) € RP*E such
that, given a consumption plan (x(p);p € D), with 0 < x(p) < W, for any
h € H, we have

u" (& 2(€) +v(©))+ > u(u, 7 x(w) > u(px(n), VEED, Vi >
u>& n>€

Moreover, there is 6" > 0 such that, w"(£) > §"v(€), V& € D.

Models of intertemporal choice in which agents have hyperbolic preferences have been
widely studied recently (for some of these models, see, for example, Laibson (1998)).
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The requirements of impatience above depend on both preferences and
physical endowments. The assumptions imposed by Hernandez & Santos
(1996) and Magill & Quinzii (1994, 1996) are particular instances of such re-
quirements. Indeed, in Hernandez & Santos (1996), for any p € D, v(p) = W,.
Also, since in Magill & Quinzii (1994, 1996) initial endowments are uniformly
bounded away from zero by an interior bundle w € R%, they assume that
v(p) =(1,0,...,0), Vu € D.

Our main result is,

PROPOSITION 1. Suppose that Assumption A holds, that (We; € € D) is a
bounded plan and that there is w" € RL \ {0} such that, w"(§) > w", V¢ € D.

Moreover, there exists a function u” : Rf; — Ry such that, for any & € D,

uh(§7 ) = ﬁth(g)ph(g)uh()} where ﬁ?(g) > O; ph(f) = ZN€§+ ph('u) and ph(g()) = L.
For eacht >0, let st = B—lh Z:Zfﬂ B, Then, the function U" satisfies uniform

impatience if and only if (s});>o is bounded.

PROOF. Assume that (We; € € D) is a bounded plan. That is, there is W € R%
such that, We < W, V¢ € D. If (sh);>0 is bounded, then there exists 5" > 0
such that, sf} < s", for each t > 0. Also, since F := {z € Rf; s <
W} is compact, the continuity of u" assures that there is # € (0,1) such
that u(x) — (7' z) < “h(WJF%;)f“h(W), Ve € F,Va’ > m. Thus, uniform
impatience follows by choosing § = 1 and v(§) = w", V¢ € D. Indeed, given a
plan (z(u); p € D) € RY*P such that, x(u) < W, Yu € D, the concavity of u”

assures that, for any £ € D and n’ >,

D Bl (W (@(w) = D Bl (wu (w'e ()

u>€ u>€

o St — —
PO™ ) (uh (7 + ) — o (T))

< Bliep"(©u (@(€) + v(€) = Bieyp"(©ul (z(€)).

IN

Reciprocally, suppose that uniform impatience property holds. Then,
given (z(p);p € D) € RY*P such that, x(u) < W, for all u € D, there
are (m,6") € [0,1) x Ry, and (v(p);p € D) RY* satisfying, for any ¢ € D,
wh(€) > §"v(€), such that, for any & € D,
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ji:lﬁ uM(@(m) =D Bl e () (ma(u))
5 5)/0

u>€ 7523
< u"(2(8) +v(€)) — u"((€)).
It follows that, for any node &,

o [E:@m Ww)—EZQ@wWMUWMQ]<uh((r+§JiV).

u>€ u>E

Therefore, we conclude that, for any & € D,

Fer-vint < (o))

t=t(£)+1

which implies that the sequence (s}');>o is bounded. O

Under the conditions of Proposition 1, if intertemporal discount factors

h

. B
are constant, i.e. Ic" € Ry : gi);)l " V€€ D, then " < 1and s} = 1<,

for each ¢t > 0. In this case, the utility function U" satisfies the uniform
impatience condition.

However, even with bounded plans of endowments, uniform impatience
is a restrictive condition when intertemporal discount factors are time varying.
For instance, if we consider hyperbolic intertemporal discount factors, that is,
Bl = (1+ at)’g, where b > a > 0, then the function U", as defined in the
statement of Proposition 1, satisfies Assumption A and the sequence s goes

to infinity as ¢ increases. Therefore, in this case, uniform impatience does not
hold.
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4
Collateralized Assets and Asymmetric Information

4.1
Introduction

In a two-period incomplete markets economy with nominal assets, Cornet
& de Boisdeffre (2002) contribute to the theory of asymmetric information
extending the classical non-arbitrage asset pricing procedure. They propose
a decentralized mechanism in which agents anticipate asset prices and make,
before the trade of commodities and assets, a refinement of their signals by
precluding arbitrage opportunities.

In this context, a vector of asset prices is implementable as equilibrium
only if the pooling information, obtained after the exclusion of arbitrage
opportunities, is non-empty (see de Boisdeffre (2007)). In particular, there are
financial structures for which only asset prices that fully reveal information
are equilibria.

To illustrate this point, consider a two-period economy with two states
of nature in the second period, {u, d}. There is only one commodity and only
one asset, an Arrow security contingent to s = wu. There are two types of
agents, {A, B}. Individuals of type A are uninformed about the realization
of the uncertainty, while individuals of type B know that the state s = d will
occur with certainty. Then, applying the refinement mechanism of Cornet & de
Boisdeffre (2002), only when the asset has zero price the pooling information
(obtained by the elimination of arbitrage opportunities) will be non-empty.
Furthermore, in the unique equilibrium, there is no trade and uninformed
agents become fully informed.

Note that when an agent anticipates an asset price, she believes that it is
a non-arbitrage price. Thus, the individual never anticipates asset prices that
give unbounded gains today without any risk tomorrow. For this reason, in the
preceding example, type B individuals will never anticipate a positive price for
the asset.

Moreover, the existence of a financial position that gives unbounded gains

tomorrow without any cost today will be interpreted by any agent as a signal
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that some states of nature will not occur. This will induce agents to refine their
private information. For instance, in our example, uninformed individuals will
become fully informed when they anticipate a zero price.

A natural question arises: why will uninformed individuals anticipate
a zero price (becoming fully informed)? For Cornet & de Boisdeffre (2002)
this happens because, even without rational expectations, agents will coincide
in their forecasted prices. In fact, given that credit markets are frictionless,
informed individual always will anticipate a zero price.

On the other hand, when borrowers can default, financial markets need
to implement mechanisms to protect lenders of excessive losses. Usually,
these mechanisms will set limits on the amount of debt and, therefore, may
also preclude (endogenously) the unbounded gains associated to an arbitrage
opportunity. For instance, in the previous example, if we burden borrowers
to constitute collateral requirements that will be seized in case of default,
then a positive price for the Arrow security may emerge. In fact, the financial
frictions induced by the collateral constraints will prevent type B agents from
obtaining unbounded gains when the security has a positive price. Therefore,
new equilibria will appear when default is allowed.

In this paper, we extend the model of Cornet & de Boisdeffre (2002) to
allow for default and collateral, as in Geanakoplos & Zame (2002). We prove
that equilibrium always exists, with no need to update information through a
predefined (centralized or decentralized) mechanism. In this sense, the set of
common non-arbitrage prices will increase when default is allowed.

Essentially, Cornet & de Boisdeffre (2002) point out that in the absence
of default, a non-arbitrage price (common to every agent) may no longer
exist, thus agents may need to update information to preclude arbitrage
opportunities. When default is allowed and assets are collateralized, the
existence of a margin between the market value of the collateral and the
asset price will bound the amount of wealth that more informed borrowers
extract from less informed lenders. Thus, endogenously, markets only allow for
limited arbitrage opportunities and physical-financial trade becomes possible.
Alternatively, from the perspective of an environment that allows agents to
update information before commodities and assets can be traded, we focus on
the second stage. Thus, we assure the existence of equilibrium independently
of either the nature of the mechanism that was used to update information or

the final distribution of information.
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4.2
Collateralized Assets in an Economy with Asymmetric Information

4.2.1
Model

We consider a discrete time economy with two periods, ¢t € {0,1}. There
is no uncertainty at t = 0 and we denote by s = 0 the unique state of nature
at this date. At t = 1, there is a finite set S of states of nature that can be
reached. Let ¥ = {0} |J S.

There is a finite set of commodities, L, that can be traded at each s € 3.
Commodities may suffer depreciation contingent on the state of nature. Thus,
if one unit of good [ € L is consumed in ¢ = 0, an amount Y([,!") of the good
' € L is obtained at s € S. Given s € S, the matrix Y; = (Ys(I,1"))ernxs
has non-negative entries. Note that we allow for perishable and perfect durable
goods in our economy.

As in Geanakoplos & Zame (2002), the financial sector is characterized
by a finite set J of collateralized assets that can be negotiated at ¢ = 0 and
that make promises contingent on the states s € S. More formally, each j € J
is characterized by a process (A(s,j); s € S) € RY*¥ of state contingent
real promises, and by its physical unitary collateral requirements, C; € Ri.
Collateral guarantees are always held by the borrowers.

Following Cornet & de Boisdeffre (2002), there is a finite number of
agents, h € H, that have a private information S, C S about the states of
nature that will occur in ¢ = 1. This private information is correct in the sense
that the true state will belong to Sj. Therefore, the state of nature that actually
will occur in ¢ = 1 will belong into the pooled information set: S := 1, Sh.

Each h € H may trade commodity and assets at ¢ = 0, and make plans
for consumption at each s € Sj. Let ¥ = {0} US),. We assume that consumer
h € H is also characterized by his endowments, w" = (w’;s € ;) € ]RJEF’IXL,
and by his preferences over consumption, that are represented by a function
Ut R S Ry

The consumption allocation of h € H, which includes the physical
collateral requirements, is denoted by z" = (2"; s € ¥,,). We denote by (9?
(resp. gog”) the quantity of asset j that agent h buys (resp. short-sells). Let
0" = (0}; 5 € J) and " = (¢} j € J).

We assume that each h € H observes commodity prices at t = 0, py € Rﬁ.
Moreover, future (state contingent) commodity prices will be anticipated by
h, denominated p € R% for each s € S),. Let p" = (pl;s € S;). Also, each

agent will form expectations about the unitary asset price, ¢ € Ri.


DBD
PUC-Rio - Certificação Digital Nº 0410929/CA


PUC-Rio - Certificacédo Digital N° 0410929/CA

36

Individuals trade assets and demand commodities after the anticipation
of prices. As the only penalty in case of default is the seizure of the collateral
guarantees, borrowers will pay the minimum between the depreciated value of
the collateral and the market value of the original debt. Thus, as any agent
h believes that her forecasted prices are correct, she will anticipate that the
(unitary) nominal payment made by j € J at the state of nature s € Sy, is
given by Dy ;(p") := min{p} A(s, j), p}Y.C;}.

Therefore, given prices (pg,p", ¢"), each agent h € H chooses an alloca-
tion (2", 0", ©") in his budget set B"(p,p",¢") C B! := R} x R x R,
which is given by the collection of vectors (2,6, ¢) = ((zs5)sex,, (05, ¢j)ies) €
E" such that, zo > Zje] Cjp; and

pozo+¢"(0 — ) < powp;
ph(zs —wl) < PV + Y Di(p") (05— ¢;), Vs € Sh.

jeJ

Note that the restriction xy > Zje ;Cjp; assures that first period
consumption is compatible with financial promises, as the physical collateral

required by the market is effectively constituted and held by the borrowers.

DEFINITION. An equilibrium for our economy is given by a vector of prices
.. . T . —h

(Do, (7", 7")nen) jointly with individual allocations (", 0", 9" )hen € [1,en E"

such that,

(a) For each h € H, (Eh,gh,@h) € argmax, g e, o) U ()

(b) Physical and asset markets clear at states of nature that may occur, i.e.,

Sty = Y whe, Y=+ v.Y wl vses.

heH heH heH heH heH

(¢) For each (h,h) € H x H, @ = §". Moreover, at each s € S, p!" = pl",
for all (h,h') € H x H.

Note that, as in de Boisdeffre (2007), we assume that in equilibrium
forecasted prices coincide in the states of nature that may occur, although
agents do not know the characteristics of the other individuals and information

is private™ However, individuals do not need to coincide on the expected

"'Without imposing rational expectations hypotheses, in a contemporaneous working
paper, Daher, Martins-da-Rocha, Péscoa & Vailakis (2006) analyze a temporary equilibrium
model with collateralized asset, in which agents are allowed to have beliefs about the
characteristics of the others. In this context, the perfect foresight behaviour described in
our model may appear, for some readers, as more natural.
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commodity prices at states of nature s ¢ S.

4.2.2
Equilibrium Existence

As we point out earlier, the collateralization of financial contracts as-
sures a natural mechanism to protect lenders in case of default and will induce
endogenous bounds on short-sales. Thus, as in Geanakoplos & Zame (2002),
equilibrium will always exist, even when agents do not make any refinement

of their private information.

THEOREM. Assume that,

A. For each h € H, (wh, (W + Yiwl)ses,) > 0.
B. For each j € J, C; # 0.

C. Foreach h € H, U" : REhXL — R, is continuous, strictly increasing and

quasi-concave.

D. For each j € J, there exists s € |,y S such that (A(s, j),Y,C;) > 0.

Then, given any vector of commodity prices forecasts (p?, h € H,s €
Si\ S) > 0, there exists an equilibrium [(]_)0, @", ) hen); (T, gh,ah)heH for
our economy in which p" = p" for any h € H and s € S, \ S.

PROOF. Let ¥ = {0} U S and, for each h € H, define n" = (p)se(s,\s)- As in
Geanakoplos & Zame (2002), collateral constraints jointly with feasibility con-
ditions (item (b) of equilibrium definition) will assure that, under Assumption
B, equilibrium individual allocations, if there exists, are uniformly bounded
at the states s € X, independently of the price level. Now, as n > 0, bud-
get restrictions will imply that consumption allocations of agent h at nodes
s € Sp\ S are also uniformly bounded.

Thus, for each h € H there exists a non-empty, compact and convex set
K" c EP such that, to find an equilibrium we can restrict, without loss of
generality, individual h to choose budget feasible allocations in K”. Moreover,
sets K" are constructed in such way that feasible allocations are in the interior
of [Tjcry K™. Let

P = {(po, (1s)ses» @) € RE x RYE X RL : [|(po, @)1 = 1 [|us|h = 1, Vs € S},

where || - ||; denotes the norm of the sum.
We will find an equilibrium for our economy as a fixed point of a set-

valued mapping. To attempt this objective we define, for each h € H, a
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correspondence ¥" : P — K" by

\Ijh(p(h (Ms)s€§7 Q) = ATgmax(;v,H,cp)EBh(po,ph,q)ﬂKh Uh(x)7

where p" = ((f1)ses, n")-
Moreover, if AY™ := {2 € RE xR] : |z]y = 1} and AL := {z e RL :

[2][1 =1}, let Wo : [],ep K" — Af“] be the correspondence,

Wo((a",0", " nen) = Argmaz,, yeat+s Po D (h—wg)+q> (6" ="
heH heH

and, for each s € S, define U, : [],.; K" — AL by,

U ((2", 0", " henr) = Argmaz, car ps Y (xh —wl = Youg).
heH

Now, it is not difficult to see that, under Assumptions A-C and as a
consequence of Berge Maximum Theorem (see Aliprantis & Border (1999),
Theorem 16.31) each one of the correspondences above is upper hemicontin-
uous and has non-empty, convex and compact values. Therefore, as the set
P x [[hen K " is non-empty, convex and compact, it follows from Kakutani
Fixed Point Theorem (see Aliprantis & Border (1999), Corollary 16.51) that
there exists a fixed point, [(Dy, (7i,)ses, q); (Eh,gh,ﬁh)heg], for the set-valued
mapping Q : P x [[,.; K" = P X [,y K" defined by,

Q((p07 (MS)S€§7 Q); (xhv 9h7 (ph)hEH) =

H qu((xhaehv(zph)heH) X H lI/hb<va (MS)SEE)Q)'

sEX heH

Let, for each h € H, " = ((,)ses,n"). Under Assumption C and
D, analogous arguments to those made in Araujo, Pascoa & Torres-Martinez
(2002, Lemma 2) will guarantee that

((Bor @ )ner, @); (@0 ") nen]

is an equilibrium for our economy. Finally, by construction, we have that, for

each h € H, equilibrium prices p" coincide with forecasted prices p, for any

SES}L\ﬁ. O
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