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Introduction
The Consumption Capital Asset Pricing Model� CCAPM� presented to the profession by the seminal works

of Lucas (1978) and Breeden (1979) speci�es from an equilibrium relation the Stochastic Discount Factor�

SDF� as the intertemporal marginal rate of substitution for the representative agent, incorporating de�nitely

the �nancial theory to the theoretical framework developed by the economists of choice under uncertainty.

In its canonical version, the CCAPM de�nes the consumption growth as the SDF. Although this speci�cation

has been extensively used in �nance literature due to its convenience, it really does not work well in practice,

there being many evidences of its incapability to account for stylized facts. The equity premium� EPP�

and the forward premium puzzles� FPP� are two of the most famous and reported empirical failures of this

consumption-based approach.

The EPP, commonly associated with the works of Hansen and Singleton (1983) and Mehra and Prescott

(1985), is how one calls the incapacity of consumption based asset pricing models, with reasonable parameters

for the representative agent�s preferences, to explain the excess return of stock market with respect to the risk

free bond in the United States. The departure point of the puzzle is an attempt to �t the Euler equation of a

representative agent for the American economy, which has proven to be an elusive task.

The FPP, on the other hand, relates to the di¤erence between the forward rate and the expected future

value of the spot exchange rate in a world with rational expectations and risk neutrality. Once more, this risk

premium model fails when it is not able to generate the conditional bias of the forward rates as predictors of

future spot exchange rates that characterizes the FPP.

Relaxing the risk neutrality hypothesis, The relevant question is whether a theoretically sound economic

model is able to provide a de�nition of risk capable of correctly pricing the forward premium.

In other words, although the two puzzles are similar with regards to the incapacity of traditional models

to account for the risk premiums involved in these di¤erent markets, there is a non-shared characteristic: the

predictability of returns based on interest rate di¤erentials. It is possible that it was this speci�city that lead

researchers to adopt distinct agendas for investigating these puzzles. Engel (1996), for example, argues that,

since this strong power of forward premium for forecasting exchange rate changes has no counterpart in the

literature on equity returns, general equilibrium models are not likely to replicate this �nding, there being no

grounds to believe that the proposed solutions to puzzles in domestic �nancial markets can shed light on the

FPP.

More recently, some works intending to better understand the behavior of foreign currency risk premiums

have considered the possible relation between these puzzles, but none of them has provided empirical evidences

toward this direction.

In this sense, our research agenda consists in showing this strong relation between these puzzles based on

evidences that both empirical failures are related to the incapacity of the canonical CCAPM to provide a high

volatile intertemporal marginal rate of substitution with reasonable values for the preferences parameters.

The �rst chapter (with João Victor Issler) has as a departure point that given free portfolio formation

and the law of one price is equivalent to the existence of a SDF through Riesz representation theorem, which

relies on less restrictive assumptions than those ones used in the CCAPM. Using two di¤erent purely statistical

methodologies we extract time series for the SDF which are able to correctly price the excess market return
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and also the excess returns that characterizes the FPP. Our results not only suggest that both puzzles are

interwined, but also that American domestic are "representative" in the sense of characterizing a pricing kernel

capable to price the foreign currency risk premium.

Because we do not spell out a full speci�ed model it is hard to justify our calling the covariance of returns

with the SDF as a risk measure. In the second chapter, we take the discussion of the previous chapter one

step further by evaluating the performance of di¤erent models in pricing excess returns for each market. Once

again, our goal is not to �nd a model that solves all the problems. Rather, our concern is to verify if the same

failures and successes attained by the CCAPM in its various forms in pricing the excess returns of equity over

short term risk-free bonds will be manifest in the case of forward exchange markets. Our main �nding is that

the same (however often unreasonable) values for the parameters are estimated for all models in both markets.

In most cases, the rejections or otherwise of overidentifying restrictions occurs for the two markets, suggesting

that success and failure stories for the equity premium repeat themselves in foreign exchange markets. Our

results corroborate the �ndings in da Costa et al. (2006) that indicate a strong similarity between the behavior

of excess returns in the two markets when modeled as risk premiums, providing empirical grounds to believe

that the proposed preference-based solutions to puzzles in domestic �nancial markets can certainly shed light

on the Forward Premium Puzzle.

However, even though one can write a successful risk premium model, which has been a surmountable task,

there is a robust and uncomfortable empirical �nding typical of the FPP that remains to be accommodated:

domestic currency is expected to appreciate when domestic nominal interest rates exceed foreign interest rates.

In this sense, the third chapter (with Rodrigo de Losso) revisits these counterintuitive empirical �ndings

working directly and only with the log-linearized Asset Pricing Equation. We are able to derive an equation

that describes the currency depreciation movements based on a quite general framework and that has the

conventional regression used in most empirical studies related to FPP as a particular case, therefore, being

useful to identify the potential bias in the conventional regression due to a problem of omitted variable. We

adopt a novel three-stage approach, wishing to analyse if this bias would be responsible for the disappointing

�ndings reported in the literature. This chapter is still in process and the results are partially well succeed. In

some tests we are not able to reject the null hypothesis that risk explains the FPP, while in other tests we reject

the null.
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CHAPTER 1

The Forward- and the Equity-Premium Puzzles: Two Symptoms of the Same Illness?1

Abstract

In this paper we revisit the question of the relationship between the equity and the forward premium puzzles. We

construct atheoretical pricing kernels under the weak assumption that the law of one price holds and check whether

the pricing kernel thus constructed prices correctly the equity and the forward premiums. We avoid the use of log-

linearization by using the moments associated with the Euler equation to test the capacity of our pricing kernels to price

correctly returns and excess returns. Our main �nding, in our out of sample exercises, is that a pricing kernel constructed

only from the information on American domestic assets is capable of accounting for both the equity and the forward

premium puzzles. We fail to reject the null that the forward premium has zero price even when current and past values

of the forward contract are used as instrument.

JEL Code: G12;G15

Keywords: Equity Premium Puzzle, Forward Premium Puzzle, Pricing Kernel, Common Feature, Principal

Components Analysis.

1. Introduction
Puzzles are how economists denote systematic empirical violations of theoretically sound models. Puzzles

play an important role in the advance of economic theory by creating research agendas aimed at either incorpo-

rating features capable of accommodating the empirical regularities that escape from the most stylized versions

of these models, or, ultimately, overthrowing them. Two of the best known puzzles in economics are the equity

premium � henceforth, EPP � and the forward premium puzzles � henceforth, FPP.

Despite some early attempts to treat the two puzzles in a uni�ed framework � e.g., Mark (1985) � it was

soon clear that, without an empirically successful model for pricing risk, as evidenced by the EPP, researchers

would have no reason to believe that this would be the best approach to handle the FPP. In fact, the very

question of whether the eventual development of a model capable of accommodating the EPP would allow

for explaining the FPP appeared not to be well posed without actually having such model. This fact partly

explains why the two puzzles gave birth to two separate research agendas: the �rst, within the scope of �nancial

economics and the second mainly advanced by researchers in international economics. Also important was the

existence of a speci�city of the FPP with no parallel in the case of the EPP: the predictability of returns based

on interest rate di¤erentials.2

1First draft July 2005. We thank Caio Almeida, Marco Bonomo, Luis Braido, Marcelo Fernandes, Jaime Filho, Luis Renato

Lima, Celina Ozawa and participants of the XXVII Meeting of the Brazilian Society of Econometrics, the "Econometrics in Rio"

meeting, the 2006 Meeting of the Brazilian Finance Society and the 61th European Meeting of the Econometric Society for their

comments and suggestions. The usual disclaimer applies.
2We do not claim that returns on equity are not predictable. In fact we know that book-to-market ratios and other variables

"predict" returns. The point is that this empirical regularity was never seen as de�ning the EPP.
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In this paper we revisit the two puzzles and ask whether they deserve distinct agendas, or whether they are

but two symptoms of the same illness: the incapacity of our consumption based models to generate the implied

behavior of a pricing kernel3 that correctly prices all asset returns.

Our approach is indirect. If these two puzzles are solely a symptom of the inappropriateness of consumption-

based pricing kernels, then they will not be manifest when appropriate pricing kernels are used. If a single pricing

kernel is capable of explaining not only the equity premium but also the forward premium then we have a good

reason not to disperse our research e¤ort on two completely di¤erent agendas, but rather to concentrate on a

single one focused on rethinking consumption-based pricing kernels. If, on the contrary, we are not successful

in �nding a pricing kernel capable of explaining the equity and the forward premium, then, there may be a

reason for these two literatures to evolve separately, since economic theory may have been rejected for di¤erent

reasons, each speci�c to each problem.

A main issue of our approach is to �nd what would be appropriate pricing kernels. In an important paper,

Hansen and Jagganathan (1991) have lead the profession towards return-based kernels instead of consumption-

based kernels, something the literature on factor and principal-component analysis in Finance concurs with �

e.g., Connor and Korajzcyk (1986), Chamberlain and Rothschild (1983), Bai (2005), and Araujo, Issler and

Fernandes (2005). The whole idea is to combine statistical methods with economic theory to devise pricing-

kernel estimates that do not depend on preferences but solely on returns, thus being projections of stochastic

discount factors � SDF � in the space of returns, at least to a �rst-order approximation.

We use two di¤erent model-free methodologies to extract a time series for the SDF as a function of the asset

returns: i) a new methodology due to Araújo, Fernandes and Issler (2005) � AFI, henceforth � based on the

fact that the (log of the) SDF is a common feature of asset prices, and ii) a statistical factor model. Applying

both methodologies to two di¤erent data sets we estimate the SDF and show that the SDF compatible with the

Equity premium behavior is also capable of accommodating the FPP.

Our �rst data set which we call global assets is comprised of assets traded in di¤erent countries. We are

not able to reject the hypothesis that the SDF constructed from a factor model prices correctly all returns

and excess returns on foreign assets as well as the excess return on equity over short term risk-free bonds in

the US and the return on this risk-free bond. The same is not true for the other SDF, constructed with the

AFI methodology, for which the Euler equation associated with the excess equity return is rejected for some

of the instruments. Since foreign assets have been used to estimate the SDF, one may view our �rst exercise

as being, in some sense, �in sample�. Cochrane (2001) suggests that we should expect return-based kernels to

appropriately price assets that are used in constructing them, but this information is not very useful, since this

may be just a sign that there is in-sample over-�tting in constructing such estimates. The real test for any

pricing kernel is not in sample, but out of sample, i.e., the ability to price assets not used in their construction

or that are not highly correlated with those which are used in constructing them. So we take our second data

set containing only US domestic assets.

When the SDF constructed from a traditional a factor model is used, we are not able to reject the null that

excess returns have zero price for any currency: the SDF constructed from US domestic assets accounts for

the FPP and, as one should expect, the EPP. In fact, in our out of sample exercises, the moments restrictions

3 In what follows, we use the terms pricing kernel and stochastic discount factor interchangeably.
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associated with the Euler equations are not rejected for returns (and, consequently, for excess returns) for

equities and operations with foreign assets for any of the instruments. In particular, the null is not rejected

when the current and lagged values for the forward are used; one of the de�ning features of the FPP. When the

SDF constructed with the AFI methodology is used, the result is not as stark. In general, we do not reject the

null for excess returns but we do reject for returns. The SDF thus constructed seems to have too little volatility.

Overall, our results suggest that the two puzzles are indeed related and that the search for an economic

model to account for the EPP is bound to double its prize by also accounting for the FPP.

The remainder of the paper is organized as follows. Section 2 gives an account of the literature that tries to

explain the FPP, while in section 3 the techniques used to estimate the SDF are explained and the pricing tests

are implemented. In section 4, the results are analyzed to understand the behavior of the SDF that solves FPP

and EPP and then to draw parallels between them. The conclusion is in the last section.

2. Brief Literature Review
In this brief review we emphasize the research on the FPP that tries to explain it as a premium for accepting

non-diversi�able risk.

The FPP, is how one calls the systematic violation of the "e¢ cient-market hypothesis" for foreign exchange

markets, where by "e¢ cient-market hypothesis" we mean the proposition that the expected return to speculation

in the forward foreign exchange market conditional on available information should be zero.4

Most studies report the FPP through the �nding of �̂1 < 0 when running the regression,

st+1 � st = �0 + �1(tft+1 � st) + ut+1, (1)

where st is the log of time t exchange rate, tft+1 is the log of time t forward exchange rate contract and ut+1

is the regression error.5 Notwithstanding the possible e¤ect of Jensen inequality terms, testing the market-

e¢ ciency hypothesis of forward exchange rate market is equivalent to testing the null �̂1 = 1, �̂0 = 0, along

with the uncorrelatedness of residuals from the estimated regression. The null is rejected in almost all studies.

As pointed out by Hansen and Hodrick (1980), however, this violation of market e¢ ciency ought not to be

viewed as evidence of market failure or some form of irrationality, since the uncovered parity need only hold

exactly in a world of risk neutral agents or if the return on currency speculation is not risky.6 Nevertheless, the

�ndings came to be called a puzzle due to, at least, one good reasons: the discrepancy from the null. Although

one would not be surprised with �̂1 6= 1; the fact that, �̂1 < 0, in most studies � according to Froot (1990),

the average value of �̂1 is �0:88 for over 75 published estimates across various exchange rates and time periods
� implies an expected domestic currency appreciation when domestic nominal interest rates exceed foreign

interest rates. Moreover, the magnitude of the coe¢ cients suggest a behavior of a risk premium which is hard

to justify with our current models.

Despite these facts it is important to bear in mind that, without risk neutrality, rational expectations alone

does not restrict the behavior of forward rates since, as suggested by Fama (1984): it should always be possible

to include a risk premium with the right properties for reconciling the time series. The rejection of the null

4See the comprehensive surveys by Hodrick (1987) and Engel (1996).
5 In what follows we use capital letters to denote variables in levels and small letters to denote the logs of these variables.
6As we shall see later, weaker, though still restrictive, conditions on the behavior of risk premium may be compatible with

�1 = 1:
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only represents a true puzzle if risk may cannot explain the empirical regularities found in the data. The

relevant question is, therefore, whether a theoretically sound economic model is able to provide a de�nition of

risk capable of correctly pricing the forward premium.7

Once one recalls that a forward contract is a �nancial asset, the natural candidate for a theoretically sound

model for pricing risk is the Consumption Capital Asset Pricing Model � CCAPM � of Lucas (1978) and

Breeden (1979).

Assume that the economy has an in�nitely lived representative consumer, whose preferences are representable

by a von Neumann-Morgenstern utility function u (�). Then, the �rst order conditions for his optimal portfolio
choice yields

1 = �Et

�
u0(Ct+1)

u0(Ct)
Ri

t+1

�
8i; (2)

and, consequently,

0 = Et

�
u0(Ct+1)

u0(Ct)

�
Ri

t+1 �R
j
t+1

��
8i; j; (3)

where � 2 (0; 1) is the discount factor in the representative agent�s utility function, Et(�) denotes the conditional
expectation given the information available at time t; Ri

t+1 and R
j
t+1 denote, respectively, the real gross return

on assets i and j at time t+ 1 and, Ct is aggregate consumption at time t:

Under the CCAPM, Euler equations (2) and (3) should hold for all assets and portfolios and at all times.

Moreover, it is apparent from (3) that the expected excess returns are zero when de�ated by the representative

agent�s intertemporal marginal rate of substitution, u0(Ct+1)=u
0(Ct): the relevant measure of risk.

De�ne the covered, RC , and the uncovered return, RU , on trading of foreign government bonds as

RC
t+1 =

tFt+1(1 + i
�
t )Pt

StPt+1
and RU

t+1 =
St+1(1 + i

�
t )Pt

StPt+1
; (4)

where tFt+1 and St are the forward and spot prices of foreign currency in terms of domestic currency, Pt is

the dollar price level and i�t represents nominal net return on a foreign asset in terms of the foreign investor�s

preferences.

Next substitute RC for Ri and RU for Rj in (3), to get

0 = Et

�
u0(Ct+1)

u0(Ct)

Pt(1 + i
�
t )[tFt+1 � St+1]

StPt+1

�
. (5)

Equation (5) states that the risk adjusted forward premium, should be zero.

As far as we know, Mark (1985) was the �rst to test (5). Assuming that preferences exhibit constant relative

risk aversion, he estimates the parameter 
 in C1�
= (1� 
) using Hansen�s (1982) Generalized Method of
Moments (GMM). He then tests the overidentifying restrictions to access the validity of the model. He reports

a coe¢ cient of relative risk aversion, 
, above 40, well above what one considers a reasonable value,8 and rejects

the overidentifying restrictions when the forward premium and its lags are used as instruments. Similar results

are reported later by Modjtahedi (1991); Later, with a di¤erent, larger data set, Hodrick (1989) report values

of the coe¢ cient of relative risk aversion, 
, above 60, but does not reject the over-identifying restrictions, while

7Frankel (1979), for example, argues that most exchange rate risks are diversi�able, there being no grounds for agents to be

rewarded for holding foreign assets.
8The �ndings in the case of EPP are similar, in the sense that in both cases the estimated values are above 10, which is viewed

as unacceptable and unreasonable, according to Krugman (1981), Mehra and Prescott (1985) and Romer (1995).
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Engel (1996) reports some estimates for 
 in excess of 100. A more recent attempt to use Euler equations to

account for the FPP is Lustig and Verdelhan (2006) which use a more general utility function, but once again

�nds values of risk aversion above 100. It is apparent from these studies that we cannot account for the FPP

with reasonable parameters of risk aversion.

Are we, however, to be surprised with these �ndings? If we recall that the EPP is identi�ed with the

failure to explain the excess return of equity over risk free short term bonds � Ri
t+1 = (1 + iSP

t )Pt=Pt+1 and

Rj = (1 + ibt)Pt=Pt+1, in (3), where iSP
t+1 is nominal return on S&P500 and i

b
t+1 nominal return on the U.S.

Treasury Bill � with reasonable parameters of risk aversion for (3),9 why should we expect the same model to

account for the FPP? This path for explaining the behavior of the forward premium seems to be doomed from

its start!

The lack of a reliable model to account for risk was in great deal responsible for the separation of the research

agendas involving the two puzzles. Research regarding the FPP, is mostly done within the scope of international

economics, like in Fama and Farber (1979), Hodrick (1981) and Lucas (1982). It emphasizes international a¢ ne

term structure models and/or a microstructure approach. Research involving the EPP, on the other hand, has

concentrated on adding to (3) additional state variables, as Constantinides and Du¢ e (1996) and Campbell and

Cochrane (1999).

There is, however, a second characteristic of the FPP that may have played a role: the predictability of

returns on currency speculation. Because �̂1 < 0 and given that the auto-correlation of risk premium is very

persistent, interest rates di¤erential predict excess returns. Although predictability in equity markets has also

been extensively documented, this is not a de�ning feature of the EPP. It is, however, a de�ning feature of



to guarantee, through Riesz representation theorem, the existence of a SDF. The validity of the law of one price

is, of course, a much weaker assumption than those that underlie the CCAPM.

Our strategy consists in estimating an SDF using purely statistical methodologies and evaluating whether

this SDF accounts for both puzzles.

There is no claim of originality in our choice of not using consumption data. Hansen and Hodrick (1983),

Hodrick and Srivastava (1984), Cumby (1988), Huang (1989) and Lewis (1990) all implemented latent variable

models that avoid the need of specifying a model for the pricing kernel by treating the return on a benchmark

portfolio as a latent variable. They use the fact that movements in assets expected return should be proportional

to movements in the expected return on a benchmark portfolio. Their results met with partial success: all these

papers reject the unbiasedness hypothesis but are in con�ict with each other with regards to the rejection of

restrictions imposed by the latent variable model. This line of research does not try to relate the EPP and the

FPP, not making use of the large cross-section of returns in US domestic markets.

More closely related to our work is Korajczyk and Viallet (1992). Applying the arbitrage pricing theory �

APT � to a large set of assets from many countries they test whether including the factors as the prices of

risk reduces the predictive power of the forward premium. They are able to show that the forward premium

has lower though not zero predictive power when one includes the factors. Their results should be take with

some caution since they also show that the inclusion of factors often reduces the overall explaining power (as

measured by the R2) of the model. Their model work di¤er from ours in several dimensions, most notably, they

do not try to relate the two puzzles, and they do not perform any out of sample exercises.

Also worth mentioning is Backus et al. (1995) which poses the question of whether a pricing kernel can be

found that satis�es, at the same time, (log linearized versions of) equations

0 = Et

�
Mt+1

Pt(1 + i
�
t )

Pt+1

tFt+1 � St+1

St

�
; (8)

and
1

Et (Mt+1)
= Rf

t+1; (9)

where Rf
t+1 is the risk-free rate of return. Equation (8) is derived from (7) and (4).

In our in sample exercise, we explore a large panel of assets returns to extract a SDF with purely statistical

methods. Next we check whether the SDF thus constructed prices correctly both the return and the excess

return on equities and on trading of foreign government bonds, which means that the nature of the question

implicitly answered is similar to the one posed by Backus et al. (1995), albeit adding a pricing test of the excess

return on equity over risk free short term bonds in the US,11 i.e., if the equation

0 = Et

�
Mt+1

(iSP
t+1 � ibt)Pt

Pt+1

�
(10)

is satis�ed.

In our out of sample exercise, however, we go a step further. We use only data from the US domestic market

and construct an SDF which prices correctly the equity premium. Next, we take this SDF, which, we must

11We should also emphasize that we do not reject (9) for any of the instruments, as well, which means that our SDF satis�es

both conditions presented by Backus et al. (1995).
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emphasize, was not built to satisfy (8), and verify if it accounts for the FPP. To anticipate our results, we cannot

reject (8), for any of the instruments, that including the current and lagged forward premium.

Although the solution for the FPP and the EPP can be characterized by the search of a model able to satisfy

(8) and (10) respectively, the asset pricing literature supposes that this successful model should also be able to

satisfy (6) for the returns directly. With this in mind and intending to raise the power of our tests, we also

consider pricing returns on the covered trading of foreign government bonds and on the risk-free short term US

bond, testing respectively the equations

1 = Et

�
Mt+1

Pt(1 + i
�
t )

Pt+1

tFt+1

St

�
and (11)

1 = Et

�
Mt+1

(1 + ibt)Pt

Pt+1

�
: (12)

Another novelty of our procedure is to combine an atheoretical construct within the Euler equation frame-

work. Almost all research that attempts to explain the FPP by including a risk premium adopts log-linearizations

that allow equation (8) to be written as

st+1 � st = �
�
1

2
Vt (st+1) + covt (st+1;mt+1 � �t+1)

�
+ (tft+1 � st) + "t+1; (13)

where Vt(�) and covt (�; �) denote, respectively, the conditional variance and covariance given the available
information at time t, �t+1 is the (log of) domestic price variation, mt+1 is the log of the pricing kernel

and "t+1 denotes the innovation in predicting ln(Mt+1R
U
t+1)� ln(Mt+1R

C
t+1):

The use of such linearization makes the comparison with equation (1) immediate, which may explain the

preference of researchers in the �eld. Equation (13) describes the movement of currency depreciation and is

useful in drawing implications for the SDF and in deriving empirical tests of FPP.12

Comparing (1) with (13), it is apparent that the latter is a particular case of the former, where term
1
2Vt (st+1) + covt (st+1;mt+1 � �t+1) is assumed to be time-invariant. The Vt (st+1) term , which we referred

to before as the Jensen�s inequality term, appears only because we de�ned the expected rate of depreciation in

logarithms. According to Bekaert and Hodrick (1993) omitting this term from regression (1) is not responsible

for �nding �̂1 < 0. Therefore, all the action must come from the term covt(st+1;mt+1 � �t+1): This term must

exhibit considerable variation if one is to accommodate the evidence regarding the forward premium. Given

that asset returns have clear signs of conditional heteroskedasticity,13 time invariance for the covariance term

does not seem to be a sound assumption, leading one to wonder whether this might not be the key to accounting

for �̂1 < 0:

Log-linearization is clearly an unnecessary detour. As we have seen, the puzzle is manifest in logs and in

levels. Moreover, to go from (8) to (13) one must add some bold assumptions on the joint distribution of assets

and the SDF that may not be veri�ed in many data sets. In particular one must impose the condition that

Mt+1 is positive. Although the existence of a strictly positive SDF can be proved under no arbitrage, what

12Since, according to the literature, (st+1 � st)~I(0) and st~I(1), one must be careful when de�ning the Vt (st+1) and
covt (st+1;mt+1 � �t+1) terms. Otherwise one may end up with an unbalanced regression.
13For more details about the heteroskedasticity of asset returns, see Bollerslev et al. (1988), Engle et al. (1990) and Engle and

Marcucci (2005).
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we must impose is M�
t+1 > 0, where M�

t+1 is the unique SDF in the span of traded assets, labeled mimicking

portfolio. When markets are complete, M�
t+1 = Mt+1 and no-arbitrage is all that we need. With incomplete

markets, however there is a continuum of SDF�s pricing all traded securities. Each Mt+1 may be written as

Mt+1 = M�
t+1 + �t+1 for some �t+1 with Et

�
�t+1R

i
t+1

�
= 0 8i. Although there is an Mt+1 > 0, one may not

guarantee that M�
t+1 > 0. By working directly with (7) we avoid dealing with these issues, while keeping the

possibility of testing the conditional moments through the use of lagged instruments, along the lines of Hansen

and Singleton (1983) and Mark (1985).

3. Econometric Tests
In this section, we show how to implement direct pricing tests using the forward- and the equity-premium,

in an Euler equation framework. To be clear about this issue, we keep the notation Mt+1 for the pricing kernel,

without any speci�c functional forms depending on preferences and consequently on consumption.

3.1. Pricing Test
Applying the Law-of-Iterated Expectations to (8), (11), (10) and (12) we get, respectively:

0 = E
�
Mt+1

Pt(1 + i
�
t )

Pt+1

tFt+1 � St+1

St

�
(14)

0 = E
�
Mt+1

Pt(1 + i
�
t )

Pt+1

tFt+1

St
� 1
�

(15)

0 = E
�
Mt+1

(iSP
t+1 � ibt)Pt

Pt+1

�
and (16)

0 = E
�
Mt+1

(1 + ibt)Pt

Pt+1
� 1
�
: (17)

Equations (14) and (15) produce testable implications of the forward premium using an estimator of Mt+1,

where

Mt+1
Pt(1 + i

�
t )

Pt+1

tFt+1 � St+1

St
and Mt+1

Pt(1 + i
�
t )

Pt+1

tFt+1

St
� 1

must both have zero means. In order to test the equity premium, the equations (16) and (17) are useful, where

Mt+1
(iSP

t+1 � ibt)Pt

Pt+1
and Mt+1

(1 + ibt)Pt

Pt+1
� 1

must both have zero mean.

Zero-mean tests such as those in (14), (15), (16) and (17) are straightforward to implement. The only issue

is how to construct a robust estimate for the variance of sample-mean estimates, taking into account possible

serial correlation and heteroskedasticity in their components. Here we employ the non-parametric estimate

proposed by Newey and West (1987).

These are not, however, the only testable implications of (8), (11), (10) and (12). Consider zt to be any

instrumental variable observed up to time t, therefore measurable with respect to Et (�). We may also employ
scaled returns and scaled excess-returns � de�ned as Ri

t+1� zt and (Ri
t+1 �R

j
t+1)� zt, respectively � to test

the conditional moments and consequently to derive some extra implications from the presence of information,

10



which is particularly important for the FPP since, when the CCAPM is employed, the over-identifying restriction

associated with having the forward premium as an instrument is usually rejected: a manifestation of its predictive

power.

Multiply now (8) and (11) by zt and apply once again the law-of-iterated expectations to get:

0 = E
�
Mt+1

Pt(1 + i
�
t )

Pt+1

tFt+1 � St+1

St
� zt

�
, and (18)

0 = E
��
Mt+1

Pt(1 + i
�
t )

Pt+1

tFt+1

St
� 1
�
� zt

�
(19)

Following this same procedure to the equity premium, we get:

0 = E
�
Mt+1

(iSP
t+1 � ibt)Pt

Pt+1
� zt

�
and (20)

0 = E
��
Mt+1

(1 + ibt)Pt

Pt+1
� 1
�
� zt

�
(21)

The equations (18) and (19) are then de�ned as the null hypothesis testing the FPP, while (20) and (21) as

the null hypotheses testing the EPP, where we can consider the unconditional test provided by the equations

(14), (15), (16) and (17) as a special case for zt = 1.

3.2. Return-Based Pricing Kernels
In this section we provide a brief description of return-based estimates of the SDF or pricing kernel. There

are two basic techniques employed here. The �rst views the mimicking portfolio (or pricing kernel) as a common

feature of asset returns up to a �rst-order logarithmic approximation. It has its roots in the work of Hansen

and Singleton (1983), exploited partially in Engle and Marcucci (2006) and to the fullest in Araujo, Issler and

Fernandes (2005). The second uses principal-component and factor analyses to extract common components

of asset returns. It can be traced back to the work of Ross (1976), developed further by Chamberlain and

Rothschild (1983), and Connor and Korajczyk (1986, 1993). Additional references are Hansen and Jagganathan

(1991) and Bai (2005).

The basic idea behind return-based pricing kernels is that asset prices (or returns) convey information about

the intertemporal marginal rate of substitution in consumption. In equilibrium, all returns must have a common

feature (factor), which can be removed by subtracting any two returns. This common feature is the SDF. One

way to see this, is to realize that although

E
�
Mt+1R

i
t+1

	
= 1, for all i = 1; 2; � � � ; N ,

E
n
Mt+1

�
Ri

t+1 �R
j
t+1

�o
= 0, for all i 6= j.

Hence, even though Ri
t+1 is not orthogonal to Mt+1 itself, if we subtract the returns of any two assets, their

return di¤erential, Ri
t+1 � Rj

t+1, will be orthogonal to Mt+1. Hence, Ri
t+1 contains the feature Mt+1 but

Ri
t+1 �R

j
t+1 does not.

Because every asset return Ri
t+1 contains �a piece�of Mt+1, if we combine a large number of returns, the

average idiosyncratic component of returns will vanish in limit. Hence, if we choose our weights properly, we
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may end up with the common component of returns, i.e., the SDF. Of course, all these methods are asymptotic,

either N ! 1 or N;T ! 1, and rely on weak-laws of large numbers to provide consistent estimators of the
mimicking portfolio �the systematic portion of asset returns.

Multifactor Models Factor models summarize the systematic variation of the N elements of the vector

Rt =
�
R1t ; R

2
t ; :::; R

N
t

�0
using a reduced number of K factors, K < N . Consider a K-factor model in Ri

t:

Ri
t = ai +

KX
k=1

�i;kfk;t + �it (22)

where fk;t are zero-mean pervasive factors and, as is usual in factor analysis,

plim
1

N

NX
i=1

�i;t = 0:

Denote by �r = E (RtR
0
t) � E (Rt)E (R0

t) the variance-covariance matrix of returns. The �rst principal

component of the elements ofRt is a linear combination �
0Rt



Given these coe¢ cients, can easily get an estimate of M�
t : The relation between (�; 
) and (a; b), given by

a � 1



and b � �
 [cov(ff 0)]�1 �

allows us to ensure the equivalence between this beta pricing model and the linear model for the SDF, i.e. that

gM�
t = a+

KX
k=1

bkfk;t and E(gM�
t R

i) = 1; i = 1; 2; :::; N

hold.

The number of factors used in the empirical analysis is an important issue. We expect K to be rather small,

but have some �exibility for this choice. We took a pragmatic view here, increasing K until the estimate of M�
t

changed very little due to the last increment; see for instance Lehmann and Modest (1988) and Connor and

Korajczyk (1988). We also performed a robustness analysis for the results of all of our statistical tests using

di¤erent estimates of M�
t associated with di¤erent K�s. Results changed very little around our choice of K.

Our �nal choice of K is in accordance with Connor and Korajczyk (1993), who examined returns from stocks

listed on the New York Stock Exchange and the American Stock Exchange.

AFI Methodology In a recent paper, Araujo, Issler and Fernandes proposed an alternative return-based

estimates of the SDF using panel-data asymptotics. After using an exact Taylor expansion of the Pricing

Equation, they are able to express the logarithm of returns
�
ri

t

�
as a function of the logarithm of the mimicking

portfolio (m�
t ):

ri
t = �m�

t � 
2i + "i;t �
1X

j=1

bi;j"i;t�j ; i = 1; 2; : : : ; N; (23)

where

"i;t = [m
�
t � Et�1 (m

�
t )] +

�
ri

t � Et�1
�
ri

t

��
= qt + vi;t; (24)

and the last equality de�nes notation. Under a set of plausible assumptions, they consider a cross-sectional

average of (23), showing that M�
t , can be consistently estimated as N; T !1, using

dM�
t =

�RG
t

1
T

PT
j=1(

�RG
j
�RA

j )
; (25)

where R
G

t =
QN

i=1

�
Ri

t

��1=N
and R

A

t = 1
N

PN
i=1R

i
t are respectively the geometric average of the reciprocal of

all asset returns and the arithmetic average of all asset returns. It is important to bear in mind that there is

no need to assume complete markets. However, if markets are complete, the realization of the SDF at time

t, denoted by Mt, can be consistently estimated using (25), while, if markets are incomplete, the mimicking

portfolio will be consistently estimated.

4. Empirical Results

4.1. Data and Summary Statistics
In principle, whenever econometric or statistical tests are performed, it is preferable to employ a long data

set either in the time-series or in the cross-sectional dimension. There are some obvious limitations, especially
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when the FPP is concerned, the main one being due to the forward rate series, since a su¢ ciently large time-

series is hardly available15 . Regarding the EPP these limitations are less severe. In order to have a common

sample we covered the period starting in 1977:1 and ending in 2004:3, with quarterly frequency. We collected

foreign exchange data for the following countries: Canada, Germany, Japan, Switzerland, U.K. and the U.S.

When testing the EPP or the FPP we need �rst to compute excess returns Ri
t � Rj

t . On that regard, our

data set is composed of the following. To study the EPP we used the US$ real returns on the S&P500 and on

90-day T-Bill. To analyze the FPP, we used the US$ real returns on short-term British, Canadian, German,

Swiss and Japanese government bonds, where both spot and forward exchange-rate data were used to transform

returns denominated in foreign currency into US$. The forward rate series were extracted from the Chicago

Mercantile of Exchange database, while the spot rate series were extracted from Bank of England database.

A second ingredient for testing these two puzzles is the construction of return-based estimates of the pricing

kernel (M�
t ). For available data sets, there is a trade-o¤ between N and T �in order to get a larger N , one must

accept a reduction in T . For that reason, we used two alternative data sets. The �rst is what we have labelled

a global data set, mostly composed of aggregate returns on stocks and government bonds for G7 countries. It

covers US$ real returns on G7-country stock indices and short-term government bonds, where spot exchange

rate data were used to transform returns denominated in foreign currency into US$ and the consumer price

index of services and nondurable goods in the US was used as a de�ator. In addition to G7 returns on stocks and

bonds, it also contains US$ real returns on gold, US real estate, bonds on AAA US corporations, Nasdaq, Dow

Jones and the S&P500. The US government bond is chosen to be the 90-day T-Bill. Regarding data sources,

the returns on G7 government bonds were extracted from IFS/IMF, the returns on Nasdaq and Dow Jones

Composite Index were extracted from Yahoo �nance, the returns on real-estate trusts were extracted from the

National Association of Real-Estate Investment Trusts in the US16 , while the remaining series were extracted

from the DRI database. Our sample period starts in 1977:1 and ends in 2001:3, with quarterly frequency. These

portfolios of assets cover a wide spectrum of investment opportunities across the globe, which is an important

element of our choice of assets, since diversi�cation is recommended for both methods of computing M�
t .

The second data set used to compute M�
t includes only assets that are traded in the U.S. In this case,

diversi�cation is not exercised to the fullest, since several investment opportunities abroad were not included in

computing the SDF. On the other hand, the data set is much more disaggregated than the previous one, being

comprised of US$ real returns on a short-term U.S. government bond and on two hundred U.S. stocks having

the largest transaction volume from 1990:1 to 2004:3, on a quarterly frequency. Data were extracted from the

CRSP database.

In terms of the notation used in the tables below, we adopt the following: M�
t estimates using the common-

feature technique of Araujo, Issler and Fernandes are labelled cMt, while M�
t estimates using factor models

are labelled fMt. Estimates constructed using the �global� database of assets use a superscript �GL,� while

estimates constructed using the �U.S.� database use a superscript �US.� Therefore, [MGL
t denotes the SDF

estimator using the technique in Araujo, Issler and Fernandes and the global database of assets, while ]MUS
t

denotes the SDF estimator using factor models and the U.S. database of assets, and so on.

15Chicago Mercantile Exchange pioneered the development of �nancial futures with the launch of currency futures, the world�s

�rst �nancial futures contracts, in 1972.
16Data on the return on real estate are measured using the return of all publicly traded REITs �Real-Estate Investment Trusts.
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We employ the following additional variables in orthogonality tests: real consumption instantaneous growth

rates, real GDP instantaneous growth rates, and the logarithm of the ratio between real consumption and real

GDP. We also employ additional �nancial variables that are speci�c to each test performed, and are listed in

the appropriate tables of results. All macroeconomic variables were extracted from FED�s FRED database.

Table 1 presents summary statistics of our database over the period 1977:1 to 2004:3. The average real

return on the S&P500 is 8:67% at an annual rate, while that of the 90-day T-Bill is 1:76%. Real stock returns

are much more volatile than the US Treasury Bill return �annualized standard deviation of 16:02% and 1:60%

respectively. Over the same period, except for the Swiss case, the real return on covered trading of foreign bonds

show means and standard deviations quite similar to that of the U.S. Treasury Bill. Regarding the return on

uncovered trading, means range from 2:47% to 4:70%, while standard deviations range from 5:44% to 16:18%.

We observe a Sharp ratio for the U.S. stock market of 0:44, while the Sharp ratio of the uncovered trading

of foreign bonds ranges from 0:04 to 0:28. According to Shiller (1982), Hansen and Jagganathan (1991) and

Cochrane and Hansen (1992), an extremely volatile SDF is required to match the high equity Sharpe ratio of

the U.S. Hence, the smoothness of aggregate consumption growth is the main reasons behind the EPP, but

could not be so for the FPP. However, since the Sharp ratios of foreign bonds are lower, this may be an evidence

that a SDF that prices correctly the equity premium, will also price correctly the forward premium, while the

converse may not be true.

4.2. SDF Estimates
We employ two data sets to estimateMt. The �rst makes heavily use of a reduced number of global portfolios.

Despite this reduced number, it is plausible to expect the operation of a weak-law of large numbers, since these

portfolios contain many assets. For example, we use aggregate returns on equity for G7 countries. For each

country, these portfolios contain hundreds of asset (sometimes more than a thousand, depending on the country

being considered). Therefore, the �nal average containing these portfolios will be formed using thousands of

assets worldwide. Of course, it would be preferable to work at a more disaggregated level, e.g., at the �rm level.

However, there is no comprehensive database with a long enough time span containing worldwide returns at

the �rm level. As mentioned before, there is a trade-o¤ between N and T for available databases, which today

limits empirical studies.

The second database used here to estimate Mt is comprised of two hundred U.S. stocks (those with the

200 largest volumes) and also of a short-term U.S. government bond. Therefore, it is completely U.S. based

available at a very disaggregated level �mostly �rm returns. Unfortunately, the cost of gathering similar data

sets for other G7 countries is too big, explaining why we did not attempt to do it here.

Estimates [MGL
t , ]MGL

t , [MUS
t and ]MUS

t are plotted in Figure 1, which also includes their summary statistics.

As we should expect, their means are slightly below unity in all cases. Moreover, factor-model estimates are

much more volatile than estimates using the common features technique, with standard deviations at least 3

times larger. Nevertheless, SDF estimates are highly correlated: the correlation coe¢ cient between [MGL
t and

]MGL
t is 0:740 while that between [MUS

t and ]MUS
t is 0:799. SDF estimates based solely on U.S. assets are also

more volatile than those based on a �global market,�with volatility about twice as large.

Since we want the pricing exercise to be out-of-sample, i.e., estimates of Mt must price assets not used

in computing it, or not highly correlated with those which are, we carefully changed the asset list used in
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estimating Mt in each test performed. In doing so, we avoid the in-sample over-�tting criticism in Cochrane

(2001) applied to SDF estimates. Of course, when we are pricing assets on G7 countries other than the U.S.,

using SDF estimates based solely on U.S. assets, we are performing out-of-sample pricing. However, when we

use global estimates we take the following precaution: if, for example, we are pricing the excess return of the

uncovered over the covered trading of the British government bond, we exclude from the list of assets used to

compute the SDF the short-term British government bond and the British stock index. We do the same for all

the other countries as well, therefore using a di¤erent SDF estimate for each country.

Finally, when the multi-factor model is used, since factors may be viewed as traded portfolios, it is interesting

to examine which assets carry the largest weights in the SDF composition. For the global data set, in order

to specify the three factors used, the assets with largest weights are the German, British and American stock

indices, the German, Japanese and British government bonds and Nasdaq. For the U.S. based data set, where

there are up to six pervasive factors, the most relevant stocks are: Informix corporation (13th largest volume),

AMR corporation DEL (64th), Emulex corporation (98th), Ericsson L M Telephone corporation (99th), Iomega

corporation (118th), LSI corporation (124th), Lam Resch corporation (125th), Advanced Micro Services inc.

(154th) and 3-Com corporation (193th).

4.3. Pricing-Test Results
The results of the FPP tests provided by (18) and (19):

H0 : 0 = E
�
Mt+1

Pt(1 + i
�
t )

Pt+1

tFt+1 � St+1

St
� zt

�
, and (26)

H0 : 0 = E
��
Mt+1

Pt(1 + i
�
t )

Pt+1

tFt+1

St
� 1
�
� zt

�
(27)

are reported in Tables 2 to 6 when [MGL
t and ]MGL

t are used, and are reported in Tables 8 to 12 when [MUS
t and

]MUS
t are used.

Tables 7 and 13 present the results of the following EPP tests (20) and (21):

0 = E
�
Mt+1

(iSP
t+1 � ibt)Pt

Pt+1
� zt

�
and (28)

0 = E
��
Mt+1

(1 + ibt)Pt

Pt+1
� 1
�
� zt

�
(29)

when [MGL
t and ]MGL

t are used, and when [MUS
t and ]MUS

t are used, respectively.

For Tables 2 to 6, and 8 to 12, the �rst column reports the result of testing the null hypothesis in the

unconditional test, while the remaining columns report the results of testing conditionally the null hypothesis in

(26) for a variety of scales (instruments). Hypotheses testing used robust standard-error estimates whenever the

data showed signs of either heteroskedasticity or serial correlation, which were tested at the 5% level using the

ARCH LM test and the Breusch-Godfrey LM test respectively. For Tables 7 and 13 the same applies regarding

(28).

For Tables 2 to 7, when ]MGL
t is used, there are no signs of either the FPP or the EPP for all countries.

When [MGL
t is used, there some signs of the EPP but not of the FPP. Since E

n
[MGL

t

o
is very close to E

n
]MGL

t

o
,
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this orthogonality failure is probably related to the covariance between [MGL
t and the scaled excess return of

S&P500 over the US short term bond17 . Although all these tests used a set of global assets, SDF estimates

varied from country to country, in order to exclude the possibility of in-sample over-�tting and the criticism in

Cochrane (2001). Of course, for Tables 8 to 13, when [MUS
t and ]MUS

t are used in testing, we avoid even further

this possibility.

In this out of sample case, there is overwhelming evidence that return-based pricing kernels price correctly

excess returns. When we consider the pricing returns directly, we are not able to reject the null in which the

SDF is constructed from a factor model, but when we use the SDF constructed with AFI�s methodology the

result is less stark, since we reject in many situations the null hypothesis that E
n
\MUS

t+1R
i
t+1 � 1

o
� zt = 0;

which for one side provides evidence in favor of the high power of the tests being used and for the other side

seems to indicate that this estimated SDF does not display enough variance.

Overall, the evidence in Tables 2 to 13 suggest that return-based pricing kernels do price return di¤erentials

reasonably well out-of-sample in most cases. The equity premium is correctly priced in all but the case in which
[MGL

t was employed in testing. Regarding the FPP there is overwhelming evidence that the SDF�s account for

the forward premium. It is important to stress that this evidence is robust across SDF estimates, and more

importantly, across instruments.

It is particularly important to mention the good performance of both techniques in both empirical exercises

when the ratio tFt+1=St is used as an instrument in testing (18). Because we cannot reject that (14) and (18)

are true, and

cov

�
Mt+1

Pt(1 + i
�
t )

Pt+1

tFt+1 � St+1

St
;

tFt+1

St

�
=

E
�
Mt+1

Pt(1 + i
�
t )

Pt+1

tFt+1 � St+1

St

tFt+1

St

�
�

E
�
Mt+1

Pt(1 + i
�
t )

Pt+1

tFt+1 � St+1

St

�
E
�

tFt+1

St

�
;

we are forced to conclude that

cov

�
Mt+1

Pt(1 + i
�
t )

Pt+1

tFt+1 � St+1

St
;

tFt+1

St

�
= 0: (30)

Hence, tFt+1=St has no predictive power for

Mt+1
Pt(1 + i

�
t )

Pt+1

tFt+1 � St+1

St
:

This is an evidence that although the excess return on uncovered over covered trading with foreign bonds is

very predictable, we cannot reject that the risk "adjusted" excess return is unpredictable. This result is specially

important, since when this ratio is used as instrument in some consumption-based models, the overidentifying

restrictions use to be reject, maybe due to its predictability power.

17 In order to obtain (16) one needs a large negative covariance between Mt and (iSPt � ibt�1)Pt�1=Pt. This happens because
E (Mt) �= 1, therefore, (16) implies:

�cov
 
Mt;

(iSPt � ibt�1)Pt�1
Pt

!
�= E

(
(iSPt � ibt�1)Pt�1

Pt

)
:

Notice that E
�
(iSPt � ibt�1)Pt�1=Pt

	
is the mean equity premium, a large number by all accounts. Therefore, (16) requires �rst a

negative covariance between Mt and (iSPt � ibt�1)Pt�1=Pt, which must be su¢ ciently large in absolute value.
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Our results highlight the importance of Mt+1 in generating (30). To account for forward premium from the

U.S. perspective, all that was needed was an appropriate pricing kernel. Since we did not provide the model for

the SDF we cannot claim to have advance in solving either puzzle, but simply in relating them.

4.4. Discussion
The purpose in this paper is to narrow the association between the EPP and the FPP, raising the possibility

that these two problems are indeed symptoms of the same illness. The illness we are considering here is the

use of a consumption-based pricing kernel, consistent with a simple representative consumer framework. We

approach this question in an indirect way. Previous research has shown that, when consumption-based pricing

kernels are used, they cannot price correctly neither the equity premium nor the forward premium, generating

the EPP and the FPP respectively. Here, we have shown that, when return-based pricing kernels are used, we

are able to price very well the forward premium and reasonably well the equity premium, i.e., under return-based

pricing kernels there is no FPP and little evidence of the EPP. We therefore think that it is reasonable to pose

the following question: Are the forward premium and the equity premium two symptoms of the same illness?

Considering the information we have so far, our answer would be on the a¢ rmative.

Although we believe that we have now the elements to answer the question posed in the title of this paper,

a di¤erent question we may ask is: is the forward premium a reward for risk taking? If we take the covariance

with Mt+1 as the relevant measure of risk, then our answer is yes. However, this is not without controversy.

Citing Engle (1996), once again (now, p. 162) �If the [CAPM] model were found to provide a good description

of excess returns in foreign exchange markets, there would be some ambiguity about whether these predicted

excess returns actually represent premiums.�It, thus, seems that we have to settle for the less ambitious task

of answering the question in the title and waiting for the moment we �nally write our successful asset pricing

model to answer this new question.18

There are some recent relative success histories in writing models that can account for the EPP, although none

that can claim to be entirely from �rst principles. As of this moment we have developed a deep understanding

of the problems associated with our consumption models. Our �ndings suggest that FPP is simply another

consequence of the inability of traditional consumption-based pricing kernels to explain di¤erences in returns,

or risk premium.19 We believe that there is no reason for the literature on the EPP and on the FPP to evolve

separately as they did, since economic theory was not rejected for di¤erent reasons speci�c to each problem,

but because of a common culprit: the use of a traditional consumption-based pricing kernel, based on a simple

representative consumer framework.

18This position should however be contrasted to that implicit in Brandt et al (2006), where the behavior of the SDF is viewed as

being equal to that of the marginal rate of substitution for a model of preferences and/or market structure yet to be written.
19A good example of evidence against the simple representative consumer framework is the comparision between the time-series

literature on optimal consumption and the panel-data literature. While in the �rst, consumption-based estimates using aggregate

consumption generated important puzzles in �nance and in macroeconomics, such as excess smoothness (excess sensitivity) in

consumption, the equity-premium puzzle and the forward-premium puzzle � Hansen and Singleton (1982, 1983, 1984), Mehra

and Prescott (1985), Mark (1985), Campbell (1987), Campbell and Deaton (1989), Hodrick (1989), Epstein and Zin (1991), and

Engel (1996) � the second shows very little evidence of these puzzles � Runkle (1991), Blundell, Browning, and Meghir (1994),

Attanasio and Browning (1995), and Attanasio and Weber (1995). One possible explanation for these �ndings is inadequate cross-

sectional aggregation of the euler equation, which is a non-linear relationship. Recently, the work of Mulligan (2002, 2004) o¤ers a

reconciliation of time-series and panel-data results.

18



5. Conclusions
In this paper we ask whether the EPP and the FPP are but two manifestations of the same problem: the

failure of our consumption asset pricing models to account for risk premia in various markets. We do so by

exploring panels of asset returns to extract consistent estimates of realized values for the pricing kernel and

checking whether the pricing kernels that account for the equity premium will also accounts for the forward

premium.

Our �ndings strongly suggest that the answer to our question is yes, the two puzzles are but two symptoms of

the same illness. Finding a model that does account for either puzzle is bound to double its prize by accounting

for the other as well. Our purpose in this paper is rather modest and we do not claim to have advanced (or even

have tried to advance) an explanation to either puzzle, but simply to have provided strong evidence toward the

fact that the two are closely related.

Recent work by Lustig and Verdelhan (2006) claims to have found evidence that the forward premium is

simply a price for risk. They estimate the coe¢ cient of relative risk aversion to �t an Euler equation under

more general preferences than those used in Mark (1985) and Hodrick (1987) using the return on eight di¤erent

portfolios of foreign currencies. Although they estimate a parameter of risk aversion above 100, one of their

�ndings is in line with our in sample exercises since, they report (p. 36) that the inclusion of data on American

equity does not change signi�cantly the estimated parameters. As of this moment we do not claim to have such

explanation, although, if we take the covariance with the pricing kernel to be the price of risk, our explanation

is aligned with theirs. More to the point, da Costa and Matos (2006) estimate and test the capacity of various

consumption models to account for the FPP and the EPP and �nd that the estimated parameters take very

similar values for all models, suggesting that the models perform very similarly when both markets are analyzed.
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Figure 1: SDF�s estimate using AFI�s methodology and Multifactor model.
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CHAPTER 2

Do Equity and the Foreign Currency Risk Premiums Display Common Patterns?20

Abstract

In da Costa et al. (2006) we have shown how a same pricing kernel can account for the excess returns of the

S&P500 over the US short term bond and of the uncovered over the covered trading of foreign government bonds. In

this paper we estimate and test the overidentifying restrictions of Euler equations associated with six di¤erent versions

of the Consumption Capital Asset Pricing Model. Our main �nding is that the same (however often unreasonable)

values for the parameters are estimated for all models in both markets. In most cases, the rejections or otherwise of

overidentifying restrictions occurs for the two markets, suggesting that success and failure stories for the equity premium

repeat themselves in foreign exchange markets. Our results corroborate the �ndings in da Costa et al. (2006) that

indicate a strong similarity between the behavior of excess returns in the two markets when modeled as risk premiums,

providing empirical grounds to believe that the proposed preference-based solutions to puzzles in domestic �nancial

markets can certainly shed light on the Forward Premium Puzzle.

JEL Code: G12;G15

Keywords: Equity Premium Puzzle, Forward Premium Puzzle, CCAPM, Habit Formation, External Time-

varying Reference Consumption Level.

1. Introduction
Two of the most famous puzzles in �nancial economics are the Equity Premium Puzzle� EPP� and The

Forward Premium Puzzle� FPP.

The EPP, commonly associated with the works of Hansen and Singleton (1983) and Mehra and Prescott

(1985), is the failure of the traditional Consumption Capital Asset Pricing� CCAPM� to account for the excess

return of stock market with respect to the risk free bond in the United States, with reasonable preference

parameters. The FPP, on the other hand, relates to the di¤erence between the forward rate and the expected

future value of the spot exchange rate in a world with rational expectations and risk neutrality.21 More important

for our purposes is the failure of the canonical CCAPM to generate a pattern of prices for risk that could explain

the FPP being only related to the implicit risk neutrality assumption.

Despite the skepticism about risk based explanations for the FPP from part of the literature, in da Costa et al.

(2006), we try to relate the puzzles. We are not able to reject that the same stochastic discount factor� SDF�

that explains the equity premium also explains the forward premium. We do not use a model to investigate

the puzzles. Instead we use statistical methods to extract a time series for the realized SDF and show how the

moment restrictions on discounted excess returns on both equity and forward markets are not rejected. Excess

returns in both markets are simply a premium for risk, if we accept the covariance with the SDF as the right

measure of risk.
20First draft November 2006. We thank Caio Almeida, Luis Braido, Luis Renato Lima and seminar participants at Getulio

Vargas Foundation for their comments and suggestions. The usual disclaimer applies.
21See the comprehensive surveys by Hodrick (1987) and Engel (1996).
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Because we do not spell out a full speci�ed model it is hard to justify our calling the covariance of returns

with the SDF as a risk measure. In this paper, we take the discussion of the previous paper one step further

by evaluating the performance of di¤erent models in pricing excess returns for each market. Once again, our

goal is not to �nd a model that solves all the problems. Rather, our concern is to verify if the same failures and

successes attained by the CCAPM in its various forms in pricing the excess returns of equity over short term

risk-free bonds will be manifest in the case of forward exchange markets.

We estimate and test for the two markets six di¤erent consumption-based asset pricing models using the

Generalized Method of Moments� GMM: the canonical CCAPM, Abel�s (1990) catching up with the Joneses,

Abel�s (1999) keeping up with the Joneses models, Epstein and Zin�s (1991) recursive utility speci�cation,

Campbell and Cochrane�s (1999) slow-moving habit formation model and a simpli�ed version of Garcia�s (2006)

model which nests Campbell and Cochrane (1999) and Epstein and Zin (1991) for an appropriate choice of the

state variables. For the equity market we test the excess return of the S&P500 over the short-term American

government bond, while for the foreign exchange markets we consider the excess return on the uncovered over

the covered trading of Canadian, German, Japanese and British government bonds jointly.

As for the instruments used to generate the over-identifying restrictions that are tested in our procedure, for

both puzzles, we use the same set of macroeconomic instrumental variables proven to be useful in forecasting

the SDF. We also use lags of the real returns in question as the �nancial variables, speci�c for each puzzle.

This procedure allows us to verify the robustness of the empirical results and the common pattern of the equity

and foreign currency premiums. In order to analyze the predictability power of the forward premium pointed

as a speci�city of the FPP, we also use lags of this variable instead lags of the returns in question as �nancial

instruments.

Brie�y, according to our results, i) we can evidence the importance of the absolute value of the past and

current aggregate per capita consumption, when used as a reference level in the utility function for both puzzles,

ii) breaking the tight link between the coe¢ cient of relative risk aversion and the elasticity of intertemporal

substitution alone can not explain none of the puzzles, but iii) when besides this separation, is also considered

a slow-moving external habit, then for both puzzles the agent really seems to derive utility from the level of

consumption relative to this benchmark in ratio and also in di¤erence.

Our main �ndings are: i) the evidence of the strong similarity between the behavior of these excess returns

when modeled as risk premiums, which allows us to provide empirical grounds to believe that the proposed

preference-based solutions to puzzles in domestic �nancial markets can certainly shed light on the FPP and ii)

the prominent role played by the forward premium, relative to lags of real returns in question, as instrument in

a external habit formation approach explanation of the FPP.

In particular, we show that the generalized version of the model developed by Campbell and Cochrane

(1999)� with low interest rates, roughly i.i.d. consumption growth with small volatility and acceptably low

values of risk aversion� is able to explain not only the high market Sharpe ratio that characterizes the EPP

and but also the predictability of the foreign government bond returns.

The remainder of the paper is organized as follows. Section 2 gives an account of the literature that tries

to relate the two puzzles. Subsubsection 2.2.1 discusses some characteristics of early work with consumption

based model trying to emphasize the reasons why they have encountered di¢ culties in explaining the stylized
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facts. Subsubsection 2.2.2 describes in details the features shared by most external habit formation models that

address the EPP. Finally, in section 3, the empirical exercise is performed, testing all these Euler equations with

GMM. Section 4 analyses the results in order to support that the equity and the currency foreign risk premiums

have a similar behavior in a preference-based approach. Conclusion is the last section.

2. Economic Theory and risk premiums in the equity and foreign currency
markets

2.1. Stochastic Discount Factor and Asset returns
It is now a well known fact that, given free portfolio formation, the law of one price is equivalent to the

existence of a SDF through Riesz representation theorem.

Following Harrison and Kreps (1979) and Hansen and Richard (1987), we write the asset pricing equations,

1 = Et

�
Mt+1R

i
t+1

�
; (31)

and

0 = Et

h
Mt+1

�
Ri

t+1 �R
j
t+1

�i
: (32)

Here, Et(�) denotes the conditional expectation given the information available at time t; Ri
t+1 and R

j
t+1

represent, respectively, the real gross return on assets i and j at time t + 1 and Mt+1 is the SDF, a random

variable that generates unitary prices from asset returns. Under no arbitrage, we can further guarantee that

there exists a strictly positive SDF that correctly prices the returns of all assets.

An immediate consequence of (32) is that excess returns are explained by the way in which returns covary

with the SDF, in fact, if we take Rj to be the return on the risk-free asset, Rf , equation (32) can be expanded

to read

Et

�
Ri

t+1

�
�Rf

t = �covt

�
Ri

t+1;Mt+1

�
: (33)

It is then, usual practice to interpret the excess expected return as a risk premium and the covariance in

the right hand side of (33) as the relevant measure of risk. Using this interpretation, da Costa et al. (2006)

have shown that one can use the same measure of risk to explain the equity and the forward premiums. An

important question remains open, however: what does this measure of risk measure? Without a model that

generates Mt+1 from the primitives (preferences, endowments, technologies, etc.) of the economy the meaning

of this covariance term is somewhat elusive. Not surprisingly, it is the main purpose of all research in �nance

economics exactly to �nd a model capable of generating Mt+1 from the primitives of the economy. It is also the

failure of most attempts to �nd such a model that de�nes most of the puzzles in �nance theory.

We shall in the rest of this section present some of the models forMt+1 written in the past quarter of century

and discuss their main features and drawbacks. We shall refrain from discussing models that try to account for

puzzles by incorporating market incompleteness. We do so not because we think that this in not an important

issue, but because following this path requires a completely di¤erent consumption data set, which we leave for

later work.
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2.2. The consumption capital asset pricing model
The single most important advance in asset pricing from an economist�s perspective was the development of

the consumption capital asset pricing model associated with the names of Lucas (1978) and Breeden (1979).22

Consider an economy endowed with an in�nitely lived representative consumer whose preferences are rep-

resentable by a von Neumann-Morgenstern utility function. It is not hard to show that the SDF is simply the

growth of the representative agent�s marginal utility of consumption.



consumption, Ct,24

u(Ct) =
C1��

t

(1� �) : (37)

In this case, equation (35) can be rewritten as

0 = Et

"�
Ct+1

Ct

��� �
Ri

t+1 �R
j
t+1

�#
: (38)

This utility function has some other important properties: it is scale-invariant and if agents in the economy

have di¤erent levels of wealth but have the same power utility, then this will also be the utility function of the

representative agent. Although it has been extensively used in �nance literature due to its empirical, analytical

and intuitive convenience, it really does not work well in practice, there being many evidences of its incapability

to account for important stylized facts. The equity and the forward premium puzzles are two of the most famous

and reported empirical failures of this consumption-based approach.

To give a summary account of the theoretical and empirical issues related to the EPP and the FPP, let this

representative agent be an American investor who can freely trade American and foreign assets, besides having

access to forward and spot exchange rate markets.25

The consumption Euler equation (38) is useful to access the EPP, if one takes assets i and j to be S&P500

index and the short-term American government bond.

When analyzing the FPP, the relevant assets are the covered and uncovered trade of a foreign government

bond. The real returns on these foreign assets in terms of the representative investor�s numeraire can be written

respectively as

RC
t+1 =

tFt+1(1 + i
�
t )Pt

StPt+1
and RU

t+1 =
St+1(1 + i

�
t )Pt

StPt+1
; (39)

where tFt+1 and St are the forward and spot prices of foreign currency in terms of domestic currency, Pt is

the dollar price level and i�t represents nominal net return on a foreign asset in terms of the foreign investor�s

preferences. It is, then, possible to express the consumption Euler equation of the excess returns of uncovered

over covered operation with foreign bonds as

0 = Et

(�
Ct+1

Ct

���
Pt(1 + i

�
t )[tFt+1 � St+1]

StPt+1

)
, (40)

along the lines of Lucas�(1978) model.

Most tests reported in the literature are based on over-identifying restrictions on estimations that use

Hansen�s (1982) Generalized Method of Moments (GMM). With regards to the FPP, the results obtained in

Mark (1985) and Hodrick (1989) report values of the coe¢ cient of relative risk aversion, �, above to 40 and 60,

respectively, while Engel (1996) reports some estimates for 
 in excess of 100. The �ndings in the case of EPP

are similar, in the sense that in both cases the estimated values are above 10, which is viewed as unacceptable

and unreasonable, according to Krugman (1981), Mehra and Prescott (1985) and Romer (1995).

It is beyond the scope of this paper to give a full account of the large body of research produced in the area,

we must however call into attention the fact that in both cases an extremely high coe¢ cient of risk aversion is
24See e.g. Samuelson (1969), Rubinstein (1976), Lucas (1978), Breeden (1979), Grossman and Shiller (1981) and some other

classical macroeconomic and �nancial papers.
25Here, we are implicitly assuming the absence of short-sale cosntraints besides other frictions in the economy, despite we recognize

the signi�cance of bid-ask spreads�impact on the pro�tability of currency speculation, as mentioned in Burnside et al. (2006).
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estimated in both cases. Part of our story will be to ask whether the same values for the parameters of di¤erent

models are needed to account for both puzzles. This is not the whole story, however. Even if we are willing to

accept the �unrealistic�values for the relevant parameters, the over-identifying restrictions may be rejected. We

may then check whether the circumstances in which one model is accepted (or rejected) are the same for the

two markets.

There is some skepticism with this regard since the risk premiums involved in these di¤erent �nancial markets

have their speci�cities: the high Sharpe ratio related to the equity premium and the predictability of foreign

currency excess returns based on the respective forward discount. In da Costa et al. (2006) we have shown

that the same Mt+1 is able to account for risk premium in both markets. We shall now investigate in detail the

relative performance of di¤erent consumption based models to explain these features. Before doing so, let us

brie�y describe some stylized facts regarding both markets.

Stock markets commonly show familiar patterns. Observing the US quarterly data over the period 1977:1

to 2004:3, the summary statistics reported in the table 1 are in accordance with the data widely reported in

the literature. The average real return on S&P500 has been 8:67% at an annual rate, while the real return on

90-day Treasury bill has been 1:76% per year. Clearly, real stock returns are much more volatile than the US

Treasury bill, which is risk-free in nominal terms. Its annualized standard deviation are, respectively, 16:02%

and 1:61%:26 We then observe an annualized Sharpe ratio for the US stock market equal to 0:44, which implies

this value as the lower bound of the standard deviation for the SDF. Certainly, a very large value for the SDF,

a random variable whose mean must be close to one and whose lower bound is zero.

Since our representative agent can freely trade domestic and foreign assets and since the SDF relates all

payo¤s to market prices, which necessarily includes both uncovered and covered trading of foreign government

bonds, should not be important, or even possible, to reconcile the characterization of the SDF provided by

foreign government bond-market data with the evidence from US stock-market data?

Over this same period, the real return on covered trading of Canadian, German, Japanese and British

government bonds show mean and standard deviation quite similar to the American 90-day Treasury bill one,

which is reasonable, since it re�ects the covered interest rate parity in a frictionless economy. Regarding the

return on uncovered trading, the means are ranging from 2:47% to 4:70%; while the standard deviation from

5:44% to 12:91%: For these foreign bonds, we have that the Sharpe ratios for the uncovered trading of foreign

bonds range from 0:04 to 0:28.

Shiller (1982), Hansen and Jagannathan (1991) and Cochrane and Hansen (1992) relate the EPP to the

volatility of the SDF, or equivalently the volatility of the intertemporal marginal rate of substitution of a

representative investor required to match Sharpe ratio of the stock market. Since the higher the Sharpe ratio,

the tighter the lower bound on the volatility of the SDF, when we observe these stylized facts of the American

domestic and foreign government bond markets, should we consider them as an evidence that if we were able

of writing down a model that consistently generated a SDF that accounts for the EPP, this model would also

explain the FPP? Bearing in mind the fact that an extremely high risk aversion level in the canonical approach

for both markets we ask whether there would be other similarities between these risk premiums when other

preferences are considered?

26Much of the volatility of the return on 90-day Treasury bill is certainly due to short-run in�ation risk.
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The main di¢ culty one must face in order to answer this question is the non-existence of a widely accepted

model capable of generating the observed behavior of Mt+1: On the one hand, we have the poor performance

of the canonical CCAPM as evidenced by the FPP and the EPP, while on the other, we have the still incipient

discussion of the underlying assumptions (and empirical consequences) of more successful consumption models

as Campbell and Cochrane (1999) and Garcia (2006).

Given our purposes, of simply relating the puzzles, both the successful stories and the failures are useful.

The fact that the same unacceptably high risk aversion is needed to account for the two puzzles in the case of

the canonical CCAPM help us relate the two puzzles quite as much as the �nding of a reasonably low parameter

that accounts for the two.

Finding models that produce non-acceptable values is easy. As for the successful ones a natural route is

to use the external habit formation models which, in some versions, has proven to be able to account for the

EPP and check whether it works for the FPP. In the next few pages we describe some of the properties of these

models.

2.2.2. External reference level consumption-based models

The habit formation literature emerges as a natural attempt to capture some features of the consumption

behavior, such as the e¤ect of today�s consumption on tomorrow�s marginal utility of consumption, or in

macroeconomic terms, the perception that recessions are so feared even though the recession period may not

be one of the worst periods in the history. The major theoretical papers on this subject are Ryder and Heal

(1973), Sundaresan (1989), and Constantinides (1990).

The main issue to be addressed in this framework is the speci�cation of state variables that will be incor-

porated in the utility function of the agent, playing the role of a reference consumption level. When the state

variable, Xt, depends on an agent�s own consumption and the agent takes it into account when choosing how

much to consume, then we have a standard internal habit model, such as those in Sundaresan (1989) and also

Constantinides (1990). When this habit depends on variables which are una¤ected by the agent�s own choice,

rather depending on what others do, we are dealing with an external habit model. The literature based on

this latter framework is rather extensive, including the works of Abel (1990), Abel (1999) and Campbell and

Cochrane (1999), to name a few.

We will limit our analysis to the external habit models,27 for simplicity, since our intent is to explore two

other common features of the habit framework when dealing with equity and foreign currency risk premiums.

When modelling habit formation the �rst thing we must decide is whether to use ratio or di¤erence.28 In

the �rst case, with constant risk aversion, the standard time-separable power utility function becomes

u(Ct; Xt) =
1

(1� �)'

�
Ct

Xt

�1��

X'
t ; (41)

where � is the curvature parameter for relative consumption, while 1 � ' assumes this same function for the

benchmark level.
27Cochrane (2001) argues that depending on the state variable and on the utility function, the choice of an external or internal

habit model can be seen as a technical convenience, a¤ecting slightly the results.
28There might not be a clear answer to the question of which one is optimal for each case, since both models can be justi�ed

empirically.
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In the second case, i.e., when one is considered with the di¤erence in consumption with respect to the

reference level, the same preferences yield

u(Ct; Xt) =
1

(1� �)' (Ct �Xt)
1��

X'
t : (42)

The second feature is related to the speed with which habit reacts to aggregate consumption, where this

habit can depend on current and/or lags of the reference consumption level or it can still reacts only gradually

to changes in the benchmark.

In the next subsections we describe in details the modeling strategies of the consumption reference level used

in this paper, proposing possible extensions of these models and establishing how the presence of this benchmark

changes the respective Euler equations.

Catching-up with the Joneses First, we start following the Abel�s (1990) catching up with the Joneses

model, one of the most traditional and mentioned habit formation approaches. This ratio model, which was

initially introduced in order to account for the high observed value for the equity premium, assumes that the

habit level depends only on the �rst lag of aggregate consumption, denoted by C.

It is easy to see this formulation as a special case of the equation (41), where ' = 0 and the level habit is

given by Xt = C
�

t�1, which enables us to rewrite it as

u(Ct) =
1

(1� �)

 
Ct

C
�

t�1

!1��

(43)

Since, in equilibrium the relation Ct+1 � Ct+1 holds, we have that the SDF can be de�ned as

MCJ
t+1 = �

�
Ct+1

Ct

����
Ct

Ct�1

��(��1)
(44)

Note that the special case with � = 0 corresponds to the standard time-separable model, while � = 1

corresponds to the catching up with the Joneses model, where only relative consumption matters to the agent.

In our estimation exercise, we follow Fuhrer (2000) in not imposing any restriction to the values of this parameter.

Our intent is to �gure out whether the absolute reference level matters to the representative agent and whether

the agent is of the jealous or patriotic kind.

Keeping-up with the Joneses Starting with the Abel (1990) model is an interesting choice for it has

many possibilities of extension. To disentangle the relative risk aversion from the elasticity of intertemporal

substitution and to deal with a problem that appears when this model is used, namely, the high volatility of

the risk-free rate of return, Abel (1999) assumes that the agent may take into account not only the information

available to him at time t, but also some information available at time t + 1, when he forms his reference

consumption level, Xt+1. More speci�cally, this framework captures the notion that the agent�s benchmark

level depends on current and recent levels of consumption per capita, given by the increasing function

Xt = C



tC
�

t�1(G
t)�; (45)

where 0 � 
 � 1; 0 � � � 1; 0 � � � 1 and G � 1; which allows for the possibility that the benchmark level
grows simply with the passage of time. The special case with � > 0 and 
 = � = 0 corresponds to the simple
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formulation of catching up with the Joneses in Abel (1990) and when 
 > 0 and � = � = 0, we have the Gali�s

(1994) speci�cation of consumption externalities.

Once again, we consider ' = 0, so that this formulation is a special case of equation (41) where the utility

is given by

u(Ct) =
1

(1� �)

 
Ct

C



tC
�

t�1(G
t)�

!1��

(46)

Since, in equilibrium the relation Ct+1 � Ct+1 holds, we have that the SDF now can be de�ned as

MKJ
t+1 = �G�(��1)

�
Ct+1

Ct

���+
(��1)�
Ct

Ct�1

��(��1)
(47)

With regards the parameters involved in this Abel (1999) preference speci�cation, there are two important

issues to be mentioned. First, there are six parameters �;G; �; �;� and 
 that a¤ect the SDF, but only three

of them are independent parameters, which implies that, relative to the power utility the current framework

introduces only one additional degree of freedom. Second, although this fact allows for a variety of interpretations

of preferences, our analysis will consider the Abel�s (1990) estimation results.

One of the main consequences of considering a contemporaneous reference level is that it allows for disentan-

gling risk aversion and intertemporal elasticity of substitution. We shall return to this after discussing Epstein

and Zin�s formulation.

Epstein-Zin utility speci�cation

The inclusion of extra state variables is not the only possible approach to handling the empirical failures of

the canonical CCAPM. In fact, one of the important characteristics of (37) is the fact that the coe¢ cient of

relative risk aversion is the inverse of the intertemporal marginal rate of substitution. This means that, allowing

for very high risk aversion to account for the equity premium implies to accept too low an intertemporal marginal

rate of substitution, the consequence of which is the appearance of a risk-free puzzle whenever one is willing

to accept the high coe¢ cient of relative risk aversion that is needed to correctly price the equity premium. To

avoid this trap a successful model must disentangle the two.

This is accomplished within the framework of Epstein and Zin (1991) and Weil (1989) who, building on the

work of Kreps and Porteus (1978), de�ne more general (than von-Neumann Morgenstern) preferences which: i)

preserve many of the attractive features of power utility as the scale-invariance; ii) break the tight link between

the coe¢ cient of risk aversion and the elasticity of intertemporal substitution as in Abel (1999), and; iii) provide

an ampli�ed permanent component of the SDF, satisfying the Alvarez and Jermann�s (2002) criticism of the

lower bound of the size of this component term.29 The key of this current approach is the link between the

reference level and the return on the market portfolio.

The Epstein-Zin objective function can be written as

u(Ct;Et(Ut+1)) =
h
(1� �)C

1��
#

t + �(Et(U
1��
t+1 ))

1
#

i #
1��

; (48)

where # = (1� �) = (1� �) and 1=� is the elasticity of intertemporal substitution. In the special case with
� = � one can recover easily the time-separable power utility.

29Alvarez and Jermann�s (2002) argues that using SDF as a function of only consumption data it is not possible to provide a

permanent component term higher than the lower bound.
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One important fact to bear in mind is that the Epstein-Zin non-expected recursive utility speci�cation is

observationally equivalent to the ratio habit formation model given by equation (41) if one assumes that

log

�
Xt+1

Xt

�
=

1

1� ' log(RM;t+1) + !; (49)

where ! is a constant and RM;t+1 is the US real gross return on the market portfolio. The proof of this

equivalence as well as the intuition of this assumption can be see in details in Garcia (2006).

Using this equivalence or the assumption that the investor has no labor income and lives entirely o¤�nancial

wealth, one is able to show that the SDF can now be written as

MEZ
t+1 = �

�
Ct+1

Ct

��(��1)=(1��)

R
(���)=(1��)
M;t+1 : (50)

Campbell and Cochrane habit formation

Several papers have followed Abel (1990, 1999) in proposing ratio models where the habit depends on the

current or on some lags of aggregate consumption. These models however fail to account for some other "recent"

stylized facts of the stock market, as the predictable variation in stock returns, pointed as an important source

of stock market volatility.

An alternative and promising route to explain this variation predictability is to assume that the price of

risk changes through time. Campbell and Cochrane (1999) built a model where the habit level responds only

gradually to changes in consumption, giving emphasis on the role played by a time-varying risk aversion. This

model makes the volatility of the SDF vary in a stochastic fashion with the business cycle pattern allowing for

a understanding of stock market volatility and the high equity premium.

Campbell and Cochrane (1999) assume that the power utility of the representative agent is a function of the

di¤erence between his own level of consumption and a slow-moving habit, or a time-varying subsistence level.

Consequently, as consumption declines toward the habit in a business cycle trough, the curvature of the utility

function rises, so risky asset prices fall and expected returns rise. The key aspects responsible for the empirical

success of this approach will become more clear as we describe the main features of the model.

First, the utility function is a special case of the utility given by (42) with ' = 0.

Second, let St � (Ct � Xt)=Ct denote the surplus consumption ratio. This variable captures the relation

between consumption and the habit level, so the closer its value is to one, the better is the state. Note that

the curvature of the utility function, �t, is now time-varying and it can be related to the surplus consumption

ratio by �t � �=St, which implies a higher local curvature in the worst states. Since the model adopts an

external habit speci�cation in which habit is determined by the history of aggregate consumption, de�ne St �
(Ct � Xt)=Ct: Once again, note that in equilibrium the relations Ct+1 � Ct+1 and St+1 � St+1 hold, which

enables us to rewrite the SDF as

MCC
t+1 = �

�
Ct+1St+1

CtSt

���

: (51)

Third, with regards the consumption growth, this process is modeled as an independently and identically

distributed (i.i.d.) lognormal process,30

ct+1 � ct = g + �t+1; �t+1~iidN(0; �
2); (52)

30The Campbell and Cochrane (1999) model can also accommodate more complex consumption processes, including processes

with predictability, conditional heteroskedasticity, and nonnormality.
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where the variables in small letters are the logs of the variables in capital letters.

Finally, in order to specify how each individual�s habit Xt responds to the history of aggregate consumption

C, let the log surplus consumption ratio �st = ln(St) evolves as a heteroskedasticity AR(1) process,

�st = (1� �)�s+ ��st + �(�st)(�ct+1 � �ct � g) (53)

where �; �s and g are the parameters that correspond respectively to the persistence coe¢ cient, the surplus

consumption ratio steady state and the mean of the log consumption growth.31 The �(st) term, labeled sensitive

function, is speci�ed following

�(st) =

8<: 1
�S

p
1� 2(st � �s)� 1; st � smax

0; st � smax

where smax � �s+ 1
2 (1� S) and S = �

q
�
1��

(54)

in order to produce a constant risk-free rate and to restrict habit behavior to keep the speci�cation close to

the traditional and sensible notions on habit. One of the main purposes of the Campbell and Cochrane (1999)

model, which has in�uenced the choice of the sensitivity function and of the parameters, is to guarantee the

constancy of the risk-free rate.

Generalized Campbell and Cochrane model

Reference models such as that of Cochrane and Campbell (1999) assume that agents derive utility from the

relationship between their private consumption and the reference level. They do not allow for the reference

level to directly a¤ect utility.32 In a recent paper, Garcia (2006) have found evidence that the reference level

plays an independent role in the agent�s utility function. We follow them in proposing an extension of Campbell

and Cochrane (1999) model in which the agent derives utility from its own level of consumption relative to the

reference level both in the ratio and in di¤erence forms. This more general framework is a special case of the

setting proposed by Garcia (2006) with ' = �� 1.
In our generalized setting, the utility function and the SDF can be written respectively as

u(Ct) =
1

(1� �)

�
Ct �Xt

Xt

�1��

, (55)

and

MCCG
t+1 = �

�
Ct+1St+1

CtSt

����
Xt+1

Xt

�(��1)
. (56)

3. Empirical application
In this section, we estimate the Euler equations derived from the six consumption-based models described

in section 2. Our intent is to either validate or better understand the reasons for the empirical failure of each

preference speci�cation, �rst for the excess return on the S&P500 over the short-term American government

31 It is convenient, but not necessarily, to use the same value g for the mean consumption growth rate and the parameter g in the

habit accumulation equation (53).
32This means that a higher GDP does not make agents happier if they do not have their incomes increase more than average.
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bond and, second, for the excess returns on the uncovered over the covered trading of Canadian, German,

Japanese and British government bonds jointly.

We �rst describe the details and sources of the data that is used. Next, we discuss the estimation procedure

in light of the identi�cation issues surrounding the preference parameters. We shall also try and justify the

criteria used in the choice of the instruments.

3.1. Data and instruments
In principle, whenever econometric or statistical tests are performed, it is preferable to employ a long data

set either in the time-series or in the cross-sectional dimension. There are some obvious limitations, especially

when the FPP is concerned, the main one being due to the forward rate series, since a su¢ ciently large time-

series is hardly available33 . Regarding the EPP these limitations are less severe. In order to have a common

sample we covered the period starting in 1977:1 and ending in 2004:3, with quarterly frequency. We collected

foreign exchange data for the following countries: Canada, Germany, Japan, U.K. and the U.S.

When testing the EPP or the FPP we need �rst to compute excess returns Ri
t � Rj

t . On that regard, our

data set is composed of the following. To study the EPP we used the US$ real returns on the S&P500 and on

90-day T-Bill. To analyze the FPP, we used the US$ real returns on short-term British, Canadian, German and

Japanese government bonds, where both spot and forward exchange-rate data were used to transform returns

denominated in foreign currency into US$. The forward rate series were extracted from the Chicago Mercantile

of Exchange database, while the spot rate series were extracted from Bank of England database.

As for macroeconomic variables, we have used the consumer price index of services and nondurable goods in

the US in order to compute the US$ real returns besides the seasonally adjusted US per capita consumption of

services and nondurable goods and US per capita gross domestic product. All of these variables were extracted

from FED�s FRED database.

The �nal ingredient for testing these two puzzles consists in the additional variables used in orthogonality

tests. In choosing these instrumental variables, we follow Mark (1985), since we believe that the instruments

he used, which are macroeconomic and �nancial variables observed at time t by all agents, are among the most

important variables used in forecasting, respectively, the SDF and the returns in question. Consequently, this

set may be capable of characterizing the conditional distribution of the discounted excess returns.

For the equity premium, we use the instrument sets IS1 and IS2, given respectively by

IS1: Two lags of the real US$ returns on S&P500 and on the 90-day T-Bill

and three lags of real consumption and real GDP growth rates.

IS2: Three lags of the real US$ returns on S&P500 and on the 90-day T-Bill

and three lags of real consumption and real GDP growth rates.

33Chicago Mercantile Exchange pioneered the development of �nancial futures with the launch of currency futures, the world�s

�rst �nancial futures contracts, in 1972.
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For the foreign currency premiums, we use the instrument sets IS3 and IS4, given respectively by

IS3: Two lags of the real US$ returns on the 90-day T-Bill and on uncovered trading

of short-term British, Canadian, German, and Japanese government bonds and

three lags of real consumption and real GDP growth rates.

IS4: Three lags of the real US$ returns on the 90-day T-Bill and on uncovered trading

of short-term British, Canadian, German, and Japanese government bonds and

three lags of real consumption and real GDP growth rates.

This procedure allows us to verify the robustness of the empirical results and the common pattern of the

equity and foreign currency premiums.34

In order to analyze the predictability power of the forward premium pointed as a speci�city of the FPP, we

also use the instrument sets IS5 and IS6, given respectively by

IS5: The current and the �rst lag of the forward premiums on the currencies in question

and three lags of real consumption and real GDP growth rates.

IS6: The current, the �rst and the second lags of the forward premiums on the currencies in question

and three lags of real consumption and real GDP growth rates.



Regarding to the instruments, when we alter the set, adding lags of the �nancial variables our intent is to

evidence the robustness of the results, while when we change all the �nancial variables, which happens only

with the analysis os the FPP, we intend to analyze the relative predictability power of the �nancial variables in

question.

The typical procedure adopted to validate or to better understand the reasons of the empirical failure of

each preference speci�cation for the excess returns in question consists in verifying if the model is supported

by the data, in the sense of rejecting (or not) the over-identifying restriction and of analyzing the values of the

parameters estimated in the light of the literature besides their signi�cance at the 5% level. The results for this

�rst model are reported in table 2.

There is a complete similarity between the methodologies used to estimate the canonical Euler equations

and the Euler equations derived from the catching up with the Joneses model, given by
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and from the keeping up with the Joneses model, given by

Et

"�
Ct+1

Ct

�A�
Ct

Ct�1

��

(RSP
t+1 �RT b

t+1)

#
= 0; (61)
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The results for these models are reported respectively in tables 3 and 4.

Now, consider the Euler equations derived from the Epstein and Zin utility speci�cation, which are given by
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For this case, the procedure adopted is the same one already described with an additional speci�city, how

to obtain a time series for the external reference level. In these terms, we use the value-weighted return to all

stocks listed on the NYSE and AMEX obtained from the Center for Research in Security Prices (CRSP) as a

proxy for the unobservable gross return on market portfolio. The results for this model are reported in table 5.

Finally, we consider the Euler equations derived form the Campbell and Cochrane (1999) model, which are

given by
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and the Euler equations derived from the generalized version of this latter model, given by
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When we use the Campbell and Cochrane speci�cation and its generalized version, our main interest remains

to evidence the common pattern displayed by the equity and the foreign currency risk premiums. Once again,

the procedure adopted to estimate these more complex models is the typical one already described with an

additional speci�city related to the non-observality of the surplus consumption ratio, St. In order to compute

the time series of this process, we need to set its initial value and the values of the parameters �; g ; � and �:

With regards to the initial value of the surplus consumption ratio, we set it at the steady state value, so = �s:

In choosing the parameters �; g and �, we follow Campbell and Cochrane (1999), calibrating them. Since �

and g correspond respectively to the standard deviation and the mean of the log consumption growth, we take

them to match the consumption data over the period 1977:1 to 2004:3, obtaining the values 0:005 and 0:004.

With regards the persistence parameter �, we take it to match the serial correlation of log price/ dividend ratio

ratios, obtaining a value of 0:989:

For the risk aversion coe¢ cient �, we follow Garcia (2006), proceeding by grid search to obtain an initial

value that is close to the value obtained from the estimation of the Euler equations by GMM, where � varies

between 0:00 and 50:00.

4. Results
Results reported in table 2, corresponding to the Euler equations (57) and (58) derived from the canonical

consumption model evidence that this model it is able to price correctly neither the excess return on the equity

over the 90-day T-Bill nor the excess return on the uncovered over covered trading of foreign government bonds

with acceptably low values of risk aversion. We do not have problems with the signi�cance of the relative risk

aversion � and we do not reject the over-identifying restrictions. Comparing the puzzles more closely, for both

of them the inclusion of the third lag of the real returns in question provides a lower risk aversion.

This empirical failure widely reported in the literature is related with the smoothness of the consumption

growth along with its low correlation with the excess returns in question which require extremely high values

for the risk aversion to account for the equity and the foreign currency Sharpe ratios.35

In order to try to account for the puzzles we analyze the more complex preference speci�cations. Table 3

presents the �ndings associated with Euler equations (59) and (60) derived from the Abel (1990) speci�cation

where the reference level is a function of past aggregate consumption. Comparing both puzzles: i) the EPP and

the FPP are exacerbated, in the sense that, for each instrument set used, the relative risk aversion is larger then

the respective one obtained with the canonical model, ii) we have the same magnitude order of the parameter �

and iii) contrary to the ratio models, but in accordance with Garcia (2006), we �nd support for the hypothesis

35One could argue that this empirical failure can associated with the problem of a near nonidenti�cation of the risk aversion

parameter in the canonical model.
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that the absolute value of the past aggregate consumption enters the utility function. Only for the EPP, the

parameter � is signi�cant at the 10% signi�cance level but not at the 5% level.

This model is not supported by the equity market neither the foreign currency market data, since the

representative agent is of a jealous sort. Even with a positive � � where, according to Abel (1990) it would be

possible to increase the risk aversion to solve the EPP without generating the risk-free rate puzzle one should

not expect to explain both puzzles with this model.

In order to deal with this problem that appears when this Abel (1990) model is used, the high volatility

of the risk-free rate of return, and to allow the disentangling of the relative risk aversion from the elasticity of

intertemporal substitution, we estimate the Euler equations (61) and (62) derived from the Abel (1999) model.

Observing the results reported in table 4, once more the equity and the foreign currency risk premiums show

common patterns.

For interpretation purposes, we analyze the results in the light of Abel�s (1990) results. First, we consider

that only the parameters � and 
 are independent. In this case, with regards the past aggregate consumption

the agent is a jealous sort, while with regards the current aggregate consumption the agent is patriotic. When

we consider that � and 
 are the independent parameters, the agent remains patriotic with regards the current

aggregate consumption and both puzzles are still more exacerbated.

Since, according to our results, the models which adopt state variables as a function only of societal levels of

consumption are unable to support the data with reasonable values for the parameters, we test the Epstein and

Zin (1991) preference which adopts a reference level as a function of the return on the market portfolio. The

results of the estimation of the Euler equations (63) and (64), reported in table 5, show clearly that this attempt

to break the tight link between the coe¢ cient of risk aversion and the elasticity of intertemporal substitution

does not produce a complete explanation of none of the puzzles. In fact, even when we obtaining � < �,

which is a necessary condition to �t the patterns of the risk premiums, both puzzles are still more exacerbated.

When we are modeling the risk premiums in these di¤erent markets we obtain close values for the elasticity of

intertemporal substitution, but these values are not large enough, ranging from 0:014 to 0:022.

Our evidence about the incapacity of the Epstein and Zin (1989) framework to explain the FPP corroborates

Colacito and Croce (2005), while with regards this same incapacity to explain the EPP, parts way from Epstein

and Zin (1991) and Garcia (2006).36

Even though several papers in this literature have followed Abel (1990, 1999) in the sense of proposing ratio

models where the habit depends on the current or on some lags of aggregate consumption, this path seems to

be doomed, since it cannot account for the predictable variation in stock returns which is an important source

of stock market volatility.

An alternative and promising route is to assume that the price of risk changes through time. With this in

mind, and intending to account for the most stock market stylized facts and to better understand asset pricing

puzzles, Campbell and Cochrane (1999) built a model where the habit level responds only gradually to changes

in consumption, giving emphasis on the role played by a time-varying risk aversion. This model is able to make

the volatility of the SDF stochastically time-varying with the business cycle pattern and to better understand

the stock market volatility.

36The strategy adopted in these papers is di¤erent of ours, since the Euler equations derived from the Epstein and Zin (1989)

speci�cation for the excess return on equity over 90-day T-bill and on the return on 90-day T-bill are estimated jointly.
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Although this model can not be considered as a complete or even as a de�nite model of stock market

behavior, it has been pointed as the main contender to explain it. This success is certainly due to its re�ned

and pragmatic theoretical conception besides its excellent performance in the calibration exercise proposed by

Campbell and Cochrane (1999). According to the results of this exercise, the arti�cial data generated from the

model display the patterns found in the empirical literature, but they do not estimate the coe¢ cient of relative

risk aversion and set it equal to 2.

Here, our strategy to evidence if the risk premiums in the equity and the foreign currency markets have a

similar behavior is di¤erent. We propose a GMM estimation procedure to see if these versions of this habit

formation model are supported by the data, instead of calibrating them.

The estimation and test results of the Euler equations (65) and (66) derived from the Campbell and Cochrane

(1999) model are reported in Table 6. For the equity and for the foreign currency risk premiums, using the lags

of the returns in question as the �nancial instruments, the values of � are acceptably low but not signi�cant

at the 10% signi�cance level. When we test the Euler equation (66) using the current and the past levels of

the forward premium as the �nancial instruments, the values of � remain acceptably low but now we do not

have problems with the signi�cance. This result gives us support to emphasize the prominent role played by

the forward premium, relative to lags of real returns in question, as instrument in a external habit formation

approach explanation of the FPP, which may be related to the strong predictability power of the forward

premium.

Comparing our results for the EPP with the result reported in the literature, while our insigni�cant values

of � range from 8:01 to 8:21, Tallarini and Zhang (2005) obtains a signi�cant � equal to 6:30:

Our last attempt to model the risk premiums in these di¤erent markets relies on an extension of the Campbell

and Cochrane (1999) setting, considering the case where the agent derives utility from its own level of consump-

tion relative to the reference level both in the ratio and in di¤erence forms. Besides allowing for a time-varying

risk-free interest rate and disentangling the relative risk aversion coe¢ cient and the elasticity of intertemporal

substitution, according to the results of the Euler equations (67) and (68) reported in table 7, we can say that

this extended model � with low interest rates, roughly i.i.d. consumption growth with small volatility and

acceptably low values of risk aversion � is able to explain the high market Sharpe ratio that characterizes the

EPP and also the strong predictability of the foreign government bond returns which characterizes the FPP.

It is hard to compare accurately our results with others reported in this literature, since the estimation

strategies used and the models tested are di¤erent. At any rate, with regards the EPP, our values of � range

from 7:64 to 8:09, quite larger than 0:31 obtained in Garcia (2006), where the Euler equations for the excess

market portfolio return and for the risk free rate are jointly estimated. About the FPP, we could compare our

results with Verdelhan (2006), where the model proposed allows for a time-varying risk-free interest rate but

does not break the tight link between the relative risk aversion coe¢ cient and the elasticity of intertemporal

substitution. Our values for of � range from 1:68 to 8:81, while his values range from 5:60 to 8:20.

In general terms: i) we can evidence the robustness of our estimation results for the EPP and the FPP when

the instrument set is altered, except for the Euler equations derived from the Abel (1999) and the Epstein and

Zin (1989) models and ii) according the Hansen�s test of over-identifying restrictions, neither of the six models

is rejected statistically.37

37Not necessarily these non-rejections are much informative, since one could attribute them to the poor properties of conventional
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Up to this point, we believe to have provided evidence in support of the fact that, under a preference-based

approach, the equity and the foreign currency risk premiums display common patterns.

5. Conclusion
It was never clear that solving puzzles in domestic �nancial markets would help explaining puzzles in foreign

currency markets. In fact, traditional consumption-based models do not seem to be able to account for the high

equity Sharpe ratio nor to capture the non-shared characteristic of the foreign exchange market the question

ceased to be posed for a long time.

Recent research, however, has lead many in the profession to believe that is a tight association between puzzles

in domestic and foreign markets. We join the recent crowd in this paper adopting the following procedure: we

analyze the behavior of the risk premiums in these di¤erent markets using di¤erent models and seeking not only

for successes but mostly by the relative performance of di¤erent models in the two markets.

We model the excess returns of the S&P500 over the US short term bond and of the uncovered over the

covered trading of foreign government bonds, using the canonical and some external habit formation consumption

approaches. Based on estimates of these consumption Euler equations and on the test of its over-identifying

restrictions using Hansen�s (1982) Generalized Method of Moments (GMM), we intend to validate or to better

understand the reasons of the empirical failure of each preference speci�cation for both excess returns in question.

We present an empirical evidence of the strong similarity between the behavior of the equity and the uncov-

ered excess returns when modeled as risk premiums, which allows us to argue that, under a preference-based

approach, the equity and the foreign currency risk premiums display common patterns. We �nd empirical

grounds to believe that the proposed preference-based solutions to puzzles in domestic �nancial markets can

certainly shed light on the FPP.

In particular, our results o¤ers some support to the idea that a generalized version of the slow-moving

external habit formation model proposed by Campbell and Cochrane (1999) which disentangles the relative risk

aversion coe¢ cient and the elasticity of intertemporal substitution is able to explain both puzzles.
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CHAPTER 3

Modeling the Foreign Risk Premiums with Time-varying Covariances

Abstract

The Forward Premium Puzzle (FPP) is how the empirical observation of a negative relation between future changes

in the spot exchange rates and the forward premium is known. Modeling this forward bias as a risk premium, by log-

linearizing the Asset Pricing Equation and under weak assumptions on the behavior of the pricing kernel, we derive an

equation that describes the movement of currency depreciations, which allows us: i) to characterize the potential bias

that is present in the regressions where the FPP is observed and ii) to identify the necessary and su¢ cient conditions that

the pricing kernel has to satisfy to account for the predictability of exchange rate movements. This equation also supports

that a promising path to model the exchange rate movements would be consider time-varying conditional covariances.

In this sense, our main �nding is that although the omitted term "explains" the risk premium in accordance with the

log-linearized asset pricing equation, it has a poor performance when of its inclusion in the conventional regression

without imposing any restriction about the explanatory power of the forward premium. Despite these partial results

can be considered reasonable they do not seem to account for the uncomfortable forward bias, which may be better

accommodated in the forthcoming extension of this working paper.

JEL Code: F31; G12; G15

Keywords: Forward Premium Puzzle, Pricing Kernel, Principal Components Analysis, Univariate GARCH

approach.

1. Introduction
The most famous and reported puzzle in international �nancial economics is the forward premium puzzle �

henceforth, FPP � , which relates to the di¤erence between the forward rate and the expected future value of

the exchange rate in a world with rational expectations and risk neutrality. In a risk neutral world, these rates

should coincide which is in contrast with the commonly reported conditional bias of forward rates as predictors

of future spot exchange rates.

Despite this fact, it is important to bear in mind that, without risk neutrality, rational expectations alone

does not restrict the behavior of forward rates since, as suggested by Fama (1984): it should always be possible to

include a risk premium with the right properties for reconciling the time series. The rejection of the unbiasedness

only represents a true puzzle if risk may cannot explain the empirical regularities found in the data. The relevant

question is whether a theoretically sound economic model is able to provide a de�nition of risk capable of correctly

pricing the forward premium.38

However, even though one can write this successful model, which has been a surmountable task, there is a

robust and uncomfortable empirical �nding typical of this puzzle that remains to be accommodated: the forward

premium, de�ned as the di¤erence between the logarithm of the forward rate and of the current exchange rate,

tft+1 � st, is too strongly (negatively) correlated with subsequent changes in the (log of the) exchange rate,

st+1 � st. Domestic currency is expected to appreciate when domestic nominal interest rates exceed foreign

38Frankel (1979), for example, argues that most exchange rate risks are diversi�able, there being no grounds for agents to be

rewarded for holding foreign assets.
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interest rates. The consequence is that interest rates di¤erentials "predict" di¤erential returns, a feature that

is not present in domestic �nancial markets.

In this working paper we revisit these counterintuitive empirical �ndings working directly and only with

the log-linearized Asset Pricing Equation. We are able to derive an equation that describes the currency

depreciation movements based on a quite general framework and that has the conventional regression used in

most empirical studies related to FPP as a particular case, therefore, being useful to identify the potential bias

in the conventional regression due to a problem of omitted variable.39 In particular, the issue we wish to analyse

here is if this bias would be responsible for the disappointing �ndings reported in the literature.

More closely related to our work is Korajczyk and Viallet (1992). Applying the arbitrage pricing theory �

APT � to a large set of assets from many countries they test whether including the factors as the prices of

risk reduces the predictive power of the forward premium. They are able to show that the forward premium

has lower though not zero predictive power when one includes the factors. Their results should be take with

some caution since they also show that the inclusion of factors often reduces the overall explaining power (as

measured by the R2) of the model. Their methodology di¤er from ours in several dimensions.

Here, we adopt a novel three-stage approach. In order to estimate this omitted term and to analyse its

relevance in accommodating the empirical evidence, �rst one must know the realized values of the pricing

kernel. But what would be an appropriate pricing kernel?

In a recent paper, da Costa et al.(2006) circumvent the lack of a good model for the risk premium by using

the principal-component and factor analyses to extract the pricing kernel, a model-free methodology that can be

traced back to the work of Ross (1976), developed further by Chamberlain and Rothschild (1983), and Connor

and Korajczyk (1986, 1993).40 One of their results is that applying this methodology to a data set called global

assets, which is comprised of assets traded in di¤erent countries, it is not possible to reject the hypothesis that

the Stochastic Discount Factor41 � henceforth, SDF � thus constructed prices correctly all returns and excess



linearized asset pricing equation, it has a poor performance when of its inclusion in the conventional regression

without imposing any restriction about the explanatory power of the forward premium.

Finally, our main theoretical �nding is that we are able to draw stronger implications for the SDF charac-

terizing not only the necessary conditions that the SDF must display if it is to account for the FPP � already

showed Backus et al. (1995) who �rst derived this log-linearized characterization used here � but also the

su¢ cient ones.

The remainder of the paper is organized as follows. Section 2 gives a summary account of the conventional

e¢ cient test used to evidence the FPP besides laying the foundations of an equation derived from Asset Pricing

Equation useful to understand some evidences related to FPP. In section 3, we describe our strategy to analyse

the relevance of the inclusion of the omitted term. In section 4, the results are analyzed. The conclusion is in

the last section.

2. Literature Overview

2.1. FPP: the conventional regression and previous evidences
In this brief review we emphasize the research on the FPP that tries to explain it as a premium for accepting

non-diversi�able risk.

The FPP, is how one calls the systematic violation of the "e¢ cient-market hypothesis" for foreign exchange

markets, where by "e¢ cient-market hypothesis" we mean the proposition that the expected return to speculation

in the forward foreign exchange market conditional on available information should be zero.42

Most studies report the FPP through the �nding of �̂1 < 1 when running the regression,

st+1 � st = �0 + (1� �1)(tft+1 � st) + ut+1, (69)

where st is the log of time t exchange rate, tft+1 is the log of time t forward exchange rate contract and ut+1

is the regression error.43 Notwithstanding the possible e¤ect of Jensen inequality terms, testing the market-

e¢ ciency hypothesis of forward exchange rate market is equivalent to testing the null �̂1 = 0, �̂0 = 0, along

with the uncorrelatedness of residuals from the estimated regression. The null is rejected in almost all studies.

As pointed out by Hansen and Hodrick (1983), however, this violation of market e¢ ciency ought not to be

viewed as evidence of market failure or some form of irrationality, since the uncovered parity need only hold

exactly in a world of risk neutral agents or if the return on currency speculation is not risky.44 Nevertheless, the

�ndings came to be called a puzzle due to, at least, one good reasons: the discrepancy from the null. Although

one would not be surprised with �̂1 6= 0; the fact that, �̂1 < 1, in most studies � according to Froot (1990),

the average value of �̂1 is �1; 88 for over 75 published estimates across various exchange rates and time periods
� implies an expected domestic currency appreciation when domestic nominal interest rates exceed foreign

interest rates. Moreover, the magnitude of the coe¢ cients suggest a behavior of a risk premium which is hard

to justify with our current models.

42See the comprehensive surveys by Hodrick (1987) and Engel (1996).
43 In what follows we use capital letters to denote variables in levels and small letters to denote the logs of these variables.
44As we shall see later, weaker, though still restrictive, conditions on the behavior of risk premium may be compatible with

�1 = 0:
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This forward premium anomaly has become a well established regularity and according to Bekaert and

Hodrick (1993) these previous inferences are shown to be robust to the measurement error due to incorrect

sampling of the data or to failure to account for bid-ask spreads.

2.2. Economic Theory and the FPP
Since the null hypothesis of the regression (69), often rejected, represents the equilibrium condition in a

world where markets are e¢ cient and the agents are risk neutral, have rational expectations and value returns

in nominal terms, there is a literature that attempts to describe the exchange rate movements assuming the

conditional joint lognormality of some speci�c variables and relying on less restrictive assumptions with the

intent to identify the reasons of the counterintuitive empirical �ndings reported. Along these lines, based on

a more general framework as the Asset Pricing Equation, we are able to derive an equation that describes the

currency depreciation capable to support a discussion about the problems related to the empirical evidences of

this predictability.

2.2.1. Stochastic Discount Factor and Asset returns

Following Harrison and Kreps (1979) and Hansen and Richard (1987), we write the asset pricing equations,

1 = Et

�
Mt+1R

i
t+1

�
; (70)

and

0 = Et

h
Mt+1

�
Ri

t+1 �R
j
t+1

�i
: (71)

Here, Et(�) denotes the conditional expectation given the information available at time t; Ri
t+1 and R

j
t+1

represent, respectively, the real gross return on assets i and j at time t + 1 and Mt+1 is the SDF, a random

variable that generates unitary prices from asset returns.

Given free portfolio formation, the law of one price � the fact that two assets with the same payo¤ in all

states of nature must have the same price � is equivalent to the existence of a SDF through Riesz representation

theorem. The correlation with the SDF is the only measure of risk that matters for pricing assets. It is, therefore,

clear that we need not rely on the strong assumptions to guarantee the validity of (70) and (71). Under no

arbitrage, we can further guarantee that there exists a strictly positive SDF that correctly prices the returns of

all assets.

Uniqueness of Mt+1, however, is harder to come about. In general, if markets are not complete there will

be a continuum of SDF�s pricing all traded securities. Yet, there will still exist a unique SDF, M�
t+1, in the

span of traded assets, labeled mimicking portfolio. This SDF is the unique element of the payo¤ space that

prices all traded securities. Any SDF, Mt+1, may thus be written as Mt+1 = M�
t+1 + �t+1 for some �t+1 with

Et

�
�t+1R

i
t+1

�
= 0 8i:

This approach allows us to conveniently specify the assumptions about the economy that are implicit in the

choice of the function that determines the SDF with the intent to obtain further results.

To give a summary account of the theoretical and empirical issues related to these puzzle, one must recall

that the covered and uncovered trade of a foreign government bond are themselves �nancial assets and, in this

sense, the asset pricing equation (71) can be useful to analyze the FPP.45

45Here, we are implicitly assuming the absence of short-sale cosntraints besides other frictions in the economy, despite we recognize

the signi�cance of bid-ask spreads�impact on the pro�tability of currency speculation, as mentioned in Burnside et al. (2006).
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The real returns on these foreign assets in terms of the representative investor�s numeraire can be written

respectively as

RC
t+1 =

tFt+1(1 + i
�
t )Pt

StPt+1
and RU

t+1 =
St+1(1 + i

�
t )Pt

StPt+1
; (72)

where tFt+1 and St are the forward and spot prices of foreign currency in terms of domestic currency, Pt is

the dollar price level and i�t represents nominal net return on a foreign asset in terms of the foreign investor�s

preferences.46

2.2.2. Currency depreciation theoretical framework

Now consider an economy where assumptions 1 and 3 are valid.

Assumption 1: The Asset Pricing Equation Et

�
Mt+1R

i
t+1

�
= 1 holds;

Assumption 2: There are no arbitrage opportunities;

We have many reasons to think that asset markets can be described by these assumptions. They are mild

and underlie most of the recent and fundamental insights in �nance; see, e.g., Hansen and Singleton (1982, 1983,

1984), Mehra and Prescott (1985) and Mulligan (2002).

In order to derive an equation that describes the currency depreciation movements, we shall add some

structure on the stochastic process for the SDF and the real returns, specifying the conditional joint distribution

of Mt+1R
i
t+1 through the next assumption. Despite its prominent role in both theoretical and empirical studies

of asset pricing due to its analytical convenience..

Assumption 3: The conditional joint distribution of Mt+1R
i
t+1 is lognormal.

Taking logs in both sides of (6) and further applying a Taylor expansion yields, for every asset i in the

economy, we have

ri
t+1 = �mt+1 �

1

2
(�i

t)
2 + "i

t+1; (73)

where the variables in small letters are the logs of the variables in capital letters, "i
t+1 = ln

�
MtR

i
t+1

�
�

Etfln
�
Mt+1R

i
t+1

�
g denotes the innovation in predicting ln

�
MtR

i
t

�
; (�i

t)
2 � Vt(lnMt+1 + lnR

i
t+1) and Vt(�)

denotes the conditional variance given the available information at time t. From (73) one veri�es that asset

returns are decomposed in three terms. The �rst one is the logarithm of the SDF, mt+1, which is common to

all returns and is a random variable. The second one, (�i
t)
2, is idiosyncratic and, given past information, also

deterministic, but not necessarily constant. The third one is "i
t+1. Idiosyncratic, as well, and unforecastable,

which means that it presents no serial correlation. Hence, disregarding deterministic terms, the only source of

serial correlation is mt.

Because equation (73) must hold for any asset traded in an economy where assumptions 1 to 3 are valid,

including foreign government bonds, it is straightforward to show that

st+1 � st =
1

2
[(�C

t )
2 � (�U

t )
2] + (tft+1 � st) + "

U
t+1 � "C

t+1; (74)

46Here, we are implicitly assuming that this is a frictionless economy.
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where �C
t � Vt(lnMt+1 + lnR

C
t+1) and �

U
t � Vt(lnMt+1 + lnR

U
t+1):

Consequently,

st+1 � st = �
�
1

2
Vt (st+1) + covt (st+1;mt+1 � �t+1)

�
+ (tft+1 � st) + "t+1; (75)

where covt (�; �) denotes the conditional covariance given the available information at time t, �t+1 is the (log of)

domestic price variation and "t+1 denotes the innovation in predicting ln(Mt+1R
U
t+1)� ln(Mt+1R

C
t+1):

This equation (75) is useful in drawing implications for a SDF that accounts for the FPP.

Taking the conditional expectation on (75) and on (69)47 , it is straightforward to see that

Et(st+1 � st) = �
�
1

2
Vt (st+1) + covt (st+1;mt+1 � �t+1)

�
+ (tft+1 � st)

E�t (st+1 � st) = �0 + �1(tft+1 � st)

and consequently,

(tft+1 � st)(1� �1) = �0 + E�t
�
1

2
Vt (st+1) + covt (st+1;mt+1 � �t+1)

�
: (76)

Denoting by �t(mt+1) � E�t
�
1
2Vt (st+1) + covt (st+1;mt+1 � �t+1)

�
and by �i(x) � ith unconditional central

moment of a univariate probability function P (x), we can conclude that, under lognormality, to account for the

FPP, i.e. to account for negative values of the parameter �1, it is necessary and su¢ cient that the SDF satis�es

8>>>>><>>>>>:
�i(�t(mt+1)) > �i(tft+1 � st); for i even

j�i(�t(mt+1))j > j�i(tft+1 � st)j and
both moments with the same sign,

for i odd,

(77)

which are in accordance with Fama (1984) necessary conditions and can be considered stronger than the usual

ones described in the literature. For instance, these conditions have the necessary conditions reported in Backus

et al. (1995) as an implication.

This currency depreciation equation (75) is also extremely useful in deriving empirical tests of FPP.48

First, one should note that the conventional regression (69) is a particular case of (75), where the term
1
2Vt (st+1) + covt (st+1;mt+1 � �t+1) is assumed to be time-invariant. Based on (75), i.e. in a lognormal world,

it is apparent that the disappointing empirical �ndings reported when regression (69) is used can be due to

a problem of omitted variable which necessarily makes the estimator more ine¢ cient and creates bias and

inconsistency if the omitted term is correlated with the forward premium.

Regarding this omitted term, it is worth mentioning that the Vt (st+1) term, which we referred to before as

the Jensen�s inequality term, appears only because we de�ned the expected rate of depreciation in logarithms.

According to Bekaert and Hodrick (1993) omitting this term from regression (69) is not responsible for �nding

47Here, E�t (�) denotes the conditional expectation given the forward premium, tft+1 � st:

48 ince, according to the literature, (st+1 � st)~I(0) and st~I(1), one must be careful when de�ning the Vt (st+1) and
covt (st+1;mt+1 � �t+1) terms. Otherwise one may end up with an unbalanced regression.
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�̂1 < 0. Therefore, all the action must come from the term covt(st+1;mt+1 � �t+1): This term must exhibit

considerable variation if one is to accommodate the evidence regarding the forward premium. Given that asset

returns have clear signs of conditional heteroskedasticity,49 time invariance for the covariance term does not

seem to be a sound assumption, leading one to wonder whether this might not be the key to accounting for

�̂1 < 0:

To summarize, the conventional regression used to evidence the FPP omits a conditional covariance term

creating consequently a conditional bias of forward rates as predictors of future spot exchange rates.

3. Empirical Application
In this section we describe in details the three-stage approach used to analyse if the conditional bias can be

(or not) responsible for the disappointing �ndings reported in the literature.

3.1. Return-Based Pricing Kernel
In an important paper, Hansen and Jagganathan (1991) have lead the profession towards return-based kernels

instead of consumption-based kernels, something the literature on factor and principal-component analysis in

Finance concurs with � e.g., Connor and Korajzcyk (1986), Chamberlain and Rothschild (1983), Bai (2005),

and Araujo, Issler and Fernandes (2005). The whole idea is to combine statistical methods with economic

theory to devise pricing-kernel estimates that do not depend on preferences but solely on returns, thus being

projections of SDF in the space of returns, at least to a �rst-order approximation.

The basic idea behind return-based pricing kernels is that asset prices (or returns) convey information about

the intertemporal marginal rate of substitution in consumption. In equilibrium, all returns must have a common

feature (factor), which can be removed by subtracting any two returns. This common feature is the SDF. One

way to see this, is to realize that although

E
�
Mt+1R

i
t+1

	
= 1, for all i = 1; 2; � � � ; N ,

E
n
Mt+1

�
Ri

t+1 �R
j
t+1

�o
= 0, for all i 6= j.

Hence, even though Ri
t+1 is not orthogonal to Mt+1 itself, if we subtract the returns of any two assets, their

return di¤erential, Ri
t+1 � Rj

t+1, will be orthogonal to Mt+1. Hence, Ri
t+1 contains the feature Mt+1 but

Ri
t+1 �R

j
t+1 does not.

Because every asset return Ri
t+1 contains �a piece�of Mt+1, if we combine a large number of returns, the

average idiosyncratic component of returns will vanish in limit. Hence, if we choose our weights properly, we

may end up with the common component of returns, i.e., the SDF. Of course, this method is asymptotic,

either N ! 1 or N;T ! 1, and relies on weak-laws of large numbers to provide consistent estimators of the
mimicking portfolio �the systematic portion of asset returns.

The second uses principal-component and factor analyses to extract common components of asset returns.

It can be traced back to the work of Ross (1976), developed further by Chamberlain and Rothschild (1983), and

Connor and Korajczyk (1986, 1993). Additional references are Hansen and Jagganathan (1991) and Bai (2005).

49For more details about the heteroskedasticity of asset returns, see Bollerslev et al. (1988), Engle et al. (1990) and Engle and

Marcucci (2005).
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Multifactor Models Factor models summarize the systematic variation of the N elements of the vector

Rt =
�
R1t ; R

2
t ; :::; R

N
t

�0
using a reduced number of K factors, K < N . Consider a K-factor model in Ri

t:

Ri
t = ai +

KX
k=1

�i;kfk;t + �it (78)

where fk;t are zero-mean pervasive factors and, as is usual in factor analysis,

plim
1

N

NX
i=1

�i;t = 0:

Denote by �r = E (RtR
0
t) � E (Rt)E (R0

t) the variance-covariance matrix of returns. The �rst principal

component of the elements ofRt is a linear combination �
0Rt with maximal variance subject to the normalization

that � has unit norm, i.e., �0� = 1. Subsequent principal components are identi�ed if they are all orthogonal

to the previous ones and are subject to the same normalization. The �rst K principal components of of Rt are

consistent estimates of the fk;t�s. Factor loadings can be estimated consistently by simple OLS regressions of

the form (78).

Hence, principal components are simply linear combinations of returns. They are constructed to be orthog-

onal to each other, to be normalized to have a unit length and to deal with the problem of redundant returns,

which is very common when a large number of assets is considered. They are ordered so that the �rst principal

component explains the largest portion of the sample covariance matrix of returns, the second one explains the

next largest portion, and so on.

When a multi-factor approach is used, the �rst step is to specify the factors by means of a statistical or

theoretical method and then to consider the estimation of the model with known factors. Here, we are not

particularly concerned about identifying the factors themselves. Rather, we are interested in constructing an

estimate of the SDF, labeled gM�
t , by collapsing the factors into a single variable. For that, we shall rely on

a purely statistical model. Given estimates of the factor model of Ri
t in (78), one can write the respective

expected-beta return expression

E(Ri) = 
 +
KX

k=1

�i;k�k; i = 1; 2; :::; N

where �k is interpreted as the price of the factor k risk. The fact that the zero-mean factors f � ~f � E( ~f) are
such that ~f are returns with unitary price allows us to measure the � coe¢ cients directly by

� = E( ~f)� 


and consequently to estimate only 
 via a cross-sectional regression50 .

Given these coe¢ cients, can easily get an estimate of M�
t : The relation between (�; 
) and (a; b), given by

a � 1



and b � �
 [cov(ff 0)]�1 �

allows us to ensure the equivalence between this beta pricing model and the linear model for the SDF, i.e. that

50One should note that we are not assuming the existence of a risk free rate. If this is the case, rather then estimate the intercept


; one set it equal to the real return of the risk free rate.
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gM�
t = a+

KX
k=1

bkfk;t and E(gM�
t R

i) = 1; i = 1; 2; :::; N

hold.

The number of factors used in the empirical analysis is an important issue. We expect K to be rather small,

but have some �exibility for this choice. We took a pragmatic view here, increasing K until the estimate of M�
t

changed very little due to the last increment; see for instance Lehmann and Modest (1988) and Connor and

Korajczyk (1988). We also performed a robustness analysis for the results of all of our statistical tests using

di¤erent estimates of M�
t associated with di¤erent K�s. Results changed very little around our choice of K.

3.2. Conditional heteroskedasticity models
Since we have extracted a time series for the SDF, we are able to use it in order to model exchange rate

movements.

Despite the equations (74) and (75) are obviously similar, they suggest di¤erent ways to obtain the omitted

term in the conventional regression. The former one suggests that a correct econometrically procedure to

estimate this omitted term is choosing the best models for the Vt(lnMt+1+ lnR
C
t+1) and Vt(lnMt+1+ lnR

U
t+1)

terms separately, instead of working with a multivariate GARCH process required if one takes into account the

latter equation.

In a �rst moment, we limit our empirical exercise working only with the equation (74) due to its analytical

simplicity, although we still intend to analyse the individual role played by the covt (st+1;mt+1 � �t+1) term in

the equation (75) in a forthcoming extension of this current paper.

If, for instance, we are dealing with the uncovered trading of foreign government bonds, in order to satisfy

the equation

mt+1 + r
U
t+1 = �

1

2
Vt

�
mt+1 + r

U
t+1

�
+ "U

t+1;

where the expectations of the process mt+1 + rU
t+1 depends upon its conditional variance and due to our

necessity to model conditional variances, it seems relevant or even necessary to use the well-known GARCH-

in-mean process. Despite this speci�cation proposed by Engle, Lilien and Robins (1987) does not follow from

any economic theory, it is well-known that it provides a good approximation to the heteroskedasticity typically

found in �nancial time-series data, since it extends the family of Autoregressive Conditional Heteroskedasticity

models introduced by Engle (1982) allowing the conditional variance to a¤ect the mean. The idea is that as

the degree of uncertainty in asset returns varies over time, the consumption required by risk averse economic

agents for holding these assets, must also be varying.

A problem we have to face in order to in order to model th variance of each mt+1 + ri
t+1 process is that

the literature on conditional heteroskedasticity models is so extensive,51 so does the amount of such models

proposed, which in some sense obligates us to choose a representative set of models to be compared.

Bearing in mind that the most widely used volatility predicting models for �nancial and exchange rate series

are the parsimonious ones,52 to obtain the correct conditional variance model for each process, we compare some

univariate parsimonious heteroskedastic models, using both the Akaike and the Schwarz criteria information.

51See Bollerslev et al. (1992) for an excellent survey about conditional variance models.
52See, for exmaple, West and Cho (1995) and Malmsten and Terasvirta (2004).
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First we consider only the ARCH and its generalized version, i.e. the GARCH model. But, since these

speci�cations do not allow for an asymmetric e¤ect of the arrival of good and bad news in the market on the

second moment of volatility, a well-known phenomenum in �nancial modeling, we extend our set of models,

testing two asymmetric speci�cations: the exponential ARCH, introduced by Nelson (1991) and the Threshold

ARCH introduced independently by Zakoïan (1994) and Glosten, Jaganathan, and Runkle (1993). The set of

models is comprised of

Symmetric models

ARCH(1)-M and ARCH(2)-M

GARCH(1,1)-M GARCH(2,1)-M GARCH(1,2)-M and GARCH(2,2)-M

Asymmetric models

TARCH(1)-M TARCH(2)-M

TARCH(1,1)-M TARCH(2,1)-M TARCH(1,2)-M and TARCH(2,2)-M

EARCH(1)-M EGARCH(1,1)-M and EGARCH(2,1)-M

In table 2 the results of these conditional variance models chosen are reported.

To better understand this table, it is necessary to expose our dating convention.

Mean equation

mt+1 + r
U
t+1 = �(�U

t )
2 + "i

t+1

Variance equation

Symmetric models:

ARCH (q) model (�U
t )

2 = $ +
Pq

j=1 �q("
U
t+1�q)

2

GARCH (p,q) model (�U
t )

2 = $ +
Pp

i=1 �i(�
U
t�i)

2 +
Pq

j=1 �q("
U
t+1�q)

2

Asymmetric models:

TARCH (p,q) (�U
t )

2 = $ +
Pp

i=1 �i(�
U
t�i)

2 + 
dt("
U
t )

2 +
Pq

j=1 �q("
U
t+1�q)

2

EGARCH (p,1) ln[(�U
t )

2] = $ +
Pp

i=1 �i ln[(�
U
t�i)

2] + 
1



where 't � [(�C
t )

2�(�U
t )

2]: According to (74), testing the the log-linearized asset pricing is equivalent to testing

the null �̂1 = 0 and  ̂ = 0:

We also run two other adjusted regressions which are simpli�ed versions of (79). When we assume that

 ̂ = 0, we are able to evidence the power of the forward premium to predict the term st+1 � st � 0:5't, where

the null hypothesis consists in testing �̂1 = 0 in regression

st+1 � st � 0:5't = (1� �1)(tft+1 � st) + "t+1: (80)

Finally, assuming �̂1 = 0 we run the regression

st+1 �t ft+1 = (0:5�  )'t + "t+1; (81)

which enables us to evidence the power of the omitted term to explain the term st+1 �t ft+1: In this case, the

null hypothesis consists in testing  ̂ = 0: The results of all these estimates are reported in table 3.

4. Empirical Results

4.1. Data and Summary Statistics
In principle, whenever econometric or statistical tests are performed, it is preferable to employ a long data set

either in the time-series or in the cross-sectional dimension. There are some obvious limitations, especially when

the FPP is concerned, the main one being due to the forward rate series, since a su¢ ciently large time-series

is hardly available53 . In order to have a common sample we covered the period starting in 1977:1 and ending

in 2001:3, with quarterly frequency. We collected foreign exchange data for the following countries: Canada,

Germany, Japan, Switzerland, U.K. and the U.S.

To analyze the FPP, we need �rst to compute the US$ real returns on short-term British, Canadian, German,

Swiss and Japanese government bonds, where both spot and forward exchange-rate data were used to transform

returns denominated in foreign currency into US$. The forward rate series were extracted from the Chicago

Mercantile of Exchange database, while the spot rate series were extracted from Bank of England database.

A second ingredient for testing this puzzle is the construction of a return-based estimate of the pricing kernel

(M�
t ). In this sense we follow da Costa et al. (2006) using their global data set, mostly composed of aggregate

returns on stocks and government bonds for G7 countries. It covers US$ real returns on G7-country stock indices

and short-term government bonds, where spot exchange rate data were used to transform returns denominated

in foreign currency into US$ and the consumer price index of services and nondurable goods in the US was used

as a de�ator. In addition to G7 returns on stocks and bonds, it also contains US$ real returns on gold, US

real estate, bonds on AAA US corporations, Nasdaq, Dow Jones and the S&P500. The US government bond is

chosen to be the 90-day T-Bill. Regarding data sources, the returns on G7 government bonds were extracted

from IFS/IMF, the returns on Nasdaq and Dow Jones Composite Index were extracted from Yahoo �nance, the

returns on real-estate trusts were extracted from the National Association of Real-Estate Investment Trusts in

the US54 , while the remaining series were extracted from the DRI database. Our sample period starts in 1977:1

and ends in 2001:3, with quarterly frequency. These portfolios of assets cover a wide spectrum of investment

53Chicago Mercantile Exchange pioneered the development of �nancial futures with the launch of currency futures, the world�s

�rst �nancial futures contracts, in 1972.
54Data on the return on real estate are measured using the return of all publicly traded REITs �Real-Estate Investment Trusts.
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opportunities across the globe, which is an important element of our choice of assets, since diversi�cation is

recommended for both methods of computing M�
t .

Table 1 presents summary statistics of our database over the period 1977:1 to 2001:3. Except for the Swiss

case, the real return on covered trading of foreign bonds show means and standard deviations quite similar

to that of the U.S. Treasury Bill, which is reasonable, since it re�ects the covered interest rate parity in a

frictionless economy. Regarding the return on uncovered trading, the means are ranging from 1:95% to 4:30%;

while the standard deviation from 4:90% to 16:84%: Regarding the return on uncovered trading, means range

from 2:47% to 4:70%, while standard deviations range from 5:44% to 16:18%.

4.2. SDF Estimate
The data set to estimate M�

t makes heavily use of a reduced number of global portfolios. Despite this

reduced number, it is plausible to expect the operation of a weak-law of large numbers, since these portfolios

contain many assets. For example, we use aggregate returns on equity for G7 countries. For each country,

these portfolios contain hundreds of asset (sometimes more than a thousand, depending on the country being

considered). Therefore, the �nal average containing these portfolios will be formed using thousands of assets

worldwide. Of course, it would be preferable to work at a more disaggregated level, e.g., at the �rm level.

However, there is no comprehensive database with a long enough time span containing worldwide returns at the

�rm level. There is a trade-o¤ between N and T for available databases, which today limits empirical studies.

It is important to note that we carefully select the assets used to estimate the SDF and the exclusion of

potential assets from our sample does not mean that the agents did not trade on these assets. This is something

often forgotten in studies involving the �nancial markets but the point is that the "parameter" M�
t we want

to estimate is not altered by our restricting the information we use in estimating it! The relevant question

is whether we are capable of identifying the realized SDF from the observation of a sample of assets. The

problem, therefore, is not one of what space is spanned by each set of asset, as one might have been lead to

think, but whether the observed assets are representative in the sense of satisfying the assumptions presented

in the previous subsections.

Estimate fMt is plotted in Figure 1, which also includes their summary statistics. It is possible to evidence

that the multifactor model generates a SDF such that: i) is more volatile than the one obtained from canonical

consumption based models and ii) its mean is in accordance with the literature, since the respective unconditional

risk free rate is 2,03% annualized.

It is worth mentioning the excellent performance of fMt in the pricing tests proposed by da Costa et al. (2006).

According to their results, it is not possible to reject the hypothesis that the pricing kernel thus constructed

prices correctly all returns and excess returns on foreign assets as well as the excess return on equity over short

term risk-free bonds in the US and the return on this risk-free bond, providing an evidence that this pricing

kernel accounts for both the Forward and the Equity premium puzzles.

Finally, when the multi-factor model is used, since factors may be viewed as traded portfolios, it is interesting

to examine which assets carry the largest weights in the SDF composition. For this global data set, in order

to specify the three factors used, the assets with largest weights are the German, British and American stock

indices, the German, Japanese and British government bonds and Nasdaq.
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4.3 Omitted term
Initially, we present the estimate of the omitted term 't:

According to our results reported in table 2, where we show the conditional variance models chosen for both

process mt+1 + rU
t+1 and mt+1 + rC

t+1 considering each foreign currency, for the covered trading of Canadian

and Japanese government bonds and for both covered and uncovered trading of British government bonds we

reject the hypothesis of absence of asymmetric e¤ects on the variance equation of the process, which limits our

analyses to the asymmetric models in accordance with the Akaike and Schwarz criteria information. For the

remaining process, it is not possible to reject the absence of any "sign" of asymmetric e¤ects on the variance

equation, limiting our choice to the symmetric models based on the same criteria information.

Regarding the mean equation, one can note that for every process we fail to reject the hypothesis that the

conditional variance does not a¤ect the mean, an uncomfortable result since it would not be expected in this

log-linearized framework.

To frame our discussion about the relevance of the inclusion of the omitted term, table 3 presents estimates

of the conventional and the adjusted regressions.

With regards the conventional regression, we evidence the disappointing forward bias for the German,

Japanese and Swiss cases. For the Canadian and the British cases, although the values of the slope coe¢ cient

can be considered unreasonable, they are closely signi�cant at 10% signi�cance level, but not signi�cant at 5%

level.

Considering that these results work as our benchmark, when we run the adjusted regression (79), the

results suggest that for the Japanese case the inclusion of this omitted term helps (but it is not enough) to

accommodate the forward bias. For the remaining foreign currencies, this inclusion does not change the value

nor the signi�cance of the slope coe¢ cients.

Regarding the adjusted regression (80), except for the Swiss case, the inclusion of the � 1
2 [(�

C
t )

2 � (�U
t )

2]

term in the left hand side of the conventional regression seems to be useful in reducing considerably the value

of the coe¢ cient �1, but once more not enough to provide the "correct" forward predictability power.

Finally, according to the results of the adjusted regression (81), even for the Japanese case where the

coe¢ cient  assumes an undesirable value, the inclusion of the omitted term seems to account for the foreign

currency risk premium.

To summarize. Although the omitted term "explains" the risk premium in accordance with the log-linearized

asset pricing equation, it has a poor performance when of its inclusion in the conventional regression without

imposing any restriction about the explanatory power of the forward premium.

One must observe that the "negative" side of our results suggests the rejection of the joint hypothesis that we

are working with an appropriate risk model and also that the assumption 3 holds, justifying the implementation

of the test of the lognormality of the process mt+1 + r
U
t+1 and mt+1 + r

C
t+1 for each currency used.

Besides this lognormality test, in the forthcoming extension of this working paper, we also intend to analyse

the econometric issues of the conventional and the adjusted regressions proposed here, performing: i) formal tests

of the stability of the coe¢ cients55 and ii) tests of stationarity and cointegration of the appropriate variables.

55However, also according to Bekaert and Hodrick (1993) the (1) have changed over time and observing more recent studies

regarding this regression, it is possible to identify "problems" related to the empirical evidences of this predictability. For instance,

according to Bailie and Bollerslev (2000), this anomaly may be viewed mainly as a statistical phenomenum from having small
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Finally we still intend to analyse the individual role played by the covt (st+1;mt+1 � �t+1) term in the

equation (75) using a multivariate GARCH(p,q)-M model, following the approaches proposed by Goeij and

Marquering (2002) and Bollerslev et al. (1992).

5. Conclusions
The FPP can be characterized by a quest for a theoretically sound economic model able to provide a de�nition

of risk capable of correctly pricing the forward premium. But, even though one can write this model, the robust

and disappointing evidence that domestic currency is expected to appreciate when domestic nominal interest

rates exceed foreign interest rates remains to be accommodated.

Aiming to better understand this uncomfortable situation, we work directly and only with the log-linearized

Asset Pricing Equation, which enables us to characterize not only the necessary conditions but also the su¢ cient

ones that the SDF must display if it is to account for the FPP.

We then propose and test a novel three-stage approach, running adjusted regressions that have the conven-

tional one as a particular case. Our results suggest that although the omitted term "explains" the risk premium

in accordance with the log-linearized asset pricing equation, its inclusion in the conventional regression used to

evidence the puzzle does not change the signi�cance nor the magnitude of the strong predictability power of the

forward premium.
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