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l̃(x) =
M∑

j=0

λjlj(x),

L̃(t, x, u) = λ0L0(t, x, u) +
M∑

j=1

λjLj(t, x, u),

�
H(t, x, u, p) =

〈
p, f(t, x, u)

〉
− L̃(t, x, u).

¬ >8§�
)�+���
H(t, x, u, p)

46«T+K��¨~���K�#�)� }TM�X÷¶_aWH�nWL<ø`Q&K2RI� j�H-X ��§o�0��¨m��
Ä�¡� ø`Q&K2RI� j�H-XdR�Q&X.Q ­K���¡�
(P )
�)�w�  ���0� ª  �x® p 4q«^+K��¨~���K�
4 s-Q&Z^Rx{&s&Lw��nWL2uTH�ù(LTINjrQFnWHòú�H-M QFnEÚTM�XdjrQ�û �)�3­)�0�76)®��x¨~�;:

uV�büCþ_��Á�� Ï�ü�¼Mý �wþ?ÿ�½ª¢�ª�ùDÿ8ü ýäü"iøòSþäÿ�Á ü ý����6ü.½.¸SþJ®.���<ÿ�½�ÿ�� MJOdH-X;m�Q4°�MdL
(t∗1, x

∗(·), u∗(·)) � M�KO.Z9HJuTLTITIJH4Û-j�R�KBHÝO�Q&Z(Q\HcO.Z9H7q���LNK�Q�ú Ý û7v��üXdjraWHJSªLEµ7R�INj�LNK K2M�� j�R Oh� Rku9QFnWH-Z9LTI
λ0 ∈ {0, 1}

L
λ1, λ2, . . . , λMX.aWHAj�H$nWHJIüXdM���HJI�INR�K2M�� jrQ&XYL9Q&KBLNXdj�LTSªLüM�K�Q�}TM�X÷¶_aWH`uTm�Q&K�QFnFQ\nWLpuTH�ù(LTINjrQFnWH

p(·) ∈ SP ([t0, t
∗

1]; R
n)
S

jrQ*� °�MdL
Q_I
uTH-X.n&R¹¶��JLTI�QFqTQ&R>µ�H�s-Q*��LNK
ý �hÿ �R°�M�Q=¶��JLTI�QFnEÚTM�XdjrQ_I�¸

ḣ(t) =
∂

∂t
H(t, x∗(t), u∗(t), p(t))

−ṗ(t) = ∇xH(t, x∗(t), u∗(t), p(t))H-X.nWL
H(t, x, u, p) = pf(t, x, u) − λ0L0(t, x, u) −

M∑

j=1

λjL0(t, x, u)
L

h(t) = H(t, x∗, u∗, p) � Z9LrU&M��gQ&Z0OdH-ZüO�Q&Z^j�LTI$vý âKÿ �R°�M�Q=¶��JLTI�nWL2LTINjrQFnWH=¸
ẋ∗(t) =

∂

∂p
H(t, x∗(t), u∗(t), p(t)) = f(t, x∗(t), u∗(t)), q.t.p. t ∈ [t0, t1]

ý ¢�ÿ ¬ H-X.n&R¹¶_aWH�nWL`K�{�µ7R�KBH�ú Ý [ Ý û=¸
u∗(t) ∈ arg max

u∈Ω
H(t, x∗, u, p(t)).

ý ý�ÿ ¬ H-X.n&R¹¶_aWH�nWL�j�Z(Q&X;INs&LNZ9I$Q*� R�nFQFnWL�¸
< h(t1),−p(t1) >= ∇(t1,x)

(

λ0l0(x(t1)) +
M∑

j=1

λjlj(x(t1))
)∣
∣
∣
x(·)=x∗(·), t1=t∗1
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∇h(x∗) = 0

�C­K���¡�3�~­)�0�76)®��x¨~�
max h(x)

�)�0�76)�0�
x ∈ R

n :|�a�x�0�¡�2>8���0¨~�;�$«x�7
)�)���N�$�x�Ê�0§;�K«x����
Ä�¡�x��­K���¡�H�#���¡��¨~��®h�h�K���)�a�x¨ «x�7
Ä�¡�0��®��
£��¡��¨m�"�)�  �x¨��0�x���76L�¡���K����: ¢D���¡�����0�0���a�¡�x¨m�����)§K����­<���0�0��6)��®��h�K���)�x��=�«x�7
)�)�����b�x���0§;�K«x����
b�¡�x� �
���¡��¨~��®h�h�K���)� }TZ(QWu9Q_I ��§ Lw��LNKBLNXdjrQ&ZTLTI �<���A'b§K�����a�¡���~�K���K���a­<�x®����Z�h�¡��
)�2�8�����3�8�������)�B�`�x���0�x¨~�*Ê;:ÇC��
������
)�K�;�K�¡�x¨m���a���a«x�7
)�)�����$�x�a�0§;�K«x����
Ä�¡�x�  � � K � j�H$nWHJI2nWL�s&LNZ^R �üu9Q�¶_aWH �C���A'b§K�����a��­)�0�x�0��
b�:���0�x¨m���
K�H­)�0£J�L�h¨~���¡§�6)�0�x�+����:
uV�büCþ_��Á�� Ï�ü�À � LxÚNQ

(x̂(·), û(·))
M�K�O�Q&ZpQFn&K2R�ITIw­�s&Lw��nWLALTINjrQFnWH�L�uTH-Xdj�Z9H���LªO�Q&Z(Q�ú Ý û7v � LALEµ7R�INj�LPM�K

Q&Z9uTH
p : [t0, t1] → R

n
SpL
Q*� U&M�K s&LNj�H-Z

(λ1, . . . , λM)′
SVjrQ*� °�MdLÓúrR û�ù�úrR�R û*QFqTQ&R>µ�H�s-Q*��LNK uTH-K

λ0 = 1
S

LNXdjraWH
(x̂(·), û(·)) � MWK O.Z9HJu^LTITI$H Û-j�R�KBH�OdQ&Z(Q�ú Ý û7vý ÿZÿ·Ý Q&Z(Q °Jv�j�v O�v

t ∈ [t0, t1]
S
(y, v) = (x̂(t), û(t))

K�Q�µ7R�K2RgfJQBQ<}TM�X÷¶_aWH
(y, v) 7−→

〈
ṗ(t), y

〉
+H(t, y, v, p(t))

IJH7q�Z9L`j�H$nWH
y ∈ R

n
L
v ∈ Ω

v
ý ÿ-ÿZÿ

y = x̂(t1)
K2R�XdR�K2RgfJQBQ<}TM�X÷¶_aWH

y 7−→
〈
p(t1), y

〉
+ l̃(y).

¬a�0�0��¨­�a��
)«x�7
Ä�¡�¡�&
)�)��§)¨æ­)�0�$«x�x�0�0�
(x̃, ũ)

�a� �0�x§ «x�?¤'�x�f�:���)�
p
�K���)� ­<�x®���¢� �¢ �8¨~���������

¨�§)®h�¡��­)®h�h«+���)���0�x�q�)�3® �&���¡�&
����
λj


)��«x���0��«x��¨��0�x�f�¡�0�����$�x�X�)���¡��­<����Ê;: ÊF�(�^�ä�)�  �A¤'�0�  �x�0�g�K«+���X�0�m��:��®È­)�0�$«x�x�0�0�~�¡�?�¡����>-�&� ý ÿZÿ�� ý ÿ-ÿZÿ��)�3�¡�x���0�x¨~�3��«x��¨m�;�L­K���¡�  �x�0�g�K«+�����3���¡��¨~�?®��h�K���)�6�)� (x̃, ũ)
:

�|�?�0��¨m�����H�)�x¨m�7
)�f�¡�¡���+���m�)���`�x���0�x¨~��Ê;:ÇC�:
l3��Á ü.½ª N¸Sþ_�d¾7¿)ü�£

1$�?�0�
(x(·), u(·))

§)¨©­)�0�b«x�x�0�0�����)¨m���0�(8  �x®`���(6)�h�¡�¡ª��0�h�3�)�3�-¢V�^:�1$§)­<�7
�+K�B'b§)� ý ÿZÿ6� ý ÿ-ÿZÿa�0�?�0��¨�¡�?�¡����>8�x�h�:����­K���¡�m��®���§)¨
p(·) : [t0, t1] → R

n :|¬a�0�0��¨­�)�)� ý ÿZÿ��0����§)��'b§)�
〈
ṗ(t), x̂(t)

〉
+ H(t, x̂(t), û(t), p(t)) ≥

〈
ṗ(t), x(t)

〉
+ H(t, x(t), u(t), p(t)).�6�o�0�x�f�¡�0���+���

ẋ = f(t, x, u)
�È�¡�x¨m����'b§)� ˙̂x(t) = f(x̂(t), û(t), t)

:��Z�¡�&
)�)���&�����¡�o���)�N�d
)���+���
�)�

H
�K�X¨�§)®h�¡��­)®h�h«+�&
)�)�3�H�)�x�0����§K��®��K���)�X��«x��¨~��­C���

−1
�)�76L�¡�x¨m���

−
〈
ṗ(t), x̂(t)

〉
−

[〈
p(t), ˙̂x(t)

〉
− L̃(t, x̂(t), û(t))

]
≤ −

〈
ṗ(t), x(t)

〉
+

−
[〈
p(t), ẋ(t)

〉
− L̃(t, x(t), u(t))

]
.
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��
Ä�¡�����¡�&
)�)� �����)�����~® ���)���~�K� �)�x�0����§K��®��K���)����«x��¨~��
)�"��
Ä�¡�x�  ��®�� [t0, t1]
�Z�76)�0�x�  �&
)�)� 'b§)�

〈
ṗ, x

〉
∣
∣
∣
t
+

〈
ẋ, p

〉
∣
∣
∣
t
=

d

dt

〈
p, x

〉
∣
∣
∣
t

�K�76L�¡�x¨m���

−
〈
p(t), x̂(t)

〉
∣
∣
∣

t1

t0
+

∫ t1

t0

L̃(t, x̂(t), û(t))dt ≤ −
〈
p(t), x(t)

〉
∣
∣
∣

t1

t0
+

∫ t1

t0

L̃(t, x(t), u(t))dt
��Ê;: ÜF�

�a� ý �����^�$�¡�x¨m���
〈
p(t1), x̂(t1)

〉
+ l̃(x̂(t1)) ≤

〈
p(t1), x(t1)

〉
+ l̃(x(t1)).

��Ê;:ÇE7�
1$��¨~�&
)�)����¨26C���a���a® ���)���Z�K���6�)�x�0����§K��®��K���)�x�2��Ê;: ÜF�Ê�i��Ê;:ÇE7����«x��¨~�;�C�H��­)®���«+�&
)�)�~�~«x�7
)�)���+���

��
)��«x� �?®
x(t0) = ξ = x̂(t0)

�)�76L�¡�x¨m���

l̃(x̂(t1)) +

∫ t1

t0

L̃(t, x̂(t), û(t))dt ≤ l̃(x(t1)) +

∫ t1

t0

L̃(t, x(t), u(t))dt =⇒

⇒ l0(x̂(t1)) +
M∑

j=1

λjlj(x̂(t1)) +
M∑

j=1

∫ t1

t0

λjL(t, x̂(t), û(t))dt

︸ ︷︷ ︸
∑M

j=1 λjyj

+

∫ t1

t0

λ0L0(t, x̂(t), û(t))dt ≤

l0(x(t1)) +
M∑

j=1

λj

(

lj(x(t1)) +

∫ t1

t0

L(t, x(t), u(t))

︸ ︷︷ ︸

yj

dt
)

+

∫ t1

t0

λ0L0(t, x(t), u(t))dt =⇒

⇒ l0(x̂(t1)) +

∫ t1

t0

L0(t, x̂(t), û(t))dt

︸ ︷︷ ︸� �
	
�
�������
� ����� �����
�����
(x̂,û), λ0=1

≤ l0(x(t1)) +

∫ t1

t0

L0(t, x(t), u(t))dt

︸ ︷︷ ︸� �
	
�
�������
� ����� �����
�����
(x,u)

�����
� ��������� ���� 
!�� "�"�# �$�
%
, λ0=1

=⇒ .
��Ê;: ÉF�

< 6)�0�x�  �­'b§)�&�|�)� ® ���)���x�('b§)�x�0�)� � �)�x�0����§K��®��K���)�]��Ê;: É7�N�ö�¡�x¨m���H�">8§�
)�+��� �76��f�×�¡�  � �)� ­)�0�?¤6)®��x¨~�
(P )

�  ��®�� ���K��
)��­)�0�b«x�x�0�0�����)¨m���0�(8  �x® (x̂(t), û(t))
�È­K���¡�

t ∈ [t0, t1]
:#�a��® ���)���)���0�x�h�¡�~�K�

¨m�x�0¨~�q�)�x�0����§K��®��K���)�&�Ä�¡�x¨m�����\>8§�
)�+���w�76;�f�×�¡�  �w�  ��®�� ���K�6�x¨â§)¨â­)�0�$«x�x�0�0�����)¨m���0�(8  �x®C���(6)�h�¡�¡ª��0���
(x(t), u(t))

�È­K���¡�
t ∈ [t0, t1]

: < § �0�?�0�;���o«x§)�f�¡���)��­)�0�$«x�x�0�0�
(x̂, û)

4H¨m��
)���6��§ ����§K��®D���o«x§)�f�¡�
�)�
'b§K��®�'b§)�x�a­)�0�$«x�x�0�0�����)¨m���0�(8  �x® (x, u)

:����7�����»­C�$�)�x¨m���a«x�7
)«x®�§)���A'b§)����­)�0�$«x�x�0�0�
(x̂, û)

4#§)¨
­)�0�b«x�x�0�0�~£��¡��¨m�H­K���¡�

(P )
:

�7��¨t���`�x���0�x¨~��Ê;:ÇC��)�x¨m�7
)�f�¡�¡���)���  �?�0��¨m�����3«x���0��® ª��0���H�&6K���Þ�L��:

�#üCþEü.��ò)þ?ÿ8ü Ï�ü�¼ � L
Ω ⊆ R

n � M�KõuTH-X5ÚTM�Xdj�H3uTH-Xds&LEµ�HJSüL
Q_IF}TM�X÷¶��JLTI
(y, v) 7−→ −H(t, y, v, p(t))

L
y 7−→ l̃(y)

��Ê;: ÓF�
I$aWH*uTH-Xds&LEµWQ_ITSüLNXdjraWH3H{h.LTH-Z9LNK�Q'&Wv)(�IJL�QNOh� Rku9QFv
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�|�?�0��¨m���Ê§)¨t«+���0�m­K���f�¡��«x§)® �����L­C���(4x¨ú�&
b�¡�x���  �?�0��¨m���Z�H�0����§)��
Ä�¡�X�0�x�0§)®h�:���)��:
uV�büCþ_��Á�� Ï�ü�Ï � LxÚNQ

S
M�K²uTH-X5ÚTM�Xdj�HiuTH-Xds&LEµ�H�X.aWHBs-QJf�RkH3nWL

R
m
S�L`IJLxÚNQ

f : S → R
M�KG}TM�X÷¶_aWH

n&M�Q_I�s&L9f_LTI*n&R }�LNZTLNX.uNRx{7s&Lw��IJH7q�Z9L
S
v*�üXdjraWHJS

f � uTH-Xds&LEµWQiIJL3L�IJH-KBLNXdj�L2IJLTS`Q K�Q&j�Z^R>µ�ø�LTITINR�Q&X.QnWLNXYH-jrQFnFQ\OdH-Z
∇2f � IJLNK2R�nWLx�cXdR�nFQ�O,HJINR�j�R�s-QFv

¬ �)�x¨m�7
)�f�¡�¡���+���m�)�X�:��®��0�x�0§)®h�:���)��4w�K���K�3�x¨� �:Ç1.:,���&�+���¡���3��1�+)�×�0�?���?ÃJÓ7Ó7ÊF�^:c����¨m���Ê§)�¡���
�x�0�0�w�0�x�0§)®h�:���)�3­K���¡�H«x�7
)«x®�§)���Ê�3�^�L�x¨m­)®��m�H�0����§)����:
n<þ«��Á�ù��8ü Ï�ü�¼Mý �*�W�.ºª���KýäüCþ,+�º��Kýäþ_ò;¸Eÿ�¢�ü�ÿ ¬ H-X;INR�nWLNZ9L�H\O.Z9H7q���LNK�Q�¸

minx(t1)
′Dx(t1) +

∫ t1

t0

[
x(t)′Qx(t) + u(t)′Ru(t)

]
dtINMwÚ�LNR�j�H*Q

ẋ = Ax(t) +Bu(t), u : [t0, t1] → R
m

x(0) = ξ,
〈
cj, x(t1)

〉
= yj, j = 1, 2, . . . ,M,

H-X.nWL
cj ∈ R

n, x(·) : [t0, t1] → R
n, A ∈ R

n×n
L
B ∈ R

n×m
vPG%°�M�R�S

Ω = R
m
v

� MJOdH-X.nWHò°�MdL
D = D′, Q = Q′

L
R = R′

SüI$aWH�IJLNK2R«OdHJINR�j�R�s-QinWLx�cXdR�nFQ_ITSpLNXdjraWH­H ¬ H-ZTH��8{&Z^RkH
&Wv�-2IJL
Q^Oh� Rku9QFv
< 6)�0�x�  ��'b§)�&�.'b§K��®�'b§)�x�Z­)�0�$«x�x�0�0� (x̂, û)

­K���¡�3��'b§K��®ä�^�L���f�:�
p
�w¨�§)®h�¡��­)®h�h«+���)���0�x�

λ1, . . . , λM�¡�?�¡����>-�&�x��
)�)�m����«x�7
)�)�����$�x���)�m¢� �¢ 4X£��¡��¨m�;:
rÈü.��ºª¾7¿)ü�£�¬��)�x¨m�7
)�f�¡�¡���+���X�)�x�f�¡���0���0�x�0§)¨m���x¨ ¨m���f�¡�¡���Ý'b§)�Z���c>8§�
)���b�x���)�N�d
)���K���U�x¨¦��Ê;: ÓF�

�¡���3«x�7
  �^�)�����C�7
)�)� (y, v) = (x̂(t), û(t))
�K�

H
�
l̃
�¡���3�K���K�����K�3�0����§)�g
b�¡�\>8���0¨~�;=

H(t, y, v, p) =
〈
p,Ay +Bv

〉
− λ0(y

′Qy + v′Rv) e l̃(y) = λ0y
′Dy +

M∑

j=1

λ(cjy).
��Ê;:gÃJDF�

�a�x�0�  �&
)�)�"��Ê;: ÓF���?�94X�0����§�
)�K�3���0�)�x¨­�)­K���¡� H �
l̃
�K���)����­<������Ê;:gÃJDF�^�)�76L�¡�x¨m����:

∇y

(
−H

)
=

〈
0, A

〉
+ 2λ0y

′Q =⇒ ∇2
y −H = 2λ0Q.

∇v

(
−H

)
=

〈
0, B

〉
+ 2λ0v

′R =⇒ ∇2
v −H = 2λ0R.

∇y l̃ = 2λ0y
′D +

M∑

j=1

λ(cj) =⇒ ∇2
y l̃ = 2λ0D.

��Ê;:gÃ7Ã_�
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¬ ¨~�?�¡�0���AÍZ�x�0�0� �&
K���K��>8§�
)�+���
−H

46�K���K�#­<���
∇2 −H =

(

∇2
y

(
−H

)
,∇2

v

(
−H

)) :� �§)®h�¡�]¤
­)®���«+�&
)�)�

∇2
(
−H

) ­<���
(y, v)′

�H�x�('b§)�x�0�K�m�
(y, v)

�H�)���0�x�h�:�;�L«x��¨
(y, v) ∈ R

n+m �)�76L�¡�x¨m���

(y, v)′
(

∇2 −H
)

(y, v) = (y, v)′(2λ0Q, 2λ0R)(y, v) = 2λ0(y
′Qy) + 2λ0(v

′Rv).�6���)��'b§)�
Q
�
R
�¡��� �0�x¨m��­<���0�h�¡�  ���3�)�N�d
)���K�����7� λ0 ∈ {0, 1}

���¡�x¨m����'b§)�
2λ0(y

′Qy) +

2λ0(v
′Rv) ≥ 0

:����7�����

(y, v)′
(

∇2 −H
)

(y, v) ≥ 0, ∀y ∈ R
n, ∀v ∈ Ω.

��Ê;:gÃ_C7�

 �§)®h�¡��­)®��h«+�&
)�)�­��Ê;:gÃ7Ã_�7­C���
y′
�H�x�('b§)�x�0�K�m�

y
�H�)���0�x�h�:�;�L«x��¨

y ∈ R
n �)�76L�¡�x¨m���

y′(∇2
y l̃)y = 2λ0y

′Dy.¢`�x®��3¨m�x�0¨m�m���(��§)¨m��
Ä�¡�3§)�¡���)�~�&
Ä�¡�x�0�����0¨m��
Ä�¡�&�L�¡�x¨m���P'b§)�
2λ0y

′Dy ≥ 0
:����7�����

y′(∇2
y l̃)y ≥ 0, ∀y ∈ Rn.

��Ê;:gÃJÊF�
¬a�0�0��¨­�)�)�*��Ê;:gÃ_C7�7�B��Ê;:gÃJÊF�^�K��­)®���«+�&
)�)�H���`�x���0�x¨~��Ê;: Ê;�)�¡�x¨m���P'b§)�#���P>8§�
)���$�x�
��Ê;: ÓF�7�¡���m«x�7
$¤

 �^�)�����C®��7�����L�B�7���0��® ª��0����Ê�:gÃw�0�w��­)®���«+�;:
�7��¨â���0�0���Ä�¡�x¨m�����)�x¨3�7
)�f�:�¡���)��'b§)�Z�#­)�0�76)®��x¨~�q�)�Ä�X�0����§)® ���)���0�x��'b§K���)�¡ª?�¡��«x�����b§)¨~�X�0��®�§)�+���

��
)«x�7
Ä�¡�¡���K�3­<�x®��
PMP

4q£��¡��¨~�;:
ß2à.áFà/. �,021<õ43 5 ë3ì<ñ 6 õ,ðÑå 7 óSëFæ98 : õFçéë ; å²ñ í < óSëRì<ë4=Mì<ñ �äñ�ãOå > çéõ43 5 ë
����¨m����«x�7
)�0���)�x�¡���Ê�&'b§)�È­)�0�76)®��x¨~���7�0�x¨ �0�x�f�¡�0�����$�x�Ê�)���¡��­<�i��Ê;: ÊF�^:V1$�?�0�

S ⊆ Rn+1 :Ý�|�?�0��¨m����3­)�0�76)®��x¨~�H�&6K���Þ�L��=

min l(t1, x(t1)) +

∫ t1

t0

L(t, x(t), u(t))dt

(
P (t0, ξ)

) �0§-�f�x�h�¡�m�
ẋ(t) = f(t, x(t), u(t)), q.t.p. t ∈ [t0, t1]

x(t0) = ξ; u(t) ∈ Ω, q.t.p. t ∈ [t0, t1]

(t1, x(t1)) ∈ S, S ∈ R
n+1.
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¬P'b§)�k�
t1 > t0, u : [t0, t1] → R

m,
�
S
43§)¨�«x�&
-�f§�
b�¡��«T+K��¨~���)� uTH-X5ÚTM�Xdj�H"Q*� s&H : < �x�f�:���)�

�  ��®�§)���?�94��?�¡��
�������� «x�7
-�f§�
Ä�¡� ��®  � S 
)� ��
)�f�:�&
b�¡� t1 �7��§��0�?�0�;�7­K���¡� �¡�b�)� t ∈ [t0, t1)
�7� ­K���

(t, x(t))

K���3­<�x�f�¡��
)«x�#�

S
�K¨~���

(t1, x(t1))
­<�x�f�¡��
)«x�&:��U�?�0�m��)D����§)�¡�2Ê;:gÃw�&6K���Þ�L��:

)D����§)�¡�2Ê;:gÃ7=V�7�7
-�f§�
Ä�¡�~��®  � S
�6��¨m���Ê�?�94w�&'b§)��«x��¨m�H�)�×�¡�x�0¨m��
K�����H���¡��¨~��®h�h�K���)�6�)�X§)¨t­)�0�$«x�x�0�0�

(x, u)
�76L�¡���)�3�?�¡�:�  4x���)�¢� �¢ª:Ý�|�x�0�x¨3���m���0����§)���H«x��¨m�  �x�0�g�K«+���H�0��§)¨�­)�0�$«x�×�¡�0��4o£��¡��¨m���?�¡�¡�  4x�H�)��§)¨�¨�4×�¡�$�)� �)�

 �x�0�g�K«+���+���*6K���0�+���)�*
K�m��'b§K���+�����)�
Ía��¨m��®]�¡�7
$¤�#���«x�76)�^¤?�7�×®�®h¨m�&
�:0�|�x�0�x¨m����'b§)���x�0�0���0�x�0§)®h�:���)�B4¨~�����p>8���f�¡�&�»­<�����a��­)�0�$«x�x�0�0��£��¡��¨m�m­<�$�)���0�x�6�76L�¡���)��­C����'b§K��®�'b§)�x�6«+��¨m��
�+)���<­C���6�^�L�x¨m­)®����»­<���
�76)�0�x�  �����$�x��:
Ï�ü�¼yü�À�ü�¼ {�¹�ºª½ª¾7¿)üMº`�d�8üCþ
����¨m���7�0§)­<���0'b§)�6�H­)�0�76)®��x¨~�

(P (t0, ξ))
­<���0�0§K��¨�8�
)��¨3��:c1$�?�0�

V (t0, ξ)
�x�0�0�  ��®�����¨�8�
)��¨3����7
)�)�#��>8§�
)�+���

V : R × R
n → R

��4w«T+K��¨~���K�m�)��ï�ºª½ª¾7¿)ü ���d�8üCþW: < 6)�0�x�  �
'b§)�#­K���¡�3«+���K�m­K����)��«x�7
)�)�����b�x�H��
)��«x�����h�
(t0, ξ)

�U��­)�0�76)®��x¨~���¡�x¨ §)¨  ��®����w¨�8�
)��¨3���)���f�¡��
Ä�¡��:­�|�x�0�x¨m���H���0����§)�����®���§)¨~���m­)�0��­)�0���x�K���)���0�x® ��«x���7
K���K���B��>8§�
)�+���  ��®����$�Ê���*'b§K�����*
)���B>8���9
)�×«x�x�¡���"§)¨~��>8���0¨~� �)�
 �x�0�g�K«+�����0�X§)¨t�K���)�3­)�0�$«x�x�0�0�B4X£��¡��¨m����§i
K����:
�wþEü,ù`þ?ÿ��$ý��Ký�� Ï�ü�¼ Ý Q&Z(Q °�M�Q*�8°�MdLNZÝO�Q&Z�QFn&K2R�ITIw­�s&Lw�

(x, u)
XYH`R�Xdj�LNZ^s-Q*��H

[t0, t1]
ScQ,}TM�X÷¶_aWH

W (s) =

V (s, x(s)) +

∫ s

t0

L(t, x(t), u(t))dt � X.aWHBnWLTuNZ9LTIJuTLNXdj�L$v
l3��Á ü.½ª N¸Sþ_�d¾7¿)ü�£

1$�?�0�
(x, u)

§)¨ ­K�������)¨m���0�(8  �x®<­K���¡� P (t0, ξ)
: ³ §)�x�0�x¨m����¨m���f�¡�¡���V'b§)�&�)­K���¡�

t0 ≤ s1 < s2 ≤

t1
�

W (s1) ≤ W (s2).¢U�0��¨m�x���¡��¨3��
Ä�¡�&�)�76)�0�x�  ��'b§)�
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W (s2) −W (s1) = V (s2, x(s2)) +

∫ s2

t0

L(t, x(t), u(t))dt− V (s1, x(s1)) −

∫ s1

t0

L(t, x(t), u(t))dt

�&���0§)­K�&
)�)�m�����)§K������
Ä�¡�����¡�����Ê��«x��¨~�;�L�K���)��'b§)�
s1 < s2

�K�&6L�:�×¨m���

W (s2) −W (s1) = V (s2, x(s2)) +

∫ s2

s1

L(t, x(t), u(t)) − V (s1, x(s1)).
��Ê;:gÃ$ÆW�

�6���K���o��'b§K���+������«x��¨~�;�È­<�b�)�x¨m���w�-�K�0¨~����'b§)�
W (s2) −W (s1) ≥ 0

:3�a��>-�?�¡����­C�����q�K���)�
'b§)�

s1 < s2
�a� «x§)�f�¡���)� §)¨æ­)�0�$«x�x�0�0�s£��¡��¨3�"­K���¡�

P (s1, ξ)
4 ¨m��
)���o��§
����§K��®A'b§)� � «x§)�¥¤

�¡� �)�o§)¨�­)�0�$«x�x�0�0� £��¡��¨m��­K���¡�
P (s2, ξ)

:����7�����U­<�x® ���)�N�d
)���+��� �)�
V
�U�¡�x¨m���

V (s2, x(s2)) ≥

V (s1, x(s1))
: �`�x¨m���3�:��¨
6.4x¨Ë'b§)� ∫ s2

s1

L(t, x(t), u(t)) ≥ 0
:æ���7�����7�K���K� � ��'b§K�?�+������Ê;:gÃ$ÆW�^�

�¡�x¨m���
W (s2) −W (s1) ≥ 0

:ü�7��¨m��'b§)�x�(8 ��¨m���Ê¨m���f�¡�¡����:
1$§)­<�7
�+K��¨m�����&�����¡�2'b§)�

V
�0�?�0�3�)�g>8�x�0��
)«x� ª  �x®k:c�Z�¡�&
)�)�~�3¢U�0��­)�0���x�K���)��Ê;:gÃ7�)�76L�¡�x¨m���

0 ≤
dW

ds
(s) =

d

ds

(

V (s, x(s)) +

∫ s

t0

L(t, x(t), u(t))
)

dt =⇒

⇒ 0 ≤
dW

ds
= Vt(s, x(s)) + Vx(s, x(s))ẋ(s) + L(s, x(s), u(s)),

­K���¡���¡�$�)�3­)�0�b«x�x�0�0�����)¨m���0�(8  �×® (x, u) �)� P (t0, ξ)
:

< �0�x�0§)®h�:���)�3�76L�¡���)�3��«x��¨~�

)�����)���\'b§)�

0 ≤ Vt(t, x) + Vx(t, x)f(t, x, u) + L(t, x, u),
��Ê;:gÃ_Ø7�

­K���¡���¡�$�)�3­K���
(t, x)

�&
Ä�¡�x���)�3«x�7
-�f§�
b�¡�m��®  � S �K�X­K���¡���¡�b�)� u ∈ Ω
���(6)�h�¡�¡ª��0�h��:

�wþEü,ù`þ?ÿ��$ý��Ký�� Ï�ü�À � MJOdH-X;m�Q °�MdL
(x∗, u∗)

S2uTH-K j?LNKAOdH²�cX.Q*�
t∗1
S � M�KõO.Z9HJuTLTITIJH Û-j�R�KBHBO�Q&Z9Q�HO.Z9H7q���LNK�Q

P (t0, ξ)
v?�üXdjraWHJS0Q%}TM�X÷¶_aWH

W
uTH-Z^Z9LTI�OdH-X.nWLNXdj�L

W ∗(s) = V (s, x∗(s)) +

∫ s

t0

L(t, x∗(t), u∗(t))dt

� u^H-X;INjrQ&Xdj�L$v
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l3��Á ü.½ª N¸Sþ_�d¾7¿)ü�£
1$�?�0��¨

t0 ≤ s1 < s2 ≤ t∗1
:��c
b�:�����)­<�x® �3¢U�0��­<���0���+����Ê;:gÃ&�

W ∗(s2) ≥ W ∗(s1).

¢`���(4x¨­�K�0�q�¡�  �x�0¨m��� W ∗(s2) > W ∗(s1)
�K�3�)�x�0����§K��®��K���)�X�&6K���Þ�L�  ��®��x�0� �

V (s1, x
∗(s1)) <

∫ s2

s1

L(t, x∗(t), u∗(t))dt+ V (s2, x
∗(s2)),

�
'b§)�q«x�7
b�¡�¡���)���6�����¡��¨~��®h�h�K���)�Z�)�
(x∗, u∗)

:|�a��>-�?�¡���$­<�������x�0�¡�H�)�×�¡�g��§K��®��K���)��
)�����)����'b§)�q�^�L���f�¡�
§)¨�­)�0�b«x�x�0�0�

(x∗, u)
�x�f�¡�0�h�:��¨m��
Ä�¡�H¨~������!N6K���¡�?�¡�,!×­K���f�¡��
)�)�o�)�

(s1, x
∗(s1))

�?�94H����®  �*�d
K��®k���)�'b§)�X�0����§)�����3­)�0�$«x�x�0�0�
(x∗, u∗)


)�m��
Ä�¡�x�  ��®�� [s1, s2]
�X�)�x­C���������¡��¨m�g�+����:

���7�����
W ∗(s2) = W ∗(s1)

�)­K���¡�H�¡�b�)�
s1, s2

�x¨
[t0, t

∗

1]
:

¢`�x® ���#�)§K���#­)�0��­)�0���x�K���)�x�#��­)�0�x�0��
b�:���K�����&'b§)���0�76)�0���i>8§�
)�+���
W (s)

�`�¡�x¨m����'b§)�&�
W
4�
K���

�)�x«x�0�x�0«x��
b�¡�q���w®��7
����w�)�A'b§K��®�'b§)�×�7­)�0�$«x�x�0�0���L�Z«x�7
)�f�:�&
Ä�¡�6���#®��7
����w�)��'b§K��®�'b§)�x��­)�¡�b«x�x�0�0�H£��¡��¨3��:
1$§)­C�7
)�)�q��
Ä�A�?�

W
�)�g>8�x�0��
)«x� ª  �x®k��«T+)���Ä��¨m���c�a�0����§)��
Ä�¡��«x�7
)«x®�§)�¡���6�0�76)�0�Ê��>8§�
)�+��� W (s)

���6®��7
����
�)�3­)�0�$«x�x�0�0�~£��¡��¨m�

(x∗, u∗)

)�3��
b�¡�x�  ��®�� [t0, t

∗

1]
:

0 =
dW ∗

ds
= Vt(s, x

∗(s)) + Vx(s, x
∗(s))f(s, x∗(s), u∗(s)) + L(s, x∗(s), u∗(s)), ∀ s ∈ [t0, t

∗

1].

�7
)�)�
Vt

�
Vx

�¡�������a�)�x�0�  ���K���a�K��>8§�
)�+���  ��®�����«x��¨©�0�x® ���+���~���m�¡�x¨m­C�
t
�<�  ���0� ª  �x®ä�)�#�x�f�:���)�

x
�0�x�0­C�x«×�¡�  ��¨m��
Ä�¡�&:1$���^�L���f�¡���a§)¨~�m�¡�¡�_�f�×�¡£��0� �m£��¡��¨~�

x∗(·)
«x���0�0�x�0­<�7
)�)��
Ä�¡�m����«x�7
Ä�¡�0��®��

u∗(·)
�È��
Ä�:���o­K���¡�m�¡�$�)�

­K���
(t, x)

�K�0����§)��
)�)�m���¡�¡�-�f�×�¡£��0� �H�&
Ä�¡�x���)�w��®�«+�&
)�+���Ê�3«x�7
-�f§�
Ä�¡�~��®  � S �L�¡�x�0�x¨m���

0 = Vt(t, x) + Vx(t, x)f(t, x, u∗) + L(t, x, u∗).
��Ê;:gÃJÜF�

­K���¡�3��®���§)¨
u∗
�K�7
)�)�

u∗
4q�m«x�7
Ä�¡�0��®��q£��¡��¨m�

)�m­)�0�7
Ä�¡�

(t, x)
:

�a�B��Ê;:gÃ_Ø7�7�B��Ê;:gÃJÜF�^�L�¡�x¨m���P'b§)�&�C­K���¡�H«+���K�3­C�7
b�¡�
(t, x)

�&
Ä�¡�x�Z�)�
S
�

−Vx(t, x)f(t, x, u) − L(t, x, u)







≤ Vt(t, x), ∀ u ∈ Ω

= Vt(t, x),
­K�?�:�3��®���§)¨

u ∈ Ω.

�'�f�¡��4&�
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Vt(t, x) = max
u∈Ω

{

− Vx(t, x)f(t, x, u) − L(t, x, u)
}

.

����¨m���7�)�N�d
)���Ê�&�����¡�#��>8§�
)�+���H«x�7
�+)�x«x���K��«x��¨m�H� s&LNZ(nFQFnWLNR�Z(QR}TM�X÷¶_aWH"ø`Q&K2RI� j�H-XdR�Q&X.Q :U�a��
)�?¤
�:���0�x¨m���Ê�x�0�¡�2>8§�
)�+���m­<���

H
=

H(t, x, p) = max
u∈Ω

{
H(t, x, u, p)

}
.

¬ ­K���f�¡�����K�~�)�N�d
)���+���~�)�
H
�K�¡�x¨m���Z�)�×�¡�x�0¨m��
K���)���3��'b§K���+�����)�
Ía��¨m��®]�¡�7
$¤�#���«x�76)�^¤��7�x®�®h¨m�&


��Í�#7�P�^=

H(t, x,−Vx(t, x)) = Vt(t, x).
��Ê;:gÃ_E7�

< 6)�0�x�  ��'b§)�X�x�f�:ª3��
)«x®�§�8��K�

K�H��'b§K���+���~��«x��¨~�H�H�0����§)��
Ä�¡�X«x�7
)�)���+���3�)�\>8�0�7
Ä�¡�x���¡�

V (t0, ξ) = l0(ξ), ∀ (t0, ξ) ∈ S.

Ï�ü�¼yü�À�ü�À �#ü.½`ý`ÿ�¾7¿)ü�r«º�¨Ý¢Äÿ���½.¸J��ý�� j2¸Eÿ�Á��d�-ÿ8ý��Ký��
¬��94o�&'b§)�  ��¨m����'b§)�&�U�0����­K��� (x∗, u∗)

�����¡�x¨m­C�"�d
K��®
t∗1
>8���0¨~��¨�§)¨~� j�Z^R Oh�gQ Û&j�R�K�Q �)�

­)�0�76)®��x¨~�
P (t0, ξ)

�`��
Ä�:�����3>8§�
)�+���
W ∗(·)

4m«x�7
)�f�:�&
Ä�¡�~����®��7
������)�×�¡�0�m­)�0�$«x�x�0�0��:3�U�f�:�i4m§)¨~�
«x�7
)�)���+��� 
)�x«x�x�0�¡ª��0� �"­K���¡�"���¡��¨~��®h�h�K���)�&: ¬a®�4x¨ �)���0�0���a���"®��7
����"�)�{'b§K��®�'b§)�x�o��§L�¡�0�"­)�0�$«x�x�0�0�
���)¨m���0�(8  �x®k�)�
>8§�
)�+��� W (·)

4\
K���m�)�x«x�0�x�0«x��
b�¡�&:0�7��¨m�3«x�7
)�0��'�©���
K«x� �;�K�¡�x¨m���p'b§)�w�2>8§�
)�+���  ��®�����¡�?�¡����>-�&�X�H��'b§K���+���m�)��Í�#7� ��Ê;:gÃ_E7�^:Ý�|�?�0��¨m�����&�����¡��§)¨~�H«x�7
)�)���+���3�0§;�K«x����
Ä�¡�w�)�X���¡��¨~��®h�h�K���)�&:
uV�büCþ_��Á�� Ï�ü Â ý �#ü.½`ý`ÿ�¾7¿)ü� $º�¨Ý¢Äÿ���½.¸J��ý���üd¸Eÿ�Á��d�8ÿ8ý��Ký��Oÿ

� MJOdH-X;m�Q °�MdL
W(t, x) � M�K�Q%}TM�X÷¶_aWH °�MdL\I�Q7j�R�Ix}^Q_f
Q_I
uTH-X.n&R¹¶��JLTI�QFqTQ&R>µ�H7vý ÿZÿ

Wt(t, x) + Wxf(t, x, u) + L(t, x, u) ≥ 0, ∀ (t, x) ∈ R
n+1, ∀ u ∈ Ω

v

ý ÿ-ÿZÿ
W(t, x) ≥ l(t, x), ∀ (t, x) ∈ S,

L�°�MdLTS«O�Q&Z(Q3Q*� U&MWK O.Z9HJuTLTITIJH
(x̂(·), û(·))

LNK
[t0, t̂1]

I$Q&j�R�Ix}NQJf
ý ÿ-ÿ-ÿ�ÿ

Wt(t, x̂(t)) + Wx(t, x̂(t))f(t, x̂(t), û(t)) + L(t, x̂(t), û(t)) = 0
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ý ÿ�� ÿ
W(t̂1, x̂(t̂1)) = l(t̂1, x̂(t̂1))

v
�üXdjraWHJS

(û(·), x̂(·))
LNK

[t0t̂1]
S � M�K O.Z9HJu^LTI9IJH�K2R�XdR�K2RgfJQ&Xdj�L�nWH\O.Z9H7q���LNK�Q P (t0, ξ)

v
l3��Á ü.½ª N¸Sþ_�d¾7¿)ü�£

1$�?�0�
(x, u)

§)¨�­)�0�b«x�x�0�0�����)¨m���0�(8  �x®ª'b§K��®�'b§)�x�6�)�N�d
)���)�*
)����
Ä�¡�x�  ��®�� [t0, t1]
:`�7�7
)�0���)�x�¡�&
)�)�

'b§)���2>8§�
)�+���
W
�)�N�d
)���K��
)�3�¡�x���0�x¨~�;�C�0�?�0�m�~«x§)�f�¡���)�m­)�0�$«x�x�0�0���)�~­)�0�76)®��x¨~�

P (t0, ξ)
�  ��¨m���«x��¨m­K���¡�����  ��®����Ê�)� W(x, u)

«x��¨t�  ��®������)� W(x̂, û)
�)­K���¡�

(x̂, û)
�)�N�d
)���)�m�x¨

[t0, t̂1]
:

¢U�0��¨m�x���¡��¨3��
Ä�¡�&�  ��¨m���X§)�¡���#���X«x�7
)�)�����$�x�*�8����� �Z� �8�  �6­K���¡���)�×�¡�x�0¨m��
K�?�X§)¨~�o�0�x® ���+����­K���¡�
W(t0, ξ)

:Ý����¨m���Ê��
Ä�¡�����¡�����8����� �|«x��¨t�0�x® ���+���m���H�¡�x¨m­C�
t

)�m��
Ä�¡�x�  ��®h� [t0, t̂1]

:
∫ t

t0

(

Wt(t, x̂(t)) + Wx(t, x̂(t))f(t, x̂(t), û(t)) + L(t, x̂(t), û(t))
)

dt = 0.

¬Ê�)¨m�h�¡��
)�)�\'b§)�Z«+���K�X­K���0«x�x® �X�)��
Ä�¡�0�#�K�X��
Ä�¡�����¡��®K��«x��¨~�\4���
b�¡�����¡ª  �x®K�x¨ [t0, t]
�b­K���¡�

t0 < t ≤ t̂1
�

�X§)�¡�&
)�)��'b§)� d

dt
W(t, x̂(t)) = Wt(t, x̂(t)) + Wx(t, x̂(t)) ˙̂x(t)

�)�76L�¡�x¨m���

W(t̂1, x̂(t̂1)) −W(t0, ξ) +

∫ t̂1

t0

L(t, x̂(t), û(t))dt = 0.
��Ê;:gÃJÉF�

1$§�6)�f�¡�h�¡§)��
)�)�
W(t̂1, x̂(t̂1)) = l(t̂1, x̂(t̂1))

�8«x�7
)�)���+���"�8�  �(�7�x¨ ��Ê;:gÃJÉF�^�)�76L�¡�x¨3���

l(t̂1, x̂(t̂1)) +

∫ t̂1

t0

L(t, x̂(t), û(t))dt = W(t0, ξ).
��Ê;:gÃJÓF�

¬A�����¡�;����
Ä�¡�����¡�&
)�)���8���ä«x��¨ �0�x® ���+���q���a�¡�x¨m­<�
t
���6®��7
����6�)�q­)�0�b«x�x�0�0�

(x, u)
��
b�¡�x�  ��®�� [t0, t1]

�
�X§L�¡��®��g�+�&
)�)�3�H«x�7
)�)���+���"�8�������x¨t�0����§)���K�;�)�76L�¡�x¨m���

l(t1, x(t1)) +

∫ t1

t0

L(t, x(t), u(t))dt ≥ W (t0, ξ).
��Ê;:ÇC&DF�

�a�B��Ê;:gÃJÓF�7�B��Ê;:ÇC&DF�^�L�¡�x¨m���

l(t̂1, x̂(t̂1)) +

∫ t̂1

t0

L(t, x̂(t), û(t))dt

︸ ︷︷ ︸@ �
" ���� 
���
��� @ �
"�"�� (x̂, û)
�
!

[t0, t̂1]

≤ l(t1, x(t1)) +

∫ t1

t0

L(t, x(t), u(t))dt

︸ ︷︷ ︸@ �
" ���� 
���
��� @ �
"�"��������
� ��������� � (x, u)
�
!

[t0, t1]

.
��Ê;:ÇC�Ã_�

@Z���¡�c'b§)�&�?�Ê® ���)�Ê�x�('b§)�x�0�)�Z�K�Ê�)�x�0����§K��®��K���)�p��Ê;:ÇC�Ã_�<�0�x­)�0�x�0��
Ä�:����«×§)�0�¡���)��­)�0�b«x�x�0�0�
(x̂(t), û(t))

�
­K���¡�

t ∈ [t0, t̂1]
:U�a�w® ���)�q�)���0�x�h�¡�q�K�X¨m�x�0¨~�q�)�x�0����§K��®��K�?�)�Ê�¡�x¨m���U�X«x§)�f�¡�#�)�X­)�0�$«x�x�0�0�����(6)�h�¡�¡ª��0���
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(x(t), u(t))
��­K���¡�

t ∈ [t0, t1].
< § �0�?�0�;�ä��«x§)�f�¡���)��­)�0�$«x�x�0�0�

(x̂, û)
43¨m��
)���q��§ ����§K��®ö����«x§)�f�¡�

�)�
'b§K��®�'b§)�x�6­)�0�$«x�x�0�0�����)¨m���0�(8  �x® (x, u)
:`���7�����»­<�$�)�x¨m���a«x�7
)«x®�§)���A'b§)�H�~�¡�0��­)® �

(x̂, û, t̂1)
4�§)¨

­)�0�b«x�x�0�0�~£��¡��¨m�H�)�
P (t0, ξ)

: :
@Z���¡��'b§)�w��>8§�
)�+�?�  ��®����0
K�E�:§)�¡��®h¨m��
b�¡�a�¡�?�¡����>-�&�q����«x�7
)�)�����$�x�`�8�������8�����^: < ­)�0�76)®��x¨~��46�^�)�E¤�:��¨m��
Ä�¡�6«x��¨m�H«+��®h«x§)® ªE¤'® ��:| ������K���)�x¨m�7
)�f�¡�¡���+���H�)���¡�x���0�x¨~�

)����¨m���f�¡�¡�
'b§)�\
K���24\
)�x«x�x�0�¡ª��0���

�0�x�a�2>8§�
)�+���  ��®������)¨~�����0��¨ 'b§K��®�'b§)�x�p>8§�
)�+����'b§)�#�¡�?�¡����>-���+�3���Z«x�7
)�)�����b�x�
�8�����B�8�����^:V�U�0�¡����>8§�
$¤���b�x�|�¡���X«T+K��¨~���K���U�)� }TM�X÷¶��JLTIAnWLps&LNZ^R �üu9Q=¶_aWH ���Ê�0�x�  �x¨ ­K���¡�  �x�0�g�K«+���U�0�Ê§)¨k­)�0�$«x�x�0�0��'b§K��®�'b§)�x�
(x, u)

4q£��¡��¨m�#��§i
K����:|¢D���¡���0�x�Ê£��¡��¨m����4\
)�x«x�x�0�¡ª��0���  �x�0�g�K«+�����¡�q�H­)�0�$«x�x�0�0�3�¡�?�¡����>-�&���8�������U���8�  ��x¨t«x�7
-�f§�
Ä�¡�m«x��¨t§)¨~��>8§�
)�+���m�)�  �x�0�g�K«+���+�����K���f�¡��4&�d'b§)�X�¡�?�¡����>-�&���8���7�B�8�����^:
�a��>8���0¨~�i���x�¡��®k���¡�x¨m����'b§)�&�ö�K���)����­)�0�76)®��x¨~�

P (t0, ξ)
�D�)�  �x¨m������«^+K���w§)¨~�3>8§�
)�+���"'b§)��¡�?�¡����>-���+�����ä«x�7
)�)�����$�x�ü�8���»�A�8�����<�)���`�x���0�x¨~��Ê;: Æ�:ª�U�0�¡�p>8§�
)�+���Z�0�x�¡ªa�P
)���0�¡�p>8§�
)�+���Z�)�  �x�0�g�K«+���+����:¬A�����¡�;�)�K���)�m§)¨ú­)�0�b«x�x�0�0�*'b§K��®�'b§)�x�Z���)¨m���0�(8  �x® (x, u) ∈ R

n+m �K­K���¡�  �x�0�g�K«+�����0�w�x�0�0�w­)�0�$«x�x�0�0�46£��¡��¨m���$��>8§�
)�+���H�)�  �x�0�g�K«+���+�����)��­)®���«+���K�����x�0�0�X­)�0�b«x�x�0�0���K�)�  �q�¡�?�¡����>-�&�x�x�Ê����«x�7
)�)�����$�x�`�8����� �U��8�  �7�)���`�x���0�x¨~��Ê;: Æ�:
¾Ó�(� ÷ Ù#îHá�õDÙwÝ×ÜBAXáäãxåæÙ�ÛoãxÞäð�õDÜ�áäÙ

����¨m�����x�f�¡§)�K���p
)�x�f�:�3�0�x�+���3­)�0�76)®��x¨~�����)�X«x�7
Ä�¡�0��®��6£��¡��¨m���)�6�¡�x¨m­<�H�)���0«x�0�×�¡��:V�Z¨~��«+���¡��«A¤
�¡�x�(8��f�¡��«+�a�)�x�f�¡�Z­)�0�76)®h�x¨~��4Ê��>-�?�¡�X�)���¡�¡�?�:���0¨m���D�)����'b§K�����b�x���)�Ê�)�g>8�x�0��
)�+���|���X��
  4x�|�)�Ê��'b§K�����$�x��)�g>8�x�0��
)«x� ��������«x��¨m�\
)�q«+���0�X«x�7
Ä�98�
$§)��:ö�a�0>8���0¨~�A���x�¡��®k��§)¨k­)�0�76)®��x¨~�a�)�Ê«x�7
Ä�¡�0��®���£��¡��¨m�a�)���0«x�0�×�¡�
4X�K���)�3�K�H�0����§)��
b�¡�\>8���0¨~�

max J =
T∑

t=0

ft(xt, ut)
��Ê;:ÇC7C7�

�0§-�f�x�h�¡�m�
xt+1 − xt = gt(xt, ut),

��Ê;:ÇC&ÊF�
x0 = b, ut ∈ Ωt, t = 0, 1, . . . , T.

�7
)�)�
J
4H�3>8§�
)«x���7
K��®D�76;�f�×�¡�  �o�)��­)�0�76)®��x¨~�;� ft : R × R → R

s
gt : R × R → R

43�o��'b§K���+���
�)��
d/�¨m�h«+�;�

Ω
47�a«x�7
-�f§�
Ä�¡�a�)�7«x�7
Ä�¡�0��®��x�D���)¨m���0�(8  �x����� T ≥ 0

4��Z�¡�x¨m­<���d
K��®k�?�
b ∈ R

4���«x�7
)�)���+���
��
)��«x� �?®)­K���¡�w�w�x�f�:���)��:Ý���?¨m�����0§)­C���ü'b§)�Z�w�¡�x¨m­C���d
K��®

T
4p�;�L���$��'b§)�A
K����+Kªw�0�x�f�¡�0���+���w�0�76)�0�a�

�x�f�:���)�B�d
K��®
xT

:a¬Ê�)¨m�h�¡���f�x¨m���p'b§)�H��>8§�
)�+���
L
�0�?�0��«x�7
Ä�¡��
b§K��¨m��
Ä�¡�#�)�g>8�x�0��
)«x� ª  �x®D�?�94#�¡�N��§�
)�K����0�)�x¨­�)��§��0�?�0�;�

L ∈ C2 :
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�a�\>8���0¨~�����x�¡��®k�$�3­)�0�76)®��x¨~�#�)�q«x�7
Ä�¡�0��®��6£��¡��¨m���)���0«x�0�×�¡�H­<���0�0§)�È�¡�(�x�Ê«+���¡��«×�¡�x�(8��f�¡��«+����­)�0��
)«x�]¤
­K�����P'b§)�X�m�)�N�d
)�&=
Ã7:�¬a�  ���0� ª  �x�h�q­<�b�)�x¨��0�x�X�)�  ���)���K���6�x¨��)�����6«x�7
-�f§�
Ä�¡���X�)���f�¡��
b�¡��������� s-Q&Z^Rx{&s&LNR�I�nWL*LTINjrQFnWH �
xt
�)�w��� s-Q&Z^Rx{&s&LNR�I�nWL
uTH-Xdj�Z9H���L �

ut
s

C�: < «x�7
-�f§�
Ä�¡���)� �0�x�f�¡�0�����b�x� ��Ê;:ÇC&ÊF�o�0�x® ��«x���7
K�����)�g>8�x�0��
)�+����
Ä�¡�0� ���  ���0� ª  �x�����)� �x�f�:���)���
xt+1 − xt

�)­K���¡�H���  ��®����0�x���?�¡§K������� xt
�
ut
�C�?�¡�¡�  4x���K�
>8§�
)�x��� gt

:U¬y�^�L­)�0�x�0�¡���
xt+1 − xt =

gt(xt, ut)
­K���¡�H«+���K�

t
4q«^+K��¨~���K���)� L(°�M�Q=¶_aWHBn&R�Xh|&K2Rku9Q �)�3­)�0�76)®��x¨~�Ss

Ê;:�¬�>8§�
)�+���H�76;�f�×�¡�  �i��Ê;:ÇC7C7�|�x�f�:ª��^�L­)�0�x�0�¡�3«x��¨m�H�#�0��¨~�#�)� (T + 1)
�¡�x�0¨m�����L�6«+���K�

t
¤�4x�0��¨m�

�¡�x�0¨m���)� �0��¨~�?�¡£��0�����)�x­<��
)�)���0��¨m��
Ä�¡�o�)���
t
¤�4x�0��¨m���  ��®����0�x���K���  ���0� ª  �x���#�)�o�x�f�:���)� �«x�7
Ä�¡�0��®��&:��Z¨~��>8§�
)�+���m�76��f�×�¡�  �H�)�x�f�:�q�¡��­<�24X�)�h�:� IJL�O�Q&ZE{&s&Lw� :

¬â�0����§)�����  ��¨m���A>8���0¨~��®��g�+���a§)¨í¨�4×�¡�$�)�o�)�3�0�x�0��®�§)�+���o­K���¡�o­)�0�76)®��x¨~���6�)�H«x�7
Ä�¡�0��®��H£��¡��¨m�
�)���0«x�0�×�¡�o�)���¡��­<�]��Ê;:ÇC7C7�.¤N��Ê;:ÇC&ÊF�^�»�~­K���f�¡���a�K�B>8§�
)�+���o�)���ä�&���¡�&
����H��­)�0�x�0��
Ä�:���K�3
)�o¬a­,��
)�)��«x���A:
�U�0�0�o¨�4×�¡�$�)�"4�«x�7
�+)�x«x���)� «x��¨m����¨�4×�¡�$�)���)�3Ía��¨m��®]�¡�7
�: @��x�0�¡�o¨�4×�¡�$�)�;�U���0��®�§)�+����£��¡��¨~�i4
��
)«x�7
Ä�¡�¡���K�Z��­K���f�¡���È�K���0�x�0��®�§)�+���Z�)�|��'b§K�����b�x�D�)�|�)�g>8�x�0��
)�+��«T+K��¨~���K���ä�)� L(°�M�Q=¶��JLTI0nWLFø`Q&K2RI� j�H-X �
§)�¡�&
)�)�3�94x«�
)��«+�����)�x�0��
  ��®  ���K���Z�x�0­C�x«x� ��®�¨m��
b�¡�q­K���¡�H�x�0�0�X�¡��­<�H�)�X­)�0�76)®��x¨~�;:@Z�x¨ �0�x¨m­)�0���0�x�¡ª"­C���0�(8  �x®a�)���x�x���0� �^�L���f�¡��§)¨ý%�
)��«x�  ��®����~£��¡��¨m� �)� ­)�0�76)®��x¨~�;�Ê­<���(4x¨�^�L���f�¡�x¨©���(��§)¨m��
Ä�¡�����0�x®���«x���7
K���)�����3«x�7
)«+�  ���K���)�X�w«x�7
  �^�L���K���)�w�K�2>8§�
)�+���m�)��Ía��¨m��®]�¡�7
��3�0�x��)�×�¡�x�0¨m��
K���K�X­<�x®��w¨�4×�¡�$�)���W'b§)�6­C�$�)�x¨��Ä���¡�&
Ä�¡�����w�^�L���f�9��
)«x� �w�)�Z�:��®C­<�7
Ä�¡�3�k))���Ä�x���q¦q�0�x��
)¨~�&
��
ÃJÓ7ÉFE7�^:�@a���­
)���w�?�¡��
Ä�:���0�x¨m���`
)�x�f�¡�m¨m��¨m��
b�¡�������f�¡���ä�m��­<��
K���#��­)�0�x�0��
Ä�:���0�x¨m���w��¨�4×�¡�$�)���)�
�0�x�0��®�§)�+����:
ß2à/.Rà.á � C 1<æD3 5 ëGì<ñ 6 õ,ðÑå 7 óSëFæÉñ ë  äãOå&æ<çéè7ê4å&ëÑì<ëGíYî�ï2å.ðÑëLê4õKãOõGë E õ4=�ë

� åF=�çhãOñéóSë
�7�7
)�0���)�x�0�x¨m���a��­)�0�76)®��x¨~�m�)�#���¡��¨m�g�+���+���m�K���)��­<���2��Ê;:ÇC7C7�.¤N��Ê;:ÇC&ÊF�T:�¬µ>8§�
)�+�����)�2�ä�&���¡�&
����

­K���¡�H�x�f�¡�w«x���0��4X�K���)�m­C���

L =
T∑

t=0

ft(xt, ut) −
T∑

t=0

λt(xt+1 − xt − gt(xt, ut))
��Ê;:ÇC-ÆW�
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�7
)�)�
λt

4~� ¨�§)®h�¡��­)®h�h«+���)���)�3�ä�&���¡�&
����~­K���¡���
t
¤�4x�0��¨~����'b§K���+��� �)�]��Ê;:ÇC&ÊF�^:{1$���)�x�0�  ���0¨m�����>8§�
)�+���

L
«x��¨��0�x® ���+�������  ���0� ª  �x���7�)�a«x�7
Ä�¡�0��®��a�a�x�f�:���)�

b§)¨ ­<�7
Ä�¡���x�f�:��«x���7
Kª��0���w�)��­)�0�76)®��x¨~�;�

�76L�¡�x�0�x¨m���Ê§)¨~�H�0�x® ���+���3�)��
d/?¨m��«+����
Ä�¡�0�
λt

�
λt+1

�8¬a­.��
)�)��«x���P�^:c�|�?�0��¨m���Ê��
Ä�:����:
¢U�0��¨m�x���¡��¨3��
Ä�¡�&�)�76)�0�x�  �#�
>8���0¨~���^�L­K�&
)�)���K�3�)�m�0��¨~�?�¡£��0���i��Ê;:ÇC-ÆW�^�

L = f0(x0, u0) − λ0(x1 − x0 − g0(x0, u0))

+ f1(x1, u1) − λ1(x2 − x1 − g1(x1, u1))

· · · · · · · · · · · · · · · · · · · · · · · ·

+ ft−1(xt−1, ut−1) − λt−1(xt − xt−1 − gt−1(xt−1, ut−1))

+ ft(xt, ut) − λt(xt+1 − xt − gt(xt, ut))

· · · · · · · · · · · · · · · · · · · · · · · ·

+ fT (xT , uT ) − λT (xn+1 − xT − gT (xT , uT ))
��Ê;:ÇC7Ø7�

�a�x�0�  �&
)�)� L «x��¨í�0�x® ���+�?���
xt

$§)¨�­<�7
Ä�¡�o�x�f�:��«x���7
Kª��0�����<«^+)���Ä��¨m���A>-��«x��®�¨3��
Ä�¡�
���0����§)��
Ä�¡�

�0�x® ���+���
∂L

∂xt

=
∂ft

∂xt

+ λt
∂gt

∂xt

− λt−1 + λt = 0, t = 1, 2, . . . , T.
��Ê;:ÇC&ÜF�

�a�x�0�  �&
)�)�m�&�����¡�3�
>8§�
)�+��� L «x��¨t�0�x®����+���m�
ut

�)�¡�x¨m���
∂L

∂ut

=
∂ft

∂ut

+ λt
∂gt

∂ut

= 0.
��Ê;:ÇC7E7�

¬a�7�)§K�����0�x® �����$�x���K���K����­<�x® �X��'b§K�����$�×�`��Ê;:ÇC&ÜF�ö�2��Ê;:ÇC&E7�U�¡���#��­)�0�x�0��
b�:���K���7¨~�����Ý>8���0¨~��®�¨3��
b�¡�
'b§K�&
)�)�m�)�N�d
)���0¨m���Ê§)¨~�
>8§�
)�x���

Ht

�K�H�0����§)��
b�¡�\>8���0¨~�;=

Ht(λt, xt, ut) = ft(xt, ut) + λtgt(xt, ut).
��Ê;:ÇC&ÉF�

1$��
)�)�~���0�0��¨­�L�¡�x¨m���Ê�m�0����§)�g
b�¡�X�0���f�¡�x¨~���)�w��'b§K�?���$�x�Z�0�x® ��«x���7
K���)�����
Ht

=

0 =
∂Ht

∂ut

, t = 0, 1, . . . , T.
��Ê;:ÇC&ÓF�

λt+1 − λt = −
∂Ht

∂xt

, t = 0, 1, 2, . . . , T − 1.
��Ê;: Ê7DF�

xt+1 − xt =
∂Ht

∂λt

, t = 0, 1, . . . , T.
��Ê;: Ê;Ã_�
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< 6)�0�x�  ��'b§)�#�3�^�L­)�0�x�0�¡��� λt − λt−1 = −∂Ht/∂xt, t = 1, . . . , T
4X��'b§)�  ��®���
Ä�¡���3�^�L­)�0�x�0�¡���

λt+1 − λt = −∂Ht/∂xt, t = 0, . . . , T − 1
:

¬ �h�¡�x�¡���+���o�K���a�¡�(�x�q��'b§K�����$�x�w��­)�0�x�0��
Ä�:���K���w��«x��¨~��
)���q­C���0�0��6)��®��h�:�m�)�×�¡�x�0¨m��
K���a�o«x�7
-�f§�
Ä�¡�
�)�X�0��®�§)�+���3­K���¡�3���  ���0� ª  �×��� xt, ut

�
λt
:U¬ø>8§�
)�+�?�

Ht
4X«T+K��¨~���K�H�)� }TM�X÷¶_aWHBnWL4ø`Q&K2RI� j�H-X �)��§ø`Q&K2RI� j�H-XdR�Q&X.Q :X¬  ���0� ª  �x® λt

4H� s-Q&Z^Rx{&s&Lw�ÝnWLBuTH�ù(LTINjrQFnWH �)��­)�0�76)®��x¨~�;:q¬��K¨í�)�H¨~�&
Ä�¡�x�0¨m���q�
¨m�x�0¨~�2
)���:���+���3§L�¡��®����+���K�

K�H�¡�x���0� �H�)�X«x�7
Ä�¡�0��®��X£��¡��¨m��«x�7
b�98�
b§)���  ��¨m�����)��
)���:���Z�  ���0� ª  �x®��)�«x�?¤'�x�f�:���)�~�)�~«+���0���)���0«x�0�×�¡�~­<���

p
�C�)�x�Þ�)�&
)�)���  ���0� ª  �x® λ ­K���¡�m�0�x­)�0�x�0��
Ä�:���a�~¨H§)®h�¡�h­)®h��«+���)�����)��ä�&���¡�&
����&:U¢D���(4x¨i��46��¨m­<���f�:�&
Ä�¡�a®��x¨
6)�¡���ü'b§)�X�H«x�?¤'�x�f�:���)�H­K���¡���H«+���0�3�)���0«x�0�×�¡�24q���0�����g
K���)�#�)�

¨�§)®h�¡��­)®h�h«+���)���7�)���ä�-���¡�&
����&:
¬í��'b§K���+������Ê;:ÇC&ÓF�3�0���0�N>8�x�0�{� «x�7
)�)���+����
)�x«x�x�0�:ª��0� � �)�����¡��¨~��®h�h�K���)���K���K� ­<�x®�� ¢� �¢ª:7¬a�

��'b§K�����b�x�2��Ê;: Ê7DF���B��Ê;: Ê;Ã_�7�¡���m«T+K��¨~���K���Ê�)� L(°�M�Q=¶��JLTI�nWL4ø`Q7K2RI� j�H-X :
¬ �x�f�¡�¡�?�94���� ��§)�¡���K��­K���¡���¡�×�¡��®  �x�w���0���f�¡�x¨~���)�×�¡�x�0¨m��
K���)��­<�x® ���w��'b§K�����b�x�i��Ê;:ÇC&ÓF�.¤N��Ê;: Ê;Ã_�A4§)�¡���~� ��'b§K���+������Ê;:ÇC&ÓF��­K���¡� �^�L­)�0�x�0�¡���

ut

�x¨ø�¡�x�0¨m���m�)�
xt

�
λt

������
Ä�:��� �0§�6)�f�¡�h�¡§)���
ut


K���
��'b§K�����b�x�­��Ê;: Ê7DF�X�{��Ê;: Ê;Ã_�^�U����'b§K�������ö«x��¨m��«x�7
)�0��'�©���
)«x� �;�U�0�~�¡���(
K���¡��¨���'b§K�����$�x�H�)�x­C��
)�)��
b�¡�x�
�0��¨m��
Ä�¡���)�

xt

�
λt

:æ�U�f�:���~�)§K���~�N'b§K�����$�x���¡��� �^�L�x¨3­)®����m�)����'b§K���N�$�x���)���)�g>8�x�0��
)�+���������¡���
«x�7
�+)�x«x���K���q«x��¨m�����6��'b§K�����$�x�X�)���)�g>8�x�0��
)�+���)��Ía��¨m��®]�¡�7
�­K���¡���o­)�0�76)®��x¨~�m�)�H«x�7
Ä�¡�0��®���£��¡��¨m�
�)���0«x�0�×�¡��:�¢ö���¡�3­)�0�76)®��x¨~�����&
)�)�#�3�¡�x¨m­C���d
K�?®

T
4`�;�L���»�3«x�7
)�)���+���m�)�X�¡�¡�&
)�  �x�0�¡��®����K���)�w�0�76)�0��  ���0� ª  �x®��)�X«x�?¤'�x�f�:���)��4X�K���K�3­C��� λT = 0

:
�|�?�0�m�H�0����§)���Ê§)¨t�^�L�x¨m­)®��3�0��¨m­)®��x���)�w«×�7
b�¡�0��®��q�)���0«x�0�×�¡��:

n<þ«��Á�ù��8ü Ï�ü�À ¬ H-X;INR�nWLNZ9L�H\O.Z9H7q���LNK�QBnWL2uTH-Xdj�Z9H���L Û-j�R�KBH
max J =

3∑

t=0

−xt + u2
t

��Ê;: ÊFC7�
INMwÚ�LNR�j�H*Q

xt+1 − xt = ut,
��Ê;: Ê7ÊF�

x0 = 0.

Ý Q&Z(QiLTITIJL0O.Z9H7q���LNK�Q_SVQ<}TM�X÷¶_aWHBnWL9ø`Q&K2RI� j�H-X � nFQFnFQ*nFQ�I$L�U&M�R�X�j?LF}�H-Z^K�Q

Ht = −xt + u2
t + λtut.

GAITINR�K�SPH
INR�INj�LNK�Q�úG&Wv)(�H�û�ù�úG&WvI&�-�û � nFQFnWH�OdH-Z
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0 =
∂Ht

∂ut

= 2ut + λt
��Ê;: Ê&ÆW�

λt+1 − λt = −
∂Ht

∂xt

= 1
��Ê;: ÊFØ7�

xt+1 − xt =
∂Ht

∂λt

= ut

��Ê;: Ê7ÜF�
t L�úIJ.vIKwûJS�j�LNKBHJI °�MdL

ut = −λt/2.t QFnWH�Q uTH-X.n&R¹¶_aWH�nWLij�Z(Q&X;INs&LNZ9I$Q*� R�nFQFnWL
λ3 = 0

S
Z9LTIJH�� s-QDúG&WvI&�L�û{Z9LTuNM�Z9INR�s-Q&KBLNXdj�L
O�Q&Z(Q
t =

2, 1, 0
v t LTITI$Q%}�H-Z^K�Q_S0H7q�j�LNKBHJI
HJI�IJLrU&M�R�Xdj�L�s-Q*��H-Z9LTI Û-j�R�KBHJI0O�Q&Z(Q3H�s&LNj�H-Z�nWL
uTH�ù(LTINjrQFnWH

p∗
¸

λ∗ = (−3,−2,−1, 0)′.� M�q^INj�R�j�M�Qiu9QWnFQ3uTHJH-Z(nWLNX.QFnFQBnWL
λ
X.Q3L(°�M�Q=¶_aWHBn�L
LTINjrQFnWH�úG&WvI&�M!ûJS0uTH-K

ut = −λt/2
v

xt+1 − xt = −λt/2, t = 0, 1, 2, 3;
uTH-K

x0 = 0.

t LTITI$Q4}�H-Z^K�Q_S0j�LNKBHJI�HJI�IJLrU&M�R�Xdj�LTI
s-Q*��H-Z9LTI�Û-j�R�KBHJI�O�Q&Z(Q­H_I�s&LNj�H-ZTLTI2nWL�LTINjrQFnWH
x∗
L�uTH-Xdj�Z9H���L

u∗
¸

x∗ = (0,
3

2
,
5

2
, 3, 3)′,

u∗ = (
3

2
, 1,

1

2
, 0)′.

1$�X­<���0�0§)���0¨m���Ê��
)��«x����®h¨m��
Ä�¡�6§)¨t­)�0�76)®��x¨~���)�q�¡�x¨m­C�3«x�7
b�98�
b§)���)�0§K�3�)���0«x�0�×�¡���+���+���H­<�$�)�X�0�x�
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4X«x��¨m���0ªH�)�N�d
)���K�;:U¬P'b§)�k�C�H«x�7
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���d $ xü ¼ £ )C���+�2¨[Z\D;:��6���)�
uk �K�0�x�0��®  �3���|� < ẋk(t) = f(t, xk(t), uk(t))­K���¡�

x(t0) = x0
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k+1(t1))

s
���d $ xü�Â�£ ����®�«x§)®��
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uk+1 �x�f�¡�  �x�P>8���¡�H�)� Ω
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k + 1
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J ′k+1 ≥ J ′k + ν
�)��
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k = k + 1
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>8���ä��­)®���«+���)���$��
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k = k + 1
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n → R
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��Ê;: ÆFE7�

�7
)�)�
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Ä�¡�&�Ä�)�  ��
)�)��0�x���¡�?�¡����>8�x�h�¡�

εk ≥ 0
:U¬ «+���K�H�h�¡�x�¡���+���

k
�K�3�)���0�x�+���

dk 4q�x�0«x��®�+)���K�H�)�X¨m�$�)�2'b§)�&=

∇f(xk)′dk < 0
��Ê;: ÆFÉF�

­K���¡�
∇f(xk) 6= 0

: ³ §K�&
)�)�
∇f(xk) = 0

�U� ¨�4×�¡�b�)��­Kª��¡�;�Y�0ª 'b§)�o��«x�7
)�)���+��� 
)�x«x�x�0�¡ª��0� � �)�
­)�0��¨m�x���¡�����0�)�x¨�4~�:�E�:�h�(>8�×�h�:�;:�¬a���)�g>8�x�0��
b�¡�x���x�0«x��®�+K����­K���¡�����)���0�x�+���

dk �U�¡�?�¡����>-�&�x��
)�)� ��Ê;: ÆFÉF�^��K���3���0�����x¨ �����Ê�)�  �x�0�0����¨�4A�:�b�)���Ê�)�X���¡��¨m�g�+���+���
'b§)�w�h�¡�×¨m�����&6C���0�K���Ê�x¨t§)¨~���×�:��­K�m�H�0����§)�h�$:
¬a®�4x¨ �)���0�0���

εk
�)�  �Z�0�x���x�0«x��®�+)���)�w�X«+���K�X�h�¡�x�¡���+�����Ä��§m�0�?�0�;�$��®�4x¨k�)�Z�)�N�d
)���0¨m���U�x¨�'b§)�Z�)���0�x�+���
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)�K�����)�)�  �x¨m���Ê�:��¨
6.4×¨ �¡�&6<�x�Ê��'b§K�&
Ä�¡�m�&
)�K�����)�)�q¨m�$�)�3�
�Ä���¡�&
b�¡���ü'b§)�\+K�-�0��«x�7
  �x�(�7��
)«x� �H�'b§)�X�x�0�¡�m�0�?�0�m��«x�x®��x�¡���K�­���7�x�f�¡�0��¨E�����ªÃJÓ7Ó7ÓF�^:
n\ $¢�ü.��	�� ý�� l�ÿ8þ_��¾7¿)ü ý�� ñ2ºª $¢7�
v�¡|iø÷F¸Sü�ýäü~ýäüS]oþ_�Ký`ÿ���½.¸J�,£ö¬a­)�0�x�0��
b�:���)�Z�x¨ ÃJÉ&ÆWE�­<���` �:S¬a§���§)�f�¡��
�����§)«^+F�7���x�f�¡�|¨�4×�¡�$�)�

4H�)�3��¨m­)®h�x¨m��
Ä�:���+���*>-ª�«x��®D­<���(4x¨í�)�3«x�7
  �x�(�7��
)«x� ��®���
Ä�:�3'b§K�&
)�)��«x��¨m­K���¡���)�������X�)�x¨~������:
)K���¨m���¡�  ���)�#­C�x® ��
)�x«x�x�0�0���K���)�6�)�6�0�6�76L�¡�x�7§)¨~�#��­)�0�$�L��¨~���+���w��
)��«x� ��®K­K���¡���w�0��®�§)�+�����)��­)�0�76)®��x¨~�;�'b§)�Z­)§)�)�x�0�0�6�0�x���0�N�d
K���K�w­<���f�¡�x�0�����0¨m��
Ä�¡��­<������®���§)¨k��§L�¡�¡�w¨�4A�:�b�)�*�8�� ­4×�¡�$�)�#�)�A@Z�N§Ê�¡�7
��$­<���
�^�L�x¨m­)®��W�^:

@Z�x�f�¡�w¨�4×�¡�$�)�;�L�¡�x¨m���
dk =

¡
∇f(xk)

�K��§��0�?�0�;�

xk+1 = xk − εk∇fxk, k = 0, 1, . . .
��Ê;: Æ7ÓF�

�7��¨����0�0���`���)���0�x�+�?���)��6)§)�¡«x��­K���¡����«+ª�®�«x§)®��o�)��­<�7
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'b§K���0�����f�¡�7���7
K��®V���)���0�x�+��� 'b§)��®��  ������¨�8�
)��¨3���K�­>8§�
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)�)� «x��¨ 'b§)���$«x���¥¤
�¡���a«x��¨m­<���f�:��¨m��
Ä�¡�Z«x�7
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)�a®���
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)�)��«x��¨m�o�76��f�×�¡�  �o�76L�¡�x�q§)¨~�o�0��®�§)�+�?��­K���¡�o§)¨í�0���f�¡�x¨~�
�)�3�:�h­<�

g(x) = 0
�d>8���ä�)�x�0��
  ��®  ���)���m¨�4×�¡�$�)�m�)��@Z�N§Ê�¡�7
�:2z�­<�x«x§)®�� ���Ê�)�x�f�¡�#¨�4×�¡�$�)�m��>-�?�¡�m�)�
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)��«x� ��®K�0�?�0�#§)¨ ­<�7
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�)��¨~�_�L��¨m�g�+���+���æ�kÊ�: ÆWØ7�.¤N��Ê;: ÆFÜF�^�Ê­<�$�)�×¨m���o§L�¡��®��g�+���m�� ­4×�¡�$�)�"�)�]@Z�N§Ê�¡�7
�­K���¡� �)�×�¡�x�0¨m��
K�����
�0��®�§)�+����£��¡��¨~�

x∗
�:��®Ý'b§)�

∇fk(x∗) = 0
���m���0�0��¨��o«x�7
)�)���+���i
)�x«x�x�0�¡ª��0� ���)�3­)�0��¨m�Tf
623����X�)�x�

m�T®h�:�;:¬� 8�x�0~3�
��)�w¨�4×�¡�$�)�
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b�:���+���3�w��§)¨m��
b�:���Z�  �x®��$«x���K���)�X�)�w«x�7
  �x�¥¤�7��
)«x� �;�C«x��¨m���m�0§�6)�f�¡�h�¡§)���+���~�)�
∇2g(xk)

­<���
∇2g(x0)

­K���¡�3�¡�$�K�m�h�¡�x�¡���+�����C��§ ����
)�K�3­<���Z§)¨~�
¨~�?�¡�0���6�0��¨�4×�¡�0��«+�#�)�N�d
)���K�3­C���0�h�¡�  ��«x�7
)�f�¡�0§�8��K�3­C����¨m�x���H�)�X�)�g>8�x�0��
)�+���P�d
)�h�:����:

vSvSvB¡�iø÷F¸Süäýäüa]oþ_�Ký`ÿ���½,¸J�s�#ü.½;ú�º��,�Kýäü�£��`��
)�)���x¨  ���f�:�����w�)�g�K«x§)®��K���)�x�w��­)�0�x�0��
Ä�:���K���­C�x®����X�)�����q¨�4×�¡�$�)���w�&
Ä�¡�x�0�����0�x���ä�x�f�¡�m¨�4×�¡�b�)�o�¡�x¨�«x��¨m��¨m�?�:�  ���+���o¨m�x®�+)���¡���q�  �x®��b«x���K���)�3�)�«x�7
  �x�(�7��
)«x� ���)�o¨�4×�¡�$�)��¦q�¡���)����
Ä�¡���&�ä���o¨m�x�0¨m���¡�x¨m­<���È�)��¨m��
b§)�h�a�3
�%)¨3�x�0���)�H«+ª�®�«x§)®����6�H����0¨~�&�x��
K��¨m��
Ä�¡�H�)�X¨~�?�¡�0���x�x�Ê�^�L�������)���Ê­<�×®��3¨�4×�¡�$�)�3�)��@Z�N§Ê�¡�7
�:
)K���Ê���0�����g
K��®h¨3��
b�¡�o­)�0��­C���f�¡� ­K���¡� �76L�¡�x�3§)¨~� �0��®�§)�x��� ­K���¡� §)¨!­)�0�76)®��x¨~� �)�����¡��¨m�g�+���+���

«x��¨é>8§�
)�+���3�76;�f�×�¡�  ��'b§K���)�¡ª?�¡��«+�;�)�)�H�¡��­<��=
f(x) =

1

2
x′Qx− b′x

��Ê;:ÇØ7C7�
�7
)�)�

Q
4�§)¨~�q¨~�?�¡�0���Ê�)�N�d
)���K�X­C���0�h�¡�  �;:ö¢`�x® �X«x�7
)�)���+���`
)�x«x�x�0�¡ª��0� �w�)�����¡��¨~��®h�h�K���)�&�Ä�w­)�0�76)®��x¨~�4X��'b§)�  ��®���
Ä�¡�w�3�0�x�0��®  �x���3�0���f�¡�x¨~�H®���
)�+���

Qx = b.¬�«+���K�"�h�¡�x�¡���+�����Z� �x�0«x��®�+K�"�K�"�)���0�x�+���
dk 4 >8�x�h�:� �)� ¨m�b�)� ��>8���¡¨m����§)¨ «x�7
-�f§�
Ä�¡� �)�

�)���0�x���b�x� ³ ¤'«x�7
-�f§��Ä���K���Z«x��¨����Z�)���0�x���$�x�a�x�0«x��®�+)���K����
K���a�h�¡�x�¡���N�$�x�6�-
b�¡�x�0�����0�x��: < ­K���0�¡�
εk
�)�  ��0�x���0�x®��x«x���7
K���)�3�)�X¨m�$�)�2'b§)�

f(xk + εkdk) = min
ε
f(xk + εdk).

�Z¨t«x�7
-�f§�
Ä�¡�m�)�X�)���0�x���$�x�
d1, ..., dk ��
K���?¤�
$§)® �����;4 ³ ¤'«x�7
-�f§��Ä���)�3�0�

(di)′Qdj = 0, 0 ≤ i ≤ k, 0 ≤ j ≤ k,
«x��¨

i 6= j.

�U�0�¡���D�)���0�x���$�x�ä­<�$�)�x¨y�0�x�ª���x�¡���K���`�Z­K�?�0�¡�����)��'b§K��®�'b§)�x�`«x�7
-�f§�
Ä�¡�a�)�  �×�¡���0�x�D®���
)�+�?�¡¨3��
Ä�¡�|��
$¤�)�x­C��
)�)��
b�¡�x�$��«x��¨y�Z¨m�x�0¨m�p
W%)¨m�x�0�Z�)���x®��x¨m��
Ä�¡�������?�¡�¡�  4×�`�)�Z­)�0�$«x�x�)��¨m��
Ä�¡�Z�)�cb Z(Q&K²ù � uTm�K�R�n&j :@Z�x�f�¡�6­)�0�$«x�x�)��¨m��
Ä�¡���$�K���)����«x�7
-�f§�
Ä�¡�
χ0, ..., χk �)�  �×�¡���0�x��®���
)�+���0¨m��
Ä�¡�Z��
)�)�x­<��
)�)��
Ä�¡�x���K���  �A¤�¡���0�x�

d0, ..., dk �¡�������x�¡���)�����K�H�0����§)��
Ä�¡�X¨~�&
)�x���¡���0�x«x§)�0�0�  �;=
• d0 = χ0

• di+1 = χi+1 +
∑i

m=0 c
(i+1)mdm

�7
)�)�~���#«x�$�N�K«x����
Ä�¡�x�
c(i+1)m �)�  �x¨ �0�x���×�¡«×��®�+)���)���#�)�~¨m�$�)�"'b§)�

di+1 �0�?�0� ³ ¤'«x�7
-�f§��Ä���)��«x��¨
d0, ..., di :�¢D���¡�3�h�¡�0���)�)�  �  ��®��x�

c(i+1)j = −
(χi+1)′Qdj

(dj)′Qdj
, j = 0, ..., i.
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¢D���¡�3�3�x�0«x��®�+K�H�)���  �×�¡���0�x� χi �K§L�¡��®��g�+��¨m���������¡���)����
Ä�¡�q�K�2>8§�
)�+�?�m�76��f�×�¡�  ���)��§��0�?�0�;�
χ0 = −∇f(x0), ..., χn−1 = −∇f(xn−1)

�7
)�)�
∇f(xk) = Qxk − b

­C������Ê;:ÇØ7C7�^:�1$��
)�)�����0�0��¨­=

d0 = −∇f(x0), dk = −∇f(xk) +
k−1∑

j=0

∇f(xk)Qdj

(dj)′Qdj
dj.

��Ê;:ÇØ&ÊF�

�7��¨m�
∇f(xk)

43���f�¡�7���7
K��®|�����0§�6C�x�0­K���x� ���x�¡���)��­<���
d0, ..., dk−1 �D����'b§K���+��� ��Ê;:ÇØ&ÊF�6­C�$�)��0�x���0�x�)§��x���K�m�

d0 = −∇f(x0), dk = −∇f(xk) + βkdk−1,
��Ê;:ÇØ-ÆW�

com βk =
∇f(xk)′∇f(xk)

∇f(xk−1)′∇f(xk−1)
.

�7�7
)�0���)�x�¡�&
)�)�q§)¨ ­)�0�76)®��x¨~�
n
¤'�)��¨m��
)�0���7
K��®��?�6¨�4×�¡�$�)�Z�¡�x�0¨m��
K�Z�x¨µ
)�6¨~ª_�L��¨m�

n
�h�¡�x�¡�����b�x���

�����0���76L�¡�x�
∇f(xk) = 0

: ¢U�0�76)®��x¨~���w«x��¨ >8§�
)�+��� �76��f�×�¡�  � 
K�?�?¤�'b§K���)�¡ª?�¡��«+���:��¨
6.4x¨�­<�b�)�x¨
�0�x�7�0�x�0��®  ���)���|§L�¡��®����+�&
)�)�X�x�f�¡�a¨�4×�¡�$�)���b��
Ä�¡�0�×�:�&
b�¡�#­<�$�)�×¨��0�x�ü
)�x«x�x�0�¡ª��0� ����¨~�?����'b§)� n �h�¡�x�¡�����b�x�­K���¡�`'b§)�6�w�0��®�§)�+���#�0�?�0�w�76L�¡���K�;:D¬a®�4x¨â�)���0�0���$�w«x�$�N�K«x����
Ä�¡�

βk ­K���¡�w�#«+���0��
K���?¤�'b§K���)�¡ª?�¡��«x�w�)�  ��0�x���)�N�d
)���)�3­<���

βk =
∇f(xk)′(∇f(xk) −∇f(xk−1))

∇f(xk−1)′∇f(xk−1)
.

¬��¡�&�+��� ­K���¡� �x�0�¡� ¨H§)�K�&
)�+�]4­+)�x§)�(8��f�¡��«+� ��
K�?� �0���¡�x¨ø«x�x�f�¡���+� �K� �76L�¡��
)�+��� �K� �0��®�§)�+���
£��¡��¨~�F�T: < ���¡�x�0¨m����
K���?¤�'b§K�?�)�:ªE�:�h«x���H�K� >8§�
)�+��� �76��f�×�¡�  � ����­)�0�$�L��¨~�����$�x�2
K��� ­)�0�x«x���¡���3­K���¡�
εk
�0>-�&�x�x¨ «x��¨ 'b§)���

Q
¤'«x�7
-�f§��Ä���+��� �K���~�)���0�x���b�x�B���x�¡���K���~�0�?�0� ­)�0�7���0�x�0�0�  ��¨m��
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K�����Ê�������¡���)����
Ä�¡�
∇f(xk)

�K®��  �&
)�)�m� ∇f(xk+1) ≈ ∇f(xk)
:
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Ä�¡�0�×�:�&
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�8�«x�������a«+���K�

n
�h�¡�x�¡�����$�x������§��0�x¨m­)�0�P'b§)�Ê�6­C�x�0�K�6�)�Ê«x�7
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
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xt+1 = f(xt) = 0, 25xt + 0, 5 exp

7,6 ln

(
0,30

(
1−

exp(0,517+1,496 ln(u))

1+exp(0,517+1,496 ln(u))

)
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)
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6,8 ln
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exp(0,517+1,496 ln(u))

1+exp(0,517+1,496 ln(u))

)
xt

)

�0§-�f�x�h�¡�m�
x0 = a, a ∈ R ��Æ�: ÓF�
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¨m���  ��®����0�x�q�0�+�����q­C���0�h�¡�  ����:21$��
)�)�����0�0��¨­��«x�7
)�0���)�x�¡�&
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­C�$�)�x¨m����«x® ���0�0�g�K«+���

(S1)
«x��¨m�3§)¨t�0���f�¡�x¨~�H�)��
d/�¨m�h«x�2
K���3®���
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S2







xt+1 = f(xt) = 0, 5 exp
(7,6 ln(0,30xt))

(1,20+0,8 ln(0,30xt)) +0, 5 exp
(6,8 ln(0,05xt))

(2,00+0,67 ln(0,05xt)) +0, 25xt�0§-�f�x�h�¡�m�
x0 = a.
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ûk

t

H(ckt+1, x
k
t , û
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d/�¨m��«x��:

n<þ«��Á�ù��8ü { ü�¼ � LxÚNQ
A
M�K HTOdLNZ(QFnWH-Z4� R�XYL9Q&Z�nWLx�cXdR�nWH2XdM�KõLTI�O�Q=¶-H�s&LNj�H-Z^R�Q*�

E
v�h,H-KBL

E = X
L

θ : R ×X → X
nWLx�cXdR�nFQ�OdH-Z

θ(t, x) = etAx
v�GAI9INR�K�S

θt : X → X
OdH$nWL�IJLNZ�Z9L�O.Z9LTIJLNXdjrQFnFQ�O,H-Z

θt = etA
v×Öq}w{WuNRI��H7q^IJLNZ^s-Q&Z�°�MdL

θ0 = e0 =
R�n_S�L�nWLTI$nWL�°�MdL

es+t = etAesA
Spj�LNKBHJI�nWLx�cXdR�nWH*M�K

INR�INj�LNK�Q*n&R�Xh|&K2RkuTHBLNK
E
v

�U�f�¡���^�L�x¨m­)®����x�f�:ª��0�x® ��«x���7
K���)�P����'b§K���+���Z�)�g>8�x�0��
)«x� ��®
dx/dt = Ax

:��Z¨ �0���f�¡�x¨~�Ê�)��
d/�¨3��«x�
θt�x¨ø���x�¡��®b�Kª����0�����x¨y��§)¨~����'b§K���+���a�)�g>8�x�0��
)«x� ��®k�_'b§)�ü4&��§)¨y«+��¨m­C�  �×�¡���0� ��®Ä�0�76)�0� X � f : X → E
:

@Z�x�f�¡��«+���0�
X
4��¡��¨~���)�6«x��¨m�q§)¨ «x�7
-�f§�
Ä�¡�w�&6<�x�f�¡�X�)�q�x�0­K���x�  �×�¡���0� ��® E :c1$��
)�)�#���0�0��¨­� f ­<�$�)��0�x���)�N�d
)���K�H­<���

f(x) =
dθt(x)

dt

∣
∣
∣
t=0

;
�8¬�:ÇE&�

���0�0��¨­�|­K���¡�
x ∈ X

�
f(x)

4o§)¨  �×�¡���3�x¨ E
�]'b§K��®�­<�$�)�o�0�x�3��
Ä�:�×�¡­)�0�×�:���)� «x��¨m� §)¨  �×�¡����:�&
�����
Ä�¡�A�X«x§)�  � t→ θt(x)

«x��¨
t = 0

:�1$��
)�)�����0�0��¨­���¡�$�)�w�0���f�¡�x¨~�q�)��
d/�¨m��«x�q�Kªw���¡�g���x¨â�X§)¨~�
��'b§K���+���m�)�g>8�x�0��
)«x� ��®k�«��ÍZ���0�0«T+���1$¨~��®��&�,C&D7D7ÊF�^:

���L���f�¡��§)¨~��>8���0¨~�3¨~�����Z«x�7
  ��
)«x���7
K��®D�)�#�x�0«x�0�  �+�q�~�0���f�¡�x¨~� �-¬�:ÇE7�^:\1$� θt : X → X
4�§)¨

�0���f�¡�x¨~�m�)��
d/�¨m��«x�m�
x ∈ X

�»�0�?�0�
x(t) = θt(x)

�
f : X → E

«x��¨m�~�)�N�d
)���K�~�x¨ö�8¬�:ÇE7�^:��c
b�:�����
­C�$�)�x¨m�����0�x�x�0«x�0�  �+�
�8¬�:ÇE7�7«x��¨m�

ẋ = f(x).
�8¬�: ÉF�

�a�x�0�¡�3>8���0¨~�;�
x(t)

��§
θt(x)

4H�0��®�§)�+���o�)�i�8¬�: ÉF�Z�¡�?�¡����>-�&�x��
)�)����«x�7
)�)���+���o��
)��«x����®
x(0) = x

:
< 6)�0�x�  ��'b§)�X�K�
>8���0¨~�
'b§)�X�x�f�:ª3�0�x­)�0�x�0��
Ä�:���K�~�H��'b§K���+��� �8¬�: ÉF�^�K�
>8§�
)�+��� f 
K���3�)�x­<��
)�)�x�¡ª3�)��¡�x¨m­C�

t
:��c'b§K�����$�x�Z�)�x�0�0�X�¡��­<�H�¡���m«T+K��¨~���K�H�)� L(°�M�Q=¶��JLTI�Q&M�jG�-XYH-K�Q_I :

�Z¨��¡£�­)��«x� �0�x®��  �&
Ä�¡�i
)� �x�f�¡§)�)� �)���0���f�¡�x¨~���H�)��
d/�¨m��«x���
4�� �)�×�¡�x�0¨m��
K���+��� �)� LTI�O�Q=¶-H�nWLLTINjrQFnWHJI ����§ LTI�O�Q=¶-H�nWLÖ}NQ_IJLTI �)�X�0���f�¡�x¨~�;:Ý�Z¨k�x�0­K���x�X�)�0>-���0�x��4Ê§)¨k�x�0­K���x�
n
¤'�)��¨m��
)�0���7
K��®���«x§-�f���

�x�Þ�L���|«x�$���0�)��
K���)�����¡���#���|�x�Þ�L���
x1, x2, . . . xn

:c�Z¨â�x�f�:���)��4��0�x­)�0�x�0��
b�:���)�#«x��¨m�w§)¨â­C�7
b�¡�w«x��¨
«x�b���0�)��
K���K���

x1(t), x2(t), . . . xn(t)

)�x�0�0�H�x�0­K���x��:q¬k�  ��®�§)�+���~�¡�x¨m­<���¡��®ä�)�x�0�0�H­<�7
Ä�¡��­<�$�)�#�0�x��)�×�¡�x�0¨m��
K���K��­<�x®��3�0���f�¡�x¨~�H�)�X��'b§K�����b�x�a�)�g>8�x�0��
)«x� �������)�X­)�0��¨m�x���¡�#���0�)�x¨

dx

dt
= f(x),
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X*

U1U

)D����§)�¡��¬�:gÃ7=V�U�f�:�&6)��®����K���)�6�x¨
x∗

�7
)�)�
x = (x1, x2, . . . , xn)

�
f = (f1, f2, . . . , fn)

:�¬a�  ���0� ª  �x�����)�x­C��
)�)��
b�¡�x� xi

�¡���m«^+K��¨~���K���
�)� s-Q&Z^Rx{&s&LNR�IpnWLALTINjrQFnWH :D¬a��>8§�
)���$�x�

fi
�)�N�d
)�x¨k� u9Q&KAOdH`nWLps&Lw�gH_uNR�nFQFnWL �)�x�0�0���0���f�¡�x¨~�2�Ò ��7
Ä�¡�x���0���

C&D7DFC7�^:
�ü+K��¨~�E¤'�0� Z9LNj�Z(Q&j�HBnWL�}NQ_IJLTI ��«x�7
-�f§�
Ä�¡���)�6«x§)�  �����76L�¡���K���7­<�x® �#�  ��®�§)�+���#�¡�x¨m­<���¡��®C�)�H�0���f�¡�A¤¨~�H�3­K���f�¡�����)�q�¡�$�K��������«x�7
)�)�����$�x����
)��«x� �?�h�0
K���p'b§K�����Z���0>8§�
)���$�x�

fi

�¡���3�)�N�d
)���K����:
�|�?�0��¨m���w�&�����¡����®���§�
)�X�¡�×�¡§)®]�A�?�)���w�0�76)�0�����x�f�:�&6)��®h���K���)�3�)�m�0���f�¡�x¨~���w�)��
d/�¨m�h«x���X�)�3�¡�x¨m­<�

«x�7
Ä�98�
b§)��:V�7�7
)�0���)�x�0�X§)¨~�H��'b§K���+���m�)�g>8�x�0��
)«x� ��®È�K�
>8���0¨~�

ẋ = f(x), f : X → R
n, X ⊂ R

n �&6<�x�f�¡� . �8¬�: Ó7�
1$§)­<�7
�+K��'b§)�

f
4w�)�w«x® ���0�0�

C1 :0�Z¨ú­<�7
Ä�¡�
x∗ ∈ X

4w«T+K��¨~���)�m�)�w§)¨ OdH-Xdj�H3nWL2L(°�M�RI��­�q�Z^RkH
�)�B�8¬�:gÃJDF�7�0�

f(x∗) = 0
:

�Z¨�­C�7
b�¡� �)�o��'b§)��®g8�6)�0����­<�b�)�o�0�x�H«x® ���0�0�g�K«+���)� «x��¨m� LTINjZ{&s&Lw� ��§ R�X;INjZ{&s&Lw� :{�|�x�0�x¨m���H���0�A¤
��§)���6��®���§)¨~�?�a�)�N�d
)�����b�x�q�0�x® ��«x���7
K���K�������x�f�:�&6)��®����K���)�w�)���6­<�7
Ä�¡���q�)����'b§)��®�8�6)�0���m�)�H§)¨��0���f�¡�x¨~�
�)��
d/�¨m�h«x�H�)�w��«x���0�)�3«x��¨ ���Ä��­)§�
)�  :
l3��¨Ý½`ÿ�¾7¿)ü { ü�¼ � LxÚNQ

x∗ ∈ X
M�K OdH-Xdj�HBnWL2L(°�M�RI��­�q�Z^RkHBnFQ3L(°�M�Q=¶_aWHBn&R }�LNZ9LNXYuNR�Q*�

ẋ = f(x),

H-X.nWL
f : X → E � nWL�uw�gQ_ITIJL C1

SüL
X ∈ E

QFq^LNZ^j�H7v9�üXdjraWHJS
x∗ � M�K OdH-Xdj�H�nWL�L(°�M�RI��­�q�Z^RkH�LTINjZ{&s&Lw�IJL�O�Q&Z(Q3j�H$nFQ3sJRgf�R�X;m�Q&X÷¶_Q

U
nWL
x∗
LNK

X
LEµ7R�INj�L
M�K�Q3sJRgf�R�X;m�Q&X÷¶_Q

U1

nWL
x∗
LNK

U
SPjrQ*��°�MdL2j�H$nFQ

IJH�� MS¶_aWH
x(t)

SPuTH-K
x(0) ∈ U1

SPLTINjZ{*nWLx�cXdR�nFQ3L2uTH-Xdj�R�nFQ3LNK
U
v�ú­Ø,LxÚNQ*Q Ó RgU&M�Z(Q
G�v�-Fv û

l3��¨Ý½`ÿ�¾7¿)ü { ü�À � L
U1

OdH$nWLNZBIJLNZ LTIJuTH�� m�R�nWH�nWL�}�H-Z^K�QM°�MdLTS�Q*� � K nFQ_I
O.Z9HTO.Z^RkL9nFQFnWLTI­nWLTIJuNZ^R�jrQ_I
X.Q t Lx�cXdR¹¶_aWHBG�v�-_S

x(t) → x∗
S"°�M�Q&X.nWH

t → ∞
S�LNX�j�aWH

x∗ � uTm�Q&K�QFnWH nWL\O,H-Xdj�H nWLiL(°�M�RI��­�q�Z^RkHQ_ITINR�Xdj�H-j�Rku9Q&KBLNXdj�L�LTINjZ{&s&Lw�gv�ú­Ø,LxÚNQ3Q%�ªU&M�Z(Q2G�v)(�v û
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X*

U1U

)D����§)�¡��¬�:ÇC�=��U�f�:�&6)��®����K���)�6¬a�0�0��
b�¡£��¡��«+���x¨
x∗

X*

U

)D����§)�¡��¬�: Ê;=c��
)�f�:�&6)��®����K���)�6�x¨
x∗

l3��¨Ý½`ÿ�¾7¿)ü { ü�Ï�Ù KæOdH-Xdj�H\nWL�L(°�M�RI��­�q�Z^RkH
x∗
°�MdL0X.aWH � LTINjZ{&s&Lw� � uTm�Q&K�QFnFQ\nWLªOdH-Xdj�H`nWLpL(°�M�RI��­�q�Z^RkHR�X;INjZ{&s&Lw�gv t LK}�H-Z^K�Q
UWLNZ(Q*� S0LEµ7R�INj�L`M�K�Q�sJRgf�R�X;m�Q&X÷¶_Q

U
nWL
x∗
jrQ*� °�MdL0O�Q&Z(Q�j�H$nFQ�sJRgf�R�X;m�Q&X÷¶_Q

U1

nWL
x∗
LNK

U
S�LEµ7R�INj�L�OdLw��HBKBLNXYHJI�M�K�QBIJH�� MS¶_aWH

x(t)
R�XdRkuNR�Q&X.nWHiLNK

x(0) ∈ U1

SpQ�°�M�Q*�ªX.aWH`OdLNZ^j�LNXYuTL
R�Xdj�LNR�Z(Q&KBLNXdj�L�Q

U
v ú­ØdLxÚNQ3Q%�ªU&M�Z9Q
G�vI&Wv û

�Z¨ú­C�7
b�¡�m�)�w��'b§)��®�8�6)�0�h�H�)�w§)¨ú�0���f�¡�x¨~�3�)��
d/�¨m�h«x�3­<�b�)�w�0�x�a�x�f�:ª  �x®`¨~���p
K���~���0�0��
Ä�¡���¡��«+��¨m��
Ä�:��x�f�:ª  �x®k:��U¨��^�L�x¨m­)®����)���f�¡�i4m�o��'b§K���+����®���
)�+���
x′ = Ax

�ä�7
)�)�
A
�¡�x¨���§L�¡�  ��®����6��¨~�&���g
Kª��0�h�­)§)�0���)«x��¨t­<�7
Ä�¡�m�)�X��'b§)��®�8�6)�0�h�

x = 0
:

�Z¨t�¡�x���0�x¨~�H��¨m­<���f�:�&
Ä�¡�q�0�x® ��«x���7
K���)���3«x® ���0�0�g�K«+���+���m�)�m­<�7
Ä�¡�m�)�w��'b§)��®�8�6)�0�h�2'b§K�&
Ä�:�~�3�0§K�
�x�f�:�&6)��®����K���)��4X�K���)�m�H�0����§)����:
uV�büCþ_��Á�� { ü�¼ � LxÚNQ

X ⊂ E
M�K QFq^LNZ^j�HJSüL

f : X → E
uTH-Xdj�R�XdM�Q&KBLNXdj�L�n&R }�LNZ9LNXYuNRx{&s&Lw�gv � MJOdH-X;m�Q

f(x∗) = 0
L
x∗
M�KµOdH-Xdj�H*nWL
L(°�M�RI��­�q�Z^RkH*LTINjZ{&s&Lw�ªnFQ3L(°�M�Q=¶_aWH

ẋ = f(x).

�üXdjraWH�XYLNX;m�M�K¦Q&M�j�H�s-Q*��H-Z�nWL
Jf

∣
∣
x∗

j?LNKµO�Q&Z^j�L�Z9L9Q*�;OdHJINR�j�R�s-QFv
�a���x�x¨m����'b§)��§)¨�­<�7
Ä�¡���)����'b§)��®�8g6)�¡�h�­4 m�R OdLNZ�q�Û�� RkuTH �0�

Jf
∣
∣
x∗


K����­<���0�0§)����§L�¡�  ��®����w«x��¨­K���f�¡�q�0�+��®«
b§)® �;:
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Ä�¡���a�)�#��'b§)��®�8�6)�0�h��4#�?�¡�¡�  4x�a�K� }TM�Xy¶��_LTI
nWL�e�R�Q*ùO.M�XYH-s :� ������Ê�)�×�:��®�+)�x��­C�$�)�x¨t�0�x�Z��
)«x�7
Ä�¡�¡���)�����x¨© ��7
b�¡�x���0�"�kC&D7DFC7����ÍZ���0�0«T+���1$¨~��®����kC&D7D7ÊF�^:
��:Ð �:7¦q�0�76)¨~�&
����x¨ßÃJÓFØ&Ó;����¢ª:VÍa���f�¡¨~�&
 �x¨ßÃJÓ7Ü7Ê;��­)�0�  ���¡��¨!��
)�)�x­<��
)�)��
Ä�¡�x¨m��
Ä�¡�"'b§)�&�


K�  ���x��
�+K�&
)�+���)�o§)¨�­C�7
b�¡� �)����'b§)��®�8�6)�0���"+)��­C�x�(6<£�®���«x���D§)¨��0���f�¡�x¨~�"
K��� ®���
)�+���#�)���)��¨m��
)�¡���
n
��­)�0�x�0��
b�:��§)¨�«x��¨m­<���f�:��¨m��
Ä�¡�­'b§K��®��h�:�?�¡�  ��¨m�N
b�¡�3��'b§)�  ��®���
b�¡�~�����0���f�¡�x¨~��®���
)�+���q«x���0�0�x�0­<�7
$¤�)��
Ä�¡�&: < �¡�x���0�x¨~�m�)�2Ía���f�¡¨~�&
$¤f¦q�f�76)¨~�-
­�Ä���¡�&
b�¡�w§)¨~�m��'b§)�  ��®���
)«x� �3�¡��­<��®�£7���h«+�3���(6)�h�:��®���
b�¡�0����a�0�×�¡�¡�?�¡���a�)��>-���0�x�6�)���0���f�¡�x¨~�m�)��
d/�¨m��«x��
K����®���
)�+�������)�~�0�x�0­<�x«×�¡�  �o�0���f�¡�x¨~�~®���
)�+�?�¡�g�+���)���C�x¨�¡���(
)�X�)�X­<�7
Ä�¡�X�)����'b§)��®�8�6)�0�h��:Ý1$���X­C�7
b�¡�X�)����'b§)��®�8�6)�0�h��4p
K���?¤�+)��­<�×�96C£�®��h«x������§3�0�?�0�;�b�0�p+KªX��®���§)¨

��§L�¡�  ��®����6«x��¨í­K���f�¡�3�0�+��®Ý
$§)® ������
b�:�����o®���
)�+���0���x���+���3
K����­<�x�0¨m�h�¡��­)�0�x�)���x�x�w�o�x�f�:�&6)��®����K���)�#�)�
�0���f�¡�x¨~�2
K���3®���
)�+���`�Ò ��7
Ä�¡�x���0���,C&D7DFC7�^:

���d xü"l�ÿ� $¢�þ_�F¸Sü
1$§)­<�7
�+K�w�&�����¡�`'b§)�

T = Z
�b��§m�0�?�0�;�$�x�f�:��¨m���U�¡�¡�&6K��®�+K�&
)�)�X«x��¨ �0���f�¡�x¨~���|�0�x­)�0�x�0��
b�:���)���7�x¨

�¡�x�0¨m���U�)����'b§K�����b�x�7�)�Ê�¡�x¨m­C�X�)���0«x�0�×�¡��: < §)�0�w�)����'b§K�����$�x���)�x�0�0���¡��­<�\4Z���)��'b§K���)��'b§K�&
)�)�X�:�����
���¡�&
)�)���+���|�0£#­C�$�)�x¨  ���0� ���U�x¨â�)�×�¡�x�0¨m��
K���)�X��
)�f�:�&
Ä�¡�x���b�0����§)® ���0¨m��
Ä�¡�Ê�x�0­K���+���)����:V�Z¨ �^�L�x¨m­)®��«x® ª��0�0��«x�o�¡�������X��­)®���«+���+���B�d
K�&
)«x�x���¡�o«x§-�f���X�0��
)�)��¨m��
Ä�¡���q�¡����«x�0�x�)�h�:���)���q�0��¨m��
Ä�¡�3§)¨~�  ���m­<���¨��x��:

¦q�x�¡��®�¨m��
Ä�¡�&�74Ê¨~�����ª>-ª�«x��®L�0��®�§)«x���7
K���ö�0���f�¡�x¨~���ö�)���¡�x¨m­<�q�)���0«x�0�×�¡�X�)�`'b§)�Ê�0���f�¡�x¨~���U�)���¡�x¨m­<�
«x�7
Ä�98�
b§)����­<��������­<�$�)�x¨m���3�0�x�0��®  �x�3� ­)�0��¨m�x���0� «+���0� «+��®�«x§)® �&
)�)� �0��¨~�?�3��­)�0�b�)§L�¡�����7��
�'b§K�&
b�¡�'b§)�����H�0����§�
)�)���3�¡��� �0�x�0��®  ���)���3�?�¡�¡�  4x�H�)����
Ä�¡�����¡�������U§)¨~����­<�x�¡���+��� ¨~�?�¡�x¨~ª?�¡�h«+�"6<�x¨!¨~�����
«x��¨m­)®��h«+���K�;:

¬ �  ��®�§)�+���3�)�m�0���f�¡�x¨~�H�)�q�¡�x¨m­C�3�)���0«x�0�×�¡��4X�K���)�3­<�x® �H�0����§)��
Ä�¡�X�0�x® ���+���
xt+1 = f(xt).

�8¬�:gÃJDF�
�7
)�)�

xt+1
4~�  ���0� ª  �x®ö�)�m�x�f�:���)�­
)���¡�x¨m­<� t + 1

�
f : R → R

43§)¨~�*>8§�
)�+�����)�m«x® ���0�0�
C1 :¢`�$�)�x¨m���U�)�×�¡�x�0¨m��
K���ö§)¨~�6£��(6)�h�:���8��§��:�¡�_�f�×�¡£��0� �F�`�q­K���f�¡���ö�)�Ê§)¨~�6�0��'�©���
)«+� �q�)��­<�7
Ä�¡���c���x�¡���)���

­C�x® �H�0§)«x�x�0�¡�  �~��­)®���«+���+���H�)� f �K�K���)�3§)¨~�H«x�7
)�)���+���3��
)��«x� ��® x0
:

¬a��
)�K�`
)�x�f�¡�6��­.��
)�)��«×��>-��® �?�¡�×¨m���U�K�w�)�×�¡�x�0¨m��
K���+���X�)����­<�7
Ä�¡�����)�Z��'b§)��®�8�6)�0���q�)�Z§)¨â�0���f�¡�x¨~�
�)��
d/�¨m�h«x�Z�)���¡�x¨m­<�a«x�7
Ä�98�
b§)�a�7�)���0«x�0�×�¡��:D¬��K¨ �)�����)� �&
Ä�:���0¨m���ä�x�f�¡���¡�x¨~�;��­C�$�)�x¨m���`�)�×�¡�x�0¨m��
K���
§)¨ ­C�7
b�¡�H�)�q�N'b§)��®�8�6)�0�����

x∗
�)�)�H�0���f�¡�x¨~���)���0«x�0�×�¡�H�K���)�H­<���`�8¬�:gÃJDF����¨m­<�7
)�)���H�0����§)��
Ä�¡�6�0�x® ���+���

x∗ = f(x∗). �§)�h�:���  ���x�x�`4H��¨m­<���0�(8  �x®D�76L�¡�x�q�0��®�§)���$�x�X�&
K��®�8h�¡�h«+���a�^�)�?�:���q�)�H��'b§K�����$�x�X�)�g>8�x�0��
)«x� ������
K���®���
)�+���0�x��:X¢`���(4x¨­�»�0�76 �)�×�¡�x�0¨m��
K���K���a«x�7
)�)�����$�x���È§)¨��0���f�¡�x¨~�*
K����®���
)�+���Z­<�$�)���0�x�X��­)�0�$�L��¨~���)���
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�x¨ �¡���(
)���)��§)¨y­<�7
Ä�¡�Z�)����'b§)��®�8g6)�¡�h���S­<���ä§)¨ �0���f�:�×¨~��®���
)�+���V���`�×���0�x¨~�Z�)�VÍa���f�¡¨~�&
$¤f¦q�0�76)¨m��¨B�^�
�Ò ��7
Ä�¡�x���0���,C&D7DFC7�^:Ý�D��®�­)�0�$«x�x�)��¨m��
Ä�¡��4X«x�7
�+)�x«x���)�3«x��¨m� � R�XYL9Q&Z^RgfJQ=¶_aWH :

� à/.Rà.á � å&æ<ñ�õKãOåFÚéõ43 5 ë ñ"�,=�óSõ ; å 7 å&ì<õFì<ñ�� ëRçéõ 7 ì<ñ"	 ð  �ëFæ,óSë ì<ñ �,021<å 7 è ; ãOå.ë
@Z�x�f�:���0�x�+���Z�¡�¡�?�:���0�x¨m���È�K���x�f�:�&6)��®����K���)�ö�)�|§)¨ ­<�7
Ä�¡�Z�)�|��'b§)��®�8�6)�0�h�Ê�)�|§)¨ �0���f�¡�x¨~�Ê�)��
d/�¨m�h«x�

�)�q�¡�x¨m­C�m�)���0«x�0�×�¡��:V�7�7
)�0���)�x�0�X�m�0���f�¡�x¨~���)��
d/�¨m��«x�­�8¬�:gÃJDF�^:
¢D���¡� §)¨~� �N'b§K���+��� �)���¡�x¨m­C� �)���0«x�0�×�¡�"�)�����0�)�x¨

n
��� ­<�7
Ä�¡�"��'b§)��®�8�6)�0�h�

x∗
4�«+��®�«x§)® ���)�

��¨m­C�7
)�)�2'b§)�&=

xt+n = xt+n−1 = . . . = xt+1 = f(xt) = x∗.¬a�6�0��®�§)���b�x�6�)�#��'b§)��®�8�6)�0���3�)���0���f�¡�x¨~�m�0���f�¡�x¨~�m�)���0«x�0�×�¡���K��>8���0¨~� �8¬�:gÃJDF�Ê�¡�������  ��®����0�x� x∗�:������'b§)�
f(x∗) = x∗

:
¬í�x�f�:�&6)��®����K���)���)�
x∗
4��x�f�¡§)�K���K� �&
K��®����¡�&
)�)� � «x��¨m­C���f�:��¨m��
b�¡� �K���

�0§)«x�x�0�0�  ���3�h�¡�x�¡�����b�x�2'b§)�o­K���f�¡�x¨��)�o§)¨�­<�7
Ä�¡�
xk

®��b«+��®��g�+���)� 
b§)¨~�  ���x��
�+K�&
)�+���)� x∗ :�1$����0��'�©���
)«x� ���)�#­C�7
b�¡���Z�76L�¡���K�~��­)�0�$�L��¨~�E¤'�0�X�)�
x∗
�<��
Ä�:�����x�0�0��­<�7
Ä�¡�B4����0�0��
b�¡���¡��«+��¨m��
Ä�¡�X�x�f�:ª  �x®�s�0�w�H�0��'�©���
)«+� �3�0�w�->-���f�:�;�

x∗
4X��
)�f�:ª  �x®k:1$�?�0�

xk
§)¨t­<�7
Ä�¡��
b§)¨~�  ���x��
�+K�&
)�+�H�)� x∗ �)���f�¡��4&=

xt = x∗ + σt

«x��¨
|σt| = |xt − x∗| ≪ 1

:ü1$�X�3­<�7
Ä�¡�
xt+1

=

xt+1 = f(xt) = f(x∗ + σt)�x�f�:ª�¨~�����w­)�0£$�L��¨m���)�
x∗
�ö��
b�:���

x∗
4o���0�0��
Ä�:�?�:�h«+��¨m��
b�¡�m�x�f�:ª  �x®�s��0���x�f�:ª�¨~�����#�->-���f�:���)��� x∗ 4��
)�f�:ª  �x®k: < ­C�7
Ä�:� xt+1

­C�$�)�X�0�x���x�0«x�0�h�¡�m«x��¨m��=

xt+1 = x∗ + σt+1.�a�x�0�¡�w¨~�&
)�x���¡�;�Ä�X�x�f�:�&6)��®����K���)���)�
x∗
4��)�×�¡�x�0¨m��
K���K�q«x��¨m­K�?�:�-
)�)�?¤'�0�Z�q�)���f�T/&
)«x� �

|σt+1|
«x��¨

�H�)���f�T/&
)«x� �
|σt|
:V1$�

|σt+1| < |σt|
�
x∗
4X���0�0��
b�¡���¡��«+��¨m��
Ä�¡�6�x�f�:ª  �x®�sK�0� |σt+1| > |σt|

�K��
)�f�:ª  �x®k:1$§)­<�7
)�)�\'b§)���6�)���f�T/&
)«x� �
|σt|

�0�?�0�6­<��'b§)��
K�;:����L­K�&
)�)��
)�)�
f(xt)

�x¨ �¡���(
)�q�)�
x∗
�����¡��¨~�&
)�)�

��­C��
K���a�?�94q�3�¡�x�0¨m�H®���
)�+�����)�x�0�¡�m�^�L­K�&
)�¡�����K�76L�94x¨H¤'�0�&=

f(xt) = f(x∗ + σt) w f(x∗) +
df

dx

∣
∣
x=x∗

σt + O(σt)
2.



ÅRÂ`;:&<2b,89x4q5 ÓFE

���  �&
)�)���x¨�«x�7
)�0���)�x�¡���+���i'b§)�
f(xt) = xj+1 = x∗ + σt+1

�ä�o�^�L­)�0�x�0�¡�����&
b�¡�x�0�����6­C�$�)�3�0�x�
�0��¨m­)®��Þ�K«+���K��­K���¡�;=

σj+1 = λσt�7
)�)�
λ
4X�K���)�3­<����=

λ =
df

dx

∣
∣
x=x∗¢`���f�:�&
b�¡���

|σt+1| < |σt|
��¨m­)®h�h«+�

−1 < λ < 1
�$��'b§)�a«x���0�0�x�0­<�7
)�)���w�x�f�:�&6)��®����K���)�Z���0�0��
Ä�¡£��¡��«+�;:

¬A
K��®��7�Ä��¨3��
b�¡�&�
|σt+1| > |σt|

��¨m­)®h��«x�
λ > 1

�
λ < −1

�K��'b§)�w«x���0�0�x�0­<�7
)�)���H��
)�f�:�&6)��®��h�K���)�&:
1$�

λ = +1
��§

λ = −1
���

f
§)¨~� >8§�
)�+���]
K��� ®���
)�+�����|��
Ä�:����
K��� �0��­<�$�)���)�×�¡�x�0¨m��
K���H�

�x�f�:�&6)��®����K���)�q�)�
x∗
­<���Z�x�0�0�#¨�4×�¡�$�)��:Ê¢D���¡�m�0�x�0��®  �x�Z§)¨©­)�0�76)®��x¨~�H�)�x�0�0�#�¡��­<���K­<�b�)�A¤'�0�#§L�¡��®��g�+���

� K � j�H$nWHBn&R�Z9LNj�H*nWL�e Þ7Q^O.M�XYH-s ��§�� j�LTH-Z^R�Q3nFQ�s-Q&Z^RkL9nWQFnWL�uTLNXdj�Z(Q*� ���Ò ��7
Ä�¡�x���0���,C&D7DFC7�^:�a��>8���0¨~�����x�¡��®k�<�x¨�§)¨©�0���f�¡�x¨~�m®���
)�+�����C�*%�
)��«x��­C�7
b�¡���;�L�
x∗
4����0�0��
Ä�¡���¡��«+��¨m��
b�¡�X�x�f�:ª  �x®'b§K�&
)�)�a�Z¨m£b�)§)®����)�a��§L�¡�  ��®������0�x® ��«x���7
K���)�Z�����0���f�¡�x¨~���)��
d/�¨m��«x�P4�¨m��
)����'b§)��Ã7:Ý1$���a��§L�¡�  ��®�����¡�x¨ú¨m£b�)§)®��3¨~�������0'b§)�BÃ7�K�~­C�7
b�¡�m�)�w��'b§)��®�8�6)�0�h��4X��
)�f�:ª  �x®k:�¢D���¡�3�0���f�¡�x¨~���p
K���~®���
)�+���0�x�P6K���f�:���­)®���«+���7�2�`�x���0�x¨~���)��Ía���f�¡¨~�&
$¤f¦q�f�76)¨~�-
��«�Ò ��7
Ä�¡�x���0���dC&D7DFC7�^:�����¨m���ü>8���0¨~��®��g�+���|�:��®È�0�x�0§)®h�:���)�

­C�x® �H­)�0��­<���0���+���3�X�H�¡�x���0�x¨~�3�H�0����§)����:
�wþEü,ùUü. +ÿ�¾7¿)ü { ü�¼�Û INR�INj�LNK�Q*n&R�Xh|&K2RkuTH

xt+1 = f(xt) � ��HJu9Q*� KBLNXdj�L
LTINjZ{&s&Lw�ªLNK j�H-Z^XYH*nWH\OdH-Xdj�HnWL
L(°�M�RI��­�q�Z^RkH
x∗
IJLTS0L\IJH-KBLNXdj�L�IJL

∣
∣
∣
dxt+1

dxt

∣
∣
x∗

∣
∣
∣ < 1

uV�büCþ_��Á�� { ü�ÀÑý uü�büCþ_��Á�� ý����­�)þJ¸_Á��d½�¡¨]oþEü,â�Á��d½�ÿ Û uTH-K�OdH-Z^jrQ&KBLNXdj�H�nWL`M�KåINR�INj�LNK�QBn&RIù
Xh|&K2RkuTH�X.aWH � R�XYL9Q&Z\nFQR}�H-Z^K�Q

xt+1 = f(xt)
LNKåM�K�Q2sJRgf�R�X;m�Q&X÷¶_Q�nWL�M�K OdH-Xdj�H�nWL�L(°�M�RI��­�q�Z^RkH

x∗ �j�HTOdH���H9U&Rku9Q&KBLNXdj�L2L(°�M�R�s-Q*��LNXdj�L2QWHiuTH-KAOdH-Z^jrQ&KBLNXdj�L
nWL
M�K INR�INj�LNK�Q � R�XYL9Q&Z
xt+1 = f ′(x∗)xt

SpnWLTI$nWL°�MdL
|f ′(x∗)| 6= 1

v
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Ä�¡�0�$�)§��x���m�"¨�4×�¡�$�)�"�)�{�ä�&���¡�&
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K���?¤'®��g
)�+����:Ý�U�f�¡�a¨�4×�¡�b�)��4Z§L�¡��®��g�+���)�X­K���¡�w�0�x�0��®  �x�7­)�0�76)®��x¨~���|�)�Z���¡��¨m�g�+���+���X«x��¨��0�x�f�¡�0�����b�x�7�)�����§K��®��K���)�6�)�H�¡��­<�

max f(x)
���A:gÃ_�

�0§-�f�x�h�¡�m�
g(x) = 0, x ∈ R

n.
���A:ÇC7�

�7
)�)�
f : R

n → R
4#§)¨~�2>8§�
)�+���*
K���~®���
)�+�����

g : R
n → R

4��m�0�x�f�¡�0���+���~�)��­)�0�76)®��x¨~�;:0����¨m���

)�����0�x�f�¡�0��
������Ê�&'b§)�ä�

x ∈ R
2 �)��§��0�?�0� x = (x1, x2)

′
�
x1, x2 ∈ R

:
v�½.¸J�bþ_ù`þ_�F¸J�d¾7¿)ü��,�bü.Á�÷F¸Sþ?ÿ�¢7� ýäü�ù`þEü,â�����Á��
¬A
Ä�¡�x�Ê�)�a�^�L­)®���«+���7���f§)�f�¡�g�K«+���7��¨�4×�¡�b�)���)���ä�&���¡�&
����&�  ��¨m���V>-�&�x�x�7§)¨~�w­<��'b§)��
K�H��
Ä�¡�x�0­)�0�A¤�:���+�������x��¨�4A�:�0��«x�H�)�~­)�0�76)®��×¨~�H�)�x�0«x�0�h�¡�~­C�x® ������'b§K�����$�x�2���A:gÃ_���*���A:ÇC7�^:0�7�7
)�0���)�x�0�#�3�0§)­<�x��>�8�«x���

�¡�0���)��¨3��
)�0���7
K��®

z = f(x1, x2).
�k�A: Ê7�

< 6)�0�x�  ��'b§)�&�È«x��¨í�o��§)�(��
)«x� �~�K���0�x�f�¡�0���+���]���A:ÇC7�Z­C�$�)�x¨m���6­C�x�0«x���0�0�x�q®��  �0�x¨m��
Ä�¡���~�0§)­<�x�¥¤>�8�«x���X�-�K¨ú�)�w�)�×�¡�x�0¨m��
K���Z��®���§)¨ ­<�7
Ä�¡�~�x�f�:��«x���7
Kª��0�����)�w­K���f�¡��«x§)® ���0¨m��
Ä�¡�&�K� !×¨~�������J!a�)�x®��x���  �?�0��")D����§)�¡�"�A:gÃ7:�¢`���#��§L�¡�0��® ���)���D�0����¨m­C���0¨m���w���0�x�f�:�0���x��� ���A:ÇC7�X����­)�0�76)®��x¨~�;�`�x�f�:���0�x¨m���#�0�x�¥¤
�¡�0��
�����
)�)���3
)���0�0��¨m�  ��¨m��
Ä�¡�3��§)¨í«x�x�f�¡��«+��¨m��
�+)�o�)��
Ä�¡�0���)�x�f�:�o�¡§)­C�x��>�8�«x���&:
�U�f�¡�3«+��¨m��
�+)�*4
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�)�N�d
)���)�H«x��¨m�H����
Ä�¡�x�0�0�x«x�+���3�K���0§)­<�x��>�8�«x�����8��'b§K���+���­���A: ÊF�(��«x��¨t�#�0�x�f�¡�0���+���­�8§)¨~�#«x§)�  �;��
)�x�f�¡�«+���0�W���)�N�d
)���K�H­<�x® �H��'b§K���x���{���A:ÇC7�^:

)D����§)�¡�2�A:gÃ7=,X���+O#(-ZH\[> (6>#2$&#('d-&#!$7)7-76>����


)D����§)�¡�2�A:ÇC�=,X���+O#(-ZH\[> (6>#2 !
�'L-&#!$7)7-76>����

< ¨~�������  ��®����w�)� f ­K���¡����­)�0�76)®��x¨~���)�N�d
)���)��­<�x® ���#��'b§K�?���$�x�­���A:gÃ_�X�{���A:ÇC7�^�Ý4~��¨~���h��� ��®����q��®�«+�&
)�+���)���0�76)�0�H��«+��¨3��
�+)�o�)�×�¡�x�0¨m�g
K���)���8­<�7
Ä�¡� B �^�È�2
K���342
)�x«x�x�0�¡���0� ��¨m��
Ä�¡�H��¨~�?����� ��®����Ê�K�H�0§)­<�x��>�8�«x�������A: ÊF�`�8­C�7
b�¡� B0

�^:c�|�?�0�3��)D����§)�¡�2�A:gÃ7:
¬��K¨��)�6§)¨~�w¨m�x®�+)���|�0�x­)�0�x�0��
Ä�:���+�������x��¨�4×�¡�0��«+�w�)��­)�0�76)®��×¨~�;�  ��¨m���7­)�0�-�f�×�:���7�#�0§)­<�x��>�8�«x������A: ÊF�a�0�76)�0�m�o­)® �&
)�

(x1, x2)
�?�¡�¡�  4x�X�)���X¨~��­K���q�K���q�0§K���w«x§)�0�¡���X�)��
�8  �x®��8��§ «x�7
Ä�¡���(
)���T�^:H¬�0�x�f�¡�0���+���­43�0�76)�0�x­<���f�:��«x��¨m����«x§)�  �­
)�x�f�¡�m­)® �&
)���76L�¡���K�o­<�x® ���0�x® ���+��� g(x1, x2) = 0

:��|�?�0���
)D����§)�¡�2�A:ÇC�:

< ­<�7
Ä�¡�
B
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Ä�¡�H�x�f�:��«x���7
Kª?�¡�h�

K���
4\
)�×«x�x�0�:���0� ��¨m��
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)D����§)�¡�2�A: Æ�=K^�
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tan θ = −
∂f

∂x1
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∂x2

,
���A: ÆW�
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θ
43�"/&
���§)®����)�N�d
)���)�­
K�­)D����§)�¡�i�A:ÇØ�:*1$�m«x�7
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tanφ = −
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∂x1
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∂x2

,
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���§)®����)�N�d
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g(x1, x2) =
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�8  �x®��)� z = f(x1, x2)
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)D����§)�¡�2�A:ÇØ�=Ka,��c5���>
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���)&
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−
∂f

∂x1

/ ∂f

∂x2

= −
∂g

∂x1

/ ∂g

∂x2

.
���A: ÜF�

�U�f�:� «x�7
)�)���+�������f§�
Ä�:��¨m��
Ä�¡�o«x��¨!���0�x­)�0�x�0��
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)��­)§)® �����b�x�ö�0�76)�0�Z�6��'b§K���+���*���A: ÜF�^: < �
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∂f/∂x1

∂g/∂x1

=
∂f/∂x2

∂g/∂x2

.

C�:V�7��¨m­K���0�q«+���K�H§)¨ �)���Ê® ���)��������'b§K���+���m��
)«x�7
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∂f/∂x1

∂g/∂x1

= λ,

∂f/∂x2

∂g/∂x2

= λ.

Ê;:�5��+���0�¡�&
����X���Ê�0�x�0§)®h�:���)�����76L�¡���)���Ê�x¨¦C

∂f/∂x1 − λ∂g/∂x1 = 0,
���A:ÇE7�

∂f/∂x2 − λ∂g/∂x2 = 0.
���A: ÉF�

Æ�:|�a�N�d
K�~�
>8§�
)�+���
L
�K�3�0����§)��
Ä�¡�\>8���0¨~�

L = f(x1, x2) − λg(x1, x2),��
Ä�:���~���Ê��'b§K�����$�x�
���A:ÇE7�7�B���A: ÉF��­C�$�)�x¨t�0�x�Z�0�x�x�0«x�0�h�:����«x��¨m�

∂L/∂x1 = 0,
���A: ÓF�

∂L/∂x2 = 0.
���A:gÃJDF�
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e«QJU&Z(Q&X�UWL :
�U�f�¡�#�0�x�0§)®h�:���)�~­<�b�)�#�0�x��>-�?«x��®�¨m��
Ä�¡�X�^�L­K�&
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max f(x1, x2, . . . , xn)�0§-�f�x�h�¡�m�
g1(x1, x2, . . . , xn) = 0

g2(x1, x2, . . . , xn) = 0

· · · · · · · · · · · · · · · · · ·

· · · · · · · · · · · · · · · · · ·

gm(x1, x2, . . . , xn) = 0,

�7
)�)�
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n → R
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)�+���������p>8§�
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gj : R
n → R
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j = 1, . . . ,m
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�3«x�7
-�f§�
Ä�¡�m�)�X�0�x�f�¡�0�����$�x���)�3­)�0�76)®��x¨~�;:



À �ÂÁ��j�²¶��"� e

� ·n���Ji�· � � �d��� ± ³d�­¶�� · � �g�µ´�� · � �k���×à�· ���
� i��k�m���k� Ä �k�²¶��Æáj�k�

÷ ��� ëíãxåæãxî�×oãxî�ÛoÙ�èæëíÜÊó Ü�î�ÛSâ�î�ð7ãxèôèXÙ#Þ¯Í�Ü�õ ¥ ãxð7ã+Û�èwÞ

1$�x¨���%  ���K�����)�#��­)®���«+���+���w�)�A+)�x�(6)��«x���K�?�ü
K����® �  ��§)�¡����«x��¨m��>8���¡¨m�X�)�a«x��¨26K�?�¡�x�7������
;>8�x�f�:�E¤���b�x��­<���7­)® �&
Ä�:�����K�&
)��
�+K��4q�X�94x«�
)��«+�#¨~������«x��¨�§)¨�
)�#¨m�x�����&���(8�«x��®��;�$��'b§K��®Y���x�¡��®<��®h�¡����«x§)�f�¡���
���3­)�0�$�)§L�¡�����X­)�0�x�b«x§)­K�����$�x�a�0�76)�0�w��'b§K��®����K���)���d
K��®��)�m­)�0�b�)§L�¡���K­<�����Ê¨H§)�h�¡���0+)�x�(6)��«x���K����­C�x�¥¤
¨~�&
)�x«x�x¨ ­<���7¨�§)�h�¡�w�¡�x¨m­<���x¨ �)�×�¡�x�0¨m��
K���)������®���¨3��
Ä�¡���7¨m�x�0¨m�#�0��
)�)�H�¡�¡�?�:���)���7«x���0�0�×�:��¨m��
Ä�¡�
��­C£��|�6«x��®�+)�x�h�:�;:`¬a®�4x¨ �)���0�0���Ä�0�Ê�`+)�x�(6)��«x���K��>8���U��­)®���«+���)�6�)�0>8���0¨~�a�)�x�0«x�7
Ä�¡�0��® ���K�6­<�b�)�A¤'�0�p���x�¡���
§)¨~�H�0�x�0���f�9��
)«x���3�K�H­)® �&
b�:�H���3­)�0�$�)§L�¡��'b§�8�¨m��«x�H§L�¡��®��g�+���)���«�-¢`�_§�®��x����1�+K�&
)�x���YC&D7D;ÃJ�N:

�a�x�0�¡�#¨~�&
)�x���¡�\���x�¡��®k�F4Z��
Ä�¡�x�0�x�0�¡�&
Ä�¡�a�x�f�¡§)�K����>8���0¨~���U�)�Z�)��¨m��
b§)�h�|�X�)�x­<��
)����
)«x� �w�K�X§L�¡��®����+�E¤
�+�����)�A+)�x�(6)��«x���K���ü
K���7® �  ��§)�¡����«x��¨m��>8���¡¨m�w�)�6«x�7
Ä�¡�0��® ���7���7��
;>8�x�f�:�����$�x�7­<���7­)® �&
Ä�:�����K�&
)��
�+K����:�U¨��a�_�$®h�{�?ÃJÓ7É&ÓF�^�D�a�J�$®�� �?ÃJÓ7Ó;Ã_�6�~¢D�&
�
)�x®�®A�?ÃJÓ7Ó7D��F�^�ä­<�$�)�x¨m���w��
)«x�7
Ä�¡�¡���w¨m�$�)�x®����`'b§)�  ���¡��¨�0�x�)§��x�����\>8�0��'�©���
)«x� �w�a�?�|�:�_�)�����)�Z§L�¡��®��g�+���+���q�)���V+)�x�(6)��«x���K�����b����'b§K�����U�:�N
b�:��¨â�)�A�:�×�¡¨3��
K���|­K���¡�
'b§K������
�8  �x���#�)����
;>8�x�f�:���+�����)��­)® �&
Ä�:���#�K�&
)��
�+K���#�0�x�0� ��¨ �f§)�f�¡�g�K«+ª  �x���#����«x§)�f�¡����«x��¨ «x�7
Ä�¡�0��®��&�
­C�����Z�)�x­<��
)�)��
)�)���K�m�)��
)�0���K���)�#�K�m��
;>8�x�f�:���+����
K����4#­)�0�x«x���0�~§L�¡��®��g�+���P+)�x�(6)��«x���K������
)�x¨ú¨m�x�0¨m�
��§L�¡�¡���X�94x«�
)��«+���#�)�m«x�7
b�¡�0��®��-:� ��$�)�x®����w«x��¨��x�0�¡��«+���¡��«×�¡�x�(8��f�¡��«+���¡����«^+K�?¨~���)���w�)� KBH$nWLw��HJI*nWL
nWLNX;INR�nFQFnWL\K²­�XdR�K�Q :
)C�?�¡���0�x�D�0�x® ��«x���7
K���)���D�����D��¨m­K��«×�¡���`��¨26)����
Ä�:�����ä­<�$�)�x¨ �0�x�ö��
)«x®�§�8��)���ª
)�x�0�0�x�U¨m�$�)�x®������?­<���(4x¨

­C��§)«x�����x�f�¡§)�)���|�¡�¡�?�:��¨ �)�×�¡�¡�#���0�0§�
Ä�¡��:ö¬a®���§)¨~���U��
)«x�x�f�¡���+���|­<�$�)�x¨ ­K�����¡���U�0�76)�0�����|¨m�$�)�x®����U�)�
�)��
)�0���K���)��¨�8�
)��¨m�;�E­C�����`�0����§�
)�)�6�a�_�$®h���?ÃJÓ7ÓFE7�^�?�^�L���f�¡�x¨y�¡�(�x��>-�?�¡���0�x�`­)�0��
)«x��­K�����«'b§)�7��
[pK§)��
)«x� ��¨

K���)�×�¡�x�0¨m��
K���+���H�)�x�0�¡�H�)��
)�0���K���)�q¨�8�
)��¨m�;��'b§)�q�¡���3���:��¨~�&
�+)���K�H­C��­)§)® ���+���H�K��­)® �&
Ä�:���K�&
)�]¤

�+K�;�È�B>8§�
)�+����§)�¡���K��­K���¡���)�×�¡�x�0¨m��
K���0¨m���a�~­<�x�0�K���)���0��
)�)��¨m��
Ä�¡�*
K��«x��®�+)�x�]�A�m�)�  ���)�o�o���+���

ÃJD&Æ



G ¢ ¡ �K1S¤?FA4q=H�64:(0,�(+*';:&<9:,>=m=Ä1E(2Æq4:F5¤?,89:,82L=?( ÃJDFØ

�K��­)® �&
Ä�:���K�&
)��
�+K�;�L�X��>8���0¨~�#�K��>8§�
)�+���3�)�q�)���0�A¤'�0�x�0­C���f�:�3�)�2+)�x�(6)��«x���K�;:U¬a®�4x¨ �)���0�0���)�)�  �X�0�x��76)�0�x�  ���)�H�0��>8���<��§B
K����§L�¡��®��g�+���)�#��®���§)¨~�6�94x«�
)��«+�#��§���­)®���«+���)�#��®���§)¨�+)�x�(6)��«x���K�w­)�(4A¤'�x¨m�x�(����
Ä�¡�
)�3«x��¨
6K�?�¡���H­)® �&
Ä�:�H�K�&
)��
�+K�H�&
b�¡�x���)�X�0�x¨m�+���Z���¡�x�0�¡�;:
�a�p>8���0¨~�\���x�¡��®k�Ä­K���¡�\'b§)�Z­<���0�¡��¨m���|§L�¡��®����x���U¨m�x®�+)���ö����¨m�b�)�x®����U¨�8�
)��¨3���ö­)�0�x«x���¡���(8 ��¨m���U�)�

¨~��������
;>8���0¨~�����b�x���H�0�x�0­<�x�h�¡�����)�m�0��
)�)��¨m��
Ä�¡�3�)�X­)�0�$�)§)�x���m�X«x�7
)�)�����$�x��­K���¡�3�&6K���Þ�)���Ê���P
�8  �x����)�a��
;>8�x�f�:���+���#�)�a­)® �&
Ä�:�����K�&
)��
�+K�����L�`>8���0¨~�X«x��¨m�����7­)® �&
Ä�:�����K�&
)��
�+K�����x�f�:�����)���f�¡�0��6)§�8��K���|­<�x® �
­)® �&
Ä�:���+�����7�  ���0� ���+��� �)��­)�0�$�)§)�+��� ���)���)���0�A¤'�0�x�0­<���f�:��
K� ¨m�x�0¨~� ª��0�+� �)��­)® �&
Ä�:���+���������)��N>8�x�h�¡�3�)�X��
)«x�x�f�¡���+�����0�76)�0�X�3«x��¨m­<���f�:��¨m��
Ä�¡�H�K�3­)�0£�­)�0� ��­)® �&
Ä�:�;:

�Z¨ ��§L�¡�0��>-�?�¡���ä«x�h�:���)�6�&
Ä�¡�x�0�����0¨m��
Ä�:��'b§)�ü���x�¡�a­)�0�x�b«x§)­K�����$�x�Ý4��Z�0�x�0���f�9��
)«x� �a����'b§)���0���K��­<�x® �
­)® �&
Ä�:�~­<�×®��3+)�x�(6)��«x���K����­)®���«+�?�)��:\)C���0�x¨m���6�&�����¡����®���§)¨~���Z�76)�0�x�  �����$�x�X�)��«x��¨m���0�x�0� ��­C���0�(8  �x®«x�7
Ä�¡�x����§��  �h�:���Ê�x�0�0�#��«x�7
Ä�¡�x«x��¨m��
Ä�¡��:
÷ �(� � Ù ¥ õDÜ�èWãtÜ�Þ�ãxÞÈáäâ�î�ð7ãxè�èXÙ#ÞÉÍ�Ü�õ ¥ ãxð7ãxÛ�è#Þ

ÍZ���f�¡���0��«+��¨m��
Ä�¡�&���0�x¨m­)�0��+)��§  �m§)¨m�3���¡�&
)�)�3­)�0�x�$«x§)­K���+����­<���X­K���f�¡�3�)���X­)�0�$�)§L�¡���0�x�X«x��¨�0�x�0­C�x�h�¡�~�3�x�0�¡���)��«+���+���3�K����­)® �&
Ä�:���Ê�K�&
)��
�+K���P
K���Z® �  ��§)�¡����:|¢ö���¡�3��®�«+�&
)�+���Ê�3¨m�x®�+)���Ê�0�x�0§)®h�:���)�­C���0�(8  �x®c
)��«x�7
Ä�¡�0��®��H�K���X��
;>8�x�f�:�����$�x���ä�x�¡����­)®���«+���)�o�i+)�x�(6)��«x���K�o�)�2>8���0¨~���^�)�&���x�¡���K�;�`�0�x¨ô
)�A¤
�+b§)¨�­)® �&
)�?�0��¨m��
Ä�¡�~���0�x¨í®��  ���a�x¨�«x�7
)�0���)�x�¡���+�������6�N>8�x�h�¡���a«x��® �?�¡�x�¡���������x�¡���)���a­<�x®���«x�7
Ä�¡�0��®��
'b§�8�¨m��«x���)«x��¨m�3­<�����^�L�x¨m­)®��~�3�0�x�0���f�9��
)«x� �m����+)�x�(6)��«x���K�3��­)®���«+���)��'b§)�#���Z­)® �&
Ä�:����­C�$�)�x�0� ��¨  ����3����'b§)���0����«x��¨t�H�¡�x¨m­<��:

�a�  ���)���Z�0�x�0���f�9��
)«x� �p���x�¡���K�Z­C���`­)® �&
Ä�:���ä�K�&
)��
�+K���D��§)¨ �)�×�¡�x�0¨m�g
K���)��+)�x�(6)��«x���K�;�-4�§)¨ �¡�x¨~�«+���K�  ����¨~�����`«x��¨�§)¨ ��
)«x�7
b�¡�¡���D­<�x�('b§)���¡����>8�x�h�:���D«x��¨ �6��
Ä�¡§)�h�¡�a�)�7�)�x�0��
  ��®  �x�c+)�x�(6)��«x���K���`«+���K�
 ���w¨~������­<�b�)�x�0���0�m­K���¡�H�0�x�0�x¨ú§L�¡��®����x���)���P
)�3«x�7
Ä�¡�0��®��q�)�X��
;>8�x�f�:�����$�x��­<���Ê­)® �&
Ä�:���Ê�K�&
)��
�+K����:

 ��$�)�x®�����¨~�?�¡�x¨~ª?�¡��«x�H­<�$�)�×¨©�0�x�  ����«x��¨m��>8�x�0�¡��¨m��
Ä�:����­K���¡��'b§)�#­C���0�¡��¨m���a�  ��®�� ���7�:ª?�¡��«+����)� ¨~�&
)�?�f���Z� �x�f�¡§)�K���0¨m�����"�0�x�0���f�9��
)«x� � �����3+)�x�(6)��«x���K����: ¢D���(4x¨­��
K�"¨~�������0��� �K���  ���x�x���q���¨m�b�)�x®����7¨~�?�¡�x¨~ª?�¡��«x�����¡���H«x�7
)�f�¡�0§�8��)���Ê�)�A>8���0¨~�#�x¨3­�8��0��«+�;�$��§o�0�?�0�;�)�^�L­C�x�0��¨m��
b�:��®h¨m��
b�¡�&�$�q���0�0�
�0���7
)�g�K«+�3'b§)�~���w¨m�$�)�x®����X­C�$�)�x¨��)�x�0«x�0�  �x����«x��¨m­<���f�:��¨m��
Ä�¡���)�m§)¨~��­<��­)§)® ���+�?���)�~­)® �&
Ä�:����K�&
)��
�+K���H�{'b§K��®Ê�x�f�:ª �0§-�f�x�h�:�{� ���+��� �)�o§)¨~���)�×�¡�x�0¨m��
K���K���)���0���)�3+)�x�(6)��«x���K�;�|­C���(4x¨­�|�x�0�0�x�
¨m�b�)�x®����P
K���3­<�$�)�×¨ú�^�L­)®���«+�����)��'b§)�\>8���0¨~�H�H�0�x�)§)�+����
K�3­<��­)§)® �?�+���3�$«x���0�0�&:
÷ �.¾ ÷ Ù#åæó Ü�áäãxé�êXÙ g î�á�õöèæÜ g îHáäÜ�õÖÀ)Ü�Þ�ó Ü�ðQÕlk�ð�è
< ­)�0�b«x�x�0�0� �)�~«x��¨m­<�×�¡���+�����^�L���f�¡��
b�¡�~��
Ä�:�0����® �  ��§)�¡������­)®��&
b�:���K�&
)��
�+K�­4~§)¨²>-�?�¡���w�)�



G ¢;» G|1_à ÂD4E*-,¹uwvÄ1w%'&»*-F:=m4a%'&<*'4:Fæå'4:(7ÂD4x9!Ù)o<9×= ÃJD7Ü

�0�x®��  /&
)«x� �m�)��
Ä�¡�0�~�)���a�x�f�¡§)�)���a�)�#¨~�&
)�?�f�m�)�#­)® �&
Ä�:���Z�K�&
)��
�+K�?��
K�~«×§)®h�¡§)�:�m�&���(8�«x��® ��:p1L�&6C�x�a�)�'b§)��>8���0¨~�~�m«x��¨m­<�×�¡���+���m�$«x���0�0�#��'b§K�����a���a�0§K���6«x�7
)�0��'�©���
)«x� ���6�¡���B>-�?�¡���0�x�a��¨m­C���f�:�&
b�98h�0�0��¨3����:
�����0�+���)��
)�3���f�¡�����H¢D���(¨~�×�Z��®k:«�kC&D7D7ÊF�c>-���0�x�È§)¨~�H��­)�0�x�0��
Ä�:���+���3�0�76)�0�q«x��¨m­<�×�¡���+���H�g
b�¡�¡�#�q��
Ä�¡�x�¥¤
�x�0­C�x«�8g�K«+�m¨m���f�¡�¡�&
)�)�m��®���§�
)�Ê¨m�b�)�x®����Ê�0�x® ��«x���7
K���)���Ê���m���0�0§�
Ä�¡��:

�7��¨m­<�×�¡���+������
b�¡�¡�E¤'�x�0­C�x«�8g�K«+���¡�¡�?�:���K��«x��¨m­<�×�¡���+������
b�¡�0�H�0�x�0�x�X�K�o¨m�x�0¨~���x�0­,4x«x���x��:�#�ª*
K�
«x��¨m­C�×�¡���+���q��
Ä�¡�x�¥¤'�x�0­<�x«�8g�K«+�;���¡�x¨m���ö§)¨~�6�0�x® ���+���6��
b�¡�0�Ê�x�0­,4x«x���x�|�)�g>8�x�0��
b�¡�x���8­)® �&
Ä�:�a�K�&
)��
�+K�  �x�¥¤�0§)�#«x§)®h�¡§)�¡�;�`­<���w�^�L�x¨m­)®��W�^:B�|�?�0��¨m���w��
Ä�:�����­'b§)�~���¡�¡�&6K��®�+)��«x�h�:���)����­<��§)«x�"
)���`>-��® ���0�76)�0�
�x�0�0�x���¡��­<���Ê�)�X«x��¨m­<�×�¡���+����:

�#ü.Á�ùc�F¸Eÿ�¾7¿)ü v�½.¸Sþ_��¡9�� �ùc��¢�ªI¨Ý¢7�
 �§)�h�¡�����)�����x�f�¡§)�)���0>8�x�h�¡�����?�¡§K��®�¨m��
Ä�:�Z�0�76)�0�q«x��¨m­C�×�¡���+������
Ä�¡�¡�E¤'�x�0­<�x«�8g�K«+�#�¡���26K���0�+���)���Ê�x¨

���f�¡�������a­)§�6)®��h«+���)����
K���6��4x«+���K���q�)��Ø&D��2Ü7D�­C���6§)¨ ���0§)­<���)��#���­<�7
)�x�0�x�B�IÔ|�$�K���×�X��®k:g�ªÃJÓ7Ü7ÊF�^:
�U�0�0�x�����f�¡�������o���)��
Ä�¡�g�K«+��¨ �¡�(�x���N>8�x�h�¡����­)�0��
)«x��­K�������0�x�0§)®h�:�&
b�¡�x���)�x�f�¡� �¡��­<� �)� «x��¨m­<�×�¡���+��� �x¨
¨m�7
)�b«x§)®h�¡§)�¡����=w���N>8�x�h�¡���)��
)�0���K���)�A¤'«x��¨3­<�×�¡���+������
)�"'b§K��®���­)® �&
Ä�:�o�¡�x¨����0�x§ �:��¨~�&
�+)��¨�4x�)���
�)��¨m�g
$§�8h�)�]>-�&�x��
)�)�"«x��¨û'b§)� � �)��
)�0���K���)� ��§)¨m��
Ä�¡�*s6� �N>8�x�h�¡� �)� ��®h�¡�x�¡���+����
)� �:��¨~�&
�+)� �)���
��
)�)�  8��)§)���Z�K��­<��­)§)® ���+�����.>-�&�x��
)�)�o«x��¨õ'b§)�3���6­)® �&
b�:���a�0�H�)�x�0��
  ��®  ��¨í�)�
>8���0¨~���Z�)�g>8�x�0��
b�¡�x���
�����0�0��¨ö���x�¡�&
)�)� §)¨~� +)���x�¡���('b§)� ���)�×�¡�x�0¨m��
K���K��­<�x®�� �:��¨~�&
�+)�Os7�o­<���
�K¨­��� ¨m���f�:��®��h�K���)���)�
­)® �&
Ä�:���3�)�x­C��
)�)��
)�K� �K� �)��
)�0���K���)�&��«x�7
�+)�x«×���)� «x��¨m� �]>8�x�]�:� �)����§L�¡� �)��®�§)���+����: �U�f�¡�­%)®h�¡��¨m�
�N>8�x�h�¡�`
K���`4�«x�h�:���)�\
)�X�¡�¡�&6K��®�+)���  �x�»Ô|�$�K�X�×����®k:,�?ÃJÓ7Ü7ÊF�(�^��­<�����U�x¨ §)¨~�q�0�h�¡§K���+���w�&���0�7
Or�¨m�h«+�q���«x��¨
6)��
K�����$�x���)�6�:��¨~�&
�+)���q�)��
)�0���K���)�&�)�7
)�)�q�H�N>8�x�h�¡�H�)�X��§L�¡�H�)��®�§)���x���H��«x�7
Ä�¡�x«x�x�0� �;�)�¡���¡��¨m��
Ä�¡�
�b«x���0�0�B���c
�'b§)���f�Z�×�a��®k:g��ÃJÓ&Ó7ÉF�^:

Û }�LNR�j�HBnWLNX;INR�nFQFnWLwù(uTH-KAOdL^j�R¹¶_aWH
¬a��
)�K� �)����«x���0�)� «x��¨!� ���f�¡�������U���3­)�0��¨m�x���0�����x�f�¡§)�)���3�0�76)�0��¨m�7
)�b«x§)®h�¡§)�¡���H�)�x�0­C�x�f�:���¡��¨

��
Ä�¡�x�0�x�0�0�x�p
)����­<�x�('b§)���¡���)���0�x�Ê«x��¨ �0�x® ���+���H�����)�x�0��
  ��®  ��¨m��
Ä�¡�H�K��­)® �&
Ä�:�#�0�x® ��«x���7
K���)��«x��¨ �0§K�
�)��
)�0���K���)�&:y¬a�36K���Þ�)���B���x�¡���K���*
)�"�)�x�0��
  ��®  ��¨m��
Ä�¡�"�K����­)® �&
Ä�:�����)�  �h�)� � «x��¨m­C�×�¡�h�¡�  ���K���)��0�x® ��«x���7
K���K�
�3�)��
)�0���K���)�\>8���¡��¨ �)�x�0«x�0�h�:����­<���Ê§)¨~�H��'b§K���+��� ��X �?�9¨b��
)�0�7
��«ÃJÓ&É7DF�7�K�
>8���0¨~�

w = ws(1 + aN)−b �k�A:gÃ_�
�7
)�)�

w
4Ê�X­<�x�0�w¨�4x�)���q�K�X­)® �&
Ä�:�;�

N
4Z�q�)��
)�0���K���)���)��­)® �&
b�:��
K�6�¡�x�0�¡�;�

ws
4Ê�w­C�x�0�w�0�x«x�#¨�4x�)���

�)�q§)¨~��­)® �&
Ä�:�����0��® ���K��
b§)¨ �)�×�¡�x�0¨m��
K���)���¡�x¨m­C���)�
a
�
b
�¡���H­K���9/�¨m�×�¡�0��������X �?�9¨b��
)�0�7
��YÃJÓ7É7DF�^:

�U�f�¡��¨m�b�)�x®��3�¡�x¨©�0���)�~§)�¡���)��«x��¨ú�0§)«x�x�0�¡�o­K���¡�m�)�x�0«x�0�  �+�q�m�0�x® ���+���m��
b�¡�0���m�)��
)�0���K���)�#�)�­)® �&
Ä�:���q�3�0��
)�)��¨m��
Ä�¡�3�K�H«x��®�+)�x�h�:�#�x¨t¨m�7
)�b«x§)®h�¡§)�¡�����)�q�x�f�:ª3�0�x® �?«x���7
K���)�H«x��¨ ���Ê­)�0�$«x�x�0�0���Z�)�



G ¢;» G|1_à ÂD4E*-,¹uwvÄ1w%'&»*-F:=m4a%'&<*'4:Fæå'4:(7ÂD4x9!Ù)o<9×= ÃJDFE

�)��
)�0���K���)�A¤'«x��¨m­C�×�¡���+����:
�#ü.Á�ùc�F¸Eÿ�¾7¿)ü v�½.¸J�bþ$¡9�� �ùc��¢�ªI¨Ý¢7�
³ §K�&
)�)� ��«x��¨m­<�×�¡���+������
Ä�¡�x�¥¤'�x�0­<�x«�8g�K«+�"4�«x�h�:���K���x¨ �x�f�¡§)�)����®����Ä���)�������&���0�7
)��¨m� �;�ª���x�¡��®]¤

¨m��
Ä�¡�H�x�f�:ª��0�x® ��«x���7
K���K���o§)¨~��­)® �&
Ä�:���K�&
)��
�+K�o�H§)¨~��­)® �&
b�:��«x§)®h�¡�  ���K�;:H �§)�h�¡���q�x�f�¡§)�)���9�x¨�0���)��>8�x�h�¡���D­K���¡�Z�)�×�¡�x�0¨m��
K���`���ö�N>8�x�]�:���D�K�a«x��¨m­<�×�¡���+���a��
Ä�¡�0���x�0­,4x«x���x�U�)�g>8�x�0��
Ä�¡�x���Ä�ü
)���0¨~��®�¨3��
Ä�:�-�
�9�x¨k«x��¨m�\6K���0��­)�0�-�f�×�¡���|�^�L­C�x�0��¨m��
b�:�����ö���&
Kª�®����0�x�ö�x�f�:�?�98��f�:�h«+������)K�0�x«T¨b®��×�¡�7
3�2X �?�9¨b��
)�0�7
��WC&D7D7DF�^:
�U¨â¢D���(¨��×����®k:,�kC&D&D7ÊF��4���­)�0�x�0��
b�:���)�X�¡�(�x�c>8���0¨~���ö�)�g>8�x�0��
Ä�¡�x�|�)�p'b§K�&
Ä�¡�g�K«+���|�q«x��¨m­<�×�¡���+���q��
Ä�¡�x�¥¤
�x�0­C�x«�8g�K«+�;��¨~����
)�x�f�:� �0�  ���¡��� �)���0«x§L�¡���0�x����­C��
K���m� ¢U�0�-�f�×�¡� ¬Ê�)�h�¡�  ���|��'b§K��®Ê�0�¨pK�×�¡��¨m�x®�+)���H�«x��
Kª��0���3�)�X«x��¨m­C�×�¡���+���3�K�H­)® �&
Ä�:�H�K�&
)��
�+K�H«x��¨ú�H«x§)®h�¡§)�¡�;:

Ý Z9H.Ú�LNj�H
G�n&R�j�R�s&H
< ­)�0�-�f�×�¡�����)�h�¡�  �X�¡�¡�?�:�w�)�a�^�L­C�x�0��¨m��
b�¡���7�7
)�)�6�w�)��
)�0���K���)�a�6�#­)�0��­C���0�+�����)�a«+���K�#�x�0­,4x«x����)�g>8�x�0�x¨­: �a��
Ä�¡�0� �)�x�f�:��­)�0�-�f�×�¡� ��
)«x�7
Ä�¡�¡��¨m���~§)¨~�]>8���0¨H§)® �?�+��� �0��¨m­)®��x�m�"6K���f�:�&
b�¡����­)®���«+���K�


)��«x�7
Ä�¡�^�$�¡���&���(8�«x��® ����«T+K��¨~���K�o�)�m­)�0�-�f�×�¡�����)�h�¡�  ��­K���0«x� ��®k��'b§)�m­<�x�0¨m�h�¡�2'b§)�~���)��
)�0���K���)�m�)�§)¨~�H�x�0­.4x«x���#�0�?�0�m«x�7
)�0���)�x�¡���K�3«x�7
)�f�:�&
Ä�¡�#��
�'b§K�&
Ä�¡���m�)��
)�0���K���)�w�K�3�0����§�
)�K�~�x�0­,4x«x����4  ���0� ���K��0����§�
)�)��§)¨~�~�x�0«+��® �;:��U�f�¡�H­)�0�-�f�×�¡�*>-�  ���0�x«x�H�o�x�f�¡§)�)���K��«x��¨m­C�×�¡���+���o��
Ä�¡�0�H­)® �&
Ä�:���6�K�&
)��
�+K���� �"® �  ��§)�:���a�x¨
6<���¡�"���o�K���)���i���x�¡���)����­<���0�¡��¨ý>8���(
)�x«x�x���¡��¨m��
b�¡� §)¨æ�0�×�¡�¡�?�¡� ®���¨3�]�:���)� �K�
��
Ä�¡�x�¡���+���~��
Ä�¡�0�H���a�x�0­,4x«x���x���È­<���('b§)�

K����>8���(
)�x«x�x¨õ
)��
�+b§)¨~�~��
;>8���0¨~���+���3�)���N>8�x�h�¡�~�K�~® �  ��§)�¡��0�76)�0�X�H­)® �&
Ä�:�#�K�&
)��
�+K�;:��Z¨~��>8���0¨�§)® ���+���#�)�3¨m�$�)�x®��
+)��­C�x�(6<£�®���«x�
'b§)�\4q§)�¡���)�3­K���¡�H�)�x�0«x�0�  �+����q�K�&
)���w�����0��
)�)��¨m��
Ä�¡���K�o«x��®�+)�x�h�:��«+��§)�¡���)��­<�x® �o«x��¨m­C�×�¡���+�����K���q­)® �&
b�:���q�K�&
)��
�+K�?�`43�K���)�
­C���A�7��§)�0��
)�
�?ÃJÓ7ÉFØ-6,�7�K�H�0����§)��
b�¡��>8���0¨~�

YL =
ID

I + ID
A

.
�k�A:ÇC7�

< 
)�)�
YL
4o��­<���0«x��
Ä�:�&���x¨ �)���0��
)�)��¨m��
Ä�¡��­<�x�0�)���)� 
K��® �  ��§)�¡���)�  ���)� �����+�����K��­)® �&
Ä�A��K�&
)��
�+K�;�

D
4a�w�)��
)�0���K���)�Z�)�a­)® �&
Ä�:�X�K�&
)��
�+K�`'b§)�a��
[pK§)��
)«×� �w�w�0��
)�)��¨m��
Ä�¡���

I
4a�w­C���0«x��
b�:�&���x¨

�)�w�0��
)�)��¨m��
Ä�¡�m­C�x�0�)���)�m­<����§�
)���K���)�w�)�#ª��0�+��'b§K�&
)�)���3�)��
)�0���K���)�w�)�w­)® �&
Ä�:�H�K�&
)��
�+K��4w¨�§)�h�¡�
­C��'b§)��
K�;�<�

A
4#�H�x�f�¡��¨~�?�¡�  ���)�m¨~ª_�L��¨m�H�0��
)�)��¨m��
Ä�¡�m­<�×�¡�)�h�)��
$§)¨~�H® �  ��§)�¡�H«T+)�x� �3�)�w­)® �&
Ä�:����K�&
)��
�+K���Ê�0�x® �?�¡�  �3���3�0��
)�)��¨m��
b�¡�H�)�X§)¨~�H«x��®�+)�x�h�:��®��  �0�q�)�X­)® �&
Ä�:���Ê�K�&
)��
�+K����:�U�f�:����'b§K���+����­C�$�)�3�0�x�X¨m�b�)�g�K«+�o�-�K¨��)�3®h�  ���q�x¨�«x�7
)�0���)�x�¡���+�����o�¡�x¨m­<�o�)�3�x¨m�x�(�7��
)«x� �

��
Ä�¡�0�#�H«x§)®h�¡§)�¡�3�w�3­)® �&
Ä�:�H�K�&
)��
�+K�;:ü�7��§)�0��
)�a�×�a��®k:��?ÃJÓ7ÉFE7����­)�0�x�0��
Ä�¡��§�§)¨~�2>8���0¨�§)® ���+���H�)�x�0�0�



G ¢;Á¯® =?&<4¹½×1�%'&<*'4¡�ÄF:=Ä2)1m2)44¥U�>=?&<*.=?(2¦q=?&),�&)�C=?( ÃJD7É

�¡��­C��=

YL =
bD

ecT + bD
A

�k�A: ÊF�
�7
)�)�

T
4��Z�¡�x¨m­<�Z��
Ä�¡�0���Z�x¨m�x�(�7��
)«x� ���K�Z«x§)®h�¡§)�¡���7�K�Z­)® �-
b�:���K�&
)��
�+K���

a
�
b
�
c
�¡���a­K���9/�¨m�×�¡�0����:

¢D���(¨��×�X��®k:��kC&D7DFC7����­)�0�x�0��
Ä�:�o§)¨©¨m�$�)�x®��~�)�#�¡�N���0�x�0�:�?�3'b§)�H­C�x�0¨m�h�¡��'b§K�&
Ä�¡�g�K«+���6��¨
6K���6���
«x��¨m­C�×�¡�����$�x�U��
b�¡�¡�6����
Ä�¡�x�¥¤'�x�0­<�x«�8g�K«+�\'b§K�&
)�)�#�&
K��®����¡���K���ö��
Ä�¡�0���)§K���|�x�0­.4x«x���x��:|�a�P>8���0¨~�����x�¡��®k�Ä�
¨m�b�)�x®��X��­)�0�x�0��
Ä�:���)�w�x¨¦�k�A:gÃ_�ö­C�$�)���0�x�|�^�L­K�&
)�)���)�X­K���¡�\'b§K�&
)�)�X�¡�x¨m���U�)§K���U�x�0­.4x«x���x���)�g>8�x�0��
Ä�¡�
�)�X­)® �&
Ä�:���Ê�K�H�0����§)��
b�¡�\>8���0¨~�

wi = ws,i(1 +
∑

βijNj)
−b �k�A: ÆW�

�7
)�)�
w
4Ê�w­C�x�0�#¨�4x�)���q�K�q­)® �&
Ä�:�;�

ws
4��X­<�x�0�w�0�x«x�w¨�4x�)���q�K�X­)® �&
Ä�:�6���0��® ���K��
b§)¨ �)�×�¡�x�0¨m��
K���)�

�¡�x¨m­C�o�
β
�0�x­)�0�x�0��
Ä�:�����q�N>8�x�h�¡���a�x¨í«+���K��­)® �&
Ä�:�~�K��«x��¨m­<�×�¡���+������
Ä�¡�¡�

(βii)
����
b�¡�x�¥¤'�x�0­C�x«�8g�K«+�

(βij)
��X �?�9¨b��
)�0�7
��,C&D7D&ÆW�^:
Ý Z9H.Ú�LNj�HJI2LAGAXh{*� R�IJLTIs��µNOdLNZ^R�KBLNXdjrQ&R�I
�Z¨~�o­<�x�(��§�
Ä�:�3>8�0��'�©)��
Ä�¡�&��43«x��¨m��­<�b�)�x¨m���X�76L�¡�x�X���`'b§K�&
Ä�¡�g�K«+���)���0�x�w�)�3§)¨�­)�0�$«x�x�0�0���)�

«x��¨m­C�×�¡���+����: < �Z­)�0�-�f�×�¡���Z�#�&
Kª�®����0�x���)�w�^�L­<�x�0��¨m��
Ä�¡���Z�¡�������Z¨3�x®�+)���0�x�p>8���¡¨m����­K���¡�3�0�x�0­<�7
)�)�x�
� �x�0�¡� ­C�x�(��§�
b�:�;����
Ä�¡�0�×�:�&
Ä�¡���P+Kª §)¨~�����¡�&
)�)���)���0«x§)�0�¡��� �0�76)�0�"'b§K��®Z� ¨m�x®�+)���3­)�0�-�f�×�¡� � �0�x�
��­)®���«+���)��:�)K�0�x«T¨b®��×�¡�7
w�çX �?�9¨b��
)�0�7
B�kC&D7D7DF�È���(��§)¨m��
Ä�:���¡��¨�'b§)���x�0�0�x�ª'b§K�&
Ä�¡�g�K«+���)���0�x�ä�)��­)�0�$«x�x�0�0�
�)�X«x��¨m­<�A�:�h�+���3­<�b�)�x¨  ���0� ���Ê�)�x­<��
)�)��
)�)�~�)�m­)�0�-�f�×�¡�3�X¨�4×�¡�$�)�3§L�¡��®��g�+���)�H­K���¡�H¨m�x�)�]¤'®����$:c@a����^�L���f�¡�&�Ä��
Ä�¡�0�×�:�&
Ä�¡���Ä§)¨k«x�7
)�0��
)�0�X�0�76)�0�Ê§)¨k­)�0�-�f�×�¡�q��§H¨�4×�¡�b�)�X�6�0�x�ö§L�¡��®����+���)���?­<�����ö���ö�76��f�×�¡�  ����X­K���f�¡��«x§)® ���0�h�K���)�x���)�X«+���K�3�x�f�¡§)�)�m�X�x�0­.4x«x���x�Z­<�b�)�x¨  ���0� ���Ê¨�§)�h�¡��:�U�f�¡�x�o�x�f�¡§)�)���o�0�x�  �x¨ ­K���¡��'b§)� ­C���0�¡��¨m�����)���0«x§L�¡���~«+���K�  ��� ¨~�����m«x��¨m� �"­)�0�b«x�x�0�0� �)�«x��¨m­C�×�¡���+���Z��
[pK§)�F
)�a�0��
)�)��¨m��
Ä�¡�p�d
K��®b�)��§)¨~��«x��®�+)�x�h�:�;�E���)�V'b§)�V>8���0¨~�Ê���D���0­<�x«×�¡���ö��¨
6)����
Ä�:�������
«x��¨m���0��®����ö«x®���¨m�;��'b§K�&
Ä�¡���K���)���)��«^+b§  �;�|��
b�¡�0����§L�¡�0�����U­C�$�)�x¨!�->8�×�:���#���0��
)�)��¨m��
b�¡�"�d
K��®��K�
«x��®�+)�x�h�:���X�3�)�x�0��
  ��®  ��¨m��
b�¡�3�K�3­)® �&
Ä�:���K�&
)��
�+K�;:
÷ �7Ç Ø èwîoÜ�¿»Ù g îHáäÜR´XõöèwÛoÙ�ÛoÜ�ùyÝxèwîHá`èwÞtë�èwîoãxî�û�èwÞ
 �§)�h�¡�����)���Z�x�f�¡§)�)���a�0�x® ��«x���7
K���)���Z���m«x�7
Ä�¡�0��®��X�)�w­)® �&
Ä�:�����K�&
)��
�+K���p
K�~�&���¡�h«x§)®h�¡§)�¡�26)§)�0«+��¨©�)�]¤
¨m��
b§)���Ê�3�)�x­C��
)����
)«+� �m�0�76)�0�X����+)�x�(6)��«×���K����:ü�Z¨~�3��®h�¡�x�(
K�?�¡�  ��­K���¡�m��®�«+�&
)�+���0¨m���Ê�x�0�0�w�76;�f�×�¡�  ���4m§L�¡��®��g�+���0¨3���q�)�  ��&
)�?�f�"��
Ä�¡�����¡���)���)�~¢U® �&
Ä�:���w�6�&
)��
�+K����:3�U�0�0�*4m�­
)��¨m�3�K���)� ����­)®���«+���+���
�)�a��§L�¡�¡�����94x«�
)��«+�����a�x�f�¡�¡�?�94���� ���7�)�a«x�7
Ä�¡�0��®����f§�
Ä�:��¨m��
Ä�¡�a«x��¨ ����­)®���«+���+���w�)�A+)�x�(6)��«x���K�����L�&�����¡�



G ¢;Á¯® =?&<4¹½×1�%'&<*'4¡�ÄF:=Ä2)1m2)44¥U�>=?&<*.=?(2¦q=?&),�&)�C=?( ÃJD7Ó

��§)¨~�~�:�_�)��¨m��
)���6�)�3'b§)��'b§K�&
)�)��§L�¡��®��g�+��¨3���a�0��¨m��
Ä�¡�H�o­)�¡�b�)§L�¡�i'b§�8�¨m�h«x�]�k1W§Ê�&
Ä�¡�7
 � X �x�]¤
�0�&�pÃJÓ7Ó;Ã_�^: ���L���f�¡�x¨ø�)�  �x�0�¡���m�x�f�¡�¡�?�94���� ����'b§)��­<�b�)�x¨ø�0�x�~���)���:���K���3«x��¨!�x�f�¡�i�K¨­�7«x��¨m� ­<���
�^�L�x¨m­)®����K�~¨~�&
)�?�f�m­)�0�  ��
b�¡�  ���<�m¨~�&
)�?�f�m«x§)®h�¡§)�¡��®k�K§L�¡��®��g�+���+���3�)�w¨~ª&'b§)��
K�����#�m¨~�&
)�?�f��6)����®�£?¤����«x�i�k1$�x�+���BC�:gÃ_�^:Fz��h¨m­<���f�:�&
Ä�¡�a�¡��®�����
b�:���ü'b§)�&�)¨m�x�0¨m�H§L�¡��®��g�+�&
)�)���)�x�f�:���Ê�94x«�
)��«+�����)�)�g�K«x��®�¨3��
b�¡�
«x�7
)�0����§)���0�x¨m���Ê�)���0­<��
)�¡���Ê�¡���:��®�¨m��
Ä�¡�6�m§)�0�m�)�`+)�x�(6)��«x���K�?�$:

 ��$�)�x®����Z¨~�?�¡�x¨~ª?�¡�h«x���Ê�:��¨
6.4x¨ú�¡���~§L�¡��®��g�+���)����­K���¡�m�x�f�¡§)�K���a�)��'b§)��>8���0¨~�3­<�b�)�x¨m���a«x��¨�¤
6)��
K���6�94x«�
)��«+���X�)�m¨~�&
)���f���)�3­)® �&
Ä�:���X�K�-
)��
�+K��«x��¨����76��f�×�¡�  ���)�H�¡�¡���+���\6<�Ä���X�x�f�¡�¡�?�94���� ���X�)�«x�7
Ä�¡�0��®��&:X¢`���(4x¨­�»�0£���­<��§)«x���¡�x¨m­C�34
'b§)��>8���D�K���K��¨~���h���Z��¨m­<���f�T/&
)«x���B��§L�¡��®��g�+���+���~�)���6¨m�?¤
�)�x®����7¨~�?�¡�x¨~ª?�¡�h«x��
)�x�0�¡�3ª��0�+�;:c@a��¨~�������0���w�)����«x���0�����)����¨m�$�)�x®�����¨~�?�¡�x¨~ª?�¡�h«x�����0�x�  �x¨t��­<��
K���
­K���¡�6�  ��®�� ���ä���ö�0���0«x���ö�x«x�7
Or�¨m��«x���D�)�x«x���0�0��
Ä�¡�x�U�K�6§L�¡��®��g�+���+���a�)����§L�¡�¡���D�94x«�
)��«+������«x��¨m�6�6¨~�&
)�?�f�6)����®�£7���h«x�H�X�3«x�7
Ä�:�0��®h�\����
�4×�¡��«x���ª�-¢D�&
)�)�N���# ��x�)���«ÃJÓ7Ó7DSs;�|��®�¨��x�Ê���7�J�$®��x���«ÃJÓ7Ó&ÆW�^:



è �éÅ|� ´êÁ��Æ� ¶��k� Ê ¶��gi«¶�· � ´"³ìëí�q�k�

¬A��§)���0�0�&�V�Ý:ö¬�:��kC&D7D&ÆW�^:ïî Xdj�Z9H$n&MS¶_aWH l î nWLNXdj�R �üu9Q=¶_aWH]nWL � R�INj�LNK�Q_ITS3h � uNXdRku9Q-I�e�R�XYL9Q7Z9LTI­L^ð`aWH�ùe�R�XYL9Q&Z9LTIAGüOh� Rku9QFnFQ_I�Q � R�INj�LNK�Q_I�opL9Q&R�I �d�U�)�h�¡���¡���A)U �¦2�d�7�x®���ÍZ���0���x�7
)�&�C �¦2:
¬a§)®������A:»¬�:È�
�Ê���0�)�x®�®k���A:��?ÃJÓ7ÉFE7�^:\�U«x�7
)��¨m��«#�9+)�0�x�(+)��®�� �&
)� �0�x�0­C�7
)�0�H�¡�o§�
)«x�x�f�:����
Ä������
"§7�x�x�

«x�7
Ä�¡�0��®k� GVU&Z^RkuNM�� j�M�Z(Q*� � ÞJINj�LNK�I �kC7Ø7�^=,C�ÃJÓ­ñ,Ã_C7E�:
�7�x®�®�¨~�-
���5`:ª�?ÃJÓFØ7E&�N:Vt Þ-K�Q&XdRku Ý ZTH9U&Z(Q&K2K2R�X�U �)¢U�0��
)«x�×�¡�7
­��
)�  �x�0�0�h���o¢U�0�x�0���»¢U�0��«x�×�¡�7
��d@�#;:
�7�x�f�¡�0��¨E�����»��:ª�?ÃJÓ7Ó7ÓF�^: ð�H-Xy� R�XYL9Q&Z Ý Z9H9U&Z(Q&K2K2R�X�UFv|(�Q3L9nFv �)¬��9+)��
K�B1$«x����
b�¡�g�K«&�d�7�x®�¨m�7
Ä�$�C �¬�:
�7�0�x�0�¡�&
��7¦2:U �:g�FtZ�$��
)���7¨?�&
��c�c:ª�
:g� < ®��  �x���¡������:ö¬�:g�V�7�0§  ��
)�x®k�|¢ª:Ý�P:D�òtq���¡��¨­�U��:p�kC&D7D7Ü��F�^:1$���f�¡�x¨~�a�)���0���f�¡�x¨~�a�)��«x® ���0�0�g�K«+���+����>8§����N��­K���¡�a�q�0���0«x�6�)����
;>8�x�f�:���+���q­C���ö­)® �&
Ä�:���ö�K�&
)��
�+K���

«x�7
)�0���)�x�¡�&
)�)�m�3�0§K�  ���0� �&6)��®��h�K���)�6�x�0­K��«x� �?®k�hÝ �gQ&XdjrQ t Q&XdR�X;m�Q À Â��kC7�^=,C7C&Ó­ñ;C&Ê7É;:
����«T+)��� < :�#;:p�?ÃJÓ7Ó7ÉF�^:�1$��®  ��
�� 6)���$�x«x�7
)��¨m�h«���­L�¡��¨~��®�«x�7
Ä�¡�0��®�¨m�b�)�x®��

$§)¨m�x�0��«+��®�®Þ�7�×ò H-ZæóJITmdHTOú Ý HJINjxù�G�MFINj�Z(Q*� R�Q&X­GVU&Z^RkuNM�� j�M�Z(Q*��Q&X.n2opLTIJH-M�Z9uTLs�puTH-XYH-K2RkuTI � HJuNRkLNjxÞ ¬ H-X5}�LNZ9LNXYuTL7û ­)­�:«ÃJÊ­ñ;C&Ü;:
����«T+)��� < :�#;:g��X����0�&��5`:K �:g��ÍZ�x�f�¡�x���.1.:) �:L�`1$��
)�)��
��,#;:$¬�:«�kC&D7D&ÆW�^:�X �x�x����
  �?�¡�h�7
)��=Ý�`�H«x�7
Ä�¡�0��®���P
)����«x�7
b�¡�0��®�ô7�9ò H-Zæó-R�X�U Ý Q^OdLNZ � LNZ^RkLTI`R�XiGVU&Z^RkuNM�� j�M�Z(Q*��Q&X.n2opLTIJH-M�Z9uTLs�puTH-XYH-K2RkuTI :
����¨m­C�����ü#;:c5`:P�kC&D7DFØ7�^: Ù K�Q�QFq^H-Z(nFQJUWLNK O�Q7Z(QBO.Z9H7q���LNK�Q_IinWL­uTH-XdZ9H*�gLöõ0jkR�KBH sJR�Q]K � j�H$nWHJIinWLZ^M�X�UWLwù/ó-M�j�jrQiL�Q&Xh{*� R�IJL�nWL
LNZ^Z9H �K�a���0�0�x�f�:���+���m�)�w ��x�f�¡�¡���)���,��
)�f�¡�h�¡§L�¡�3�)���7���b«x����
)«x� �;�����×�¡�¡���

���7�g��
)«x� �������)�?�:����:,��
)�  �x�0�0���K���)���U�f�:���)§K��®ä¢ö��§)®����f�:�;�d1L���B#����(4X�)�B5����3¢U�0�×�¡���.1L¢ª:
�7�x�¡���0�k���c:«�?ÃJÓ7É7ÊF�^: Û OYj�R�K2R�I$Q&j�RkH-X h�mdLTH-Z�Þ�Q&X.n�GüOFOh� Rku9Q&j�RkH-X;I$v Ý Z9H7q���LNK�Is÷cR�j�m Û Z(n&R�X.Q&Z�Þ t R øALNZ9LNXyù

j�R�Q*�ù�R°�M�Q&j�RkH&X�I �.1$­)�0��
����x�¥¤r�|�x�0® �&���;������¬A
����x®��x���.�7¬�:
�ü+)���$�0�0�  �x�(�7+)�k���T:g���7��®��×�¡�0������#;:Z�MtZ�7¨W¨b��
)�����`�A:
�kC&D7D&ÆW�^:t¬a­)­)�0�$�L��¨~�?�¡�����¡���)����
Ä��­)�0�-�f�x«×�¡���7


¨m�×�9+)�b� §��h�9+s�0§�
����A¤�¨b§L�0�:� �0«T+)�x¨m�x�B>8���m��­L�¡��¨~��®�«x�7
b�¡�0��®�­)�0�76)®��x¨m��� ¬ H-KAO.M�jrQ&j�RkH-X.Q*� Û Ohù
j�R�K2RgfJQ&j�RkH-X]Q&X.n
GüOFOh� Rku9Q&j�RkH-X;I À í�=dÓ;Ã¨ñ,Ã7Ã_Ø�:

Ã7ÃJD



�64�úÒ4:FA;:&<9:,>=?(Z57,7¤?��,>1S�ÄFTá­o<9×=?( Ã7Ã7Ã

�7��§)�0��
)���ü5`:0�?ÃJÓ7ÉFØ��F�^:�¬A
"�x¨m­)���0��«+��®|¨m�$�)�x®��0�x® �?�¡��
���«x�0��­��$���x®�� �¡� §7�x�x� «x�0��­"�)��
)�0�h���"�&
)� �
�f�:�?�¡���f�¡��«+��®Ê«x��¨m­K���0���0�7
 §��]�T+s���9+)�x�~¨m�b�)�x®���� bdH-M�Z^X.Q*��H.}BGVU&Z^RkuNM�� j�M�Z(Q*� � uNRkLNXYuTL ¼ ó.Ú�=üØ�ÃJÊ­ñ
Ø7C�Ã7:

�7��§)�0��
)���Y5`:ª�?ÃJÓ7ÉFØ-6,�^:|¬ �0��¨m­)®��q¨m�$�)�x®È�0�x® �?�¡��
��2�$���x®���®����0�Ê�¡��§7�x�x���)��
)�0�h�?�7� GAXdX.Q*� I2H.}�GüOFOh� RkL9n�pRkH���H9U*Þ ¼ ó Ñ =.C&Ê7Ó­ñ;C7Ø7C�:
�7��§)�0��
)����5`:g�W�7�0� �&
��b¢ª:g��#;: �\:g� < :Ä��¬�:g� < :.�?ÃJÓ7ÉFE7�^:.�P+)�Z§)�0�Z�&>Y6)����®��7���h«+��®h®Þ���0�+��®����f�¡�h«Ê��'b§K�?�¡���7
)�U�¡�

�)�x�0«x�0��6C�q�9+)�q�¨û»�x«×�¡���&>�§7�x�x���)��
)�0�h�����&
)�o�0�x® �?�¡�  �Z�¡��¨m�a�&>`�x¨m�x�(����
)«x�X�7
o«x�0��­3�$���x®����9ò LTL9n� uNRkLNXYuTL Ï Ú�=.E7C&D­ñ�E7C7Ø�:
�a����>8¨~�&
��.5`:Ý�?ÃJÓ7Ü7ÓF�^:�¬A
��x«x�7
)��¨m��«w��
Ä�¡�x�0­)�0�×�:�?�¡���7
��&>U��­L�¡��¨~��®�«x�7
Ä�¡�0��®ä�9+)�x�����7� GAKBLNZ^Rku9Q&X*�puTH�ù

XYH-K2RkuAo�LNsJRkL¨÷ Ú,í��kØ7�^=dÉ;Ã_EOñ�Ê;Ã7:
�a�J�$®��&�W�A:7#;:��?ÃJÓ7É7ÓF�^:) ��$�)�x®�®���
��Z���ö�&
H�����w�¡�A§7�x�x�H«x�7
Ä�¡�0��®$¨~�&
K�&���x¨m��
Ä�$� �pZ^R�j�R�ITm ¬ Z9HTO Ý ZTH-j�LNj�RkH-X¬ H-M�XYuNRI� ­)­�:,Ó7ÊFEOñ�Ó&ÆWC�:
�a�J�$®��&�.�A:.#;:ª�?ÃJÓ7Ó;ÃJ�N:| ��?�9+)�x¨~�?�¡��«+��®»¨m�$�)�x®�����
3§��x�×��¨~�&
K�&���x¨m��
b�$� ¬ Z9HTO Ý Z9H-jrv ¼ ó«=dÆFÊFCOñWÆ7Æ7Æ�:
�a�J�$®��&�`�A:�#;:��?ÃJÓ7Ó7E7�^:â¬��0�  ���N§��&>w�9+)� §)�0� �&>#¨m�$�)�x®��o�&>�§7�x�x� «x�7
Ä�¡�0��®q��
���
Ä�¡�����¡�?�¡�x��«x�0��­

­)�0���¡�x«×�¡���7
�� GVU&Z^RkuNM�� j�M�Z9LY�puTHJIwÞJINj�LNK
Is�üXdsJR�Z9H-XdKBLNXdjxM¨J ­)­�:«Ã$ÜFØOñ,Ã_E7C�:
�c
�'b§)���f�$�Y�A:g���7�0�J§p
���#;:<�_X �x�f�$��¦2:��?ÃJÓ7Ó7ÉF�^:Ê¬a®�®���¨3�×�¡�0��«q�0«+��®���
��~�->U­)® �&
b�Z��
)�x�(���×�¡��«x�6�&
)��­<��­)§$¤

® �?�¡���&
o�)��
)�0�h���7� ð`Q&j�M�ZTL Ï í,Ú�=�ÃJÜ7Ê­ñ,ÃJÜFØ�:
)K�0�x«T¨b®��×�¡�7
���5`:��9X �?�9¨b��
)�0�7
��b¬�:.�kC&D&D7DF�^:»�a�x�0��
����c>8���c���0�x��
�+)��§)�0�Z�0�¡§)�)���×���&>»�h�¡�x�¡��«×�¡���7
)�Ý6<�×��§��x��


­)® �&
Ä�¡��=|�&
��-
K��®g�b�¡��«+��®È­C�x�0�0­<�x«×�¡�  �&� bdH-M�Z^X.Q*��H.}D�puTH���H9U*Þ ì,ì�=dÊ7É7Ü­ñ�Ê7Ó;Ã7:
)K�����x���» �:K��¦q�0�x��
)¨~�&
��.#;:��?ÃJÓ7ÉFE7�^: Û O.j�R�K2R�I$Q&j�RkH-X hYm,LTH-Z�Þ7v«GüOh� Rku9Q&j�RkH-X;I`R�X Û o�Q&X.nü�puTH-XYH-K2RkuTI �

�U�;§����0��¬a�(
)��®��­�È�¡���,���7
)�)�7
��d�<t2:
¦q�0���x�0�0�&�«5`:<� X ��®h�9+)�x���»¬�:c�rC-D7D&ÆW�^:\�  ��®�§K�?�¡��
��B���¡���)����
b�¡�a��
���­L�¡��¨~��®ä«x�7
Ä�¡�0��®k=A�7�7
b�¡��
b§)��§)�q���$¤�f����
Ä�¡�  �x�0�0§)�D��§L�¡��¨~�?�¡��«D�)�
û»�x�0��
Ä�¡� �?�¡���7
�� bdH-M�Z^X.Q*�;H.} Û O.jkR�K2RgfJQ&j�RkH-X­h�mdLTH-Z�Þ�Q&X.n0GüOFOh� Rku9Q&j�RkH-X;I¼�À,À �?Ã_�^=dÜ7Ê­ñ�É7Ü;:
Ía�&���x����X :�X :��kC&D7D7DF�^:«5�§�
����A¤�¨b§L�0�:�#¨m�×�9+)�$�)�7��
~��­L�¡��¨~��®)«x�7
b�¡�0��®<�&
)�~�9+)�Z�¡�¡�&
)��>8���0¨m�x�����-�f����
b�

���$�f�¡�x¨­� ð�M�KBLNZ^R�IJuTmdL\[]Q&j�mdLNK�Q&j�R)ó ì Ñ =,C-ÆWEOñ;C&ÉFC�:
ÍZ���0�0«T+��� �:`Xø:ö�i1$¨~��®��&�c1.:p�kC&D&D7ÊF�^:�t R }�LNZ9LNXdj�R�Q*�ç�R°�M�Q&j�RkH-X;ITS t Þ-X.Q&K2Rku9Q*� � ÞJINj�LNK�IiQ&X.n"e�R�XYL9Q&Z

G%� UWL$q�Z(Q �d�U®��0�  ���x�A1$«x����
)«x�&�.1L�&
��a���������,�7¬�:



�64�úÒ4:FA;:&<9:,>=?(Z57,7¤?��,>1S�ÄFTá­o<9×=?( Ã7Ã_C

#��7
)�x���;5`:Y�kC&D7DFØ7�^:�1$§)�f�:����
K�&6)��®��]���H�&
)����
Ä�¡�����¡�?�¡�x��§��x�x��¨~�&
K�&���x¨m��
Ä����
~��§)�f�¡�¡��®�� �&
2§���
b�¡�x��«x�0��­$¤
­)��
������$�f�¡�x¨m��=�¬ 6)���$�x«x�7
)��¨m��«a�&
K��®g�$�0�����÷Ý Q^O,LNZ Ý Z9LTIJLNXdj�L9n�j�H�j�mdL?JùH&j�mBG�XdXdM�Q*� ¬ H-X5}�LNZ9LNXYuTL
H.}�j�mdL�GAMFINj�Z(Q*� R�Q&X­GVU&Z^RkuNM�� j�M�Z(Q*�ªQ&X.n2opLTIJH-M�ZTuTLs�puTH-XYH-K2Rku � HJuNRkLNjxÞ À =�Ã¨ñ,Ã_Ø�:

#��7
)�x����5`:��A����«T+)��� < :W#;:.�kC&D7D7DF�^:C¬��;��
K��¨m��«Ê��­L�¡��¨m�h�¡�?�¡�h�7
H¨m�b�)�x®)�&>.§7�x�x�~«x�7
Ä�¡�0��®k� GVU&Z^RkuNM�� j�M�Z(Q*�
Q&X.n2opLTIJH-M�Z9uTLs�puTH-XYH-K2RkuTI �?Ã_�^=«Ã¨ñ,Ã_E�:

tq��
�
)�x�;�7�ª#;: < :c�?ÃJÓ7É7ÉF�^:X¢U�0��
)«x��­)®h�x�6�&>|�;��
K��¨m��«���­L�¡��¨m�g�+�?�¡�h�7
���
 �0�x�0��§)�0«x�H¨~�&
K�&���x¨m��
Ä�$� GVU&Z^RIù
uNM�� j�M�Z(Q*���puTH-XYH-K2RkuTI À =.Ø7EOñ;E7C�:

tq��
�
)�x�;�7�«#;: < :Y1.:Ý�?ÃJÓ7É7ÜF�^:At Þ-X.Q&K2Rku Ý Z9H9U&Z(Q&K2K2R�X�U�¸�GüOFOh� Rku9Q&j�RkH-X;I�j�H2GVU&Z^RkuNM�� j�M�Z9L�Q&X.n×ð`Q&j�M�Z(Q*�
opLTIJH-M�Z9uTLTI �d�U®��0�  ���x���d@Z�N§aÔ����(¨,�,@9Ô2:

tq§)¨~�������
:���Ã$ÓFE&ÜF�^:�¬�«x�&
b�¡�0��®��  �x�¡�&����
�� �¡�x«T+�
)��'b§)�­>8���3�0��®  ��
�� � «x® ���0�m�&>6�0��
���§)® ���H��­L�¡��¨~��®«x�7
Ä�¡�0��®È­)�0�76)®��x¨m���Òî Xdjrvªb�v ¬ H-Xdj�Z9H�� À,Ï ��ÊF�^=dÊ7Ü;Ã¨ñ�Ê7É7D;:
���b�N§���
��C¢ª:ª�kC&D7D7ÜF�^:
�����0��
��x�k��Í�:V�kC&D7D7D��F�^: []Q&XdM�Q*�VnWL î nWLNXdj�R �üu9Q=¶_aWH­LBnWL ¬ H-Xdj�Z9H���LBnWL Ý �gQ&XdjrQ_I t Q&XdR�X;m�Q_I�¸ Ý �gQ&Xdj�RkH

t R�Z9LNj�H L ¬ H-Xds&LNXYuNRkH-X.Q*� ����
)�f�¡�h�¡§L�¡��¢U® �&
b�:���0§)¨í�)���U�f�¡§)�)���w�K�­)D®����¡�3�È�¡�K�;�ª@Z�  � < �)�x�0�¡�;�1L¢ª:
�����0��
��x�k�;Í�:Y�kC&D7D7D&6,�^: Ý �gQ&XdjrQ_I t Q&XdR�X;m�Q_I\nWH��pZ(Q_INRI�8¸2h,LNZ^Z9LTINj�Z9LTSªG%°�MO{&j�Rku9Q_ITS Ý Q&Z(Q_INR�jrQ_I�LBh�Û�µ7Rku9Q_I �

��
)�f�¡�h�¡§L�¡�m¢U® �&
Ä�:���0§)¨ �)���U�f�¡§)�)���Z�K��)D®����¡�2�È�¡�K�;�,@Z�  � < �)�x�0�¡�;�Y1L¢ª:
 ��7
Ä�¡�x���0���d�c:,Í�:)¬�:ª�kC&D7DFC7�^:x� R�INj�LNK�Q_I t R�Xh|&K2RkuTHJI ���U�)�h�¡���¡�2���  �¡���0� ���K��)�8��0��«+�;�d1L���m¢ö��§)®����d1L¢ª:
 �:Ç1.:7���&�+���¡���;�7Í�:F1.:?�p1�+)�×�0���7���A:d�?ÃJÓ7Ó7ÊF�^: ð�H-Xy� R�XYL9Q&Z Ý Z9H9U&Z(Q&K2K2R�X�UFvý(�Q
L9nFv �7�U�)�h�¡���¡�\#��7+�
 X���®��N�

�&
)�"1$�7
)���.ÍZ�&6<�7¨���
��.@�#;:
¢D�&
)�)�N�7�ª1.:»�3 ��x�)���«5`:c�?ÃJÓ7Ó7DF�^:A��
b�¡�����¡�?�¡���7
��&>��0�x�x� �&
)��­K��®�
b�A¨b��®�®ä�:��«×�¡��«x��>8���a«x�7
b�¡�0��®`�&>�§���®��

�Ä�?�¡��=U¬A
��x«x�7
)��¨m��«6�  ��®�§K�?�¡���7
�� GVU&Z^RkuNM�� j�M�Z(Q*� � ÞJINj�LNK�Ic&¥J ¼ =,ÜFØOñ;E&Ü;:
¢D�&
�
)�x®�®k�?��:&#;:��?ÃJÓ7Ó7D��F�^:�¬A
#�x«x�7
)��¨m��«U�0�x�0­<�7
)�0�7¨m�b�)�x®Ä�&>�+)�x�(6)��«x���)����­)­)®���«+�?�¡�h�7
\>8����§��x�×��«x�7
Ä�¡�0��®k�

G�MFINj�Z(Q*� R�Q&X bdH-M�Z^X.Q*��H.}pGVU&Z^RkuNM�� j�M�Z9Q*���puTH-XYH-K2RkuTI Ï Â���ÊF�^=,C7C&Ê­ñ;C-Æ�Ã7:
¢D���(¨,��1.:g�.�7��
-�0��¨m��
��,�c:C�_X �?�9¨b��
)�0�7
��C¬�:��kC&D7DFC7�^:P�7��¨m­K���0��
���6)�h��®��7���h«+��®È­)�0�$�)§)«×�¡�  �h������
�«x�0��­$¤­)��
��H���$�f�¡�x¨m��=�¬ «x��¨m­<�A�:�]�:�h�7
���­)­)�0�Ä��«T+�� bdH-M�Z^X.Q*��H.}pGüOFOh� RkL9n¼�pu^H���H9U*Þ Ï í�=�Æ�ÃJÜ­ñWÆWC&Ü;:
¢D���(¨,��1.:Y�P:g�Y�7��
-�0��¨m��
��.�c:.5`:C�cX �?�9¨b��
)�0�7
��<¬�:.5`:��rC-D7D7ÊF�^:P�P+)�w�9+)�x�������&
 ��­)®���«+�E�:�h�7
��&>U­)® �&
Ä�

«x��¨m­C�×�¡�h�¡���7
o¨m�b�)�x®���=|�&
��&���0�7
)��¨m��«6­<�x�0�0­C�x«×�¡�  �&� G�XdX.Q*� I2H.}%��H-jrQ&XyÞ^Hþ( ­)­�:.E-Æ�Ã¨ñ;E-ÆFÉ;:



�64�úÒ4:FA;:&<9:,>=?(Z57,7¤?��,>1S�ÄFTá­o<9×=?( Ã7ÃJÊ

¢U��
Ä�¡���C��:<�� ����(�Ä���)���< �:Y�A:.)ü:��kC&D7D7DF�^: ¬ {*��uNM���H t R }�LNZ9LNXYuNR�Q*�ªL î Xdj�LrU&Z(Q*�ªnWL Ó M�X÷¶��JLTI
nWLöØ {&Z^R�Q_I
Ø�Q&Z^Rx{&s&LNR�I �d�U�)�h�¡���¡���A)Ý5A#;�d5����H�)��#��&
)�x���0���d5A#;:

¢`�7
Ä�¡���b�&����
��.�c:�1.:g�Y�7��®h���Ä�&
)�(¨b���k�d�
:YÍ�:g�È¦X��¨�¨b�0�x®��h���x�&�.5`:d�
:<�H ����(+)«T+)��
�¨������P:Y)ü:��?ÃJÓ7ÜFØ7�^: h�mdL
[]Q&j�mdLNK�Q&j�Rku9Q*�üh�mdLTH-Z�Þ*H.} Û O.j�R�K�Q*� Ý Z9HJuTLTITIJLTI �d#��&+�
,X���®��N�7�d@Z�N§ÎÔ����(¨,�,@9Ô2:

¢`�J§�®��x����1.:���1�+K�&
)�x���b��:,�kC&D7D;Ã_�^: ø�LNZ�q�RkuNR�nWL0opLTINR�INj�LNXYuTL�Q&X.n ò H-Z��gn b Z(Q&R�X;I ���05P� ¢U�0�x�0�������7
)�)�7
��
�<t2:

5Z�&�7���×�0�$�a¦2:\�?ÃJÓFE&E7�^: ¬�
��N©m«x����
Ä�i���¡���)����
Ä���¡�x«T+�
)��'b§)� >8���~�9+)� �0��®h§L�:�h�7
 >8������­L�¡��¨~��®�«x�7
Ä�¡�0��®
­)�0�76)®��x¨m��� ¬ H-KAO.M�j�LNZA[�LNj�mdH$n_I�R�XiGüOFOh� RkL9n2[]QWuTm�Q7X�RkuTI�Q&X.n¼�üX�U&R�XYLTLNZ^R�X�U ¼;À =dÊ;Ã_ØOñ�ÊFC7C�:

5�§�
����&���A:\�?ÃJÓ7DFØ7�^:aÿ�6<�x���)���­
$§)¨m�x�0���0«T+)����§[p����0§�
�� �¡���:��®��x�m�)�
û»�x�0��
Ä�¡� ��®���®h�x�h«^+b§�
�����
�� ð`QWuTm�Z�v
b LTIJLw�gv ò R�ITI$v ­)­�:.C7Ø7COñ;C7Ø7E�:

1L�&¨b�����c:g�c��§)�×�9¨��x¨m�N���x���V�c:D�35Z�-�d¨��  �� �:P�kC&D7D;Ã_�^:{�7�7
b�¡�0��®��*Ìa�¡��¨m���)��­)�¡�&�Ä���#�x¨  ª��0�����#�x�¥¤�:ª&�������Z�)�o�0�x§ �)�x�0��
  ��®  ��¨m��
Ä�¡��� h,LNX.n�~NXYuNR�Q_I�LNK []Q&j�LNK�{&j�Rku9QBGüOh� Rku9QFnFQ"L ¬ H-KAO.M�jrQWuNRkH-X.Q*�À �?Ã_�^=,C&D7Ê­ñ;C�Ã_C�:
1$«T+F§Ê���f�9�&�È¬�:��c:Ý�?ÃJÓ7Ó7ÜF�^: h�mdLTH-Z�ÞiQ&X.n3R�KAOh��LNKBLNXdjrQ&j�RkH-X�H.}�XdM�KBLNZ^Rku9Q*��KBLNj�mdHJn_I2qTQ_IJL9n"H-X�Z^M�X�UWLwù

ó-M�j�jrQ{R�Xdj�LrU&Z9Q&j�RkH-Xò}�H-Z�IJH�� sJR�X�U�HTO.j�R�K�Q*�0uTH-Xdj�Z9H��«O.Z9H7q���LNK�I �ö�a���0�0�x�f�:���+��� �)�o ��x�f�¡�¡���)���V��
)�^¤
 �x�0�0�h���o�&>�����®h�g>8���(
)� �����7�x�(¨��x®��N�7�Y�7¬�:

1W§��&
Ä�¡�7
��,�A:L�DX �x���0�&�d1.:«�?ÃJÓ7Ó;Ã_�^:���
Ä�¡�����¡�?�¡�x�3§7�x�x��¨~�&
K�&���x¨m��
Ä�$=��P+)�q�¡�?�¡���7
K��®h�a�&
)����­)­)�0�Ä��«T+��
ò LTL9n�h,LTuTm�XYH���H9U&Rku Ú�=,Ü7Ø7EOñ�Ü7Ü7Ê;:

�|��®�¨��x���Kt2:`�*�7�_�$®��x���c�A:P�?ÃJÓ7Ó&ÆW�^:"�7�+�&
 �0§)�0�H������¨m�$�)�x®����$�f�¡�x¨ �¡���  ��®�§K�?�¡�~�N©m«x����
)«N� �&>Ê�¡�A¤®������0­C���0�X��
)�)§)«×�¡���7
��C�x�0­C�x«x� ��®�®g�o�9+)�w­<���¡��
Ä�¡� ��®ä¨��$«x�7+)�x�(6)��«x���)�w­)§)«x«x��
)� �3­)§�
)«×�¡�g>8���0¨m������ò LTL9n
opLTI$v Ï Â�=,C7E7ØOñ;C&É;Ã7:

X �?�9¨b��
)�0�7
��»¬�:c�?ÃJÓ7É7DF�^:6�a��
)�0�h�?���)�x­<��
)�)��
)«x�3��
��0��
���®��#�0­C�x«x���x�q­<��­)§)® �?�¡���7
)�Z�&>|­)® �&
b�¡��� bdH-M�Z^X.Q*�
H.}Bh�mdLTH-Z9LNj�Rku9Q*�h�pRkH���H9U*Þ ì Ï =dÊ&ÆWØOñ�ÊFØ7E�:

X �?�9¨b��
)�0�7
��b¬�:�5`:Y�kC&D7D&ÆW�^:ÖÝ �gQ&Xdj�opLTI�OdH-X;IJL�j�H ¬ Z9H�÷Vn&R�X�U �W�U�)�h�¡���¡���A)U �¦2�W�7�x®���ÍZ���0���x�7
)�&�L �¦�:
Ô2: ¬�:g�÷t2:��?ÃJÓ7Ó7ÉF�^: �Q��LNKBLNXdj�I2H.}pGüOFOh� RkL9n²�pR }TM�Z9uTQ&j�RkH-X h�mdL^H-Z�Þ �,1$­)�0��
����x�¥¤r�U�x�0® �&��:
Ô��b�K�;�Rt2:g�Rtq���¡�;�ü�\:g� < �Ä�$§��;�PÍ�:��"ÍZ�7�x§)¨m�k�@t2:A�?ÃJÓ7Ü7ÊF�^:�1$�x®g> ¤.�9+)��
�
)�g
�� ��
��  �x�0«x�0�J§��)�x��­)§)�0��f�:�&
)�)��§�
)�)�x��«x§)®h�¡�  �?�¡�x�m�&
)�B
K�?�¡§)�¡��®K«x�7
)�)�h�¡���7
)���8��
Ä�¡�¡���0­<�x«x�g�K«�«x��¨m­<�×�¡�h�¡���&
m��¨m�7
��`+)���7+)�x�­)® �&
Ä�¡�ü�L���^� bdH-M�Z^X.Q*��H.}%�pRkH���H9U*ÞJS Û I$Q­ó7Q ¬ R�jxÞ Ù XdR�s&LNZ9INR�jxÞ ¼ Â�=«ÃJD7EOñ,Ã_C&Ó;:



Livros Grátis
( http://www.livrosgratis.com.br )

 
Milhares de Livros para Download:
 
Baixar livros de Administração
Baixar livros de Agronomia
Baixar livros de Arquitetura
Baixar livros de Artes
Baixar livros de Astronomia
Baixar livros de Biologia Geral
Baixar livros de Ciência da Computação
Baixar livros de Ciência da Informação
Baixar livros de Ciência Política
Baixar livros de Ciências da Saúde
Baixar livros de Comunicação
Baixar livros do Conselho Nacional de Educação - CNE
Baixar livros de Defesa civil
Baixar livros de Direito
Baixar livros de Direitos humanos
Baixar livros de Economia
Baixar livros de Economia Doméstica
Baixar livros de Educação
Baixar livros de Educação - Trânsito
Baixar livros de Educação Física
Baixar livros de Engenharia Aeroespacial
Baixar livros de Farmácia
Baixar livros de Filosofia
Baixar livros de Física
Baixar livros de Geociências
Baixar livros de Geografia
Baixar livros de História
Baixar livros de Línguas

http://www.livrosgratis.com.br
http://www.livrosgratis.com.br
http://www.livrosgratis.com.br
http://www.livrosgratis.com.br
http://www.livrosgratis.com.br
http://www.livrosgratis.com.br
http://www.livrosgratis.com.br
http://www.livrosgratis.com.br
http://www.livrosgratis.com.br
http://www.livrosgratis.com.br/cat_1/administracao/1
http://www.livrosgratis.com.br/cat_1/administracao/1
http://www.livrosgratis.com.br/cat_1/administracao/1
http://www.livrosgratis.com.br/cat_1/administracao/1
http://www.livrosgratis.com.br/cat_1/administracao/1
http://www.livrosgratis.com.br/cat_1/administracao/1
http://www.livrosgratis.com.br/cat_1/administracao/1
http://www.livrosgratis.com.br/cat_2/agronomia/1
http://www.livrosgratis.com.br/cat_2/agronomia/1
http://www.livrosgratis.com.br/cat_2/agronomia/1
http://www.livrosgratis.com.br/cat_2/agronomia/1
http://www.livrosgratis.com.br/cat_2/agronomia/1
http://www.livrosgratis.com.br/cat_2/agronomia/1
http://www.livrosgratis.com.br/cat_2/agronomia/1
http://www.livrosgratis.com.br/cat_3/arquitetura/1
http://www.livrosgratis.com.br/cat_3/arquitetura/1
http://www.livrosgratis.com.br/cat_3/arquitetura/1
http://www.livrosgratis.com.br/cat_3/arquitetura/1
http://www.livrosgratis.com.br/cat_3/arquitetura/1
http://www.livrosgratis.com.br/cat_3/arquitetura/1
http://www.livrosgratis.com.br/cat_3/arquitetura/1
http://www.livrosgratis.com.br/cat_4/artes/1
http://www.livrosgratis.com.br/cat_4/artes/1
http://www.livrosgratis.com.br/cat_4/artes/1
http://www.livrosgratis.com.br/cat_4/artes/1
http://www.livrosgratis.com.br/cat_4/artes/1
http://www.livrosgratis.com.br/cat_4/artes/1
http://www.livrosgratis.com.br/cat_4/artes/1
http://www.livrosgratis.com.br/cat_5/astronomia/1
http://www.livrosgratis.com.br/cat_5/astronomia/1
http://www.livrosgratis.com.br/cat_5/astronomia/1
http://www.livrosgratis.com.br/cat_5/astronomia/1
http://www.livrosgratis.com.br/cat_5/astronomia/1
http://www.livrosgratis.com.br/cat_5/astronomia/1
http://www.livrosgratis.com.br/cat_5/astronomia/1
http://www.livrosgratis.com.br/cat_6/biologia_geral/1
http://www.livrosgratis.com.br/cat_6/biologia_geral/1
http://www.livrosgratis.com.br/cat_6/biologia_geral/1
http://www.livrosgratis.com.br/cat_6/biologia_geral/1
http://www.livrosgratis.com.br/cat_6/biologia_geral/1
http://www.livrosgratis.com.br/cat_6/biologia_geral/1
http://www.livrosgratis.com.br/cat_6/biologia_geral/1
http://www.livrosgratis.com.br/cat_6/biologia_geral/1
http://www.livrosgratis.com.br/cat_6/biologia_geral/1
http://www.livrosgratis.com.br/cat_8/ciencia_da_computacao/1
http://www.livrosgratis.com.br/cat_8/ciencia_da_computacao/1
http://www.livrosgratis.com.br/cat_8/ciencia_da_computacao/1
http://www.livrosgratis.com.br/cat_8/ciencia_da_computacao/1
http://www.livrosgratis.com.br/cat_8/ciencia_da_computacao/1
http://www.livrosgratis.com.br/cat_8/ciencia_da_computacao/1
http://www.livrosgratis.com.br/cat_8/ciencia_da_computacao/1
http://www.livrosgratis.com.br/cat_8/ciencia_da_computacao/1
http://www.livrosgratis.com.br/cat_8/ciencia_da_computacao/1
http://www.livrosgratis.com.br/cat_8/ciencia_da_computacao/1
http://www.livrosgratis.com.br/cat_8/ciencia_da_computacao/1
http://www.livrosgratis.com.br/cat_9/ciencia_da_informacao/1
http://www.livrosgratis.com.br/cat_9/ciencia_da_informacao/1
http://www.livrosgratis.com.br/cat_9/ciencia_da_informacao/1
http://www.livrosgratis.com.br/cat_9/ciencia_da_informacao/1
http://www.livrosgratis.com.br/cat_9/ciencia_da_informacao/1
http://www.livrosgratis.com.br/cat_9/ciencia_da_informacao/1
http://www.livrosgratis.com.br/cat_9/ciencia_da_informacao/1
http://www.livrosgratis.com.br/cat_9/ciencia_da_informacao/1
http://www.livrosgratis.com.br/cat_9/ciencia_da_informacao/1
http://www.livrosgratis.com.br/cat_9/ciencia_da_informacao/1
http://www.livrosgratis.com.br/cat_9/ciencia_da_informacao/1
http://www.livrosgratis.com.br/cat_7/ciencia_politica/1
http://www.livrosgratis.com.br/cat_7/ciencia_politica/1
http://www.livrosgratis.com.br/cat_7/ciencia_politica/1
http://www.livrosgratis.com.br/cat_7/ciencia_politica/1
http://www.livrosgratis.com.br/cat_7/ciencia_politica/1
http://www.livrosgratis.com.br/cat_7/ciencia_politica/1
http://www.livrosgratis.com.br/cat_7/ciencia_politica/1
http://www.livrosgratis.com.br/cat_7/ciencia_politica/1
http://www.livrosgratis.com.br/cat_7/ciencia_politica/1
http://www.livrosgratis.com.br/cat_10/ciencias_da_saude/1
http://www.livrosgratis.com.br/cat_10/ciencias_da_saude/1
http://www.livrosgratis.com.br/cat_10/ciencias_da_saude/1
http://www.livrosgratis.com.br/cat_10/ciencias_da_saude/1
http://www.livrosgratis.com.br/cat_10/ciencias_da_saude/1
http://www.livrosgratis.com.br/cat_10/ciencias_da_saude/1
http://www.livrosgratis.com.br/cat_10/ciencias_da_saude/1
http://www.livrosgratis.com.br/cat_10/ciencias_da_saude/1
http://www.livrosgratis.com.br/cat_10/ciencias_da_saude/1
http://www.livrosgratis.com.br/cat_10/ciencias_da_saude/1
http://www.livrosgratis.com.br/cat_10/ciencias_da_saude/1
http://www.livrosgratis.com.br/cat_11/comunicacao/1
http://www.livrosgratis.com.br/cat_11/comunicacao/1
http://www.livrosgratis.com.br/cat_11/comunicacao/1
http://www.livrosgratis.com.br/cat_11/comunicacao/1
http://www.livrosgratis.com.br/cat_11/comunicacao/1
http://www.livrosgratis.com.br/cat_11/comunicacao/1
http://www.livrosgratis.com.br/cat_11/comunicacao/1
http://www.livrosgratis.com.br/cat_12/conselho_nacional_de_educacao_-_cne/1
http://www.livrosgratis.com.br/cat_12/conselho_nacional_de_educacao_-_cne/1
http://www.livrosgratis.com.br/cat_12/conselho_nacional_de_educacao_-_cne/1
http://www.livrosgratis.com.br/cat_12/conselho_nacional_de_educacao_-_cne/1
http://www.livrosgratis.com.br/cat_12/conselho_nacional_de_educacao_-_cne/1
http://www.livrosgratis.com.br/cat_12/conselho_nacional_de_educacao_-_cne/1
http://www.livrosgratis.com.br/cat_12/conselho_nacional_de_educacao_-_cne/1
http://www.livrosgratis.com.br/cat_12/conselho_nacional_de_educacao_-_cne/1
http://www.livrosgratis.com.br/cat_12/conselho_nacional_de_educacao_-_cne/1
http://www.livrosgratis.com.br/cat_12/conselho_nacional_de_educacao_-_cne/1
http://www.livrosgratis.com.br/cat_12/conselho_nacional_de_educacao_-_cne/1
http://www.livrosgratis.com.br/cat_12/conselho_nacional_de_educacao_-_cne/1
http://www.livrosgratis.com.br/cat_12/conselho_nacional_de_educacao_-_cne/1
http://www.livrosgratis.com.br/cat_12/conselho_nacional_de_educacao_-_cne/1
http://www.livrosgratis.com.br/cat_12/conselho_nacional_de_educacao_-_cne/1
http://www.livrosgratis.com.br/cat_13/defesa_civil/1
http://www.livrosgratis.com.br/cat_13/defesa_civil/1
http://www.livrosgratis.com.br/cat_13/defesa_civil/1
http://www.livrosgratis.com.br/cat_13/defesa_civil/1
http://www.livrosgratis.com.br/cat_13/defesa_civil/1
http://www.livrosgratis.com.br/cat_13/defesa_civil/1
http://www.livrosgratis.com.br/cat_13/defesa_civil/1
http://www.livrosgratis.com.br/cat_13/defesa_civil/1
http://www.livrosgratis.com.br/cat_13/defesa_civil/1
http://www.livrosgratis.com.br/cat_14/direito/1
http://www.livrosgratis.com.br/cat_14/direito/1
http://www.livrosgratis.com.br/cat_14/direito/1
http://www.livrosgratis.com.br/cat_14/direito/1
http://www.livrosgratis.com.br/cat_14/direito/1
http://www.livrosgratis.com.br/cat_14/direito/1
http://www.livrosgratis.com.br/cat_14/direito/1
http://www.livrosgratis.com.br/cat_15/direitos_humanos/1
http://www.livrosgratis.com.br/cat_15/direitos_humanos/1
http://www.livrosgratis.com.br/cat_15/direitos_humanos/1
http://www.livrosgratis.com.br/cat_15/direitos_humanos/1
http://www.livrosgratis.com.br/cat_15/direitos_humanos/1
http://www.livrosgratis.com.br/cat_15/direitos_humanos/1
http://www.livrosgratis.com.br/cat_15/direitos_humanos/1
http://www.livrosgratis.com.br/cat_15/direitos_humanos/1
http://www.livrosgratis.com.br/cat_15/direitos_humanos/1
http://www.livrosgratis.com.br/cat_16/economia/1
http://www.livrosgratis.com.br/cat_16/economia/1
http://www.livrosgratis.com.br/cat_16/economia/1
http://www.livrosgratis.com.br/cat_16/economia/1
http://www.livrosgratis.com.br/cat_16/economia/1
http://www.livrosgratis.com.br/cat_16/economia/1
http://www.livrosgratis.com.br/cat_16/economia/1
http://www.livrosgratis.com.br/cat_17/economia_domestica/1
http://www.livrosgratis.com.br/cat_17/economia_domestica/1
http://www.livrosgratis.com.br/cat_17/economia_domestica/1
http://www.livrosgratis.com.br/cat_17/economia_domestica/1
http://www.livrosgratis.com.br/cat_17/economia_domestica/1
http://www.livrosgratis.com.br/cat_17/economia_domestica/1
http://www.livrosgratis.com.br/cat_17/economia_domestica/1
http://www.livrosgratis.com.br/cat_17/economia_domestica/1
http://www.livrosgratis.com.br/cat_17/economia_domestica/1
http://www.livrosgratis.com.br/cat_18/educacao/1
http://www.livrosgratis.com.br/cat_18/educacao/1
http://www.livrosgratis.com.br/cat_18/educacao/1
http://www.livrosgratis.com.br/cat_18/educacao/1
http://www.livrosgratis.com.br/cat_18/educacao/1
http://www.livrosgratis.com.br/cat_18/educacao/1
http://www.livrosgratis.com.br/cat_18/educacao/1
http://www.livrosgratis.com.br/cat_19/educacao_-_transito/1
http://www.livrosgratis.com.br/cat_19/educacao_-_transito/1
http://www.livrosgratis.com.br/cat_19/educacao_-_transito/1
http://www.livrosgratis.com.br/cat_19/educacao_-_transito/1
http://www.livrosgratis.com.br/cat_19/educacao_-_transito/1
http://www.livrosgratis.com.br/cat_19/educacao_-_transito/1
http://www.livrosgratis.com.br/cat_19/educacao_-_transito/1
http://www.livrosgratis.com.br/cat_19/educacao_-_transito/1
http://www.livrosgratis.com.br/cat_19/educacao_-_transito/1
http://www.livrosgratis.com.br/cat_20/educacao_fisica/1
http://www.livrosgratis.com.br/cat_20/educacao_fisica/1
http://www.livrosgratis.com.br/cat_20/educacao_fisica/1
http://www.livrosgratis.com.br/cat_20/educacao_fisica/1
http://www.livrosgratis.com.br/cat_20/educacao_fisica/1
http://www.livrosgratis.com.br/cat_20/educacao_fisica/1
http://www.livrosgratis.com.br/cat_20/educacao_fisica/1
http://www.livrosgratis.com.br/cat_20/educacao_fisica/1
http://www.livrosgratis.com.br/cat_20/educacao_fisica/1
http://www.livrosgratis.com.br/cat_21/engenharia_aeroespacial/1
http://www.livrosgratis.com.br/cat_21/engenharia_aeroespacial/1
http://www.livrosgratis.com.br/cat_21/engenharia_aeroespacial/1
http://www.livrosgratis.com.br/cat_21/engenharia_aeroespacial/1
http://www.livrosgratis.com.br/cat_21/engenharia_aeroespacial/1
http://www.livrosgratis.com.br/cat_21/engenharia_aeroespacial/1
http://www.livrosgratis.com.br/cat_21/engenharia_aeroespacial/1
http://www.livrosgratis.com.br/cat_21/engenharia_aeroespacial/1
http://www.livrosgratis.com.br/cat_21/engenharia_aeroespacial/1
http://www.livrosgratis.com.br/cat_22/farmacia/1
http://www.livrosgratis.com.br/cat_22/farmacia/1
http://www.livrosgratis.com.br/cat_22/farmacia/1
http://www.livrosgratis.com.br/cat_22/farmacia/1
http://www.livrosgratis.com.br/cat_22/farmacia/1
http://www.livrosgratis.com.br/cat_22/farmacia/1
http://www.livrosgratis.com.br/cat_22/farmacia/1
http://www.livrosgratis.com.br/cat_23/filosofia/1
http://www.livrosgratis.com.br/cat_23/filosofia/1
http://www.livrosgratis.com.br/cat_23/filosofia/1
http://www.livrosgratis.com.br/cat_23/filosofia/1
http://www.livrosgratis.com.br/cat_23/filosofia/1
http://www.livrosgratis.com.br/cat_23/filosofia/1
http://www.livrosgratis.com.br/cat_23/filosofia/1
http://www.livrosgratis.com.br/cat_24/fisica/1
http://www.livrosgratis.com.br/cat_24/fisica/1
http://www.livrosgratis.com.br/cat_24/fisica/1
http://www.livrosgratis.com.br/cat_24/fisica/1
http://www.livrosgratis.com.br/cat_24/fisica/1
http://www.livrosgratis.com.br/cat_24/fisica/1
http://www.livrosgratis.com.br/cat_24/fisica/1
http://www.livrosgratis.com.br/cat_25/geociencias/1
http://www.livrosgratis.com.br/cat_25/geociencias/1
http://www.livrosgratis.com.br/cat_25/geociencias/1
http://www.livrosgratis.com.br/cat_25/geociencias/1
http://www.livrosgratis.com.br/cat_25/geociencias/1
http://www.livrosgratis.com.br/cat_25/geociencias/1
http://www.livrosgratis.com.br/cat_25/geociencias/1
http://www.livrosgratis.com.br/cat_26/geografia/1
http://www.livrosgratis.com.br/cat_26/geografia/1
http://www.livrosgratis.com.br/cat_26/geografia/1
http://www.livrosgratis.com.br/cat_26/geografia/1
http://www.livrosgratis.com.br/cat_26/geografia/1
http://www.livrosgratis.com.br/cat_26/geografia/1
http://www.livrosgratis.com.br/cat_26/geografia/1
http://www.livrosgratis.com.br/cat_27/historia/1
http://www.livrosgratis.com.br/cat_27/historia/1
http://www.livrosgratis.com.br/cat_27/historia/1
http://www.livrosgratis.com.br/cat_27/historia/1
http://www.livrosgratis.com.br/cat_27/historia/1
http://www.livrosgratis.com.br/cat_27/historia/1
http://www.livrosgratis.com.br/cat_27/historia/1
http://www.livrosgratis.com.br/cat_31/linguas/1
http://www.livrosgratis.com.br/cat_31/linguas/1
http://www.livrosgratis.com.br/cat_31/linguas/1
http://www.livrosgratis.com.br/cat_31/linguas/1
http://www.livrosgratis.com.br/cat_31/linguas/1
http://www.livrosgratis.com.br/cat_31/linguas/1
http://www.livrosgratis.com.br/cat_31/linguas/1


Baixar livros de Literatura
Baixar livros de Literatura de Cordel
Baixar livros de Literatura Infantil
Baixar livros de Matemática
Baixar livros de Medicina
Baixar livros de Medicina Veterinária
Baixar livros de Meio Ambiente
Baixar livros de Meteorologia
Baixar Monografias e TCC
Baixar livros Multidisciplinar
Baixar livros de Música
Baixar livros de Psicologia
Baixar livros de Química
Baixar livros de Saúde Coletiva
Baixar livros de Serviço Social
Baixar livros de Sociologia
Baixar livros de Teologia
Baixar livros de Trabalho
Baixar livros de Turismo
 
 

http://www.livrosgratis.com.br/cat_28/literatura/1
http://www.livrosgratis.com.br/cat_28/literatura/1
http://www.livrosgratis.com.br/cat_28/literatura/1
http://www.livrosgratis.com.br/cat_28/literatura/1
http://www.livrosgratis.com.br/cat_28/literatura/1
http://www.livrosgratis.com.br/cat_28/literatura/1
http://www.livrosgratis.com.br/cat_28/literatura/1
http://www.livrosgratis.com.br/cat_30/literatura_de_cordel/1
http://www.livrosgratis.com.br/cat_30/literatura_de_cordel/1
http://www.livrosgratis.com.br/cat_30/literatura_de_cordel/1
http://www.livrosgratis.com.br/cat_30/literatura_de_cordel/1
http://www.livrosgratis.com.br/cat_30/literatura_de_cordel/1
http://www.livrosgratis.com.br/cat_30/literatura_de_cordel/1
http://www.livrosgratis.com.br/cat_30/literatura_de_cordel/1
http://www.livrosgratis.com.br/cat_30/literatura_de_cordel/1
http://www.livrosgratis.com.br/cat_30/literatura_de_cordel/1
http://www.livrosgratis.com.br/cat_30/literatura_de_cordel/1
http://www.livrosgratis.com.br/cat_30/literatura_de_cordel/1
http://www.livrosgratis.com.br/cat_29/literatura_infantil/1
http://www.livrosgratis.com.br/cat_29/literatura_infantil/1
http://www.livrosgratis.com.br/cat_29/literatura_infantil/1
http://www.livrosgratis.com.br/cat_29/literatura_infantil/1
http://www.livrosgratis.com.br/cat_29/literatura_infantil/1
http://www.livrosgratis.com.br/cat_29/literatura_infantil/1
http://www.livrosgratis.com.br/cat_29/literatura_infantil/1
http://www.livrosgratis.com.br/cat_29/literatura_infantil/1
http://www.livrosgratis.com.br/cat_29/literatura_infantil/1
http://www.livrosgratis.com.br/cat_32/matematica/1
http://www.livrosgratis.com.br/cat_32/matematica/1
http://www.livrosgratis.com.br/cat_32/matematica/1
http://www.livrosgratis.com.br/cat_32/matematica/1
http://www.livrosgratis.com.br/cat_32/matematica/1
http://www.livrosgratis.com.br/cat_32/matematica/1
http://www.livrosgratis.com.br/cat_32/matematica/1
http://www.livrosgratis.com.br/cat_33/medicina/1
http://www.livrosgratis.com.br/cat_33/medicina/1
http://www.livrosgratis.com.br/cat_33/medicina/1
http://www.livrosgratis.com.br/cat_33/medicina/1
http://www.livrosgratis.com.br/cat_33/medicina/1
http://www.livrosgratis.com.br/cat_33/medicina/1
http://www.livrosgratis.com.br/cat_33/medicina/1
http://www.livrosgratis.com.br/cat_34/medicina_veterinaria/1
http://www.livrosgratis.com.br/cat_34/medicina_veterinaria/1
http://www.livrosgratis.com.br/cat_34/medicina_veterinaria/1
http://www.livrosgratis.com.br/cat_34/medicina_veterinaria/1
http://www.livrosgratis.com.br/cat_34/medicina_veterinaria/1
http://www.livrosgratis.com.br/cat_34/medicina_veterinaria/1
http://www.livrosgratis.com.br/cat_34/medicina_veterinaria/1
http://www.livrosgratis.com.br/cat_34/medicina_veterinaria/1
http://www.livrosgratis.com.br/cat_34/medicina_veterinaria/1
http://www.livrosgratis.com.br/cat_35/meio_ambiente/1
http://www.livrosgratis.com.br/cat_35/meio_ambiente/1
http://www.livrosgratis.com.br/cat_35/meio_ambiente/1
http://www.livrosgratis.com.br/cat_35/meio_ambiente/1
http://www.livrosgratis.com.br/cat_35/meio_ambiente/1
http://www.livrosgratis.com.br/cat_35/meio_ambiente/1
http://www.livrosgratis.com.br/cat_35/meio_ambiente/1
http://www.livrosgratis.com.br/cat_35/meio_ambiente/1
http://www.livrosgratis.com.br/cat_35/meio_ambiente/1
http://www.livrosgratis.com.br/cat_36/meteorologia/1
http://www.livrosgratis.com.br/cat_36/meteorologia/1
http://www.livrosgratis.com.br/cat_36/meteorologia/1
http://www.livrosgratis.com.br/cat_36/meteorologia/1
http://www.livrosgratis.com.br/cat_36/meteorologia/1
http://www.livrosgratis.com.br/cat_36/meteorologia/1
http://www.livrosgratis.com.br/cat_36/meteorologia/1
http://www.livrosgratis.com.br/cat_45/monografias_e_tcc/1
http://www.livrosgratis.com.br/cat_45/monografias_e_tcc/1
http://www.livrosgratis.com.br/cat_45/monografias_e_tcc/1
http://www.livrosgratis.com.br/cat_45/monografias_e_tcc/1
http://www.livrosgratis.com.br/cat_45/monografias_e_tcc/1
http://www.livrosgratis.com.br/cat_45/monografias_e_tcc/1
http://www.livrosgratis.com.br/cat_45/monografias_e_tcc/1
http://www.livrosgratis.com.br/cat_37/multidisciplinar/1
http://www.livrosgratis.com.br/cat_37/multidisciplinar/1
http://www.livrosgratis.com.br/cat_37/multidisciplinar/1
http://www.livrosgratis.com.br/cat_37/multidisciplinar/1
http://www.livrosgratis.com.br/cat_37/multidisciplinar/1
http://www.livrosgratis.com.br/cat_38/musica/1
http://www.livrosgratis.com.br/cat_38/musica/1
http://www.livrosgratis.com.br/cat_38/musica/1
http://www.livrosgratis.com.br/cat_38/musica/1
http://www.livrosgratis.com.br/cat_38/musica/1
http://www.livrosgratis.com.br/cat_38/musica/1
http://www.livrosgratis.com.br/cat_38/musica/1
http://www.livrosgratis.com.br/cat_39/psicologia/1
http://www.livrosgratis.com.br/cat_39/psicologia/1
http://www.livrosgratis.com.br/cat_39/psicologia/1
http://www.livrosgratis.com.br/cat_39/psicologia/1
http://www.livrosgratis.com.br/cat_39/psicologia/1
http://www.livrosgratis.com.br/cat_39/psicologia/1
http://www.livrosgratis.com.br/cat_39/psicologia/1
http://www.livrosgratis.com.br/cat_40/quimica/1
http://www.livrosgratis.com.br/cat_40/quimica/1
http://www.livrosgratis.com.br/cat_40/quimica/1
http://www.livrosgratis.com.br/cat_40/quimica/1
http://www.livrosgratis.com.br/cat_40/quimica/1
http://www.livrosgratis.com.br/cat_40/quimica/1
http://www.livrosgratis.com.br/cat_40/quimica/1
http://www.livrosgratis.com.br/cat_41/saude_coletiva/1
http://www.livrosgratis.com.br/cat_41/saude_coletiva/1
http://www.livrosgratis.com.br/cat_41/saude_coletiva/1
http://www.livrosgratis.com.br/cat_41/saude_coletiva/1
http://www.livrosgratis.com.br/cat_41/saude_coletiva/1
http://www.livrosgratis.com.br/cat_41/saude_coletiva/1
http://www.livrosgratis.com.br/cat_41/saude_coletiva/1
http://www.livrosgratis.com.br/cat_41/saude_coletiva/1
http://www.livrosgratis.com.br/cat_41/saude_coletiva/1
http://www.livrosgratis.com.br/cat_42/servico_social/1
http://www.livrosgratis.com.br/cat_42/servico_social/1
http://www.livrosgratis.com.br/cat_42/servico_social/1
http://www.livrosgratis.com.br/cat_42/servico_social/1
http://www.livrosgratis.com.br/cat_42/servico_social/1
http://www.livrosgratis.com.br/cat_42/servico_social/1
http://www.livrosgratis.com.br/cat_42/servico_social/1
http://www.livrosgratis.com.br/cat_42/servico_social/1
http://www.livrosgratis.com.br/cat_42/servico_social/1
http://www.livrosgratis.com.br/cat_43/sociologia/1
http://www.livrosgratis.com.br/cat_43/sociologia/1
http://www.livrosgratis.com.br/cat_43/sociologia/1
http://www.livrosgratis.com.br/cat_43/sociologia/1
http://www.livrosgratis.com.br/cat_43/sociologia/1
http://www.livrosgratis.com.br/cat_43/sociologia/1
http://www.livrosgratis.com.br/cat_43/sociologia/1
http://www.livrosgratis.com.br/cat_44/teologia/1
http://www.livrosgratis.com.br/cat_44/teologia/1
http://www.livrosgratis.com.br/cat_44/teologia/1
http://www.livrosgratis.com.br/cat_44/teologia/1
http://www.livrosgratis.com.br/cat_44/teologia/1
http://www.livrosgratis.com.br/cat_44/teologia/1
http://www.livrosgratis.com.br/cat_44/teologia/1
http://www.livrosgratis.com.br/cat_46/trabalho/1
http://www.livrosgratis.com.br/cat_46/trabalho/1
http://www.livrosgratis.com.br/cat_46/trabalho/1
http://www.livrosgratis.com.br/cat_46/trabalho/1
http://www.livrosgratis.com.br/cat_46/trabalho/1
http://www.livrosgratis.com.br/cat_46/trabalho/1
http://www.livrosgratis.com.br/cat_46/trabalho/1
http://www.livrosgratis.com.br/cat_47/turismo/1
http://www.livrosgratis.com.br/cat_47/turismo/1
http://www.livrosgratis.com.br/cat_47/turismo/1
http://www.livrosgratis.com.br/cat_47/turismo/1
http://www.livrosgratis.com.br/cat_47/turismo/1
http://www.livrosgratis.com.br/cat_47/turismo/1
http://www.livrosgratis.com.br/cat_47/turismo/1

