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ABSTRACT

This thesis introduces a physiologically-based model for the pupil light reflex (PLR)
and an image-based model for iridal pattern deformation. The PLR model expresses the
pupil diameter as a function of the environment lighting, and is described by a delay-
differential equation, naturally adapting the pupil diameter even to abrupt changes in light
conditions. Since the parameters of the PLR model were derived from measured data, it
correctly simulates the actual behavior of an average human pupil. The model is extended
to include latency and constriction/dilation velocity, individual differences and some ran-
dom noise to model hippus.

Another contribution of this work is a model for realist deformation of the iridal
pattern as a function of pupil dilation and constriction. The changes in these patterns
are tracked using photographs of irises from several volunteers taken during an induced
pupil-dilation process. This data provided an estimate of the average behavior of the iridal
features. The effectiveness and quality of the results are demonstrated by comparing the
renderings produced by the models introduced in this thesis with photographs and videos
captured from real irises.

The resulting models produce high-fidelity appearance effects and can be used to pro-
duce real-time predictive animations of the pupil and iris under variable lighting condi-
tions. Combined, the proposed models can bring facial animation to new photorealistic
standards.

Keywords: Pupil-dynamics simulation, Physiologically-based model, Pupil light reflex,
Iridal pattern deformation, Human visual system, Face animation.





RESUMO

Modelos Fotorealistas para Dinâmica Pupilar em Função da Iluminação e
Deformação dos Padrões da Íris

Este trabalho introduz um modelo fisiológico para o reflexo pupilar em função das
condições de iluminação (Pupil Light Reflex - PLR), e um modelo baseado em imagem
para deformação dos padrões da íris. O modelo para PLR expressa o diâmetro da pupila
ao longo do tempo e em função da iluminação ambiental, sendo descrito por uma equação
diferencial com atraso, adaptando naturalmente o tamanho da pupila a mudanças bruscas
de iluminação. Como os parâmetros do nosso modelo são derivados a partir de modelos
baseados em experimentos científicos, ele simula corretamente o comportamento da pu-
pila humana para um indivíduo médio. O modelo é então estendido para dar suporte a
diferenças individuais e a hippus, além de utilizar modelos para latência e velocidade de
dilatação e contração.

Outra contribuição deste trabalho é um modelo para deformação realista dos padrões
da íris em função da contração e dilatação da pupila. Após capturar várias imagens de íris
de diversos voluntários durante diferentes estágios de dilatação, as trajetórias das estrutu-
ras das íris foram mapeadas e foi identificado um comportamento médio para as mesmas.
Demonstramos a eficácia e qualidade dos resultados obtidos, comparando-os com foto-
grafias e vídeos capturados de íris reais. Os modelos aqui apresentados produzem efeitos
foto-realistas e podem ser utilizados para produzir animações preditivas da pupila e da íris
em tempo real, na presença de variações na iluminação. Combinados, os dois modelos
permitem elevar a qualidade de animações faciais, mais especificamente, animações da
íris humana.

Palavras-chave: Simulação de dinâmica pupilar, modelo fisiológico, reflexo pupilar a
luz, deformação de padrões da íris, sistema visual humano, animação facial.
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1 INTRODUCTION

Arguably, the most important feature in facial animation are the eyes, which are essen-
tial not only in directing the gaze of the audience (LEE; BADLER; BADLER, 2002), but
also in conveying the appropriate degree of expression through pupil dilation and constric-
tion movements (WATT; WATT, 1992). Hence, for animations depicting close-up views
of the face (Figure 1.1), natural-looking eyes and pupil movements are highly desirable.

Walt Disney once said to his animation team that the audience watches
the eyes and this is where the time and money must be spent if the character
is to act convincingly (WATT; WATT, 1992).

Figure 1.1: Photograph of a human iris. Image courtesy of Cinara Cunha.

Differently from most of the body, the human eye is subject to some involuntary move-
ments of the pupil, which are determined by ambient illumination, drug action, and emo-
tional conditions, among others (REEVES, 1920; ELLIS, 1981; CALCAGNINI et al.,
2000). Pupillary light reflex (PLR) is responsible for the constriction of the pupil area in
highly lit environments and for its dilation in dimmed ones. Spontaneous irregular varia-
tions in pupil diameter are called hippus, occurring in a frequency range of 0.05 to 0.3Hz,
oriented by the nervous system (TREVOR-ROPER; CURRAN, 1984; STARK, 1939).
PLR and hippus are an integral part of our daily experience and, except for drug-induced
action, is probably the single most noticeable of such involuntary movements of the pupil.
Many other factors affect pupil size, including respiratory and heart rate (CALCAGNINI
et al., 2000) particular states of mind, such as interest and curiosity (HESS; POLT, 1964),
spectral sensitivity (WERNER, 2003) and spatial patterns in the visual field (LI; LIANG;
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Figure 1.2: Examples of close up scene in recent movies/animations: (a) Nvidia’s model,
Adrianne (nVidia nZone, 2007); (b) Flik in Bug’s Life (SfondiDelDesktop.com, 2007);
(c) Jack-Jack in The Incredibles (PIXAR, 2007a); (d) Monkey from Acceleracers (HOT
WHEELS, 2007); (e) Marlin from Finding Nemo (PIXAR, 2007b); (f) Gollum from Lord
of the rings (MMVII New Line Productions, 2004); (g) Eva Byte, presenter of Fantástico
at TV Globo (GLOBO, 2004); (h) Orc from Warcraft game (ESCALOFRIO.FREE.FR,
2007); (i) Shrek in Shrek 2 (REBELANCER, 2007); (j) Face from a simple blender tuto-
rial (JCH DIGITAL DESIGNS, 2007); (k) Sid from Ice Age (TWENTIETH CENTURY
FOX, 2006).

SUN, 2006). Taking all these aspects into account seems to be impractical due to their
inherent complexity and limited supporting data.

The human iris is a muscular tissue containing several easily identifiable structures,
such as the collarette, pigment spots, and crypts (Figure 1.1). Together, they define pat-
terns, believed to be unique to each person (DAUGMAN, 2002), that are deformed as a
result of changes in the pupil diameter. Although pupil light reflex and iridal deforma-
tions could be animated using standard computer graphics techniques, such as parametric
representations controlled by velocity curves, the use of physiologically-based models
guided by physically meaningful parameters can make the process more predictable and
automatic, which, in turn, may result in more realistic and reproducible animations of
these movements.

This thesis presents a physiologically-based model for realistic animation of pupil dy-
namics and iridal pattern deformation. The model combines some theoretical results from
the field of Mathematical Biology (LONGTIN; MILTON, 1989) with experimental data
collected by several researchers relating pupil diameter to the intensity of environmental
light (MOON; SPENCER, 1944). The proposed model is extended to support individ-
ual differences, hippus simulation and latency and velocity models. The resulting model
produces high-fidelity appearance effects and can be used to produce real-time predic-
tive animations of the pupil and iris under variable lighting conditions (Section 5.5). The
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process iridal pattern deformation was modeled by acquiring a set of high-resolution pho-
tographs of real irises at different levels of pupillary dilation and by tracking their features
across the set of images. By analyzing the tracked positions, a simple analytical expres-
sion for the iridal pattern deformation as a function of the pupil diameter was obtained
(Section 6). To the best of our knowledge, these models are the first physiologically-based
model for simulating pupil light reflex presented in the graphics literature (the first model
ever to simulate individual variability in terms of PLR sensitivity - Section 5.4), as well as
the first model for iridal pattern deformation. The effectiveness and quality of the models
are demonstrated by comparing the results with photographs and videos taken from real
irises(Figure 1.3).

Figure 1.3: The comparison of the proposed models with real irises: (Top-Left) the results
of the proposed pupil light reflex and iridal pattern deformation models; (Top-Right) A
frame from a nine-second-long video sequence showing a human iris exposed changes in
lighting conditions; (Bottom) a graph comparing the pupil diameter as a function of time.
The dots represent the values manually measured for each frame of the video sequence.
The solid line shows the simulated results obtained with our PLR model. Note how the
simulated results satisfactorily predict the real ones.

1.1 Structure of this Thesis

The remaining of this thesis is organized as follows: Chapter 2 discusses some tech-
niques for image synthesis of the human iris and eye. Chapter 3 reviews the anatomy
and physiology of the eye and presents a mathematical model for iris structure. Chap-
ter 4 presents models for pupillary movements, latency and constriction/dilation velocity.
Chapter 5 introduces the model for pupil light reflex, and extensions to model hippus and
individual differences. Chapter 6 presents the image-based model for iridal pattern defor-
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mation. Chapter 7 discusses an application example showing a human face rendered using
the proposed models to simulate the pupil and iridal responses to the environmental light.
Finally, Chapter 8 summarizes the thesis and lists some avenues for future exploration.
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2 RELATED WORK IN COMPUTER GRAPHICS

A few researchers have addressed the issue of realistic human iris synthesis. Lefohn
et al. (2003), based on ocularist knowledge, created a model for the human iris blending1

several layers of semi-transparent textures, each one containing some eye feature, mapped
in cones. (Figure 2.1). The textures are created by artists and carry no information about
the physiology of the iris.

Figure 2.1: Results from Lephon et al.: (left) Example textures containing Stroma (S),
collarette (C), limbus (L), pupil (P) and sphincter muscle (Sph) components; (right) The
final synthetic iris. From (LEFOHN et al., 2003)

Other image-based approaches have been proposed by Cui et al. (2004), Wecker et
al. (2005) and Makthal and Ross (2005). Essentially, they decompose a set of iris im-
ages using techniques such as principal component analysis2 (CUI et al., 2004), multi-
resolution and wavelets3 (WECKER; SAMAVATI; GAVRILOVA, 2005) and Markov ran-
dom fields4 (MAKTHAL; ROSS, 2005), and recombine the decomposed data to generate
new images of irises. The algorithm proposed by Wecker et al.. needs a pre-processing
stage where the center of the pupil and the iris are aligned and the pupil is removed. Also,
the algorithm can only join images with equal features, as the number of high-frequency
rings that were created by folds, for example. The algorithm from Makthal and Ross mix
user-defined iris features cutted from iris images. It needs an user interaction to stop the
iterator when a good iris image is rendered (Figure 2.2).

1A weighted sum, pixel-by-pixel, over two or more semi-transparent images.
2A transformation where the data set receives a new coordinate system, in which new axes follow the

direction of greatest variance in the data set. (CUI et al., 2004)
3Orthonormal basis functions. (WECKER; SAMAVATI; GAVRILOVA, 2005)
4Models used to describe the probability distribution governing the intensity values of pixels in a specific
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Figure 2.2: Two iris synthesized by Makthal and Ross method. From (MAKTHAL;
ROSS, 2005)

Zuo and Schmid (2006; 2006) created a 3D model of the iris fibers. Each fiber is a
continuous 3D curve in cylindrical coordinates, which is rendered using the conventional
graphics pipeline (Figure 2.3). A final Gaussian-blur step is applied to the resulting image,
which is then used to represent the iris.

Figure 2.3: Results from Zuo and Schmid: (left) the 3D model for the collagen fibers;
(right) The four steps of the algorithm: (i) projection of the fiber in image space; (ii)
adding a semitransparent top layer with an irregular edge to simulate the collarette; (iii)
blurring the root of the iris and add a noise layer; (iv) adding eyelids and eyelashes to the
final synthetic iris. From (ZUO; SCHMID, 2006)

Lam and Baranoski (2006) introduced a predictive light transport model for the hu-
man iris, which computes the spectral responses of iridal tissues described by biophysical
parameters. As the result, their model predicts the color of the iris using subsurface scat-
tering techniques 5. Although they use a simplified structure of the iris to test the model,
a detailed structure can generate highly detailed images of the iris.

Finally, François et al.. (2008; 2007) proposes a model to recover an approximate
representation for the relief of a given iris and use subsurface scattering to render it.
They make the assumption that the light scatters more in thicker regions of the iris and
scatters less in thinner regions. Given a picture of an iris, they assume that, darker parts
represent thinner parts of the iris and lighter parts, the ticker ones. They use gray scale
values of an iris picture to generate a height map6, whose rendering allows, in close up

neighborhood (MAKTHAL; ROSS, 2005).
5A set of simulation techniques which the light penetrates the surface of a translucent object and is

scattered by interacting with the material.
6An image where each pixel stores a height value. When associated to an object, the rendering process

will add the height value to the 3D position in the object surface associated to that pixel.
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views, the perception of shadows (Figure 2.4). As a future work, François et al.. intent to
recover, from iris images, the respective densities of eumelanin and pheomelanin pigment
found in Stromal and ABL layers (discussed in Chapter 3), needed by Lam and Baranoski
model (2006).

Figure 2.4: Results from François et al..: (left) Eye picture captured with polarizing
filters to avoid corneal reflections; (middle) Rendering of the resulting iris model using
the estimated height field; (right) Close up showing shadows. Images from (FRANÇOIS
et al., 2008).

Sagar et al. (1994) developed an anatomically detailed model of the eye to be used
in a surgical simulator. In their model, Gaussian perturbations were used to simulate
the waviness of ciliary fibers and the retraction of pupillary fibers during pupil dilation.
Alternatively, depending of the level of object manipulation, a texture mapping7 approach
was used to model the iridal appearance. It is worth noting, however, that their goal was to
achieve functional realism (FERWERDA, 2003) as opposed to physical or photorealism.

All these models and techniques, however, do not handle pupillary movements nor
deformation of iridal patterns.

7A technique of mapping pixels of an image to 3D positions in the surface of an object.
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3 AN OVERVIEW OF THE HUMAN IRIS AND PUPIL

This chapter presents an overview of the human eye, describing the anatomy and
physiology of the iris. Its goal is to familiarize the reader with terminology and some
biological properties that will be relevant in the following chapters.

The eyes are a fundamental part of the visual system found in many organisms. They
can vary from the simplest eye which only detects light or dark to the complex ones with
350 degrees of field of view. The eye translates electromagnetic radiation (light), from
different wavelengths and intensities, to neural action potentials and sends them to the
brain. Figure 3.1 shows the anatomy of the human eye.

Figure 3.1: A sketch of the human eye internal structures. Source (WIKIPEDIA: the free
encyclopedia, 2007).

In humans, the electromagnetic radiation enters in the eye by the cornea, an elliptic
transparent layer with a refractive power of 43 diopters, roughly two-thirds of the eye’s
total refractive power (PROENÇA, 2006; BORES, 2002; BERG; TAN, 1994). The cornea
is connected to the sclera, the white part of the eye. It contains collagen fibrils and elastin,
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just like the sclera, but has also a protein called keratin, that makes it transparent. Cornea
and sclera protects other internal structures of the eye (BORES, 2002).

Behind the cornea, there is a thick watery substance called aqueous humour, con-
stantly produced by the ciliary process inside the ciliary body and drained by the trabec-
ular meshwork. It is responsible for providing nutrients to the lens and cornea (BORES,
2002). The Lens (also called crystalline lens) is a transparent, biconvex and flexible
(lentil-shaped) structure with 15 diopters. It has from 7 to 9 mm of diameter and from
2 to 4.5 mm of depth (SCHACHAR, 2005). Its curvature and thickness are changed by
the ciliary muscle to adjust the focal distance during the accommodation. The aqueous
humour let pass wavelengths from 220 nm and 2400nm, however after 980nm they are
gradually absorbed. This process is independent of age (BOETTNER; WOLTER, 1962).
In the other side, the lens are affected by the age and the ratio of direct light transmission
decreases along time (i.e. while a baby perceives wavelengths starting at 300 nm, an adult
can only perceive wavelengths starting at 400nm on average) (BOETTNER; WOLTER,
1962; SCHMID et al., 2004).

Figure 3.2: A sketch of the connection between the iris and the sclera inside the human
eye. Source (DECKERT, 2007).

The retina, located in the posterior part of the eye, is the sensory element of the
pupillary system, consisting approximately of 130 millions of photo-receptors (rods and
cones). It converts electromagnetic radiation, already disturbed by other tissues of the
eye, to neural potentials. After the ganglion retinal cells, the pulses pass through sus-
tained X cells, which act as a low-pass filters, and transient Y cells, which are high-pass
filters (PRIVITERA; STARK, 2006), and then, they are sent to the brain through the op-
tic nerve (TREVOR-ROPER; CURRAN, 1984). The illuminance reaching the retina is
measured in Troland (Td) which means the photo luminance cd/m2 multiplied by pupil
area (m2).
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3.1 The Iris

The human iris has a diameter of about 12mm forming a disc. It controls how much
light reaches the retina and divides the two aqueous filled compartments, of the anterior
and posterior eye chambers. Under high levels of lighting, the iris dilates, flattening itself
and decreasing the pupil size. Under low levels of illumination, it constricts, folding itself
and increasing the pupil area. The pupil diameter varies from 1.5mm to 8mm on aver-
age (REEVES, 1920), and, in general, it is not a perfect circle. Also, its center may deviate
from the center of the iris by an offset of up to 20%, generally to nasal side (FREDDO,
1996).

Figure 3.3: A sketch showing the dilator muscle, the sphincter muscle, ABL, Stromal
Layer and IPE. Extracted from (BELL, 1999)

As showed in Figure 3.3, the iris is a vascularized structure and consists of three lay-
ers: (i) anterior border layer (ABL) composed by a dense arrangement of pigmented
cells (melanocytes), collagen fibers and fibroblasts; (ii) stromal layer, a neuro-vascular
tissue very similar to ABL but loosely arranged; and (iii) iris pigmented epitelium (IPE),
a highly pigmented tissue made with epithelial cells forms an opaque layer (IMESCH;
WALLOW; ALBERT, 1997). The color of the iris is determined by the pigmentation
density, the quantity of hemoglobins and carotenoids, and the scattering processes in the
ABL and stromal layers (i.e. blue irises are a result of absorption of long wavelength light
and reflection of shorter wavelengths by the iris tissues) (BARANOSKI; LAM, 2007;
FREDDO, 1996). Ambient illumination can change the iridal color as showed in Fig-
ure 3.4.

The human iris is also divided in two zones by the collarette, a delicate zig-zag line
also known as the iris frill (Figure 3.5). The pupillary zone is the boundary area next
to the pupil. The ciliary zone extends from the outer border of the iris to the collarette.
Each zone is characterized by a muscle in the stromal layer. The sphincter, located in the
pupillary zone inside the IPE layer and closest to Stroma, is a circumferentially oriented
thin smooth muscle that constricts to decrease the pupil size. The dilator, found in the
ciliary zone, is a radial muscle that constricts to increase the pupil size. Figure 3.5 shows
three visible features of the iris, formed by the collagen fibers which has no genetic pen-
etrance: (1) thin regions called crypts (also called Crypts of Fuchs), (2) the collarette and
(3) highly dense pigment spots or moles, appearing randomly over the ciliary zone. There
are three other visible features: (i) concentric furrows in ciliary zone, folds made by the
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Figure 3.4: Two photographs of the same eye under different illumination conditions.
The image on the left was taken under natural lighting while the image on right was
illuminated with a flashlight

dilator muscle during the contraction; (ii) radial furrows closest to the pupil and (iii) the
pupillary ruff located at the pupillary margin, formed by a visible part of IPE.

Figure 3.5: Photograph of a human iris. The numbers indicate: (1) crypt, (2) collarette,
(3) pigment spot, (4) ciliary zone and (5) pupillary zone

The sphincter and dilator muscles are independently connected to the autonomous
nervous system (ANS) (TILMANT et al., 2003; KRENZ et al., 1985). The sphincter is
innervated by parasympathetic nerves (PNS) while the dilator is innervated by sympa-
thetic nerves (SNS). In such an arrangement, the two muscles move autonomously. The
parasympathetic and sympathetic pathways are distinct and never cross, so the pupil size
results from a balance of the separately incoming stimuli to the two muscles (BERGAMIN
et al., 1998). The Parasympathetic neural pathway, for example, starts on the retina, pass
through the Edinger-Westphal nuclei and ends on the iris muscle (Figure 3.6) (PRIVIT-
ERA; STARK, 2006).

The pupil moves in according to two actions: pupil light reflex (PLR), the pupil re-
sponse for light reaching the retina and accommodation, the pupil response for focal
length. There is also some involuntary variation called hippus. The ANS conducts the
PLR and hippus actions. Accommodation pulses, however, do not affect the iridal mus-
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Figure 3.6: Parasympathetic neural pathway of pupil light reflex. The Parasympathetic
neural pathway starts on the retina, pass through the Edinger-Westphal nuclei and ends on
the iris muscle. Source: (PRIVITERA; STARK, 2006)

cles directly, only the ciliary muscle, which is located in the root of the iris suspending
the lens (TAMM; TAMM; ROHEN, 1992). During PLR, when light reaches the retina,
neural signals are sent by the SNS and the PNS pathways to the brain, which sends back
a signal for closing or opening the pupil. PLR can be modeled in two phases: perception
and, after some time delay, an adjustment. It is also an example of a negative feedback
system (PINGNET et al., 1988), since an increase of light will cause a decrease of pupil
size.

Several researches found external factors that affect pupil size though PLR, accom-
modation or hippus: lighting (REEVES, 1920; ELLIS, 1981; STILES; CRAWFORD,
1933; MOON; SPENCER, 1944; POKORNY; SMITH, 1995), focal length (KASTHURI-
RANGAN; GLASSER, 2005; SCHOR; BHARADWAJ, 2005), spatial patterns in visual
field (UKAI, 1985; LI; LIANG; SUN, 2006; LI; SUN, 2005; REEVES, 1920), respira-
tory and heart rate (YOSHIDA et al., 1994, 1995; CALCAGNINI et al., 2000), particular
states of mind and emotional factors, such as interest and curiosity (HESS; POLT, 1964;
PEASE; PEASE, 2004), drugs and diseases (BERGAMIN; ZIMMERMAN; KARDON,
2003; KOJIMA et al., 2004), age (STRAUB; THIES; KERP, 1992; WINN et al., 1994),
iridal color (BERGAMIN et al., 1998), spectral sensitivity (WERNER, 2003), and even
the exact region on the crystalline lens reached by an incident light beam, called Stiles-
Crawford effect (STILES; CRAWFORD, 1933). Taking all these aspects into account,
when designing a physiologically-based model for the pupil size, seems to be impractical
due to their inherent complexity and limited supporting data.

3.2 Biological Iris Structure Models

Although the iris is a well-known structure in the biological field (FREDDO, 1996),
the literature seems to contain no analytical model describing its behavior. According to
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Wyatt (2000), Rohen (1951) seems to have been the been the first researcher to study the
form of the collagen structure of the iris. He proposed a model for the collagen fibers in
which they are arranged in a series of parallel arcs, connecting the iris root with the pupil
border, clockwise and counterclockwise in an angle of 90 degrees oriented by the center
of the pupil (Figure 3.7). These fibbers are interwoven with other iris components like
blood vessels.

Figure 3.7: The collagen arrangement in a series of parallel arcs model proposed by
Rohen (1951). Image source: (WYATT, 2000)

Newsome and Loewenfeld (1971) studied iris details such as the thickness and course
of iris vessels, the size and shape of crypts and the position of the folds step by step, from
larger to smaller pupils. According to them, there are no observable differences in the iris
regarding light-induced or drug-induced pupil dilation/constriction. The ciliary zone grew
steadily each step, but in contrast the surface area of the pupillary zone did not change
until the pupil is quite small. This means that the ciliary zone is deforms linearly, while
the pupillary zone in a non-linear way. They also found lower and higher limits for this
non-linearity. However, the article points to possible errors in accuracy, specially when
the pupil size is large.

Based on the fibber arrangement proposed by Rohen, Wyatt (2000) derived equations
that minimize the wear and tear of the collagen fibbers and created a non-linear 2D math-
ematical model for iris deformation. However, Wyatt did not consider iridal folds and
validated his model with canine, porcine and monkey iris. Although this model was al-
ready used by iris recognition systems (WEI; TAN; SUN, 2007; YUAN; SHI, 2005), there
are no studies indicating that Wyatt’s model can be applied to human iris (WYATT, 2007).
Nevertheless, Wei et al. (2007) and Yuan (2005) applied the Wyatt’s model to human iris
recognition systems, reducing the recognition error by 0.2% and 0.3% respectively.

3.3 Summary

This chapter presented a brief overview of the iris structure, and its neural system and
actions. Such a description was intended to provide just enough information to familiarize
the reader with some concepts and terminology that will be used in the next chapters, such
as the notions of pupil light reflex and its associated delay. An in-depth description of
these subjects is beyond the scope of this thesis and can be found in many good medical
literature sources (TREVOR-ROPER; CURRAN, 1984).
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4 MODELS OF PUPIL DYNAMICS

This chapter provides an overview of key models designed to assist the analysis of
PLR and hippus movements. These models take into account, either explicitly or im-
plicitly, a number of physical parameters related to these phenomena: (i) latency, (ii)
the constriction velocity; (iii) the dilation velocity; (iv) the maximum pupil size; and
(v) the minimum pupil size. The models described here form the basis of the proposed
physiologically-based PLR model that will be presented in chapter 5.

4.1 Empirically-Based Models

The pupillometry literature describes several models built around experiments de-
signed to measure the values of some parameters as a function of incident light intensity.
Link and Stark (1988) performed a study where a light source was placed in front of the
subject iris and, by varying the intensity and frequency of the light, they measured the
pupillary latency, a time delay between the instant in which the light pulse reaches the
retina and the beginning of iridal reaction due nerve transmission, neuro-muscular exci-
tation and activation delays. Their results are summarized in the model represented by
Equation 4.1, no information about how many subjects took part in the experiment has
been provided.

τ(R,Lfl) = 253− 14 ln(Lfl) + 70R− 29R ln(Lfl) (4.1)

where τ is the latency, Lfl is the luminance measured in foot-Lamberts (fL), and R is the
light frequency measured in Hz.

Ellis (1981) performed a similar experiment (without considering the light frequency)
with 19 volunteers to find three equations that provide the average latency, and maximum
constriction and dilation velocities for a given light source intensity. These equations are
given by

τ(Lcd) = 445.7− 22.9Lcd + 76.2L2
cd (4.2)

Vc(Lcd) = 0.15 + 2.0Lcd − 0.17L2
cd (4.3)

Vd(Lcd) = 0.16 + 0.72Lcd − 0.07L2
cd (4.4)

where τ is expressed in ms, Vc and Vd are expressed in mm/s, and Lcd is the intensity of
the light, measured in candelas/m2. Figure 4.1 shows a comparison between the latency
models from Ellis (Equation 4.2) and Link and Stark when R = 0.4 (Equation 4.1).

Similar models (MOON; SPENCER, 1944; GROOT; GEBHARD, 1952; POKORNY;
SMITH, 1995) predict an average pupil size as a function of the light intensity based
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Figure 4.1: Comparison between latency models from Ellis (Equation 4.2) and Link and
Stark when R = 0.4 (Equation 4.1).

on a few experimental measurements and using the previous available data. In those
experiments, each subject is seated in front of a white screen which fills most of his/her
field of view. A uniform light intensity on the screen affects the pupil diameter, which is
measured after it reaches an equilibrium state. For instance, Moon and Spencer (1944)
examined the available data (17 subjects) and proposed a model for the pupil size of an
individual average, that is given by

D = 4.9− 3tanh [0.4(log10(Lb)− 0.5)] (4.5)

where the pupil diameter D varies from 2 to 8 mm, and the background luminance level
Lb varies from 105 blondels in sunny days to 10−5 blondels in dark nights. Today, the
model proposed by Moon and Spencer is the most cited pupil-size model in the literature.

The de Groot and Gebhard model (1952) was based in experiments involving 43 sub-
jects and is expressed as:

D = 10(0.8558−0.000401(log10(La)+8.1)3) (4.6)

where the background luminance level La is measured in millilamberts (mL). The Poko-
rny and Smith model is expressed by Equation 4.7:

D = 5− 3 ∗ tanh(0.4 ∗ (log10(Lcd))) (4.7)

Here, the luminance Lcd is measured in candelas per square meter (cd/m2). Figure 4.2
compares the three models.

4.2 Physiologically-Based Models

In Mathematical Biology and related fields, models based on physiological and anatom-
ical observations were derived to express the relationships among the pupillary action
variables without relying on quantitative experimental data. For example, Usui and Stark (1982)
proposed a parametric model of the iris to describe the static characteristics of pupil re-
sponse to light stimuli, and to explain its random fluctuations in terms of probability
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Figure 4.2: Pupil diameter models as a function of luminance expressed in cd/m2. The
compared models are: de Groot and Gebhard (1952), Moon and Spencer (1944), and
Pokorny and Smith (1995).

density functions. Recently, Tilmant et al. (2003) proposed a PLR model based on phys-
iological knowledge and guided by experiments. Although they have obtained plausible
results, Tilmant et al. have recommended the use of another physiologically-based model
to monitor more accurately pupillary dynamics, namely the time-dependent model de-
veloped by Longtin and Milton (1989), which, models the dynamic non-linear behavior
of the pupil using a delay-differential equation. Delay-differential equations (DDEs) are
a special kind of differential equations whose solutions involve past values of the state
variable (NORBURY; WILSON, 2000).

The Longtin and Milton’s equation describes the neural ANS pathways, presented in
the section 3.1, to pupillary light reflex. Assuming that all the light reaching the retina
is converted to action potentials, Longtin and Milton describe the efferent neural signal
E(t) arriving at the iris per unit of time t, as

E(t) = β ln

[
φ(t− τ)

φ̄

]
(4.8)

where β is a constant of proportionality and φ is the retinal light level measured in lumens
and defined by Stark and Sherman (1959) as φ = IA: illuminance (I in lumens/mm2)
times the pupil area (A in mm2), τ is the latency, and φ̄ is the retinal light level threshold
(i.e., the light level below which there is no change in the pupil area). The notation φ(t−τ)
indicates that the current effect depends on the retinal light flux at a time τ units in the past
(latency). The delay is calculated with the same physiological parameters using equations
presented in the Section 4.1. As the efferent neural signal reaches the iris, it induces some
muscular activity x that may cause the pupil to dilate or constrict. According to Partridge
and Benton (1981), the relationship between E(t) and x can be approximated by

E(t)=̃k

(
dx

dt
+ αx

)
(4.9)

where k is a proportionality factor and α is a rate constant that depends on the definition
and units of x used in the model. Longtin and Milton (1989) combine Equations 4.8
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and 4.9 as

dx

dt
+ αx = γ ln

[
φ(t− τ)

φ̄

]
(4.10)

They express the pupil area A as A = f(x) and use the inverse f−1(A) = g(A) = x
to remove x from Equation 4.10. In their paper, Longtin and Milton use a Hill func-
tion (HILL, 1938) (Equation 4.11) as the function f , since it can approximate the elasto-
mechanical properties of the iris during the pupillary activity:

A = f(x) =
Λθn

θn + xn
+ Λ′ (4.11)

here, Λ′ and Λ+Λ′ are, respectively, the minimum and the maximum pupil areas, and θ is
the value of x corresponding to the average pupil area. The Longtin and Milton’s model
then becomes (LONGTIN; MILTON, 1989):

dg

dA

dA

dt
+ αg(A) = γ ln

[
φ(t− τ)

φ̄

]
(4.12)

where

g(A) = x = n

√
Λθn

A− Λ′
− θn (4.13)

It is worth noting that similar functions (“S-shaped” curves) relating pupil size to
different illumination levels have been proposed by physiologically-based models (e.g.,
the model devised by Usui and Stark (1982)) and empirically-based models (e.g., the
model devised by Moon and Spencer (1944)) to approximate static pupil responses, i.e.,
under constant illumination conditions.

4.3 Summary

This Chapter presented the most important empirical and physiologically-based mod-
els for pupil dynamics. Among those, the models of Moon and Spencer, and Longtin and
Milton are the most regarded ones in the literature. They form the basis of the proposed
physiologically based model that will be described in Chapter 5.
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5 THE PROPOSED PHYSIOLOGICAL-BASED MODEL

This Chapter presents the main contribution of this thesis: the physiological-based
time-dependent model for pupil light reflex, which supports individual differences, and
is represented by a delay-differential equation (DDE). The Chapter also compares the
results obtained with the proposed model against some videos and photographs captured
from real human irises.

The model of Moon and Spencer (Equation 4.5) is based on a set of discrete mea-
surements and represents the response on an average individual under various lighting
conditions. The measurements have been made after the pupil size has stabilized for the
given set of illumination levels and, therefore, their model does not describe the pupil
behavior outside the equilibrium state. Moreover, pupil size, latency, constriction and
re-dilation velocities tend to vary between individuals exposed to the same lighting stim-
ulus (MOON; SPENCER, 1944; WINN et al., 1994), something that is not captured by
the model of Moon and Spencer.

Longtin and Milton’s model (Equation 4.12) is time-dependent and adaptive, with the
potential to handle abrupt lighting changes. It is a theoretical model and, unfortunately,
Longtin and Milton did not provide the values for the various parameters in their model
(i.e., γ, α, θ, n, φ̄), as these, in principle, depend on the abstract notion of iridal muscular
activity, individual differences, as well as on the use of the Hill function. The use of
incorrect parameter values will not produce realistic results and may cause Equation 4.12
not to converge.

Starting from the Longtin and Milton’s and from Moon and Spencer’s models, a prac-
tical model that predicts the pupil diameter for the non-equilibrium case based on ex-
perimental data is derived (Section 5.2). Section 5.4 shows how the basic model can be
extended to take individual variability into account.

The goal is to be able to exploit the flexibility of the Longtin and Milton model while
replacing the Hill function with the human-pupil-specific experimental data that forms the
basis of the Moon and Spencer model. In order to show how this can be done, a series of
algebraic manipulations on the expressions of both models will be made until recover the
desired parameter values simply by comparing the two resulting expressions.

5.1 Equilibrium Case

Under constant lighting conditions, the pupil area in the Longtin and Milton’s model
will converge to an equilibrium state, where

dg

dA

dA

dt
= 0
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Under such circumstance and assuming there is no occurrence of hippus, φ becomes
time-invariant. Also, recall that ln(m/n) = ln(m) − ln(n) and, therefore, one can
rewrite the Longtin and Milton model (Equation 4.12) for the equilibrium case as:

αg(A) = γ (ln(φ)− ln(φ̄)) (5.1)

In turn, the Moon and Spencer model can be written as(
D − 4.9

3

)
= −tanh

[
0.4

(
ln(Lb)

ln(10)
− 0.5

(
ln(10)

ln(10)

))]
and since the hyperbolic tangent is an odd function, one can rewrite the above equation as

−2.3 atanh

(
D − 4.9

3

)
= 0.4(ln(Lb)− 1.1513) (5.2)

where atanh is the arc-hyperbolic tangent. Comparing Equations 5.1 and 5.2, in order for
the Longtin and Milton’s model to fit the response of Moon and Spencer’s average subject
under the equilibrium conditions, one has

−2.3 atanh

(
D − 4.9

3

)
≈ αg(A) (5.3)

0.4(ln(Lb)− 1.1513) ≈ γ(ln(φ)− ln(φ̄)) (5.4)

From Equation 5.4 one can estimate the value of the parameter γ. One should note,
however, that Lb is expressed in blondels (luminance) while φ is given in lumens (illumi-
nance). For a perfect (lambertian) diffuse reflector, 1 blondel = 10−6 lumens/mm2 (OHTA;
ROBERTSON, 2005). Since the light flux φ depends on the area of the pupil, in order
to estimate γ, one first evaluate the left-hand side of Equation 5.4 for the entire range
of illumination covered by the Moon and Spencer’s model: Lb ∈ [10−5, 105] blondels.
For each value of Lb, one then use Equation 4.5 to estimate D, from which the pupil
area A = π(D/2)2, and then φ, are computed. The retinal light level threshold φ̄ =
4.8118 × 10−10 lumens was obtained using the pupil diameter Dt = 7.8272 mm,
predicted by Equation 4.5 for Lb = 10−5 blondels. Using the tabulated data for the left-
hand side of Equation 5.4 and the conversion scheme just described, one get the following
fitting:

0.4(ln(Lb)− 1.1513) ≈ 0.45 (ln(φ)− ln(φ̄))− 5.2 (5.5)

whose quality of the approximation is illustrated in Figure 5.1 (left). The vertical axis of
the graph (scaled muscular activity) represents αg(A), where g(A) = x is the muscular
activity. The extra constant−5.2 translates the function on right-hand side of Equation 5.4
vertically, improving the fitting. Given Equation 5.5, one can replace g(A) with M(D)
(Equation 5.3), with α = −2.3, where M(D) is given by

M(D) = atanh

(
D − 4.9

3

)
(5.6)

Thus, the equilibrium situation can be expressed by Equation 5.7. As expected, it
approximates the Moon and Spencer’s function (Equation 4.5) for the pupil diameter of
the average subject quite well. The absolute value of the difference between Equations 4.5
and 5.7 is under 2% (Figure 5.2) over the entire range of [10−5, 105] blondels (Figure 5.1
right).

2.3 M(D) = 5.2− 0.45 ln

[
φ

φ̄

]
(5.7)
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Figure 5.1: High-quality fittings: (left) Both sides of Equation 5.5. (right) Equations 4.5
and 5.7, whose difference in absolute values is under 2% over the entire range [10−5, 105]
blondels.

Figure 5.2: Difference between the values predicted by the proposed model and by the
Moon and Spencer model. The absolute value of the difference is always less than 2%.

5.2 The Dynamic Case

Equation 5.7 cannot be used to describe the evolution of the pupil diameter in time as
a function of instantaneous variations of the light intensity arriving at the pupil. Never-
theless, the obtained constants are still valid for the dynamic case, since the equilibrium
is just a special case of the more general pupil behavior, for which the constants should
also hold.

In general, one cannot take an equation obtained for the equilibrium and generalize
it to the dynamic case. In the proposed model, however, this is possible because of the
following constraints:

• g(A) and M(D) have no explicit time dependence;

• The range of values assumed by A (or D) is the same for both the equilibrium and
the non-equilibrium cases; and

• There is a one-to-one mapping between A and D.
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By introducing time in Equation 5.7, a delay differential equation is obtained that
corresponds to the proposed solution for the dynamic case:

dM

dD

dD

dt
+ 2.3 atanh

(
D − 4.9

3

)
= 5.2− 0.45 ln

[
φ(t− τ)

φ̄

]
(5.8)

where D and φ are expressed in mm and lumens, respectively. For latency τ , one use
Equation 4.1 noting that 1 blondel = 0.0929 fL. Pupil constriction velocity is approx-
imately 3× faster than (re)dilation velocity (ELLIS, 1981; BERGAMIN et al., 1998).
This difference is took into account by using different time steps for constriction (dtc)
and dilation (dtd) in the numerical solver simulation:

dtc =
Tc − Tp

S
dtd =

Tc − Tp

3S
(5.9)

where dtc and dtd are measured in milliseconds, Tc and Tp are respectively the current and
previous simulation times (times since the simulation started) measured in milliseconds,
S is a constant that affects the constriction/dilation velocity and varies among individuals.
The higher the S value, the smaller the time step used in the simulation and, consequently,
the smaller the pupil constriction/dilation velocity.

Figure 5.3 shows the evolution of the pupil diameter for the Moon and Spencer’s
average subject simulated using Equation 5.8 considering some abrupt changes in the
environment luminance. The results are compared to the static models of Moon and
Spencer (Equation 4.5) and of de Groot and Gebhard (1952). Note the smooth variation
in pupil diameter and the latency (τ ) included in the model.

Figure 5.3: Simulated results produced by the proposed model (Equation 5.8) for the av-
erage subject of Moon and Spencer under non-equilibrium conditions (solid line). These
results are compared to the static models of Moon and Spencer (1944) (dashed line), and
of de Groot and Gebhard (1952) (dotted line). Note the latency (τ ) predicted by the pro-
posed model and the smooth variation in pupil diameter.

5.3 Solving Delay Differential Equations

Techniques for solving DDEs are well known and several solvers have been im-
plemented using explicit Runge-Kutta methods (SULEIMAN; ISLMAIL, 2001; GUIL-
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LOUZIC; HEUREUX; LONGTIN, 1999; PAUL, 1992). However, as the proposed model
in this thesis is bounded by finite limits and the pupil diameter is always positive, a simple
interactive numerical solution can solve the Equation 5.8 in real time, which is important
for interactive applications, such as video games. A linear iterative convergence process
was implemented which, given an initial solution and a time step (dT ), approximatesD by
varying dD untilDt ≈ Dt−1+dD. Algorithm 1 shows a pseudocode of the solver applied
to Equation 5.8, considering latency as Equation 4.1 and velocities as an approximation
to Equations 4.3 and 4.4.

Algorithm 1 Pupil Diameter at Light Intensity
Require: intensity {Light intensity}
Require: time {Time}
Require: history {Initial state in tuples (time,intensity,diameter)}
Require: S {Constant for constriction/dilation velocity}

1:
2: τ ← getLinkAndStarkLatencyFor(intensity) {Equation 4.1}
3: tuple← history.get(time− τ)
4: rightV alue← evaluateRightSideOfEquation5.8(tuple)
5:
6: dD ← 0
7: step← 10;
8:
9: {100 iterations are enough}

10: for 0...100 do
11: dT ← (time− history.last().time)/S
12:
13: if dD > 0 then
14: dT ← dT/3 {if dilating decrease the velocity}
15: end if
16:
17: leftV alue← evaluateLeftSide(dD, dT, diameter)
18:
19: if leftV alue = rightV alue then
20: return history.last().diameter + dD
21: end if
22:
23: if leftV alue is not getting closer to rightV alue then
24: step← −step/2 {Invert and decrease the size of step}
25: end if
26:
27: dD ← dD + step
28: end for
29:
30: return history.last().diameter {If here, the process did not converge}
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5.4 Modeling Individual Differences

While Equation 5.8 simulates dynamic pupil behavior, it only does so for the aver-
age individual represented by the Moon and Spencer model. There are, however, sub-
stantial differences in the way pupils from different individuals react to a given light
stimulus. Such variations include differences in diameter (CRAWFORD, 1936; MOON;
SPENCER, 1944; GROOT; GEBHARD, 1952; ELLIS, 1981; WINN et al., 1994), latency,
and constriction and re-dilation velocities (ELLIS, 1981; BERGAMIN et al., 1998). In
order to simulate individual differences, one can not just arbitrarily change the parameter
values of the model, as Equation 5.8 may not converge.

Figure 5.4: Original data used by Moon and Spencer (1944). The curve Cm corresponds
to Equation 5.7. The pair of curves Cb and Ct define an envelope containing all data.

Figure 5.4 shows the original data used by Moon and Spencer (1944), with a curve
(Cm) corresponding to Equation 5.7. The top and bottom curves, Ct and Cb, respectively,
define an envelope containing all pupil diameter values used by Moon and Spencer. Cb,
Cm and Ct are treated as isocurves C(p) for some parameter p ∈ [0, 1], so that C(0) = Cb,
and C(1) = Ct. Individual differences are modeled by associating to each individual I a
random number rI ∈ [0, 1] that corresponds to an isocurve CI . Ct and Cb are functions of
the pupil diameter:

Ct(D) = −0.013D5 + 0.322D4 − 3.096D3

+13.655D2 − 25.347D + 18.179

Cb(D) = −5.442D5 + 1.387D4 − 1.343D3

+6.219D2 − 1.317D + 1.219

To avoid convergence problems and still achieve the results corresponding to isocurve
CI , the final pupil diameter at any time is obtained solving Equation 5.8 for D and then
evaluating

Dfinal = Cb(D) + (Ct(D)− Cb(D))rI (5.10)
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This solution was adopted due to its simplicity and generality: one can easily replace the
curves Cb(D) and Ct(D) with new ones, covering new data as they become available,
or representing other models (e.g., de Groot and Gebhard (1952)). Since the relative
distances of Cm to Cb and Ct vary for different values of D, no value of rI will exactly
recover Cm. This is not a problem, however, as Cm correspond to the average subject.
Other parametrization are possible, including ones that interpolate Cm for a given value
of the parameter p.

Although the proposed model properly simulates the elastic behavior of the iris mus-
cular activity during changes in lighting conditions, it does not model hippus (i.e., Equa-
tion 5.8 will converge to some pupil diameter value if the lighting conditions remain
constant). In order to approximate the hippus effect, one can add some small random
variations to the light intensity (between 10−0.5 and 100.5 blondels) to induce small vari-
ations in the pupil diameter, in the frequency range of 0.05Hz to 0.3Hz (STARK, 1939).
This significantly improves the realism of the resulting simulations and animations of in-
door scenes. The high luminance usually found in outdoor scenes tend to constrict the
pupils and prevent the occurrence of noticeable hippus.

5.5 The PLR Model Validation

In order to validate the proposed model under non-equilibrium conditions, a set of
videos were captured from individuals whose eyes present different light sensitivities. The
videos were captured with Microsoft Windows Movie Maker using a Cannon ELURA2
miniDV camcorder (NTSC, 720×576 pixels) with progressive scan connected to a PC
through a firewire connection. The room’s light was kept dimmed, so that the subjects’
pupils could naturally dilate to some extent, but not too dark, that the camera could not
record the pupil in the individual video frames. Because of these constraints, only the
video sequence of two subjects with light eyes were used: one with green eyes and another
one with blue eyes. To induce pupil constriction, a small flashlight powered by a single
AAA battery (1.5 Volt) was kept at about 20 cm from the subject’s right eye. The flashlight
was turned on and off several times during the recordings for each subject. The videos
were then decomposed into individual frames.

The light intensity was estimated during the on and off states of the flashlight us-
ing two frames from each video sequence. These frames were selected from the end
portions of the on and off sequences, so that the pupil’s size could be considered in equi-
librium. The pupil’s diameters were estimated from its number of pixels, assuming an
iris diameter of 12 mm. Moon and Spencer’s model was inverted to estimate, for each
state, the luminance from the pupil diameters of the two subjects. The two luminance
results were averaged for each state, obtaining 101.1 blondels when the flashlight was on,
and 10−0.5 blondels when the flashlight was off. Given these luminance values and the
subjects’ corresponding pupil diameters, the Equation 5.10 was used to estimate their cor-
responding rI indices, obtaining rI = 0.4 for the green-eye subject and rI = 0.03 for the
blue-eye subject. By observing the video sequences, S was set to 500 (Equation 5.9) for
the two subjects, as this value made their simulated constriction velocities approximate
the ones in the video sequences. The frequency of the light source is setted empirically
to R = 0.4 Hz, a value that made the latency estimated by Equation 4.1 approximate the
latency observed in the video frames.

Figure 5.5 shows the actual pupil diameter measurements performed on a frame-by-
frame basis along 9-second-long sequences captured for each subject. The green ’+’
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Figure 5.5: Top: Comparison between the simulated results and measurements from real
video sequences. The green ’+’ and the blue ’x’ marks represent, respectively, the pupil
diameter measurements for the green-eye and for the blue-eye subjects, obtained for all
frames along a 9-second-long video sequence. The solid and dashed lines are the pupil
diameters predicted by the proposed physiologically-based model for the green-eye and
for the blue-eye subjects, respectively. The vertical dotted lines delimit the intervals in
which the flashlight was kept on and off for each subject. The predicted values match the
actual measurements well. Bottom: Our model (red line) against the Hachol et al. best
fitting (black line) (HACHOL et al., 2007).

marks on top represent the measurements for the green-eye subject, while the blue ’x’
marks show the measurements of the blue-eye subject. These two subjects illustrate well
the inter-subject variability in terms of light sensitivity. The vertical dotted lines delimit
the intervals in which the flashlight was kept on and off for each subject. The solid and
dashed lines represent the simulated results produced by the proposed model and predict
the actual measurements extremely well. These curves were produced automatically from
Equation 5.10, on top of which some random hippus effect are added as described in the
previous section.

Figure 5.6 (top-left) shows a plot of Equation 5.8 compared with the model of Moon
and Spence model as a function of time using velocity and latency models from Link and
Stark (Equation 4.1). The highlighted region, inside the circle, shows some behavior pre-
dicted by Equation 5.8 that has not been documented in the literature. When the latency
(τ ) grows from 159.73 ms at 102 blondels to 269.04 ms at 10−2 blondels, the current time
delayed (t− τ ) is before of the previous time delayed (t−1− τ ) and thus, the current φ(t)
is minor than the previous φ(t−1), while looking only to the s-shaped curve, it should be
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(a) Red: Moon and Spencer (b) Red: Longtin and Milton

(c) Red: Pokorny and Smith (d) Red: de Groot and Gebhard

Figure 5.6: Change of pupil diameter as a function of the light intensity for the five models
described in this thesis. The green line is always the Equation 5.8 the red line is: (top-
left) the original Moon and Spencer model (Equation 4.5); (top-right) the original Longtin
and Milton model after the fitting Equation 5.11; (bottom-left) the Pokorny and Smith
model (Equation 4.7). (bottom-right) the de Groot and Gebhard model (Equation 4.6).
All differential equations are evaluated using the velocity and latency models from Link
and Stark (Equation 4.1). The blue circles highlights the change in latency when the light
goes off, from 159.73 ms in 102 blondels to 269.04 ms in 10−2 blondels. This behavior
predicted by the proposed model has not been documented in the literature.
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greater. In the same way, the DDE solver must converge to a diameter D which is minor
than D−1, when it should be greater. This little oscillation in the pupil diameter is created
by the Longtin And Milton’s model with a non-constant latency and happens every time
the latency grows in a difference greater than the solver step.

Figure 5.6 (top-right) shows the pupil diameter in time as a function of the light inten-
sity and compares the results predicted by the model (Equation 5.8) and the Longtin and
Milton’s model (Equation 4.12) using the Hill function with the following parameters:

−2.3 atanh

(
D − 4.9

3

)
≈ −59.2 + 5.84g(A) (5.11)

where

g(A) =
55

√
46.19 ∗ 1055

A− 2.7
− 1055 (5.12)

Figures 5.6 (bottom-left) and 5.6 (bottom-right) show comparisons between the pro-
posed model (Equation 5.8) with the models of Pokorny and Smith (Equation 4.7) and de
Groot and Gebhard (Equation 4.6). The model of Pokorny and Smith is only a rewrite of
Moon and Spencer model.

5.6 Using de Groot and Gebhard Data

The de Groot and Gebhard average subject (Equation 4.6) differs from Moon and
Spencer’s (Equation 4.5 - Figure 4.2), but one can adapt Equation 5.8 to approximate de
Groot and Gebhard’s model. In fact, one can map the results of the proposed model to any
other. In this case, one first compute the diameter differences between the two empirical
models for the light intensity range:

Ddiff (Lb, La) = Dmoon(Lb)−Dgroot(La) (5.13)

where Dmoon is Equation 4.5, Dgroot is Equation 4.6, Lb is the luminance measured in
blondels and La the luminance in millilamberts. One then fits a polynomial to the values
of Ddiff and approximates Dgroot = Dmoon −Ddiff . From this relation, one gets:

Dgroot(Dmoon) = Dmoon

+ 0.0054820D5
moon

− 0.14309D4
moon

+ 1.481D3
moon

− 7.6023D2
moon

+ 19.032Dmoon

− 18.096 (5.14)

The Equation 5.7 is then adapted to approximate Groot and Gebhard’s model.

2.3 atanh

(
Dgroot(D)− 4.9

3

)
= 5.2− 0.45 ln

[
φ(t− τ)

φ̄

]
(5.15)

where φ(t) = A(t) ∗ I(t) = area(D(t)) ∗ I(t) as φ = area(Dgroot(D(t))) ∗ I(t).
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Figure 5.7: The proposed model simulating de Groin and Gebhard data. Models of Moon
and Spencer (Green line) and de Groot and Gebhard (Red line), the function difference
between them (Brown line), and the evaluation of Equation 5.14 using the converged
values from Equation 5.8.

The graph in Figure 5.7 compares the models of Moon and Spencer (green dashed
line) and de Groot and Gebhard (red line), The graph also shows the difference between
the two models (double dotted brown line), and the evaluation of Equation 5.14 using the
diameter from Equation 5.8 in equilibrium (dotted blue line). As one can see, the model
was adapted to reach the same pupil diameter of de Groot and Gebhard average subject.
Assuming the constraints discussed in Section 5.2, the equation can be extended to the
dynamic case:

dM

dD

dD

dt
+ 2.3 atanh

(
Dgroot(D)− 4.9

3

)
= 5.2− 0.45 ln

[
φ(t− τ)

φ̄

]
(5.16)

5.7 Summary

This chapter presented the proposed physiological-based time-dependent model for
pupil light reflex, showed an extension of the model to support individual differences,
hippus, latency and velocity models. The Chapter also discussed a way to implement a
DDE solver to the proposed model. The implementation of this model runs in real-time,
predicting smooth variation of the pupil diameter under variable lighting conditions. The
results of the model were compared with real data, captured from two subjects. The
results predicted by the model for the tested subjects were very similar to the observed
data. The chapter also discussed a behavior predicted by Longtin and Milton’s model that
has not been documented in the literature.



44



45

6 MODELING THE IRIS DEFORMATION

This chapter describes the second contribution of this thesis: an image-based model
for iridal pattern deformation obtained from the analysis of several high-resolution pic-
tures and videos taken from nine volunteers with different induced pupil sizes. A com-
parison of the model renderings with photographs validates the model.

Figure 6.1: (top)Two keratometers images: (top-left) at UFRGS University Hospital and
(top-right) at USP/SC Optics Department. (bottom) Photographs of the irises from two
subjects.

As the pupil diameter varies, the iridal patterns deform accordingly. In order to pro-
duce realist animations of the iris, one needs to simulate such deformations. However, the
Biology/Medical literature seems to contain no analytical model describing this process.
This thesis derives a model for iridal pattern deformation by analyzing sets of photographs
taken from four volunteers under controlled conditions. In the beginning of the work two
keratometers were used instead of digital cameras, but their images had limited resolution,
were generally out of focus and one of devices could not capture the entire iris surface
simultaneously (Figure 6.1 top-left). Images taken with digital cameras can achieve better
focus and image resolution, but tend to have more corneal reflection (Figure 6.1 bottom).
Nevertheless, the images taken with digital cameras were better suited to track the iris
patterns.

In the experiments, an eye doctor dilated the pupils of four volunteers with some
mydriatic drug and one person photographed their irises at several stages during the pupil
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Figure 6.2: Left: Photograph of a volunteer’s iris taken during the dilation process. The
color dots indicate tracked points Fijk, the center of the pupil Cij , and the border positions
Bijk associated with feature points Fijk. A red circle approximates the pupil. Right:
Evolution of the positions of the 50 individually tracked iridal features during the dilation
process. Each feature is identified by a different color. Note that, for better contrast the
color of white dots was changed to black lines.

(a) (b) (c)

Figure 6.3: Measured values for some tracked feature points along the dilation process.
(a) Distance from Fijk to Cij . (b) Distance from Fijk to the Bijk. (c) Ratio between the
distance from Fijk to the Bijk and the local width of the iridal disk. To a first approxima-
tion, one can assume that the first two measurements vary linearly, while the third one is
constant.

dilatation process using a Canon PowerShot SD 400 camera with macro lens. The images
were then cropped to contain only the iris and pupil. The smallest image was 800 ×
800 pixels and the larger ones were rescaled to fit the same dimensions. Thus, let Si =
{Ii1, Ii2, ..., Iin} be the set of images from a given volunteer Vi taken along the process
sorted by pupil diameter. For each image Iij , a circle on the outer border of the iris
and another one at the border of the pupil were positioned (the two circles delimit the
iridal disk). The center of the pupil Cij was marked as the center of the inner circle and,
after it, a series of iridal features {Fij1, Fij2, ..., Fijm} were marked and tracked along the
set of images of each volunteer. Since the inner circle is only an approximation to the
pupil border and recall that the center of the pupil does not necessarily coincide with the
center of the iris, each tracking point Fijk was adjusted the pupil border position Bijk

along the segment Fijk − Cij . Figure 6.2 (left) shows an image with the tracked features
Fijk indicated by a set of colored dots, the approximated pupil border (red circle), and



47

(a) Ii1 (b) Ii2 (c) Ii3

(d) Ii4 (e) Ii5

Figure 6.4: Set of images used to track the 50 iridal features of one volunteer along
the dilation process. Color dots indicate corresponding points in the different images
{Fi1k...Fi5k}. From left to right, the pupil diameter values are: 3.70, 4.94, 5.53, 6.57, and
8.81 mm, respectively. The apparent changes in iris color are due to the changes in the
position of the light source used to illuminate the subject’s eye (the camera’s flash was
turned off).

the actual pupil border position Bijk associated to each feature Fijk. The complete set
images used for tracking the features of the iris of this volunteer is shown in Figure 6.4.
Figures 6.9 and 6.10 show some of the feature tracked points along the dilation process for
two different subjects. In those examples a small number of points was used to facilitate
the visual tracking of these points by the reader.

Figure 6.2 (right) shows how the positions of the individually tracked iridal feature
points (identified by different colors) changed along the dilation process. The trajectories
of the points both on the pupillary and ciliary zones move on approximately radial paths.
Although some imprecision in the exact location of the points might have resulted from
the manual specification, most of the deviation from the radial paths result from the exis-
tence of blood vessels under the iris, and from crypts, and folds (the iris folds its tissue as
a result of pupil dilation) (Figure 6.7) that prevent iris points from always moving along
radial lines. Such structures vary considerably among individuals but, their influence on
the paths of the feature points usually have small magnitude (Figure 6.2 right). Therefore,
as a fist approximation, one can assume that the iris points move along straight lines in
the radial directions. It is worth noting that Wyatt’s 2D model (WYATT, 2000) does not
take the influence of these structures into account either. Likewise, points on the pupil-
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Figure 6.5: Comparison of the results produced by the proposed models with a set of
photographs taken from the first subject. Top: renderings produced using the proposed
models for environments illuminated with 35, 638.70 and 2, 928.78 lumens/mm2, respec-
tively, for the first two images. The third one simulates a mydriac-induced dilation. No
lighting model was used to render these images. Bottom: photographs of a human iris
with the pupil at different diameters.

lary and ciliary zones also move in the same way (along radial lines), characterizing their
movement as independent of muscle orientation.

In order to find how fast the feature points Fijk moved, the following measures were
computed during the dilation process: (i) the distance from the tracked feature to the
pupil center; (ii) the distance from the tracked feature to the pupil border; and (iii) the
ratio between the distance from the point to the pupil border and the local width of the
iridal disk:

ri =
‖Fijk −Bijk‖
‖Oijk −Bijk‖

(6.1)

where Oijk is a point on the iris outer circle collinear to the segment Fijk − Bijk and ‖.‖
is the L2 norm. Then, the following invariance holds for feature point Fijk for all values
of pupil diameter. These measurements are plotted in the graphs shown in Figure 6.3.
Figure 6.11 shows a comparison between the ratio ri when the pupil is approximated by
a perfect circle (top row) and when Equation 6.1 is used (middle row) for eight group of
features.

Discounting the error introduced by the manual specification of the feature points and
a little variance made by the influence of certain folds and blood vessels, one can assume
the distances defined by (i) and (ii) vary linearly (Figures 6.3a and 6.3b, respectively),
while the ratio in (iii) remains constant along the entire dilation process. Figures 6.12
and 6.13 show the graphs discussed in this section for two other volunteers. Figures 6.5
and 6.6 compares the results produced by the proposed models with real photographs.
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Figure 6.6: Comparison of the results produced by the proposed models with a set of
photographs taken from a second subject. Top: renderings produced using the proposed
models for environments illuminated with 373, 304.70 and 2, 255 lumens/mm2, respec-
tively, for the first two images. The third one simulates a mydriac-induced dilation. No
lighting model was used to render these images. Bottom: photographs of a human iris
with the pupil at different diameters.

Note that the deformed patterns closely approximate the ones in the photographs.
Using high-resolution images of the human iris, we noticed that crypts, pigment spots,

and the collarette tend to move in a similar way. Such movements seem to be somehow
independent of muscle influences (NEWSOME; LOEWENFELD, 1971), as suggested
by Newsome and Loewenfeld. This work also comprove the radial trajectories of the fea-
tures, however, Newsome and Loewenfeld do not comment some non-radial trajectories
which are driven by the position of blood vessels and folds as found here. Some tracked
features presents a non-linear behavior, as proposed by Rohen (1951) and formalized in a
2D model by Wyatt (2000). However, this do not always happens and the variations driven
by blood vessels and folds are greater than that non-linearity 6.7. Thus, to consider the
Wyatt’s model and predict the behavior of a specific iris, it is needed first a 3D model for
predict the influence of the blood vessels and folds in the iris meshwork. Meanwhile, the
approximation to radial trajectories and the constant ratio ri creates a plausible animation
of the iris.

6.1 Animating the Deformed Iridal Patterns

The animation of iridal pattern deformation was using a planar triangle-strip mesh
on the disk defined by the two circles delimiting the iris (Figure 6.8 bottom) and using
a picture of an iris with a small pupil diameter as a texture. Texture coordinates map
the border of the pupil to the inner circle of the mesh, and outer border of the iris to the
outer circle of the mesh. Currently, the mesh is tessellated creating a pair of triangles at



50

Figure 6.7: Example of the influence of folds in the radial trajectories and in the ratio.
Left: real and simulated irises with pupil diameter of 6.6mm (top) and 8.6mm (bottom);
right-top: the ratio ri for each tracked feature as a function of pupil diameter; right-
bottom: the trajectories of the tracked features from 6.6mm and 8.6mm of pupil diameter;
(a) and (b) are the distance from pupil border to the feature in real and simulated irises.
Although the (a) remains constant from 6.6mm to 8.6mm, the (b) decreases folowing the
image-based model.

every five degrees. The animation proceeds by computing the new pupil diameter D as a
function of the incident lighting using Equation 5.10. Each vertex vi, located on the inner
circle of the mesh, is repositioned at a distance D/2 along the radial line connecting the
center of the pupil to vi, while keeping their original texture coordinates.

One should recall that the center of the pupil does not necessarily match the center of
the iris, thus, it is important to keep the coordinates of the center of the pupil. When the
pupil grows, you may also add a variation to the location at the in pupil center up to 20%
to the nasal side (FREDDO, 1996).

Figure 6.8(top) shows two renderings created using the proposed model for pupil di-
lation/constriction and iridal pattern deformation. Note that the patterns deform in a very
natural way. These images were simulated for light intensities of 105 blondels (left) and
1 blondel (right). The corresponding meshes are shown at the bottom.

Since the implementation of the proposed model uses texture mapping on planar trian-
gle strips, and recalling that François et al. (2008) uses a height map to build a 3D mesh of
the iris, one can extend the triangle strip by adding the height map to it, whose rendering
allows, in close up views, the perception of shadows. This can avoid the distortion of the
shadows or light as happens in Figure 6.6 (top). With a three dimensional model for the
iris, other extension may support the Lam and Baranoski model (LAM; BARANOSKI,
2006), creating a realistic and predictable iris synthesis and animation.
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Figure 6.8: Example of irises rendered using the proposed model for pupil dila-
tion/constriction and iridal pattern deformation. Note the natural deformation of the pat-
terns. Top: images simulated for light intensities of 105 blondels (left) and 1 blondel
(right). Bottom: triangle meshes used for renderings.

6.2 Summary

This Chapter presented an image-based model for iridal pattern deformation. The
images generated by the proposed model were compared with photographs taken dur-
ing light and drug pupil-induced dilation. It also suggested some possibilities for future
work supporting the Lam and Baranoski (2006) model and the François et al. (2008) 3D
rendering technique.
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(a) Ii1 (b) Ii2 (c) Ii3

(d) Ii4 (e) Ii5 (f)

Figure 6.9: A subset of the 22 feature points from subject number two tracked along the
dilation process: (a) to (e). A plot of the trajectory of these points (f)

(a) Ii1 (b) Ii2 (c) Ii3

(d) Ii4 (e) Ii5 (f)

Figure 6.10: A subset of the 29 feature points from subject number two tracked along the
dilation process: (a) to (e). A plot of the trajectory of these points (f)
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(a) Groups: 1-4

(b) Groups: 5-8

Figure 6.11: The 50 feature points showed in Figure 6.2 divided in eight groups. The top
rows of (a) and (b) show the evolution of the ratio between the distance from the feature
point to the pupil border, defined by the red circle, and the local width of the iridal disk.
The middle rows of (a) and (b) show the same ratio but with the pupil border defined by
Bijk. The bottom images show the group of points considered in each column.
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Figure 6.12: Result of the tracked feature points for a second subject. (a) and (b) show
the position of each feature Fijk relative to pupil center and pupil border respectively.
Note the linearity of these graphs. (c) the trajectories of each feature point when the pupil
dilates. (d), (e) and (f) are the ratio ri (Equation 6.1). Note that, despite some precision
problems when marking the features, these ratios are approximately constant.
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Figure 6.13: Result of the tracked feature points for a third subject. (a) and (b) show the
position of each feature Fijk relative to pupil center and pupil border respectively. Note
the linearity of these graphs. (c) the trajectories of each feature point when the pupil
dilates. (d), (e) and (f) are the ratio ri (Equation 6.1). Note that, despite some precision
problems when marking the features, these ratios are approximately constant.
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7 APPLICATION OF THE PROPOSED MODELS IN COM-
PUTER GRAPHICS

In order to demonstrate the potential use of the proposed models in computer graphics,
this thesis presents an application example, which renders a human head model in an en-
vironment illuminated by high dynamic range (HDR) light probes. A light probe image is
an omnidirectional image that records the incident illumination for each solid angle1. An
HDR light probe image is a light probe that allows a greater range of exposures than nor-
mal digital imaging techniques. The intention of HDR is to accurately represent the wide
range of intensity levels found in real scenes recording an scaled value in lumens/mm2.
The HDR images were obtained from Paul Debevec’s web site (DEBEVEC, 2007) and
from ICT Graphics Lab (INSTITUTE OF CREATIVE TECHNOLOGIES, 2007).

Figure 7.1: Two screenshots from the demo application created to illustrate the use of the
proposed models in computer graphics. From left to right, the small images at the bottom
show, respectively: the part of the environment seen by the model; an approximation to
the image perception on the retina; and a close-up of the eye. Note the differences when
looking to a darker place (the building in the left screenshot) and looking to the bright sky
(right screenshot).

The head models were obtained from freely available repositories on the net (TURBO
SQUID, 2007; BLENDER ARTISTS, 2007) and its original irises were replaced by the

1The 3D notion of the 2D angle.
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textured triangle-strip as needed by the proposed model. As the head looks at different
parts of the environment, its pupil diameters adapt to the irradiance in the solid angle
defined by its field of view. This produces interesting animation effects.

Figure 7.1 shows two screenshots of this application. The head model looks at differ-
ent directions: to the building (Figure 7.1 left) and to the sky (Figure 7.1 right). The small
images at the bottom, show, from left to right: (i) the portions of the environment seen by
the model; (ii) an approximation to the image perception on the retina and (iii) a close-up
view of the model’s eyes. Since the distribution of rods and cones in the human retina
can be seen as a Gaussian density function with the center at the fovea (HADJIKHANI;
TOOTELL, 2000; JONAS; SCHNEIDER; NAUMANN, 1992), in this application, the
luminance of the perceived is approximated by modulating the projection of the envi-
ronment seen by the model (small image at the bottom center of Figure 7.1) using a
three-standard-deviation Gaussian filter and summing the luminance of all pixels. Note
the changes in pupil size between the two images. The iris on the left was rendered as a
perfectly diffuse surface. The rendering on the right includes some Fresnel effect to par-
tially reflect the environment on the cornea surface. Normal maps2, specular maps3 and
ambient occlusion (BUNNELL, 2005) were also applied to the face. Ambient occlusion
is a global shading method that approximates the full global illumination, identifying for
each vertex a shadow coefficient. The Lamb Skin effect (nVidia, 2007) was implemented
to improve the realism of the skin, since it provides a computationally efficient way to
approximate subsurface light scattering effects (Figure 7.2).

Figure 7.2: Main Effects included in the application to produce realistic effects. (a) Am-
bient Occlusion (BUNNELL, 2005); (b) Lamb Skin Effect (nVidia, 2007); (c) Lamb Skin
Effect plus Ambient Occlusion; (d) Rendering with texture and specular maps.

Unfortunately, the HDR images do not contain the scenes actual luminance values,
they are scaled. Thus, in order to produce plausible pupil and iris animations, the stored
values are divided by 100.0 and treated the resulting value as lumens per square millime-
ter. In the future, one can capture HDR images with luminance values in the right scale.
This would allow us to compare the animations to real footage obtained in the scene.

2Normal maps define the normal for discrete points in a surface
3Specular maps record the specular intensity and color of highlights on a surface.
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7.1 Summary

This chapter presented an application illustrating the use of the two proposed models
to render a 3D model of a human face. An HDR light probe and the models simulate the
iridal response to perceived luminance. Many effects were included to produce a more
realistic rendering of a human face.
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8 CONCLUSION AND FUTURE WORK

This thesis presented new models for realistic renderings of the human iris and pupil
light reflex. The proposed physiologically-based model of the pupil light reflex first
combines theoretical results from the Mathematical Biology field (LONGTIN; MILTON,
1989) with experimental data collected by several researchers (MOON; SPENCER, 1944),
using latency and velocity models from the biological literature. The simplest version of
the model is expressed in terms of a non-linear delay-differential equation that describes
the changes in the pupil diameter as a function of the environment lighting. As all param-
eters of the proposed model were derived from experimental data, they correctly simulate
the actual behavior of the human iris and pupil from an average subject.

Due to the large variability among individuals, this basic version of the model was
extended to include differences, which are modelling as isocurves bounded by the biggest
and smallest pupil diameter values found in the original data used by Moon and Spencer
(MOON; SPENCER, 1944), along the entire range of luminance values. In order to im-
prove the realism of the resulting simulations, hippus effect is approximate by adding
small random variations to the environment light (in the range of 0.05Hz to 0.3Hz (STARK,
1939)). The complete model was validated by comparing the pupil diameters predicted
by the model to measurements made on iris video sequences (on a frame by frame basis)
for two individuals exhibiting different degrees of light sensitivity.

Other contribution of this work is a study of the iridal pattern deformation as a function
of pupil dilation and constriction, as well as an image-based model for realistic animation
of such deformations. After an analysis of many high-resolution pictures taken from four
volunteers with different induced pupil sizes during an induced pupil-dilation process,
we observed that the ratio expressed by Equation 6.1 was approximately constant for all
points on iris, and for all tested subjects, independent of the pupil diameter. For rendering
purposes, the model of the iris was built as a planar triangle-strip mesh on the disk defined
by the two circles delimiting the iris and using a picture of an iris with a small pupil
diameter as a texture. The animation moves the mesh points of the pupil border, increasing
or decreasing the pupil radius.

In order to demonstrate the potential use of the proposed models in computer graphics,
we built an application that renders a human head model in an environment illuminated
by HDR light probes. As the head looks at different parts of the environment, its pupil
diameters adapt to the irradiance in the solid angle defined by its field of view, producing
pleasing animation effects. The proposed models guided by biophysical meaningful pa-
rameters produce high-fidelity appearance effects and can be used to produce real-time,
predictive and reproducible animations of the pupil and iris under variable lighting con-
ditions and individual differences.

To the best of our knowledge, the proposed PLR model is the first physiologically-
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based model for simulating pupil light reflex presented in the graphics literature. It is
also the first practical model (i.e., providing actual parameter values) in the literature
for simulating the dynamics of pupil and iris under variable lighting conditions, and the
first integrated model in all literature to consider individual variability in pupil diameter
using general equations for latency, velocity, and an approximation to hippus effect. The
proposed image-based model for iridal pattern deformation is the first model of its kind
in the graphics literature. The results should find immediate applicability in several areas
requiring high-fidelity facial animations, as well as on feature film animations, where the
request for increasing levels of realism never ends.

8.1 Discussions and Future Work

For future work, the proposed model could be improved to consider the influence of
accommodation and emotional conditions in pupil size. Accommodation and age affect
the pupil diameter (WINN et al., 1994) and iris color influences some PLR parameters,
such as maximum pupil diameter, latency, and constriction velocity (BERGAMIN et al.,
1998). These aspects are currently not taken into account by the proposed model. The
main reason is the lack of reliable data over a large range of lighting conditions. For in-
stance, Winn et al. (1994) discuss the effect of age on the size of the pupil. Their study,
however, only considered luminance values from 101 to 104 blondels, which corresponds
to only about 30% of the luminance range used by the proposed model. Currently, vari-
ations in pupil diameters for the same light stimulus were modeled using Equation 5.10,
which can approximate the age-related miosis effect reported by Winn et al.. Extending
the proposed model to handle other phenomena based on biophysical parameters is an
interesting direction for future work.

Since, the proposed PLR model was created assuming some uniform light-intensity
distribution, it does not consider the light position relative to the viewer. An extension of
the model can consider the light position, predicting the Stiles-Crawford effect (i.e. the
phenomenon that light reaching the retina after passing near the edge of the pupil is less
effective at evoking sensation than light passing through the center of the pupil (STILES;
CRAWFORD, 1933)) and observing the distribution of rods and cones in the human
retina (HADJIKHANI; TOOTELL, 2000).

HDR light probes record the incident illumination for each solid angle. However,
using the representation as proposed by Debevec et al. (2002), it is not possible to retrieve
the true luminance value in lumens/mm2 as needed by the PLR model. Thus, a new type
of light probe can be defined that stores luminous flux (measured in lumens), which could
be used for physically accurate simulations and renditions of PLR using the proposed
model.

The current implementation of the proposed iris deformation model uses texture map-
ping on a planar triangle strip. Such a model can be extended with a height map in a way
similar to the technique described in (FRANÇOIS et al., 2008). The rendering of this
new model will include support to self-shadowing and view-motion parallax, noticeable
in closeup views. Other extension may support the Lam and Baranoski (2006) model,
creating a realistic and predictable iris synthesis and animation.

The Longtin and Milton’s model and, by inheritance, the proposed PLR model, pre-
dicts a small and fast oscillation in pupil diameter when the pupil dilates using the pupil
latency as a function of light intensity. This behavior was not documented in the literature
and the digital video sequences has no sufficient accuracy to show this oscillation. Some
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work will be necessary to verify the actually occurrence of such a predicted behavior.
Such a study should probably require the use of specialized equipment, and can be used
either to validate this prediction or, otherwise, provide valuable feeback to refine the la-
tency model proposed by Link and Stark (1988) and Ellis (1981) and used as part of our
model.

The irises of animals have the same functionality of the human ones. An inter-
esting work could be a validation or adaptation of the iris deformation model against
monkeys (CLARKE; ZHANG; GAMLIN, 2003a,b; MAGOUN et al., 1936), cats (HAM-
MOND; MOUAT, 1985; SCHAEPPI; KOELLA, 1964; MITCHELL, 2006), rabbits (YA-
MAJI et al., 2003), pigeons (PILAR; VAUGHAN, 1971) or other animals (WEST et al.,
1991). This thesis can be used as a guideline to create PLR and iris deformation models
for other species.
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APPENDIX A UNIT CONVERSION TABLE

The Table A.1 shows values to unit conversion of units used in this thesis.

Table A.1: Unit Conversion Table
Value-Unit .Value Unit

1.00 candela/square m. [cd/m2]
3.141592654 blondel
0.314159265 millilambert [mL]
0.291863508 foot-Lambert [fL]

1.00 blondel
0.1 millilambert [mL]
0.09290304 foot-Lambert [fL]

1.00 millilambert [mL] 0.9290304 foot-Lambert [fL]
1.00 lux [lx] 1.00 lumen/square m. [lm/m2]
1.00 watt/square centimeter a 683.00× 104 lumen/square m. [lm/m2]
1.00 blondel b 10.00× 10−6 lumens/square mm. [lm/mm2]

aWith a light bulb emitting light at 555 nm
bAssuming a perfect diffuse (lambertian) reflector (OHTA; ROBERTSON, 2005)
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APPENDIX B MODELOS FOTOREALISTAS PARA
DINÂMICA PUPILAR EM FUNÇÃO DA ILUMINAÇÃO E

DEFORMAÇÃO DOS PADRÕES DA ÍRIS

Resumo da Dissertação em Português

Animar faces humanas virtuais consiste em imitar uma realidade cheia de detalhes e
comum aos nossos olhos. Grande parte da expressão de um personagem é dado por movi-
mentos oculares: sacádico e voluntário; e pelas variações pupilares: contração e dilatação.
São estes movimentos que, se realizados de forma coerente, prendem a atenção dos es-
pectadores e transmitem o sentimento desejado pelo autor (LEE; BADLER; BADLER,
2002; WATT; WATT, 1992).

Diferente do resto do corpo, o olho humano e a pupila respondem a estímulos involun-
tários, que são determinados pelas condições de iluminação, estado emocional e distância
focal, entre outras (REEVES, 1920; ELLIS, 1981; CALCAGNINI et al., 2000). O re-
flexo pupilar em função luz (Pupillary Light Reflex - PLR) é responsável pela contração
da pupila em ambientes iluminados e por sua dilatação em ambientes escuros. PLR é
uma ação reconhecida, comum aos nossos olhos, e, exceto pela influência de drogas, é
o principal fator que determina o tamanho da pupila. Embora que o PLR e as deforma-
ções da íris possam ser animadas utilizando técnicas tradicionais de computação gráfica
como, por exemplo, representações paramétricas controladas por curvas de velocidade,
nós acreditamos que o uso de modelos fisiológicos, guiados por parâmetros com signifi-
cado físico, possam tornar o processo preditível e automático, criando animações realistas
e reprodutíveis.

Neste trabalho nós apresentamos um modelo fisiológico para animação realista do
PLR. Nosso modelo combina e estende modelos teóricos (LONGTIN; MILTON, 1989)
com dados coletados por vários experimentos relacionando o diâmetro pupilar a intensi-
dade de luz do ambiente (MOON; SPENCER, 1944). Como a íris humana é uma camada
muscular fibro-vascular que define padrões que são deformados em função do tamanho
da pupila, nós modelamos estas deformações baseando-se em uma análise estatística do
comportamento da íris sobre um conjunto de fotografias de íris, em alta resolução, em
diferentes níveis de iluminação.

Pelo que pesquisamos, nosso modelo fisiológico para PLR é o primeiro da literatura
de computação gráfica, é o primeiro modelo capaz de simular variações individuais em
termos de sensibilidade a luz e o primeiro modelo para deformação dos padrões da íris
em toda a literatura. Nós demonstramos a eficácia da nossa abordagem comparando os
resultados dos nossos modelos contra fotografias e vídeos capturados de iris humanas.
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B.1 Modelos Existentes Para PLR

A pupilometria descreve modelos, construídos a partir de experimentos e um con-
junto de medidas discretas, que relacionam diretamente a iluminação que atinge a retina
com um tamanho médio da pupila entre indivíduos (MOON; SPENCER, 1944; GROOT;
GEBHARD, 1952; POKORNY; SMITH, 1995). As medidas são tomadas quando a pu-
pila está estável, após uma alteração de iluminação. Estes modelos são, até onde sabemos,
todos atemporais, portanto não descrevem o comportamento fora do estado de equilíbrio.
De todos eles, o modelo mais popular é o de Moon e Spencer, que é dado por:

D = 4.9− 3tanh [0.4(log10(Lb)− 0.5)] (B.1)

onde o diâmetro pupilarD varia de 2 a 8mm, e Lb é o nível de luminância do ambiente
expressa em blondels e variando de 105 blondels em dias ensolarados até 10−5 blondels
em noites escuras.

Modelos para PLR, baseados em observações anatômicas e fisiológicas, foram criados
para expressar o relacionamento entre as diversas estruturas do corpo humano envolvidas
no processo, sem considerar dados experimentais. Longtin e Milton (1989) definiram um
modelo teórico para o caminho neural entre o estímulo de luz recebido pela pupila até a
ação de contração ou dilatação da íris:

dg

dA

dA

dt
+ αg(A) = γ ln

[
φ(t− τ)

φ̄

]
(B.2)

onde

g(A) = n

√
Λθn

A− Λ′
− θn (B.3)

e Λ′ e Λ + Λ′ são respectivamente áreas mínima e máxima para a pupila, θ é o valor para
a atividade muscular onde a pupila possui tamanho médio, α uma taxa constante, γ é um
fator de proporcionalidade, t é o tempo, τ é a latência entre o momento do estímulo e a
resposta da íris, φ é o nível de luz na retina medida em lumens e definido como φ = IA,
onde I é a iluminância em lumens/mm2 e A é a área da pupila em mm2 e φ̄ é um limite
inferior para o nível de luz na retina (o nível de luz no qual variações abaixo dele não
mudam a área pupilar). g(A) é apenas uma função com um intervalo pré-definido no
conjunto imagem e que simula as propriedades elasto-mecânicas dos músculos em geral.

Note que, embora este modelo seja temporal, as constantes não representam unidades
físicas. Por exemplo, θ é definido sobre uma unidade não conhecida e, portanto não pode
ser medida, chamada atividade muscular. Valores incorretos para estas constantes podem
criar comportamentos não realistas e não convergir para uma solução.

B.2 Proposta de modelo para PLR

Nosso modelo une o modelo teórico e temporal de Longtin e Milton (Equation B.2) e
o modelo experimental e estático de Moon e Spencer (Equation B.1).

Sob condições de iluminação constante, a área pupilar no modelo de Longtin e Milton
convergirá para um estado de equilíbrio, onde:

dg

dA

dA

dt
= 0
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Figura B.1: Qualidade dos Fittings: (esquerda) Ambos os lados da equação B.8. (direita)
Equações B.1 e B.10, na qual a diferença em valores absolutos é menor que 2% sob o
intervalo [10−5, 105] blondels.

Sob esta circunstância e assumindo que não há ocorrência de hippus, φ torna-se in-
dependente de tempo. Manipulando algebricamente os modelos, podemos reescrevê-los
para as equações abaixo:

αg(A) = γ (ln(φ)− ln(φ̄)) (B.4)

−2.3 atanh

(
D − 4.9

3

)
= 0.4(ln(Lb)− 1.1513) (B.5)

onde atanh é o arco-tangente hiperbólico. Note a semelhança no formato das equações.
Para que a Equação B.4 apresente valores de área pupilar comparáveis ao diâmetro pupilar
pela Equação B.5, sob as mesmas condições de iluminação, tem-se:

−2.3 atanh

(
D − 4.9

3

)
≈ αg(A) (B.6)

0.4(ln(Lb)− 1.1513) ≈ γ(ln(φ)− ln(φ̄)) (B.7)

Após um fitting das duas equações, obtivemos:

0.4(ln(Lb)− 1.1513) ≈ 0.45 (ln(φ)− ln(4.8118 × 10−10))− 5.2 (B.8)

A figura Figura B.1(esquerda) mostra a qualidade da aproximação. Dada a Equa-
ção B.6, podemos substituir αg(A) por M(D) e utilizar os valores das constantes do lado
esquerdo da Equação B.8 na Equação B.4. O modelo que prediz o diâmetro pupilar em
condições de iluminação estável é:

M(D) = atanh

(
D − 4.9

3

)
(B.9)

2.3 M(D) = 5.2− 0.45 ln

[
φ

4.8118 × 10−10

]
(B.10)

Voltando a considerar o modelo temporal, podemos efetuar a mesma troca da função
atemporal g(a) pela M(D) e utilizar os mesmos valores para as constantes. Desta forma,
o nosso modelo dinâmico é:
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dM

dD

dD

dt
+ 2.3 atanh

(
D − 4.9

3

)
= 5.2− 0.45 ln

[
φ(t− τ)

4.8118 × 10−10

]
(B.11)

onde D e φ são expressados em mm e lumens, respectivamente. Para latência τ , nós
utilizamos o modelo de Link e Stark (1988).

Como velocidade de contração é aproximadamente 3× mais rápida do que a velo-
cidade de (re)dilatação (ELLIS, 1981; BERGAMIN et al., 1998), nós aplicamos esta
diferença no tamanho do passo da simulação numérica que resolve o modelo:

dtc =
Tms − T−1

ms

S
dtd =

Tms − T−1
ms

3S
(B.12)

one dtc e dtd são medidos em millisegundos, Tms e T−1
ms são, respectivamente, os tempo

de simulação atual e anterior medido em millisegundos. S é uma constante que afeta as
velocidades no sentido de simular variações individuais.

Figura B.2: Resultados da simulação utilizando nosso modelo (Equação B.11) para o in-
divíduo médio de Moon e Spencer sobre condições de iluminação variáveis (linha sólida).
Estes resultados são comparados com os modelos estáticos de Moon e Spencer (1944) (li-
nha tracejada), e de Groot e Gebhard (1952) (linha pontilhada). Note a latência em nosso
modelo.

Figura B.2 mostra a evolução do diâmetro pupilar para um indivíduo médio de Moon
e Spencer. O Gráfico compara a Equação B.11 com a Equação B.1.

Embora que a Equação B.11 simule o comportamento de um indivíduo médio repre-
sentando pela curva de Moon e Spencer, existem variações entre indivíduos relaciona-
das aos seguintes parâmetros: latência (CRAWFORD, 1936; MOON; SPENCER, 1944;
GROOT; GEBHARD, 1952; ELLIS, 1981), velocidade de contração e (re)dilatação (EL-
LIS, 1981; BERGAMIN et al., 1998), idade (WINN et al., 1994) entre outros. Para es-
timar estas diferenças individuais nós criamos um intervalo de variação dado por curvas
de diâmetro pupilar máximo e mínimo baseado nos dados de Moon e Spencer, como
mostrado na Figura B.3. A partir desta informação, cria-se iso-curvas CI entre os limi-
tes máximo e mínimo. O diâmetro pupilar final é definido resolvendo a Equação 5.8 e
submetendo o diâmetro encontrado na equação B.13
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Dfinal = Cb(D) + (Ct(D)− Cb(D))rI (B.13)

Figura B.3: Dados originais de Moon e Spencer (1944). A curva Cm corresponde a
Equação 5.7. O par de curvas Cb e Ct definem um envelope contendo a faixa de diâmetro
pupilar disponível para cada intensidade de luz.

Para modelar a Hippus, pequenas variações pupilares que ocorrem mesmo com uma
intensidade de luz estável, adiciona-se pequenas variações na intensidade de luz na faixa
de 10−0.5 e 100.5 blondels e na freqüência de 0.05Hz a 0.3Hz (STARK, 1939). Estas
variações melhoram consideravelmente o realismo das cenas. Validamos o modelo em
comparações com dados reais, como mostrado na Figura B.4.

Figura B.4: Cima: Comparação entre os resultados simulados e medidas a partir de dados
reais. O ’+’ verde e o ’x’ azul representam, respectivamente, o diâmetro pupilar medido a
partir da captura de duas seqüências de vídeos com dois indívidiuos: um de íris verdes e
outro de íris azuis. As linhas sólidas e tracejadas representam o diâmetro pupilar calculado
pelo nosso modelo. As linhas verticais delimitam os intervalos de luz ligada e desligada.

B.3 Modelo Para Deformação dos Padrões da Íris

O modelo para deformação dos padrões da íris, proposto neste trabalho, foi criado
a partir de um conjunto de fotos capturadas durante um processo de dilatação pupilar
induzido. As melhores fotos foram separadas, ordenadas pelo tamanho da pupila e as
características mais salientes das íris foram marcadas manualmente. A Figura B.5 mostra
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um subconjunto dos pontos analisados. Note que os padrões movem-se radialmente e,
desconsiderando as perturbações provocadas pela estrutura da íris do indivíduo, o com-
portamento de cada saliência pode ser aproximado por uma linha reta radial. Além disso
as saliências permanecem em suas posições relativas a largura da pupila, caracterizando
uma constância que define o nosso modelo.

Figura B.5: Esquerda: Fotografia da íris de um voluntário durante o processo de dilatação.
Os pontos coloridos indicam as saliências analisadas. Centro: Um gráfico mostrando
o comportamento de cada ponto analisado durante a dilatação da pupila. Direita: Um
gráfico que apresenta, em percentual, a posição de um subconjunto das saliências relativo
a largura da íris. Nota-se, através destes gráficos que as saliências se movem radialmente
e mantem constante a sua posição relativa a largura da íris.

A animação da deformação dos padrões radiais é feita usando uma malha em triangle-
strip sobre um disco definido por dois círculos que delimitam a íris (Figura B.6 baixo) e
com uma fotografia de uma íris com uma pupila pequena como textura. As coordenadas
de textura do círculo interno são mapeadas a borda da pupila e as do círculo externo para
a borda da íris. A animação modifica a posição dos pontos da borda interna, aumentando
o diminuindo o raio do círculo que a define, sem alterar as coordenadas de textura.

Figura B.6: Exemplos de íris renderizadas usando o modelo proposto para dilatação e
contração e para deformação dos padrões. Cima: imagens geradas a partir de intensidades
de luz de 105 blondels (esquerda) e 1 blondel (direita). Baixo: malhas de triangulos usadas
para renderizar.
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Figura B.7 mostra o resultado do modelo de deformação criado comparando imagens
reais com imagens produzidas pelo modelo.

Figura B.7: Comparação dos resultados produzidos pelo modelo proposto com um con-
junto de fotografias. Cima: imagens renderizadas usando o modelo de deformação de
padrões para ambientes iluminados com 35, 638.70 e 2, 928.78 lumens/mm2, respectiva-
mente, para as duas primeiras imagens. A terceira simula uma indução por medicamento.
Baixo: fotografias da íris humana com diferentes diâmetros pupilares.

B.4 Conclusões

Esta dissertação apresenta novos modelos para síntese realista do comportamento da
íris e pupila humana. O modelo para reflexo pupilar em função da luz combina e es-
tende resultados teóricos com dados experimentais coletados por vários pesquisadores. O
modelo resultante é expressado em termos de uma equação diferencial com atraso que
descreve as mudanças no diâmetro pupilar em função da iluminação ambiente. O modelo
é original no sentido de simular as diferenças individuais e a Hippus em função da ilu-
minação. Os modelos foram validados através de comparações dos resultados simulados
com fotografias e vídeos capturados de íris humanas. A qualidade da predição ultrapassou
as nossas expectativas, dado o pequeno número de parâmetros envolvido.

Até onde sabemos, o nosso modelo fisiológico é o primeiro a simular o PLR da lite-
ratura de computação gráfica. É o primeiro modelo prático na literatura para simular a
dinâmica da pupila e íris em condições de iluminação não constantes e o primeiro mo-
delo integrado em toda a literatura a considerar variabilidade individual usando equações
gerais para latência, velocidade e hippus. Nosso modelo para deformação é também o
primeiro modelo deste tipo na área de computação gráfica. Nossos resultados deveriam
encontrar aplicabilidade imediata em diversas áreas que requerem animações faciais com
alto detalhe, como em filmes de animação, onde a busca por cenas mais realistas nunca
termina.
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