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� � �6�+8 X ^a[_^�x�o ^aqp~ki���i}xml�iOjkvk�\dgf�hsi J ¡c�	��l �}�}�r�}�g�}�r�}�}�}�g�r�}�}�}�r�}�g�}�r�}�}�}�g�r�}�}�}�r�}�g�}�r� ��H
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τ0
� �}�}�}�r�}�g�}�r�}�}�}�g�r�}�}�}�r�}�g�}�r� ��J
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� �c��� �O� � XZY�ds|}`ndgx�d jk^��k�\iO�aig[ [_Y�x�op�\Y)'k��dgjki jki;[]Y\[cbn^ax�dM^�x�ok`]^a|rdsjki;otdg`_d
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X-� y9��i}qE(}^�qk�aY�i}qtdg��3

A = 0, P e = 8, 5433 × 10−5 5Z^�y ¡�X-� y 3
A =

0, 1, P e = 5, 8233 × 10−5 5 � �}�r�}�}�}�r�g�}�}�r�}�}�g�}�r�}�}�}�r�g�}�}�r�}�}�g�}�r�}�}�}�r�g�}�}�}�r�}� J�J
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�\i}`]^a[Pjk^
Eb/N0

jk^
8
d

14
j �Z���}�g�}�r�}�}�}�r�g�}�}�}�r�}�g�}�r�}�}�}�r�g�}�}�}�r�}�g�}�r�}�}�}�g�r�}� !�H

� �c��� � � � 
 d "kd�jk^�^�`_`]i�qki}`_x�dg��Y@&�dsjtd × A
��otds`nd�y ¡�X-� y9�aigx ��Js¡��	��lC�´^ (gd�¡

�\i}`]^a[Pjk^
Eb/N0

jk^
14
d

21
j �Z���g�}�r�}�}�}�r�g�}�}�}�r�}�g�}�r�}�}�}�r�g�}�}�}�r�}�g�}�r�}�}�}�g�r�}� ! J

� �c��� � � ! 
 d "kd(jk^Z^�`_`]i	qki}`]xWds�\Y@&adgjtd × A
�Ootdg`_d	y ¡�XZ� y��ai}x ��Js¡c�	��l3�O^�(sdg�\ig`

jk^
Eb/N0

jk^
10
j �Z�(�}�}�r�}�g�}�}�r�}�}�g�r�}�}�}�r�}�g�}�}�r�}�}�g�r�}�}�}�r�}�g�}�}�r�}�}�g�r�}�}�}�}�r�g� ! �

� �c��� � � � 
 d "kdHjp^�^a`_`]i�qki}`]xWdg��Y@&adgjtd × γ
�potds`nd�u�¡�XZ� yG��i}x J ¡��F� ���p^	(sdg��i}`_^�[

jk^
Eb/N0

jk^
3
d

9
j �Z� �}�g�}�}�r�}�}�g�r�}�}�}�r�}�g�}�}�r�}�}�g�r�}�}�}�r�}�g�}�}�r�}�}�g�r�}�}�}�}�r�g� !��

� �c��� � �  
 d "kdHjp^�^a`_`]i�qki}`]xWdg��Y@&adgjtd × γ
�potds`nd�u�¡�XZ� yG��i}x ��¡��F� ���p^	(sdg��i}`_^�[

jk^
Eb/N0

jk^
3
d

11
j �Z� �}�}�}�r�}�g�}�r�}�}�}�r�g�}�}�}�r�}�g�}�r�}�}�}�r�g�}�}�}�r�}�g�}�r�}�}�}�g�r�}� !�!

� �c��� � �)8�� 
 d "kd jk^P^�`_`_i qkig`_x�dg�\Y)&�dgjtd × γ
�rotdg`nd(u�¡�X-� yC��i}x Js¡��	��lC�}^ (sdg��i}`_^�[

jk^
Eb/N0

jk^
3
d

8
j �Z� �}�g�}�}�r�}�}�g�r�}�}�}�r�}�g�}�}�r�}�}�g�r�}�}�}�r�}�g�}�}�r�}�}�g�r�}�}�}�}�r�g� !��

� �c��� � �)8�8 
 d "kd jk^¢^a`]`_i qki}`]xWdg��Y@&adgjtd × γ
� otdg`_d u�¡�X-� y���i}x 8���¡c�	��lC�a^F(sdg��i}`_^�[

jk^
Eb/N0

jk^
3
d

12
j �Z� �}�}�}�r�}�g�}�r�}�}�}�r�g�}�}�}�r�}�g�}�r�}�}�}�r�g�}�}�}�r�}�g�}�r�}�}�}�g�r�}� !� 

� �c��� � �)8 � 
 d "kd jk^¢^a`]`_i qki}`]xWdg��Y@&adgjtd × γ
� otdg`_d u�¡�X-� y���i}x ��J ¡c�	��lC�a^F(sdg��i}`_^�[

jk^
Eb/N0

jk^
3
d

22
j �Z� �}�}�}�r�}�g�}�r�}�}�}�r�g�}�}�}�r�}�g�}�r�}�}�}�r�g�}�}�}�r�}�g�}�r�}�}�}�g�r�}� �.8

� �c��� � �)8�H 
 d "kd�jk^ ^a`]`_i�jk^ �kY�b otdg`nd�x%i6jpvk��dgfahgi Js¡��;�-l �g�r�}�}�}�r�}�g�}�r�}�}�}�g�r�}�}�}�r�}�g�}�r� ��J

 



� �c��� � �)87J 
 dsxWdgqp~ki�x���jkY\i�jk^ []vk`]b_i�otds`nd Js¡c�	�-l �}�r�}�}�}�g�r�}�}�}�r�}�g�}�r�}�}�}�g�r�}�}�}�r�}�g�}�r� � �
� �c��� � �)8 � � Y�[]bnig|}`ndgx�d�jk^WY�qk�aY�jk�aqp�aY�d"jk^W��i}x%ok`_Y�x�^�q�b_i
jk^�[_vp`]bnig[	otdg`_d�d ��� �

jk^
9
j � �r�}�g�}�}�r�}�}�g�r�}�}�}�r�}�g�}�}�r�}�}�g�r�}�}�}�r�}�g�}�}�r�}�}�g�r�}�}�}�r�}�g�}�}�r�}�}�g�r�}�}�}�}�r�g� ���

� �c��� � �)8��
P̂FA × P̂DET

jpi�XZ� ¡�X-� yJotdg`_d%d�x%i6jpvk��dgfahgi Js¡��;�-l �}�g�}�r�}�}�}�g�r�}�}�}�r�}�g�}�r� �E!

� �c��� � �)8 ! 
 d "kd�jk^ ^a`]`_i�jk^ �kY�b otdg`nd�x%i6jpvk��dgfahgi 8�� ¡��	��l �r�}�}�}�r�}�g�}�r�}�}�}�g�r�}�}�}�r�}�g�}�r� �� 

� �c��� � �)8�� 
 dsxWdgqp~ki�x���jkY\i�jk^ []vk`]b_i�otds`nd 8�� ¡��;�-l �r�}�}�}�g�r�}�}�}�r�}�g�}�r�}�}�}�g�r�}�}�}�r�}�g�}�r�  ��
� �c��� � �)8� � Y�[]bnig|}`ndgx�d�jk^WY�qk�aY�jk�aqp�aY�d"jk^W��i}x%ok`_Y�x�^�q�b_i
jk^�[_vp`]bnig[	otdg`_d�d ��� �

jk^
15
j � �}�g�}�}�r�}�}�g�r�}�}�}�r�}�g�}�}�r�}�}�g�r�}�}�}�r�}�g�}�}�r�}�}�g�r�}�}�}�r�}�g�}�}�r�}�}�g�r�}�}�}�}�r�g�  8

� �c��� � � ���
P̂FA × P̂DET

okdg`nd�d�x�iOjkvk�\dgf�hsi 8�� ¡c�	�-l �r�}�}�}�g�r�}�}�}�r�}�g�}�r�}�}�}�g�r�}�}�}�r�}�g�}�r�  E�

� �c��� � � �.8 
 d "kd�jk^ ^a`]`_i�jk^ �kY�b otdg`nd�x%i6jpvk��dgfahgi ��Js¡��	��l �r�}�}�}�r�}�g�}�r�}�}�}�g�r�}�}�}�r�}�g�}�r�  E�

� �c��� � � ��� 
 dsxWdgqp~ki�x���jkY\i�jk^ []vk`]b_i�otds`nd ��Js¡��;�-l �r�}�}�}�g�r�}�}�}�r�}�g�}�r�}�}�}�g�r�}�}�}�r�}�g�}�r�  �H

� �c��� � � ��H � Y�[]bnig|}`ndgx�dWjk^�Y�qk�aY�jk�aqk��Y�d�jk^�[]vk`]b_i}[ otdg`nd
d
x�iOjkvk�\dgf�hsi ��Js¡��;�-l ^
��� �9jk^

20
j � �}�}�g�r�}�}�}�r�}�g�}�}�r�}�}�g�r�}�}�}�r�}�g�}�}�r�}�}�g�r�}�}�}�r�}�g�}�}�r�}�}�g�r�}�}�}�}�r�g�  �

� �c��� � � ��J
P̂FA × P̂DET

okdg`nd�d�x�iOjkvk�\dgf�hsi ��Js¡c�	�-l �r�}�}�}�g�r�}�}�}�r�}�g�}�r�}�}�}�g�r�}�}�}�r�}�g�}�r�  ��

87�



���$�*�w� ��� ��� �H�������


�� �Z� � �+8 ��dg�\ig`_^a[ :gbnY�x�i}[w^axM�§vkqpf�hgi%jk^
Eb/N0

3 y ¡�XZ� yJ�aigx Js¡��F� � 5 �G�}�g�r�}�}�}�r�}�g�}�r� !��


�� �Z� � � � ��dg�\ig`_^a[ :gbnY�x�i}[wjk^
θ
^�xM�§vkqkfahgi%jk^

Eb/N0
3 y ¡�X-� yG�aigx � ¡��F� � 5 ���}�}�r�}�g�}�r� !.8


�� �Z� � � H ��dg�\ig`_^a[ :gbnY�x�i}[wjk^
A
^�xM�§vkqkfahgi%jk^

Eb/N0
3 y ¡�X-� yG�aigx Js¡c�	�-l 5 ���r�}�g�}�r� !��


�� �Z� � � J ��dg�\ig`_^a[ :gbnY�x�i}[wjk^
A
^�xM�§vkqkfahgi%jk^

Eb/N0
3 y ¡�X-� yG�aigx 8�� ¡��;�-l 5 �m�}�g�}�r� !�H


�� �Z� � � � ��dg�\ig`_^a[ :gbnY�x�i}[wjk^
A
^�xM�§vkqkfahgi%jk^

Eb/N0
3 y ¡�X-� yG�aigx ��Js¡��;�-l 5 �m�}�g�}�r� !�J


�� �Z� � � � ��dg�\ig`_^a[ :gbnY�x�i}[wjk^
γ
^ax&�§vkqkf�hsi�jk^

Eb/N0
3 u�¡�X-� y �ai}x J ¡��F� � 5 � �}�}�r�}�g�}�r� !�!


�� �Z� � � ! ��dg�\ig`_^a[ :gbnY�x�i}[wjk^
γ
^ax&�§vkqkf�hsi�jk^

Eb/N0
3 u�¡�X-� y �ai}x ��¡��F� � 5 � �}�}�r�}�g�}�r� !��


�� �Z� � � � ��dg�\ig`_^a[ :gbnY�x�i}[wjk^
γ
^ax&�§vkqkf�hsi�jk^

Eb/N0

3 u�¡�X-� y �ai}x J ¡c�	��l 5 �H�}�r�}�g�}�r� !� 


�� �Z� � �  ��dg�\ig`_^a[ :gbnY�x�i}[wjk^
γ
^ax&�§vkqkf�hsi�jk^

Eb/N0

3 u�¡�X-� y �ai}x 87� ¡c�	��l 5 �H�r�}�g�}�r� ���


�� �Z� � �+8�� ��dg�\ig`_^a[ :gbnY�x�i}[wjk^
γ
^ax&�§vkqkf�hsi�jk^

Eb/N0

3 u�¡�X-� y �ai}x ��Js¡c�	��l 5 �H�r�}�g�}�r� �E�


�� �Z� � �+8�8 
 dsxWdgqp~ki�x���jkY\i�jk^ []vk`]b_i 3 Js¡c�	�-l 5 � �}�g�}�r�}�}�}�g�r�}�}�}�r�}�g�}�r�}�}�}�g�r�}�}�}�r�}�g�}�r� ���


�� �Z� � �+8 � 
 dsxWdgqp~ki�x���jkY\i�jk^ []vk`]b_i 3�8�� ¡��;�-l 5 � �}�g�}�r�}�}�}�g�r�}�}�}�r�}�g�}�r�}�}�}�g�r�}�}�}�r�}�g�}�r�  ��


�� �Z� � �+8�H 
 dsxWdgqp~ki�x���jkY\i�jk^ []vk`]b_i 3 ��Js¡��;�-l 5 � �}�g�}�r�}�}�}�g�r�}�}�}�r�}�g�}�r�}�}�}�g�r�}�}�}�r�}�g�}�r�  �J

8�8



�¢���������
�;���a����%����� � � �H��� '
��� �	�������

� �H��� '
��� �	�������

�cl�y ¡ ��qk[]b_Y�bnv6bni�l�Y\��Y�bndg`�jp^�y{qk|g^aqk~tds`_Y�d
�-��� ¡ �Z�\|gi}`_Y�bnx%i	jk^(� Y���bn`_dg|}^�x �Pjkdgopbed bnY)(sd
�;� � ¡ �������	� � ��
 ������ � ��� ����� ���
� � � � ¡ ��
�
�� ������������� � � � ��� � ��� ���"!$#%� � �
��y�� ¡ 
 d "pd�jk^ ^a`]`_i%jk^ �kY�b�3§jki�Y\qk|g�\�a['&(� �*) ! !+#!-,���� �
���F� � ¡ &(� � ��!.�0/*� �� ������ � �1� ���%� ���
u�¡�XZ� y ¡ X-� y0�ai}x `_^�[]b_`_Y\fahgi-jk^wo´igb_�aqk��Y�dZqkdZo´ig`_f�hsi-jk^�`]^�dg��Y\x%^aqrbedgfahgiC3°jki-Y�qk|}���a[

2 #� ��� ! ��� � �3
04�5�) 5
uw��
 ¡ u�dgqtdg��Y�qE(gds`_Y�dsq�b_^�qki�bn^�x�o i
X-X ¡ XZ^a��Y\[nhsi%jpY\`_^ bed
X-� ¡ XZY)(g^a`_[]Y\jtdsjk^ ^ax 't��bn`_dg|}^ax
X-� ¡�X-� y ¡ X-� yA�ai}xMXZY)(g^a`_[]Y\jtdsjk^�^ax 't��b_`ndg|}^�x 3§jki�Y\qp|}�\��[�4-5�)761� ����
�������!"��� ���0� �

8 � � ��!.� ����5
X-� y ¡ y¢��vtds�\Y@&adgf�hsi�o´i}`�`]^�dg��Y\x%^aqrbedsf�dgi�jp^%jp^a�aY�[nhgi 3°jpi"Y�qk|}���a[94 �;:�� ���<#�=5 � �3
�>

? ��:;@ ����� ���	�BA �����<#� 5
y ¡�X-� y ¡ X-� yG��i}x�dgokdg|rdgx%^aqrbni 3§jki�Y\qk|}���a[�4-5C)D61� �E�F) ! ���� ! � � 5
y{� ¡ y¢[cbedsb_Y\[cbnY\�adgx%^aqrbn^���qkjp^ao ^aqkjk^�qrbn^
y�lN� ¡ y¢`]`_i�x%�ajkY�i��Ovkdgjk`/$ bnY\��i
� ��� ¡ � Y\��bn`_i�jk^ `_^adg�\Y�x�^�q�bndgf�hsi 3°jki�Y\qp|}�\��[�� � �3
 ? ��:;@ 8 � � ��!�5
� � � ¡ � Y\��bn`_i	d7(gdsq�b_^-3§jki�Y\qk|g�\�a[G� � �3
H�I#!�6 ��!H
 8 � � ��!�5
� ��� ¡ � ^�[_o i}[]bnd%dsi%Y�x�opvk�\[]i 'tqkY�bnd 3°jki�Y\qp|}�\��[�5*� �J� � �K����� �L� � � !"� �M�J#� � ��5
� � ��� ¡ � ��� � ��� ���7�N��
 � � ��� � ��� � ���O�<#� ��!.�
�Z� ¡ P-�B�%�Q� !"����� ����: �
��yF� ¡ ��q�b_^a`c�§^a`_��qk�aY\d%^�qrbn`_^ []�\xH� i}�\ig[
�_��X ¡ ��qkjk^ao ^aqpjk^aqrbn^�[Z^ ��jk^�q�b_Y\�adgx�^�qrbn^(XZY\[cbn`]Y\�kvk��jki}[
£.
P� ¡ £ Y�qk^�ds`�^ Y\qE(sdg`_Y\dgqrbn^�qki�bn^�x�o i 3°jki�Y�qk|}�\��[Q�	� � ����!��O��� �Q� �J���!�� ��� �=5
£ l � ¡ � �������� ����������� ��!"�

8��



£�� ¡ � ������ ����� ��!"�
l ¡ u�dg`_jkY�qtdg��Y\jtdgjp^Zjtd��aig[_qrbn^���dgfahgi
l�£��py ¡ y¢[cbnY�xWdgfahgi�jk^([_^����p�aqk��Y�d���i}x;��`_Y�b_�a`]Y\i%l�£�3§jki�Y\qk|}���a[ � ��� ��� �L� �	� @ ���	��>

�J# # 
 � ����� ����: � � ���O��� �����<#��5
�9�-l ¡ / ��� � ���������	� � �
 ��� # 
���� ���O�<#�
�	��l ¡ � � ��
�! ��� ��!"���������	� � �
 ��� # 
���� ���O�<#�
� �cu ¡ � ^�[_o i}[]bnd%dsi%��x%okvk��[_i�jkiWu�dgqtdg�
� £ � ¡ , �;:�� !"������� �������� ����� ��!"�
��� � ¡ � ^���dgfahgi�[_Y�qtdg��¡ `_vk��jki
�py�� ¡ 
 d "pd�jk^ ^a`]`_i%jk^ [_��xH�´ig�\i 3§jki�Y\qk|}���a[ ���%� ? #%� ��! !+#!(! ��� � 5
��¡�X-� y ¡ X-� yG��i}x;jk^��aY�[%0O^a[ [_vtd7(}^�[ 3§jki%Y\qk|}���a[ � # � �14-5�) 5
	� ¡ � ��:;#! !"��� ��� �3
 � :���� ��!.� ���
� � ¡ ��dg`_Y@$�(g^a��� �\^adsb/:}`]Y�d
� ����¡�	� ¡ � ��
 ��� ��� � � � � �����<#� ��!.� 2 � ��� � ��� ��>�����:;#! ! ��� ��� �3
 � :���� � ��!�� ���

sk

¡ �r¡ �a[]Y\x%i�[_�\x	�´i}��i	bn`_dgqk[]x�Y�bnY\jpi
yk

¡ �6Y\qtds�jkY�[_�a`]^�b_i�qtd�^�q�b_`ndgjkd%jki%^a��vtds�\Y@&adgjki}`
zk

¡ �6Y\qtds�jkY�[_�a`]^�b_i�qtd�[_dg�\jtd�jki%^a��vtds�\Y@&adgjki}`
ŝk
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f
¡ �¢^�bnig`Pjk^ �aiO^1't^�q�b_^a[ jki 't��b_`_i�jk^(d7(sdgqrbn^ jki�X-� y

σ2
n

¡ ��dg`_Y �gqk�aY\d	jki�`_vp�\jki%dgjkY�bnY+(}i
dk

¡ �6Y\qtds� qtd
^aqrbn`_dgjtd�jpi 't��bn`]i"jp^�`]^�dg��Y\x%^aqrbedgfahgi�qki �r¡ �a[]Y\x%i"Y�qrbn^a`D(sdg�\i�jk^
[_�\x	�´i}��i

Q(.)
¡ XZY\[]o´ig[_Y�b_Y)(gi�jk^ jk^a��Y\[nhsi 3§��vtdgqrbnY)&�dgjkig`65

C
¡ l�dsbn`]Y@&-jp^(��i}qE(}i}��vkf�hsi�jki%��dsqtdg�

h
¡ � ^�[_o i}[]bnd%dsi%Y�x�opvk�\[]i��ai}xH�pY\qtdgjkdH^aqrbn`]^��adgqtdg�*^	't��bn`]i�d7(sdgqrbn^

ε
¡ y¢`]`_i�jk^ jk^��aY\[_hgi�[_vtd7(g^

σ2
ε

¡ y¢`]`_i�x%�ajkY�i�qtd%[_dg�\jkdHjkiWXZ� y
sk

¡ �¢^�bnig`�jk^�[_�\x	�´i}��i}[�`_^�|}`_^�[_[_ig`_^a[�b_`ndgqp[_x%Y�bnY�jki}[�qki �}¡ �a[_Y�x�i3Y\qp[]bedsq�b_^�jk^
bn^ax%o i

ŝk

¡ �¢^�bnig` jk^P[]�\xH� i}�\ig[ª`]^a|}`]^a[_[]i}`_^�[{jk^a��Y\jkY�jki}[ qpi �r¡ �a[]Y\x%iZY\qp[]bedsq�b_^�jk^�b_^ax%o´i
ηk

¡ �¢^�bnig`Pjk^ `_vk��jki%dgjkY�b_Y)(gi�qki �r¡ �a[]Y\x%i%Y�qk[]bndgqrbn^�jk^�b_^ax%o´i
I

¡ l�dsb_`_Y@&ZY\jk^�q�b_Y\jtdsjk^
δ

¡ ��bn`nds[_i�bnigbndg��jki%[_Y�[]b_^ax�d
ν

¡ ��bn`nds[_i%dsbn`]Y\�kvpY\jki�dgi�x%i}x%^aqrbni�jp^(jp^a�aY�[nhgi%otdg`_d�i�XZ� y
� ¡ ��q�b_^a`D(gds�\i�jk^ [_��xH�´ig�\i
A

¡ £ Y�x�Y\dg`�jtd &�i}qtd�jk^ `_^adg�\Y�x�^�qrbedgfahgi�Y\qrbn^�`_x%^ajkY@$g`_Y\d-3§otdg`nd%l
¡��	��l 5
θ

¡ �Zqk|}vp�\iJ��vk^?jp^1'tqk^ &�i}qtdJjp^?`_^�ds�\Y\x%^aqrbndgf�hgi Y\qrb_^a`_x%^ajpY $g`]Y�d 3°otdg`_d l
¡
� � ��5

Pe

¡ ok`_i}�kdg�kY\��Y\jtdsjk^Zjk^ ^�`_`_i
Eg

¡ y¢qp^a`_|gY�dHjki%okvk��[_i���$g[]Y\�ai
ĉ1(k)

¡ �}¡��a[]Y\x�d(^�[]b_Y\x�dsbnY+(gd�jtd(`_^�[_o i}[]bndHdgi	Y�x�opvk�\[]i�jki���dgqkdg�´jkdgjtd�o ^a��i
AFA1

ĉ2(k)
¡ �}¡��a[]Y\x�d(^�[]b_Y\x�dsbnY+(gd�jtd(`_^�[_o i}[]bndHdgi	Y�x�opvk�\[]i�jki���dgqkdg�´jkdgjtd�o ^a��i

AFA2

e1(k)
¡ �}¡��a[]Y\x%i�^a`]`_i�jk^ ^a[cbnY\x�dgfahgi��ai}`]`_^a[]o´igqkjk^aqrb_^	dgi

AFA1

e2(k)
¡ �}¡��a[]Y\x%i�^a`]`_i�jk^ ^a[cbnY\x�dgfahgi��ai}`]`_^a[]o´igqkjk^aqrb_^	dgi

AFA2

Λ
¡ l�dsbn`]Y@&-jp^(��i�(gds`_Y �sqk�aY\dHjki�^�`_`]i%jp^(^�[]b_Y\x�dgf�hgi�jtd � ��jpi��adgqtdg�

fdp
¡ �tvkqkfahgi�jk^aqk[]Y\jtdsjk^ jk^ ok`_i}�kdg�kY\��Y\jtdsjk^

Xk

¡ ��dg`_Y@$�(g^a��jp^ b_^a[cbn^
λi

¡ ��¡���[_Y�x�iH��Y\x%Y�dg`¢jk^ jk^��aY�[nhgi
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γi

¡ ��¡���[_Y�xWd	`]^a[cbn`_Y�f�hgi�jk^ `]^�dg��Y\x%^aqrbedgfahgi 3°X-� ¡�XZ� yF5
γ

¡ � ^�[]b_`_Y\fahgi�jk^ `_^adg�\Y�x�^�qrbedgfahgi 3 u�¡�X-� yF5
M

¡ � �)(g^a��jp^(x%iOjkvk��dsf�hgi
β

¡ � d bni}`�jp^(^�[_��vk^��aY\x%^aqrb_i�jki � £ �
ς

¡ � d bni}`�jp^(^�[_��vk^��aY\x%^aqrb_i�^,"po i}qk^�qk�aY\dg�*jki � £��
µ

¡ � dg[][_i%jkiW£ l �
µotimo

¡ � dg[][_i :gbnY�x�i	jki�£ l �´�ki���vtdg��|}dg`ndgqrb_^-^a`]`_i�x���qkY\x%i(^axM`]^a|}Y�x�^ o´^�`_x�d ¡
qk^aqrbn^

σ2
n

¡ ��dg`_Y �gqk�aY\d	jki�`_vp�\jki%dgjkY�bnY+(}i�|rdgvp[_[_Y\dgqki��k`_dgqk�ai
σ2

S

¡ ��dg`_Y �gqk�aY\d	jki�[_Y�qtdg�b_`ndgqp[_x%Y�bnY�jki
δ(.)

¡ �tvkqkf�hsi%jp^a��bnd�jk^(XZY\`_dg�
E.

¡ ��dg�\i}`w^a[_o ^a`_dgjki
Eb

¡ y¢qp^a`_|gY�dHjk^ �kY�b
PFA

¡ �¢`]i}�tdg�pY\�\Y�jtdgjk^ jk^��°dg�\[]i�dg��ds`_x%^
PDET

¡ �¢`]i}�tdg�pY\�\Y�jtdgjk^ jk^ jk^�b_^a��f�hgi
PMISS

¡ �¢`]i}�tdg�pY\�\Y�jtdgjk^ jk^ o´^�`_jtd
εk

¡ XZY��§^�`_^aqpf�d�^aqrb_`ndAdg[�^�[]bnY�xWd bnY)(sdg[�jtd � �cum|}^�`ndgjkdg[�o´^��\i}[W£ l �)otdg`nd�i
k
¡���[_Y�x�i�Y�q�b_^a`D(gds�\iHjk^([_��xH� i}�\i

(·)∗ ¡ XZ^aqkisbed�i���i}x%ok�\^,"pi���i}q �]vk|}dgjki
(·)H

¡ XZ^aqkisbed�i%b_`ndgqp[_o i}[]b_i%��i}q �]vk|}dgjki%i}v
~k^a`]x�Y�bnY�dsqtd
(·)T

¡ XZ^aqkisbed�i%b_`ndgqp[_o i}[]b_i

���a����%�����
,

¡ Y\|}vkdg� �Oo´ig`Pjk^1'tqpY\f�hsi
:

¡ bedg����vk^
∃ ¡ ^#"6Y\[cbn^
∀ ¡ otdg`ndHb_i6jki
⇒ ¡ [_^g�t^�qrbehgi
⇔ ¡ [_^g�t[]i}x%^aqrbn^ [_^
|A| ¡ q �kx�^�`_i�jk^ ^a��^ax%^aqrbnig[ jpi%��i}q �]vkqrb_i

A

a ∈ A
¡

a
o ^a`cbn^�qk�a^�dgi��ai}q��]vkqrbni

A

a /∈ A
¡

a
qkhgi�o´^�`]bn^�qk�a^�dgi��aigq �]vkqrbni

A

{} i}v ∅ ¡ �aigq �]vkqrbni (sd�&aY�i
A ∪ B ¡ vkqkY\hgi�jki}[ �aigq �]vkqrbni}[

A
^
B
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A ∩ B ¡ Y\qrbn^�`_[]^af�hsi%jpi}[ �ai}q �]vpq�b_i}[
A
^
B

A ⊂ B
¡

A
� [_vk� �aigq �]vkqrbni%jk^

B
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y¢[cbn^"bn`nds�tdg�\~piCds�´i}`]jtd�iCbn^�xWd�jk^"�ai}x	�tdsbn^ >3ok`_i}okdg|rdgfahgiCjp^�^�`_`_ig[�^�xz^a[_��vk^�xWds[Wjk^
^a��vtds�\Y@&adgf�hsi�jki�bnY�o´i�X-� y 3 4 �;:�� ���<#�J><5 � �3
 ? ��:;@ ) ��� ���	�BA �����<#��5 � 
ª`_dsbed ¡ [_^Hjp^�vkx b_^ax�d�dsbnvkdg�
^-Y�x�o i}`]bndgqrbn^ bn^�qkjki�^ax (OY\[cbed	��vk^��kvp[_��dH[]i}�\vp�aY\igqtdg`�vkx&jpi}[�ok`]Y\qk��Y\otdgY�[�op`_i}�k��^ax�dg[wjpi�X-� yP�
^a[]��vk^ax�dZjk^�^a��vtdg��Y@&adgf�hgi ��vk^¢bn^ax+`]^a�a^��kY\jpiZ|}`_dgqkjk^�dsbn^�qkf�hsiZjk^#(6Y�jki dgiZ[]^avH� i}xU��i}x�op`_i}x%Y\[][_i
^aqrb_`_^(jk^a[]^ax%o´^�qk~ki%^(��i}x%ok�\^,"pY�jtdgjk^Z�ai}x%okvpbndg�aY�i}qtdg� �

XZi}Y\[�ig�O�]^�b_Y)(}ig[�ok`_Y�qk�aY�otdgY\[ qki}`cbn^�ds`ndgx ^a[][_^�bn`nds�tdg�\~pik� � ok`]Y\x%^aY\`]iWjk^��\^�[���`_^�ds�\Y@&adg`ZvpxWd
d7(sdg�\Y\dgf�hgi��ai}x%otdg`_dsbnY+(sdW^aqrbn`]^�bn`_��[-bn���aqkY���dg[�jk^���i}xH�td bn^ >�ok`_igotdg|rdgfahgi�jk^�^�`_`_ig[�^ax ^���vtdg�\Y ¡
&�dsjki}`_^�[�X-� y�^,"pY�[]b_^aqrbn^�[�qtd��\Y�bn^�`ndsb_vk`ndp�Hy ¡�X-� y�3°jpi�bn^�`_x%i�^ax�Y\qp|}�\��[ 4-5C) 61� ��� ��! ���� !"� � 5
��vk^%`_^�ds�\Y@&ad�dgotdg|}dgx�^�qrbni
qki}[ [_��xH� i}�\i}[Zjk^a��Y\jkY�jki}[(dgqrbn^�[�jk^�^�x�ok`]^a|E$�¡��\ig[�qtd"`]^�dg��Y\x%^aqrbedsf�hgi��
��¡�X-� y 3§jki0bn^�`_x%i0^ax Y�qk|}���a[ � # � ��4-5C) 5���vk^
vpb_Y\�\Y)&�d"jk^a��Y\[%0O^a[�[]vtd7(}^a[%qtd0`_^adg�\Y�x�^�qrbedgfahgi�^
u�¡�XZ� y 3°jpi3b_^a`_x%i�^ax Y�qk|}���a[ 2 #� ��� !���� � �3
 4-5�) 5	�Ovp^�`]^�dg��Y@&�dNi3�aigq�b_`_i}��^�jk^"o´igb_�aqk��Y�d0qtd
[_^�f�hgi�jk^ `_^adg�\Y�x�^�q�bndgf�hsi�jki�^���vtdg�\Y)&�dgjpi}`a� � [_^�|}vkqkjpi	i}�O�]^ bnY+(}i(� op`_i}o i}`{vkx�d�qki�(gd ^a[cbn`_dsbn��|}Y�d
jk^��ai}xH�kdsbn^C>Wok`_igotdg|rdgfahgiWjp^	^a`]`_ik�dg��vkY �e~tdgx�dgjtdWjk^	X-� ¡�X-� y 3°jki�bn^a`]x�i�^ax Y\qk|g�\�a[-4-5C)
61� ��� 
�������!"��� �O� � � 8 � � ��!.� ����5 ��y{[cbed�bn�a��qkY\�ad�[_^��tdg[]^aY�d�qki
��i}qk�a^�Y�b_i"jp^%jpY)(}^�`_[]Y\jtdgjp^�^ax 't��bn`_d ¡
|}^�x;otdg`_d�dsb_`_Y��kvkY\`�|}`ndsvk[ jk^���i}q '�ds�kY\��Y\jtdgjp^�dgi�[_��xH�´ig�\iHjk^��aY�jkY\jki�^s� jp^a[]bnd��§ig`_x�dp�k^a[]�ai}��~k^a` d
x%^a�\~pi}` x�dgqk^�Y\`_d%jk^�vpbnY��\Y)&7$ ¡ �\i�qtdW`]^�dg��Y\x%^aqrbedsf�hgi%jki�X-� y � qki�[]^aqrbnY�jki�jk^	`_^ajpv�&aY�`-d%bnd "pdWjk^
^a`]`_i�^ i%bndgx�dgqk~ki�x%�ajkY�i�jk^ [_vk`cbnik�

�Z[ d7(sdg�\Y\dgfG0O^a[�^-�ai}x%otdg`_dgfG0O^a[wjk^�jk^a[]^ax%o´^�qk~ki�[nhsi�`_^�ds�\Y@&adgjtdg[F(OY�dH[_Y�xHvk�\dgfG0O^a[��ai}x%okvpbnd ¡
�aY�i}qtdgY�[�jp^�l�i}qrb_^
u�dg`_��ik� bn^aqpjkiN�aigx�i 't|}vk`_dg[Hjk^�x���`_Y�b_i�d"bed "pd�jp^�^a`]`_i�jp^��kY�ba�ªbndgxWdsqk~ki
x%�ajkY�i-^��aigx�ok`]Y\x%^aqrbni jk^�[]vk`]b_i}[a� � [{`]^a[_vp��bedsjki}[{dg��vkYpdgok`]^a[_^�qrbedgjkig[�Y�qkjkY���dgx�����dg`_d�(sdgqrbedg|}^�x
jki�^a[_��vk^�xWd%ok`_igo´i}[cbnik��x%i}[]b_`ndgqpjki�x%^a��~ki}`]^a[ ��dg`_dg��b_^a`]�\[_Y�bn�adg[ jk^	jk^�[_^�x�o ^aqk~piW^axm`]^a��dsf�hgi >g[
jk^�xWdgY�[ b_�a��qkY\�adg[-d7(sdg�\Y\dgjtdg[���[_i}�k`]^�b_vkjki���vtdgqkjpi�[_^Hdsvkx�^�qrbedWi�ds���°dg� ^�b_i�jkiW^a[_��vk^�xWd�jp^	x%is¡
jkvk�\dgf�hsi%v6bnY\��Y@&adgjkik�
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P~k^C[]vk�O�]^���b�ig�	b_~kY\[�b_~k^a[]Y\[
Y\[�bn~p^3��i}xH�td b"dg|rdgY�qk[]b
^�`_`_ig`�ok`_i}okdg|rdsb_Y\i}q Y�q9XZ� yMb�<Oo´^
^a��vtds�\Y@&adsbnY�i}q
[_�e~k^�x�^�[a� � bZY�[Zdsq�Y\x%o i}`]bndgqrb dgqkjNvkoO¡ bni ¡�jtdsb_^ [_vk�O�]^���ba��dg[ Y�b bn`]Y\^a[ bni�[_i}�+(}^(i}qk^
ig�´bn~k^ xWdgY�q%X-� y?ok`_ig�k�\^�x�[��6dsq�^��Ovkdg�\Y)&�dsb_Y\i}q�[_�e~p^ax%^Zbn~td b�~kdg[w`]^a�a^�Y)(g^aj�|}`]^�dsbwdsb]bn^aqrb_Y\i}q%jkvk^
bni�Y�bn[Po ^a`]�§ig`_x�dgqk�a^��e~kdg`ndg� bn^�`_Y\[cbnY��a[ dgqkj"�ai}x%okvpbndsbnY�i}qtdg� �aigx�ok��^#"6Y�b�<g�

��qHbn~kY�[ bn~k^�[_Y�[a�}otds`]bnY��avk�\dg`_�+<}��bn~k^wi}�O�]^a� bnY+(}^PY\[ bni��kvpY\�\j	d-�ai}x%otdg`_dsbnY+(}^�^1(sdg�\vkdsbnY�i}q	� ^�b���^a^�q
bn~p`_^a^P^,"6Y\[]b_Y\qk|-b_^a�e~kqpY\��vk^a[{b_i��ai}xH�kdsb bn~p^�^a`]`_i}` op`_i}otds|rdsbnY�i}qHY�q�X-� y�^a��vtdg��Y@&a^�`_[ ¡*b_~k^Py ¡�XZ� y
3 y{`_dg[_vk`]^�X-� yF5�� ~kY��e~0^a`_dg[_^�[-bn~k^Hjp^a�aY�jk^aj�[D<6x	�´i}��[Z� ^��§i}`]^	bn~p^	�§^a^�jk�tdg� ���*bn~k^ ��¡�X-� y 3 �6ig� b
X-� yF5�� ~kY��e~%v6bnY\��Y@&�^a[ []ig� b¢jk^a��Y\[]Y\i}qk[{Y�q�bn~k^��§^�^ajk�tds� � �6dgqkj�bn~p^ u�¡�X-� y 3 uwi}qk[cbn`_dgY\qk^�j%X-� yF5 ��d
X-� y�� Y�b_~
�§^�^ajk�kdg� ��o i���^a` ��i}qrbn`_ig�´¡�dgqkj <g^�b��top`_i}o i}[_^ d�qk^��U[cbn`nd bn^a|�<W�§i}`���i}xH�td bnY\qp|�^a`_`]i}`
ok`]i}otdg|rd bnY\igq��}~k^�`_^a�E<%��ds�\�\^�j�X-� ¡�X-� yP�E
P~kY\[¢ok`]i}o i}[_^�j�bn^��e~kqkY��Ovp^g�OY\[{�tdg[]^aj�i}q%b_~k^ �ai}qp�a^ao6bwig�
't��bn^a`]Y\qk|	jkY)(g^a`_[]Y�b�<�bni�dg[][_Y\|gq�jk^a|}`]^a^�[ is�ª`]^a��Y�dg�kY��\Y�b�<HbniHb_~k^-jk^��aY\jp^aj"[=<OxH� i}� �6dgqkj�bn~�vk[��t�e~kiOi}[_^
bn~p^(� ^a[cb���d7<�bni�vk[]^�Y�bPY\q�b_~k^(X-� yG�§^�^ajk�tds� � �


P~k^0^1(sdg��vtdsbnY�i}q)dsqkj=o´^�`]�§i}`]xWdgqp�a^���i}x%otdg`_Y�[_i}qp[a� dg`_^��kvkY\��b (OY�d�l�i}qrbn^3u�dg`]�\i���i}x%okv6¡
bed bnY\igqtdg�{[_Y�xHvk�\dsbnY�i}qk[a� ~td7(OY\qp|Ndg[(x�^�`_Y�b 'k|}vk`_^�[a� b_~k^W�pY�b]¡ ^a`]`_i}` `nd bn^g� d7(}^a`_dg|}^�[_Y@&�^Wdsqkj�[_vp`_|}^
�\^�qk|gb_~�� 
P~k^ `]^a[_vp��bn[{~p^a`_^ []~ki�� q���Y\qkjkY���dsb_^Pd-�a��^�dg`¢dsj (sdgqrbedg|}^Pis� b_~k^Pok`]i}o´ig[_^aj%[_�e~p^ax%^g��[_~ki���¡
Y\qp|Z� ^�b_b_^a`ªo´^�`]�§i}`]xWdgqp�a^��e~tdg`nds��bn^�`_Y�[]bnY��a[��	� ~k^aq���i}x%otdg`_^�j�b_i bn~p^�igbn~p^a` bn^a�e~pqkY\��vk^�[a��^a[]o´^��aY�ds�\�)<
vkqkjp^a`Pbn~k^ Y�qk�a`]^�dg[]^(is�ªb_~k^(dg�\ok~kdg�´^ b x�iOjkvk�\dsbnY�i}qW[]�e~k^ax%^g�
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�D� � � ��!�� ��!�����:�� � ��� � !"� ����� ? #%� # ��3§��yF��5�`_^aop`_^a[]^aqrbed vkxUjkig[*xWdgY�i}`_^�[�i}�k[cb6$g��vk�\ig[ > ig�pbn^�qkf�hgi
jk^%[_Y�[]bn^�xWds[(jp^%b_`ndgqk[]x�Y�[_[_hgi���i}x ^a��^1(sdgjtd
^1'k�aY\��qk�aY\d"^�[_o ^a� bn`nds��^%`_^�jkv�&aY�jtd�bed "pd�jp^�^�`_`_i"jk^
�kY�b-^ax���dgqkdgY\[ [_v �]^�Y�bni
dsi�^��§^�Y�bniWjk^�[_^��\^�b_Y)(OY\jkdgjk^	qpi�jki}x%�\qkY�i�jtdW�§`]^a� �k��qk�aY\dp��u�dg[_i
qthgiW[_^��_d
jk^#(6Y�jtdgx%^aqrbn^0��i}x%o´^�qk[ndgjkdp�-d���yF� ��dgvk[_dAdgvkx%^aqrbni?qtd�bnd "pdAjp^0^a`_`]iAjki?[_Y�[]bn^�xWd6� 
 `ndgjkY ¡
�aY�i}qtdg��x�^�qrbn^g� i}[(^��§^�Y�bnig[�jtd���y �3[nhgi��ai}xH�kdsbnY�jki}[ �ai}x!i�vk[_iNjp^�bn���aqkY���dg[(�aigqk~k^a��Y\jtds[	�aigx�i
^a��vtds�\Y@&adgf�hsik�
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T
k f + 2sk−δŝk}
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yk

�
zk

�
dk

^
ŝk

`_^�ok`_^�[_^�q�bndgx `]^a[]o´^���bnY+(sdgx�^�qrbn^�d"^aqrbn`_dgjtdN^Wd�[nds�\jtd"jkiN^a��vtds�\Y@&adgjki}`�� d"^aqrbn`_dgjtdNjki
't��bn`_i
jk^%`_^adg�\Y�x�^�qrbedgfahgi�^�i�[]�\xH� i}�\i�jp^�bn^���bndgjki�o ^a��i
jk^a��Y\[_ig`a�*bniOjki}[ qki"Y\qk[cbedgqrb_^�jk^�b_^ax%o´i
kT
��[_^�qkjki

T
iCY�q�b_^a`D(gds�\i0jk^"[_��xH�´ig�\ik�Auwigx dg[�jkvtdg[��e~td7(}^�[�qtd�o´ig[_Y\fahgi 
�� #e� i3^a[]�Ovp^ax�d

^ax%ok`]^a|rdgjpi%�§vkqp�aY\igqtd%��i}x%i%vpxmX-� y)�aigq (g^aqk��Y\i}qkdg� �ti}qpjk^
dk

^a��vkY+(sdg�\^ >g[ jk^��aY\[=06^�[Zds�k`_vko6bedg[
ŝk

� � ^a[cbn^���ds[_ik�¢dg[	�ai}qk^,".06^�[�Y\qkjkY���dgjkdg[�o i}`(
68$#e� 
=� #�^ 
DH#�qthgi�[nhgi0vpb_Y\��Y@&�dsjtdg[ ^�qk^�qk~�vkxWd
H� 



bn���aqkY���d"jk^W��i}xH�tdsb_^ >"ok`_igotdg|rdgfahgi�jp^W^a`]`_i}[(��dsok�\Y���dgjtd6�
u�dg[_i��ai}qrbn`%$g`_Y�ik� i}v []^��_dp� ��i}x!dg[
�e~td7(}^�[�qtd�o i}[]Y\f�hsi�� ��� � i�jpY�dg|}`_dgx�d
`]^aok`]^a[]^aqrbedNvkx!^�[_��vk^ax�dNX-� y+��vk^W^ax%ok`_^�|rd�dg��|}vkx�d
bn���aqkY���d�jk^ �ai}x	�tdsbn^ >�ok`]i}otdg|}dgf�hgi�jk^ ^�`_`_ip�

�Z[�jkY+(}^a`][ndg[Hb_�a��qkY\�adg[Hjk^���i}xH�tdsb_^ >Nok`]i}otdg|rdsf�hgiNjp^�^a`]`_i0[_^�jpY��§^a`]^aqk��Y�dgx��tdg[]Y\�adgx�^�qrbn^
o ^a��d�^a[]b_`ndsb_�a|}Y\d�dgjkigbndgjtdHqki��p�\iO�aiHY�q�b_Y�b_vk��dgjpi��1
P���aqkY���d�jk^��aigxH�tdsb_^�dHok`_igotdg|rdgfahgi�jk^�^�`_`_i��s�
y{[_[_d�^a[]b_`ndsb_�a|}Y\dC^�q (gi}�)(g^g� qthgi�dgo´^�qtdg[WdCjk^#'tqkY\fahgi�jki ok`_iO�a^�jkY\x%^aqrbni dC[]^a`�dgjpigbedgjpi qk^�[_[_^
�k��i6��ik�� ^ax��ai}x%i�i}[-[]Y\qtdgY�[-i}v0i}�p[_^a`D(sdgfG0O^a[�qk^��\^�^�x�ok`]^a|rdsjki}[-otds`nd�ok`]i6jkv &aY\`-d�dgx�ig[]bn`_dWjk^
[nds�\jtd(�Ovp^Z[_^�|}vk^ otdg`nd(i�'t��bn`]i	jk^ `_^�ds�\Y\x%^aqrbndgf�hgi jki�^a��vtdg��Y@&adgjki}`�X-� yP�.�Zd�� Y\|}vp`nd Hp�)8Zdg�\|gvkqk[
[_Y�qtdgY�[ i}v�Y\qp�§ig`_x�dgfG0O^a[ª�Ovp^ o iOjk^ax [_^a`{^�x�op`_^a|}dgjtdg[{o ^a�\dg[ bn���aqkY���dg[¢jk^P��i}xH�td bn^ d-ok`]i}otdg|rdsf�hgi
jk^�^�`_`_i�[_hgi�Y\qkjkY���dgjpi}[a�pdsbn`_d�(g�a[ jtdg[P��Y\|rdsfG0O^a[w`]igbnvp��dgjtds[�o´ig` 
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#e� 


2
#-igv 


3
#e�{XZ^�o´^�qkjk^�qkjkiWjkd

bn���aqkY���dp�vkxWd�i}v0xWdsY\[Zjp^a[_[_dg[ ^aqrbn`_dgjtdg[�o iOjk^ax [_^�`�^ax%ok`_^�|rdgjtdg[���[_^�qkjki
[_^�x�op`_^Hvpb_Y\��Y@&�dsjtdWd
^aqrb_`ndgjtd�`_isbnvk�\dgjtd(


1
#n�

�Zd-ok`]Y\x%^aY\`_dZ[_^�f�hgi ��jpY\[_��vpbnY�jki�i�x%��bniOjki X-� yC�aigx dgotds|rdgx%^aqrbni 3°y ¡�X-� yP�}jpi-bn^a`]x�i�^�x
Y\qp|}�\��[��<) ! ���� !"� ��� �F4 �;:�� ���<#� 5 � �3
 ? ��:;@-) ��� ���	�BA ���O�<#���65 � � d([]^a|}vpqkjtd	^Pbn^�`_��^aY\`_d([]^af106^�[w[_^�`nhgi
dgok`]^a[]^aqrbedgjkdg[ `]^a[]o´^���bnY+(sdgx�^�qrbn^(dg[Pbn���aqkY���dg[ X-� yG�ai}x&jk^a��Y\[nhsi�[]vtd7(}^ 3 ��¡�X-� yP�tjki�bn^�`_x%i%^�x
Y\qp|}�\��[ � # � �Q4-5�) 5�^�X-� y���i}xz�ai}qrb_`_i}��^�jk^"o igbn��qk�aY\dCotdg`_dCd3`_^adg�\Y�x�^�q�bndgf�hsi 3 u�¡�X-� y ��jki
bn^�`_x%i�^ax;Y�qk|}�\��[ 2 #� ��� !���� � �3
04-5�) 5 �

Hp�+8 y ¡�X-� y ¡�XZ� y u � l �Z�9� �;��l�y���
 �

y¢[cbedNbn���aqkY���dN�§i}Y�ok`_i}o i}[cbedN^ax 3 u � ���	� �e� 87 � E!�5 � y{��dN���kdg[]bndgqrbn^�[_Y�x�op�\^a[�^g��[_^�|}vkqkjki
i}[%dgvpb_i}`_^�[a���adgotd�&
jk^"ok`]i6jkv &aY\`���okdg`nd���dgqkdgY\[�Y\qE(sdg`]Y�dgqrbn^�[�qki�bn^ax%o iC^
[_^�x d3op`_^a[]^aqkfad jk^
ok`]� ¡���vk`_[]i}`_^�[a�tvkx�d	[]�a`_Y�^-jk^	(sdgqrbeds|}^aqk[PqpiHjk^a[]^ax%o´^�qk~ki�jki�[]Y\[]b_^ax�dp�6bndgY\[��ai}x%i�d	jkY�x�Y�q�vkY\fahgi
jtdHbed "kd�jk^ ^a`]`_i�^g�top`_Y\qp�aY\okdg�\x%^aqrbn^s�kd�`_^�jkvkfahgi�jpi%bndgxWdsqk~ki�x%�ajkY�i�jk^ [_vk`cbni}[��

�=� Y\|}vp`nd	Hp� ��dgok`]^a[_^�qrbed i�jkY�dg|g`ndgx�dZjk^P�k��i6��i}[ otds`nd-i ok`_iO�a^�[_[_dgjki}`¢jk^P��i}xH�tdsb_^�>-ok`_igotd ¡
|rdgfahgiWjp^	^a`]`_i}[ ok`]i}o´ig[]bni�^ax 3 u � ���	� �e� 8� � �!�5 � � ^��\^ax%^aqrb_iW�a^�qrbn`nds�ªjtd%ok`_igo´i}[cbed%�	iW�p�\iO�ai
Y\qrb_Y�bnvp��dgjki��aXZ^a��Y\[]i}` �ai}x;[_dg�\jkdg[ Y\qrbn^�`_x%^ajkY@$g`_Y\dg[��s�O�av��_d%^�q�b_`ndgjkd%� i�[_Y�qtdg�*qtd�[nds�\jtd�jki�X-� yP�
zk

�
��vkdgqkjki�d	dgx%i}[cbn`nd

zk

^a[cb6$(xHvkY�b_i ok`%:7"6Y\x�d�jk^ vpx��\Y\x%Y�ds`ªjk^ jk^��aY\[_hgik�Od�[_dg�\jkd jpi�jk^��aY�[_i}`
dg�k`]vkopb_i

ŝk

�ai}`]`_^a[]o´igqkjk^aqrb_^ o i}[][_vkYk�kdgY+"pdZ��i}q '�dg�pY\�\Y�jtdgjk^s� � v�[]^��_dp��d-ok`]i}�tdg�pY\�\Y�jtdgjk^�jk^
ŝk

b_^a`
[_Y�jki�jk^ bn^a� bedgjpi"^�`_`]i}qk^�dsx�^�q�b_^��H^a��^1(sdgjtd6��� [_[_Y�x�[]^aqkjpik� ~�$�vkx�dW^a��^1(sdgjtd�ok`]i}�tdg�pY\�\Y�jtdgjk^(jk^
��vk^PdZ[]vtd-`_^adg�\Y�x�^�qrbedgfahgik��^ax (}^1&Pjk^�d��]vpjtdg`a�gok`_^��]vkjkY\��vk^�dZ^a��Y\x%Y\qtdgfahgi jtd9� � � ��!�� ��! ����:�� � ��� � ! �
����� ? #%� # � 3°��yF��5 �t^aqk��vtdsq�b_i

ŝk

o ^a`_��i}`_`]^a` dg[ �\Y�qk~tdg[Pjp^(`]^�bndg`_jki%jki 't��bn`_i�jk^ `]^�dg��Y\x%^aqrbedgfahgi�jki
X-� yP�

� dg`_d��\Y�jtdg` ��i}x�^a[cbn^ bnY\o i jk^ [_Y�b_vtdgfahgik�Od b_�a��qkY\�ad�y ¡�XZ� y�vk[nd(qtd�[]^afahgi	jk^ `_^adg�\Y�x�^�qrbedgfahgi
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� Y\|}vp`_^ Hp� �6�¢XZY\dg|}`ndsxWd	jp^(�p�\iO�ai}[Pjki�ok`]i6��^a[][ndgjkig` jk^ ��i}xH�tdsb_^ d�ok`_i}okdg|rdgfahgi�jk^ ^a`_`]i�jpi
y ¡�X-� yP�

jkiCX-� y vpx ��[_��xH� i}�\iNY�qrbn^a`]x�^�jkY $s`_Y\i���jtdgjki3o ^a��d0x%�ajkY\dN^aqrbn`]^�ig[%[]�\xH� i}��i}[H�av��_dg[�`_^a|gY@0O^a[
jk^Hjp^a�aY�[nhgi�[_hgi��\Y�x�Y�bedgjkdg[Po´^��\i���Y\x%Y�dg`P^�x ��vk^�[]behsik� � y ¡�XZ� y5v6bnY\��Y@&ad%o i}`]bndgqrbni�vpx�jk^��aY�[_i}`
dg�k`]vkopb_i okdg`ndPd�|}^�`ndgfahgi jki}[*[]�\xH� i}�\ig[^a[cbnY�xWdgjpi}[a�

ŝk

� ^{vpxUjk^a��Y\[]i}`��aigxU[ndg��jtdg[�Y�qrbn^a`]x�^�jkY $s`_Y�ds[
otdg`_d�d�^�[_��i}�\~td�jki}[ []�\xH� i}�\ig[�d�[_^a`]^ax�vpb_Y\��Y@&�dsjki}[wqkd�`]^�dg��Y\x%^aqrbedsf�hgik�

dk

�
uwi}x i i}�O�]^ bnY+(}i jp^�Y\��vk[]b_`ndg`�iC^ax%ok`_^�|}i jk^�[]bndCbn���aqkY���dp����i}qk[]Y\jk^�`nd ¡ [_^g�PY�qkY\��Y�dg��x�^�qrbn^g�¢i

^a[]��vk^ax�d?jk^�x�iOjkvk�\dgf�hgi ���F� ����o i}`�[_^�`
i?xWdgY�[�[_Y�x�op�\^a[�� �!dgok�\Y���dgfahgi�jtd b_�a��qkY\�adAokdg`nd
�aigqk[]b_^a��dsfG0O^a[ xWdsY\i}`]^a[�[]^a`/$%dgok`]^a[]^aqrbedgjkd�qki�jk^��ai}`]`_^a` jk^�[]bed�[_^�f�hgip�

��� Y\|gvk`nd Hp� HWdgok`_^�[_^�q�bnd�d��ai}qp[]bn^���dgfahgi�dgjpigbedgjkdWqki�jk^��aY�[_i}`-��i}x [ndg��jtdg[ZY�qrbn^a`]x�^�jkY $s`_Y�ds[
otdg`_dZi-^�[_��vk^ax�dZjk^wx�iOjkvk�\dgf�hgi ���F� ����� ^a�\d i}�k[]^a`D(gd�¡�[_^s�rdg���ax+jki}[ªjki}Y\[ª[_��xH�´ig�\i}[ jtdZx%iOjkvk��d�¡
f�hsik�kvkx;[]�\xH� i}��iHY\qrbn^�`_x%^ajkY@$g`_Y�ik����vk^(dgjkx%Y�bnY�qkjkis¡ [_^ [_�\x	�´i}��i}[�^��OvpY\ok`]i (�$7(}^�Y\[��t^a[]b/$%��i6�adg�\Y)&�dgjpi
qtd�i}`]Y\|}^�x��

 x okdg`��gx%^�b_`_i���vk^���jk^H�§vkqkjkdgx�^�qrbedg� Y�x�o i}`cb �gqk��Y�d%otdg`nd�i
jk^�[_^�x�o ^aqk~pi�jki"y ¡�XZ� y9�
i��\Y�x�Y\dg`

A
�i}v�d���dg`]|}vk`_d�jk^�`]^a|}Y\hgi�jk^Hjp^a�aY�[nhgi
ds[_[_iO�aY\dgjtd�dgiW[_�\x	�´i}��iWY�q�b_^a`]x�^�jkY $s`_Y\ip��u�dg[]i

zk

dg[][_vkx�d (sdg�\i}`]^a[-jp^aqrbn`]i"jpi"Y�qrbn^a`D(sdg�\i
[−A,A]

�*igv3[]^��_dp�*qkd�`_^a|gY�hgi�jp^�dgotdg|rdsx�^�q�b_ik��^�[_[nds[
dgx%i}[]b_`ndg[ [_^a`_hgi��aigqk[_Y�jk^a`_dgjtdg[ ��jp^P�tdgY+"pdZ��i}q '�ds�kY\��Y\jtdgjp^ �s� u�dg[_i���i}qrbn`%$g`_Y�ik�rdg[¢dgx%i}[cbn`nds[ [_^�`nhgi
�aigqk[_Y�jk^a`_dgjtdg[ ����i}q '4$7(}^�Y\[ �s� � i
��ds[_i"otdg`]b_Y\��vk��dg` jtd"� Y\|}vp`nd-Hp� Hp� d��aigqk[]b_^a��dsf�hgi"dgok`]^a[]^aqrbedgjkd
bedsxH�´��x ��i}`_`]^a[_o i}qkjp^ >�Y�jk�aY\d�jk^�jk^a��Y\[_hgi���i}x dsotdg|rdgx%^aqrb_i�^%o iOjk^�dgY\qpjtd�[_^�`(jp^aqki}x%Y\qkdgjtd
jk^ `_^�|}Y�hsi�jk^(dgotdg|rdsx�^�q�b_ik�
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−A A

� Y�|}vk`_^ H6� Hp��� ^a|gY@0O^a[Pjk^ jk^��aY\[_hgi�^ax%ok`_^�|rdgjtds[ o ^a�\d	bn���aqkY���d%y ¡�X-� yJokdg`nd�d�^aqrbn`_dgjtd�jki 't��b_`_i
jk^ `_^adg�\Y�x�^�qrbedgfahgiHqtd��aigqk[]b_^a��dsf�hgi ���F� � 3§i�¡ �O�\xH� i}�\ip� � ¡ �6��xH�´ig�\i ���F� � Y\qrbn^�`_x%^ajkY@$g`_Y�i 5 �

Hp�+8}�+8 y ¡�X-� y u � l�l � X	Z£ � � � � ���F� �
uwi}x�i x%^aqk��Y\i}qtdsjki ok`_^#(6Y\dgx%^aqrbn^s�gvkx �°d bni}` Y\x%o i}`]bndgqrbn^{otdg`_d i jk^�[_^ax%o ^aqk~ki jki-y ¡�X-� y��

d�^a[]�ai}��~td(jpi (sdg��i}` jki(�\Y�x�Y\dg`
A
� ��q6�§^a�\Y)&ax%^aqrbn^Pqkhgi�^,"6Y\[]b_^ vkxWd-^,"6ok`_^�[_[nhsiHxWd bn^ax $sb_Y\��d otdg`_d i

�7$s�\�avp�\i jki (gds�\i}` jp^
A
��vk^ igbnY�x�Y)&�d�dg��|}vkx Y�qkjkY���dgjkig` jk^ jk^a[]^ax%o´^�qk~ki	jpi	X-� y �.�6^�qkjki�dg[][_Y\x"�

vkx (sdg��i}`Pdgjp^a��vtdgjki%jk^�[]bn^(�\Y�x�Y\dg`�jk^1(g^�[]^a` i}�pb_Y\jki%dsb_`nd7(}��[ jp^([]Y\xHvp��dgf106^�[P�ai}x%okvpbndg�aY�i}qtdgY�[a�
� dg`_d `]^a[][ndg��bedg`{d�Y�x�o i}`]b��gqk��Y�d jtd�^a[_��i}�\~kd jp^a[]b_^ �\Y\x%Y�ds`a��i}�k[]^a`=(sd ¡ [_^P��vk^ dgi dgjpigbedg`

A = 0
�

iN^�[_��vk^ax�dNjk^�^���vtdg�\Y)&�dgfahgi�jpi0y ¡�X-� y��§vkqk��Y\i}qkdg`/$"�ai}x%i�vkx X-� y+�aigq (g^aqk��Y\i}qkdg� � �6^g�{o i}`
i}vpb_`_i���dgjkip�Oi (sdg�\i}`¢jk^

A
�§ig`�xHvpY�bni�dg��bnik��i	jp^a[_^�x�o ^aqp~kiHjk^�[_[_^�^�[_��vk^�xWd	jp^Z^a��vkdg�\Y)&�dgfahgi�[]^a`%$

[_Y�x�Y���dg`�dgi�jk^ vkx;^���vtdg�\Y)&�dgjpi}`P�\Y�qk^�dg`��
� [(`_^�[_vk��bedgjpi}[	dsok`_^�[_^aqrbndgjki}[�qtd�� Y�|}vk`_d H6� J"`_^�ok`_^�[_^aqrbndgx d�bed "kd
jk^�^a`_`]i�jp^��kY�b(jkiNy ¡

X-� y jkY)(OY�jkY\jtdCo´^���d bed "kd?jk^0^�`_`]i jpiGXZ� y&��i}qE(}^aqp�aY\igqtdg� � dgxH�kdg[�i}�pb_Y\jtdg[Wo´i}`�[]Y\xHvp��dgfahgi
�aigx�okv6bedg��Y\i}qtds��jk^	l�i}qrbn^	u�dg`_��i�[_i}��dg[ x%^a[]xWds[ ��i}qkjkY�fG0O^a[��ti}v�[]^��_dp��vpb_Y\�\Y)&�dgqpjki�vkx;x%^a[]x�i
x%i6jk^��\i%jk^	�adgqtdg� ^([_i}�0d�Y\q �tvp�aqk��Y�d�jp^	`_vp�\jki�dgjkY�bnY)(giW|rdsvk[_[]Y�dgqki��k`ndsqk�aik���Pjkx%Y�b_Y\v6¡ [_^ ��dsqtdg�
Y\qE(sdg`]Y�dgqrbn^ qki%bn^�x�o ik���av �_d � �w��jtdsjtd�o i}`

c = [1 − 0, 7]T
^ (sdg`_Y�i}v6¡ [_^ i (sdg��i}` jk^

A
otdg`_d �

jkY��§^a`_^�qrbn^a[ (sdg��i}`_^�[�jk^ ��� �(�pjk^
5
j � d

9
j � ����xWds[_[nd�jk^�jkdgjki}[Pvpb_Y\��Y@&�dsjtd��§i}Y´jk^

1, 536× 106

[_��xH� i}�\i}[ b_`ndgqp[_x%Y�bnY�jki}[¢otdg`_d(�adgjtd ��� � ��jkY)(OY\jpY\jki}[{^�x
1000

�k��i6��i}[�Y\qkjk^�o´^�qkjk^�q�b_^a[��k��dgjkd�vkx
jk^��\^a[Z�ai}x

512
[_��xH�´ig�\i}[ jk^	b_`_^aY�qtdgx%^aqrbniW^

1024
[_��xH� i}�\i}[ jk^�Y�qp�§i}`]xWdgfahgik� � [-[_��xH�´ig�\i}[ jk^

JE�
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�ªY\|}vk`]^;Hp� Jk�¢�{`_i}�kdg�kY\��Y\jtdsjk^-jk^ ^a`]`_i�qki}`]xWds�\Y@&adgjtd	okdg`nd�y ¡�X-� yJ�ai}xMx�iOjkvk�\dgf�hgi ���F� ���

bn`]^aY�qtdgx%^aqrbni��§i}`_dgxM^�x�ok`]^a|rdsjki}[Potdg`_d�d��]vk[]bndg` i}[ �aiO^1't��Y\^�q�b_^a[ jki}[ 't��bn`_ig[�jk^ `_^adg�\Y�x�^�q�bndgf�hsik�

ªiOjki}[{i}[{o i}qrbnig[{jk^a[][ndg[��avk`D(sdg[{�\iO��dg��Y@&adgjki}[ªdg�tdgY "6i�jki;(gds�\i}`ªvkqkY�b/$g`_Y�i-qki�^�Y+"6i jtdZbed "pd�jk^

^a`]`_iHqpi}`_x�dg�\Y)&�dgjkd Y�qkjkY���dgx (sdgqrbndg|}^ax jtd(bn�a��qkY\�adHy ¡�X-� yA^�x `_^a�\dgf�hsiHdgi	X-� y?�ai}qE(g^aqk��Y\i}qtds� �
� (sdg�\i}`�x%�\qkY�x�i�jk^�[]bnd	bed "pd	��i}`_`]^a[_o i}qkjp^�dgiC(sdg��i}`�:gbnY�x�i(jk^

A
otdg`nd	d ���.�=��i}qk[]Y\jk^�`ndgjkdp�pjk^

dg��i}`_jki���i}x;i��a`]Y�bn��`_Y�i�jk^ x�Y�qkY\x%Y@&adgf�hgi�jtdHbed "pd�jk^ ^a`]`_i�jk^ �kY�b qkd�[_dg�\jkd�jpi�jk^��aY�[_i}`��
� (sdg�\ig` dgok`_igok`_Y\dgjki�jk^�[_[_^(�\Y�x�Y\dg`¢jk^ao ^aqpjk^�jp^(okdg`��gx%^�b_`_i}[Pjpi�[]Y\[]b_^ax�dHjk^ �ai}x	vkqkY\�adgf�hsik�

�aigx�i%o´ig` ^,"p^�x�op�\ik�´d ��� � � � � Y�|}vk`nd Hp� J�dgop`_^a[]^aqrbed���vk`=(sdg[ jk^	jp^a[_^�x�o ^aqp~ki���vk^	x%i}[cbn`ndsx
^a[][ndWjp^ao ^aqkjk��qk�aY\dp� � �k[_^�`=(sd ¡ [_^	��vk^(i (sdg��i}` :gb_Y\x%i%jpi���Y\x%Y�dg`

A
jkY�x�Y�q�vkY��aigx i�dgvkx%^aqrb_iWjtd

��� �(�� b_Y\�\Y)&�dgqpjki vpx (sdg��i}`ªjp^
A
xWdsY\i}` ��vk^Pi	:gb_Y\x%i b_^a`_^�x�ig[{dgotdg|}dgx�^�qrbni}[ ��jk^a[]qk^a��^a[][/$g`]Y\i}[ �

^�i��aigxH�tdsb_^Hjki}[�o :}[c¡ �avk`][_i}`]^a[�[]^Hbni}`]qtd�Y\qk^#'t�aY�^aqrbn^s�H� i}`-i}vpb_`_i��\dgjkik�dgi�[_^�`_^�jkv�&�Y\`-i-(sdg��i}`
jk^

A
dg�tdgY "pi�jki :gb_Y\x%ik��Y\qE(}^�`]bn^ ¡�[]^�d�[_Y�bnvtdgfahgik�Px�dgY\[ jk^��aY\[=06^�[-^a`]` �}qp^�dg[�[_hgi�^ax%ok`]^a|rdgjkdg[-qtd

^a[cbn`]vpbnvk`_d%jp^(`]^�dg��Y\x%^aqrbedsf�hgik�6ok`_^��]vkjkY���dgqkjpi%i���i}xH�tdsb_^(d���yF��jk^1(OY�jkiWdsi}[Po9:g[c¡���vk`_[]i}`_^�[a�
� b_�a�aqpY\��d%y ¡�X-� y � dg���ax;jp^�o i}[_[]Y\�kY��\Y�bedg`�x�^��\~ki}`]Y�dHjtd�bed "kd%jk^ ^a`]`_ik��ok`]i}okY\��Y�d�d�`_^ajpvkf�hgi

jki�bedsxWdgqp~ki�x���jkY\i�jp^�[_vk`cbni}[�� � d�� Y\|}vp`nd Hp� � [nhgi%dgok`]^a[]^aqrbedgjpi}[ ~kY\[cbni}|}`_dgx�dg[�jtd�Y\qp�aY\jp�aqk��Y�d
jki}[ �ai}x%ok`_Y�x�^�qrbni}[ jk^�[]vk`]b_i-jk^ (�$g`]Y\i}[ bedsxWdgqp~ki}[ okdg`nd i�X-� y��ai}qE(g^aqk��Y\i}qtds�p^�otds`nd i-y ¡�X-� yP�
i}�pb_Y\jkig[Pqtdg[ x�^�[_x�dg[P�aigqkjkY\f106^�[ jk^ [_Y\x	vk��dgfahgi�dgjpigbedgjkdg[ otdg`nd�d�i}�pb_^aqkfahgi%jtd�� Y\|}vp`nd Hp� Jk�

� ^a[cbed 't|gvk`ndNi}�p[_^a`D(sd ¡�[]^���vk^
d�jkY�[]bn`]Y\�kvpY\f�hsi�jki�bndgx�dgqk~kiNjp^�[_vk`cbni0��x%iOjkY)'t�adgjtd"o´^���d
vpb_Y\�\Y)&�dgfahgi�jtd bn�a��qkY\�ad�jk^Zdgotdg|}dgx�^�qrbnik��~td7(}^�qkjki�dsvkx�^�qrbni	jpi	q �kx%^a`_i�jk^ [_vk`cbni}[�jk^ bndgxWdsqk~ki
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� Y�|}vk`]^ Hp� � ��uwi}x�okdg`ndgfahgi�jk^�bedsxWdgqp~ki�jk^ [_vk`cbni�o´ig`PY\qk��Y\jk��qk�aY\d�jp^([]vk`]b_i�^aqrbn`]^	X-� y
�ai}qE(}^�qk�aY�i}qtdg�F3

A = 0, P e = 8, 5433 × 10−5 5P^(y ¡�XZ� y 3
A = 0, 1, P e = 5, 8233× 10−5 5 �

8�^�`]^ajkvpf�hgi0jtdNY�qk�aY�jk�aqp�aY�d"jk^�[]vk`]b_i}[Hx�dgY\[��\i}qk|gi}[a�ªi0�Ovp^��\^#(gd >�jkY\x%Y\q�vkY�f�hgi"jkiNbndgxWdsqk~ki
x%�ajkY�i�jk^ [_vp`]bnig[w^ax `]^a��dsf�hgi�dgi�X-� y?�ai}qE(g^aqk��Y\i}qtds� � � i	��ds[_i�dgop`_^a[]^aqrbedsjki�dg��Y\x�dp�ri}[�(gds�\i}`]^a[
jki bedgx�dgqk~pi x%�ajpY\i jk^¢[_vk`cbni otdg`ndPi X-� yN��i}qE(}^aqp�aY\igqtdg��^¢otdg`nd i y ¡�X-� y�[_hgi `_^a[]o´^���b_Y)(sdgx%^aqrbn^
2, 8482

^
1, 6559

�ªy{[]bn^ ^��§^�Y�b_i�o´iOjk^P[_^�`�dgok`_i�(g^aY�bndgjki o i}` x%^aY\i�jp^P�G:OjkY\|}ig[{�ai}`]`_^�b_i}`_^�[¢jk^P^a`]`_i}[
ok`]i �]^�bndgjki}[ otdg`_d�jk^�b_^a��bndg` ^ �ai}`]`_Y\|gY\`�[]vk`]b_i}[ jk^ ^a`_`]i}[ o´^���vk^aqkig[a�

Hp�+8}� � y ¡�X-� y)� �	��� u � ���.
 y¢£ � ����yF� �w��X �cl�y��	�6� � ��� �D�
� ^a[cbed�[]^af�hsi?jkY\[]�avpb_^ ¡�[]^Ni�vk[]i�jki?y ¡�X-� y otdg`nd3�ai}qp[]bn^���dgf106^�[��kY�jkY\x%^aqk[]Y\i}qkdgY\[%l
¡��F� �

^�l
¡c�	�-lC� [_^�qkjki�l d���ds`_jkY�qtdg�\Y�jtdgjk^�jki��ai}q��]vkqrbni3jk^
[_�\x	�´i}��i}[	jkd3x%i6jpvk��dgfahgik� ��Y\jk��Y�d
�a^�qrbn`nds�´jtd(bn�a��qkY\�adp�Ojk^Z^�[]beds�´^��\^a��^a`�[]�\xH� i}��i}[{jk^-jk^��aY�[nhgi�Y\qrbn^�`_x%^ajkY@$g`_Y�i}[¢dg[_[]i6��Y�dgjpi}[�d(`_^a|gY@0O^a[
jk^ jk^��aY\[=06^�[ �ai}qE(}^�qkY\^�qrbn^ax%^aqrb_^	otdg`_dgx%^�bn`]Y@&adgjtdg[��k[_^ x�dgqrbn�ax"�

� dg`_d%vkxM^a[_��vk^�xWd�jk^ x%i6jkvp��dgfahgi�l
¡��;�-lC�ti}[ [_��xH� i}�\i}[�bn`nds[_x%Y�bnY�jki}[�[nhgi%jtdgjkig[Po´i}`��

sk = smc + jsms

3 Hp�+8 5

[_^�qkjki
j =

√
−1

^s�

smc =
√

Eg

2
(2mc − 1 −Mc)∆

�
mc = 1, 2, . . . ,Mc

sms =
√

Eg

2
(2ms − 1 −Ms)∆

�
ms = 1, 2, . . . ,Ms

3 Hp� ��5

J�J



−1 −0.8 −0.6 −0.4 −0.2 0 0.2 0.4 0.6 0.8 1
−1

−0.8

−0.6

−0.4

−0.2

0

0.2

0.4

0.6

0.8

1

� ���
4 − QAM

−3 −2 −1 0 1 2 3
−3

−2

−1

0

1

2

3

� ���
16− QAM

� Y�|}vk`_^	Hp� �6�¢y ¡�X-� yJ��i}x;x%i6jpvk��dgfahgi�l
¡��	��l 3°iH¡ �6�\x	�´i}��i�l
¡��;�-lC� � ¡ �6�\x	�´i}��i
l
¡��;�-l!Y�qrbn^a`]x�^�jkY $s`_Y\ip��¡{¡{¡{¡�£*Y\x%Y�ds` �	5 �

i}qkjp^
Eg

�Zd	^aqk^�`_|}Y\d	jkiHopvk�\[]iH��$g[]Y\�ai	jk^Zbn`_dgqk[]x�Y�[_[nhsiH^
∆
�-i	�°dsb_i}`wjp^Z�aigq�b_`_i}��^Zjk^Zo´igb_�aqk��Y�d

jtd�bn`ndsqk[_x%Y\[][nhgik�t[]^aqkjpi
M = Mc ×Ms

� � [ []�\xH� i}�\ig[PY\qrbn^�`_x%^ajkY@$g`_Y�i}[a�ko i}` [_^�v�bnvk`]qkik��'t�adgx
jtdgjpi}[ o´i}`��

a = amc + jams

3 Hp� HE5
[_^�qkjki

amc =
√

Eg

2
(2mc +Mc)∆

�
mc = 1, 2, . . . ,Mc − 1

ams =
√

Eg

2
(2ms +Ms)∆

�
ms = 1, 2, . . . ,Ms − 1

3 Hp� J 5

�Z[_[]Y\x [_^�qkjkik�´otdg`nd�vkxm^a[_��vk^�xWd�jp^Hx�iOjkvk�\dgf�hsi�l
¡��	��lC� i�jk^��aY\[]i}`Z��i}x [ndg��jtdg[ Y\qrbn^�`c¡
x%^ajkY@$g`_Y\dg[ ^ax%ok`_^�|rdZvkx�dZ�aigqk[]b_^a��dsf�hgi-��i}x

(2Ms−1)×(2Mc−1)
o´igq�b_i}[a�g[_^aqpjki ^a[_[]^a[{o i}qrbni}[

jk^�qkigbedsjki}[ o´ig`a�
dk = dmc + jdms

3 Hp� � 5
� igbnd ¡�[]^(��vk^

dk ∈ A ∪ B �t[_^�qkjkiWig[ ��i}q �]vkqrb_i}[ A ^ B jk^1'kqkY\jkig[ ��i}x%ik�

A = {smc
+ jsms

∈ C|mc = 1, . . . ,Mc

^
ms = 1, . . . ,Ms}

3 Hp� �E5

B = {amc
+ jams

∈ C|mc = 1, . . . ,Mc − 1
^
ms = 1, . . . ,Ms − 1} 3 H6� !�5

�Z[�� Y\|}vp`ndg[ Hp� ��3°dE5	^ Hp� ��3°�45Hx%i}[]b_`ndgx ^#"6^ax%ok�\ig[%jp^a[]bndg[%�ai}qk[cbn^���dgf106^�[a�wokdg`nd
M = 4

^
M = 16

�k`_^�[_o ^a��b_Y)(sdgx%^aqrbn^s�
� dg`_d�i��adg[_i�otds`]bnY��avk�\dg`�jk^�vkx�dH�ai}qk[cbn^���dgfahgi���vtdgjk`_dgjtdp�kigv"[]^��_dp�pi}[ (sdg�\ig`_^a[wjk^

Ms

^
Mc[nhsi�Y�|}vtdgY�[ d √

M
� d
^#"6ok`]^a[_[_hgiNotds`nd
i�q �kx%^a`]i�jk^%o´igq�b_i}[ |}^a`_dgjki}[(o ^a�\i
jk^��aY�[_i}`(jk^%[ndg��jtdg[

Y\qrb_^a`_x%^ajpY $g`]Y�dg[�[_^ `_^�jkv�&�d
(2
√
M − 1)2 �
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�ZY\qpjtd��ai}qk[]Y\jk^�`ndgqpjki�^�[]b_^ b_Y\o i�jk^ �ai}qp[]bn^���dgfahgik�ti}�p[_^a`D(sd ¡�[]^(qkdg[ � Y\|}vp`ndg[ H6� ��3°dE5w^ Hp� ��3°�45 �
��vk^g��dg�\��x jki}[�[]�\xH� i}�\ig[HY\qrbn^�`_x%^ajkY@$g`_Y�i}[H`]^��§^a`]^aqrbn^�[�d0otdg`]^a[%jk^
[_��xH�´ig�\i}[H^�� �kY\jkY�[]bndgqrbn^a[%jk^
vkx x�^�[_x%i?�\Y�x�Y\dg`�jk^Njk^��aY�[nhgik� ^#"6Y�[]bnY�`nhgi

(
√
M − 1)2 [_��xH� i}�\i}[%Y\qrb_^a`_x%^ajpY $g`]Y\i}[%`_^ �§^a`_^�qrbn^a[

dN�aigq �]vkqrbni}[�jp^ J0[_�\x	�´i}��i}[(^a��vkY\jpY\[]bndgqrbn^�[�jk^�vkx�o´i}qrb_i0�a^aqrb_`ndg� �C��[][_i�[_^�jk^#(}^"dgiN�°dsb_iNjk^
��vk^�qp^a[]b_^�o i}qrbni3[_^"^aqk��i}qrbn`_d iC��^aqrbn`]i�jki3�a`]v�&�dgx%^aqrb_i jk^"jkvtdg[%�°dgY+"pdg[�jk^"`_^adg�\Y�x�^�qrbedgfahgi
Y\qrb_^a`_x%^ajpY $g`]Y�dp��vpxWd `]^��§^�`_^aqrb_^Cdsi?^aY+"6i�~pi}`_Y)&ai}qrbeds�Z^Ni}v6bn`nd?dsi?^aY+"6i (g^a`]b_Y\�adg� � [_^�qkjki dgY�qkjtd
x%^aqki}` d ����i}q '�ds�kY\��Y\jtdgjp^ � jk^(vkx�d�dgx%i}[]b_`nd

zk

jk^aqrb_`_i%jk^a[cbed $g`_^adp�
�ZdCx%iOjkvk��dsf�hgiCl
¡�� � � bniOjki}[%i}[�[]�\xH� i}��i}[�qtdC[_dg�\jkd3jki3bn`_dgqk[_x%Y\[][_i}`��

sk

�wo´iOjk^axz[]^a`
jtdgjpi}[ o´i}`

sk = ej 2πm
M

+θ0

[_^�qkjki
m ∈ {1, 2, . . . ,M} ^ θ0

vpxWd-��i}qk[]bndgqrbn^s�¢� dg`_d�'tqk[¢jk^P[_Y�x�op�\Y)'k��dgfahgi jkd `]^aok`]^a[]^aqrbedgfahgik�
o i}`_��x&[]^ax o´^�`_jtdHjk^ |}^aqp^a`nds�\Y\jkdgjk^g�6dg��vkY´[_^a`%$Hjki}`_d�(sdgqrb_^-�ai}qp[_Y\jp^a`ndsjki

θ0 = 0
� � ^a[]b_^���dg[]ik�kd

�aigqk[]b_^a��dsf�hgi%^ax%ok`_^�|rdgjtd�o ^a�\i%jk^��aY\[]i}` �ai}x�[_dg�\jkdg[ Y�qrbn^a`]x�^�jkY $s`_Y�ds[�o´ig[_[_vpY
2M

o i}qrbni}[���jtdgjki}[
o i}`

sk = ej πm
M

�
m ∈ {1, 2, . . . , 2M}

XZY��§^�`_^aqrb_^ax%^aqrbn^-jpi}[�^a[]��vk^ax�dg[�jk^Zx�iOjkvk�\dgf�hgi�l
¡��	��lC�kl
¡��	� ��^ ��¡�� � ���Oqtd	x%iOjkvk��d�¡
f�hsi"l
¡��F� � dg[�`_^�|}Y@0O^a[ jk^�jk^��aY\[_hgi�[nhsi�otdg`ndsx�^ bn`_Y)&�dgjkdg[Zo i}` �sqk|}vk��i}[a� ��� Y�|}vk`_d Hp� !WY\��vk[]b_`nd
^a[]��vk^ax�dg[ jk^ x�iOjkvk�\dgf�hgiCJs¡��F� � ^���¡��F� � ��i}x;jk^��aY�[%0O^a[ Y\qrbn^�`_x%^ajkY@$g`_Y\dg[a�
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� Y\|gvk`_^;H6� !6��uwigqk[]b_^a��dsfG0O^a[ vk[ndsjtdg[ o´i}`Pjp^a�aY�[_i}`]^a[�Js¡�� � � 3 d�5P^ ��¡��F� � 3§�45w�ai}xMjk^a��Y\[%0O^a[
Y\qrb_^a`_x%^ajpY $g`]Y�dg[��

�ªiOjk^ax%i}[	ig�k[_^�`=(sdg`Hqtd�� Y\|}vp`nd Hp� ! 3 dE5 �Ovp^g�{jkY��§^a`_^�qrbn^ax%^aqrb_^�jki�l
¡��	��l ^�jtd�l
¡��	� ���
d�x�iOjkvk�\dgf�hgi Js¡��F� � 3 l�¡��F� � 5 o i}[][_vkY dgo ^aqtds[

M
[_�\x	�´i}��i}[PY\qrb_^a`_x%^ajpY $g`]Y\i}[��kqthgi%~td7(}^�qkjki�i
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[_��xH� i}�\i(jk^-dsotdg|rdgx%^aqrb_i 3
0
5 � ��[cbniHbndgxH� �ax (sdg�\^ otdg`_d	�aigqk[]b_^a��dsfG0O^a[P�F� ��x�dgY\i}`]^a[�3 l�¡��F� � 5 �

� v�[]^��_dp�ti%jk^��aY\[]i}` jk^ [ndg��jtdg[ Y\qrb_^a`_x%^ajpY $g`]Y�dg[��6`]^aok`]^a[_^�qrbedgjkiWqtd��ªY\|}vk`_d Hp� �6�pbn^�xmdgo ^aqtdg[
2M

[_��xH� i}�\i}[��
� jk^��aY\[]i}`�jk^�[_dg�\jkdg[PY\qrbn^�`_x%^ajkY@$g`_Y\dg[�vpbnY��\Y@&adgjki�otdg`nd�ds[Px�iOjkvk�\dgfG0O^a[�l
¡��F� � ����dg`_dg��b_^a`_Y ¡

&�dsjki�o´ig` vkx okdg`��gx%^�b_`_i-^���vkY)(sdg��^aqrbn^Pdsi-�\Y�x�Y\dg`
A
^ax%ok`_^�|rdgjki�qkdg[ x%i6jkvp��dgf106^�[{l
¡��;�-lC�}��vk^

�	i �gqk|}vp�\i
θ
� �Z[ `_^�|}Y@0O^a[ jk^	jp^a�aY�[nhgi�Y\qrbn^�`_x%^ajkY@$g`_Y\dg[a�pqki���ds[_i��F� ���´dg[_[]Y\x���i}x�iWdg[ `_^a|gY@0O^a[

jk^Hjp^a�aY�[nhgi�jpi
X-� y=�ai}qE(}^�qk�aY�i}qtdg� ��[nhsi�o´ig`]bedsq�b_ik�[]^�b_i}`_^�[ dgqk|}vk�\dg`_^�[a�´^H�av �_ds[ dg�´^�`]b_vk`ndg[Z[nhgi
otdg`_dgx%^�bn`]Y@&adgjtdg[�o ^a��i �gqk|}vk��i

θ
�

� Y\jk��Y�dZ^�x�ok`]^a|rdsjtd�dgqrbn^�`_Y\ig`_x%^aqrbn^�[]^PxWdsq�b_�ax"�}i}v�[]^��_dp����vtdgqrbni x�dgY\[ªok`%:7"6Y\x%i-jki���Y\x%Y�dg`
jk^�jk^��aY\[_hgi�^a[cbnY+(}^a` i
[_Y�qtdg�

zk

x%^aqpi}`-[_^�`/$"d�[_vtd ����i}q '�dg�pY\�\Y�jtdgjk^ �s�(XZ^a[cbed��§i}`_x�dp�*d�^�[_�aig�\~td
jk^

θ
[]^(Y�q �tvk^�qk�aY\dHqtdHbed "pd�jk^�^�`_`_i�jki�[]Y\[cbn^ax�dp��u�dg[]i

θ
[_^��_d�x	vkY�b_i�|}`ndgqpjk^�xHvkY�bni}[�[_�\x	�´i}��i}[

����i}q '4$7(}^�Y\[ ��jk^�Y+"pdg`_hgiAjk^�[_^a`
^�x�ok`]^a|rdsjki}[
o´^���d�[]^af�hsiJjk^�`_^adg�\Y�x�^�qrbedgfahgi�jki ^a��vtdg��Y@&adgjki}`��
Y\x%o ^ajkY�qkjkiN��vk^
dN��yF�?jk^1(OY\jpi�dgi}[�o :}[c¡ �avk`][_i}`]^a[�[_^��_d0��dgqk��^a�\dgjtdN�aig`_`_^ bedgx%^aqrb_^g��� i}`�i}vpb_`_i
��dsjkik�}[]^

θ
�§i}`{xHvpY�bni�o ^a��vk^�qkik�OxHvkY�bni}[ []�\xH� i}��i}[ ��qthsis¡���i}q '4$7(}^�Y\[ � []^a`nhsi(v6bnY\��Y@&adgjki}[ o ^a��i;'t��b_`_i

jk^P`]^�dg��Y\x%^aqrbedgfahgik� ok`_igx�i�(}^�qkjki vkx ��dgqp�a^a�\dgx%^aqrbni�^�`_` �gqk^ai jtd-��yF�H^�o i6jk^�qkjki dsb_��jk^ bn^a`]Y\i}`_dg`
[_ig�k`_^�xWdgqp^aY\`_d�jk^a[]^ax%o´^�qk~ki%jki�[_Y\[cbn^�xWdp�

�Z[_[]Y\x ��i}x%i(qpi(�adg[_i(jki �\Y�x�Y\dg`
A
�rqthgi(~�$�vkx�d-�§i}`_x�d-dgqtds�\��b_Y\�ad �§^a�e~tdsjtd(okdg`nd��7$s�\��vk�\i�jk^

(sdg�\ig`_^a[ dgok`_igok`_Y\dgjki}[ªjk^
θ
�r[]^aqkjki qk^��a^�[_[/$s`_Y\i otds`ndZbedsq�b_i `_^�ds�\Y@&adg` [_Y\x	vk��dgf106^�[ ��i}x�opvpbedg��Y\i}qkdgY\[��

XZ^�[]bed��§i}`]xWdp�sotdg`_d i(l�¡��F� ���rd�^a[]�ai}��~td-jki �gqk|}vp�\i
θ
:gb_Y\x%ik�sqpi([]^aqrbnY�jki jk^Px%Y\qkY�x�Y)&�dg` d-bed "pd

jk^(^a`]`_iWjpiW[_Y�[]b_^ax�dp�k�§i}Y��§^aY�bed�qk^a[cbn^(bn`nds�tdg�\~pi%jp^�x�dgqk^�Y\`nd�[]Y\x%Y\��ds` >%^�[_��i}�\~td%jkiW��Y\x%Y�dg`
A
�´i}v

[_^��_dp� (sdg`]Y�dgqkjpi�iN[]^av (sdg��i}`�d�otdg`cbnY�`�jk^ &a^�`_i 3
θ = 0 → X-� y��aigq (g^aqk��Y\i}qkdg� 5(dsbn��vkx (gds�\i}`

`nd�&aiE$7(}^�� �P��vk^Njp^ao ^aqkjk^0jkd �ai}[cbn^���dgfahgi�dgjpigbedgjkdp� ����dgjtdCY\qk��`_^ax%^aqrb_i�^ax
θ
^�[]b_Y\x%i}v6¡�[]^�i

(sdg�\ig`-jtd�bed "pd
jk^�^a`]`_i
jk^��kY�b-jki�XZ� y �aigq (g^aqk��Y\i}qkdg�{^�jki"y ¡�X-� yP����dg��^H�\^�xH�k`nds`��Ovp^%okdg`nd
vkx�d���i}`_`]^�bed�^a[_��i}�\~kd	jkiHotds`��gx%^�b_`_i�dg[�jkvtds[�bn���aqkY���dg[�jk^1(g^ax&^ax%ok`_^�|rdg`wig[wx%^a[_x%i}[�[_Y�qtdgY\[�jk^
^aqrb_`ndgjtd�qki�jk^��aY\[]i}`�3

zk

5 �
uwi}x i3dgvkx%^aqrb_i0jk^

θ
d0`nd�&ahgi0^aqrbn`]^
^a[_[_dg[�bed "pdg[���d�op`_Y\qp�a�\opY\i�[]^�bni}`]qtdNx�^�qki}`H��vk^"d

vkqkY�jtdgjk^s� �e~k^�|rdgqkjkiNd�vkx (sdg�\i}`(x%�\qkY�x�ik�*��vk^WY\qkjkY���d
i (sdg�\ig`(jp^
θ
:gb_Y\x%i
[_^a|gvkqkjki0��`_Y�b_�a`]Y\i

dgjkisbedgjkip� �Pi3[_^�vp��bn`_dgotdg[][ndg`�iB(sdg�\i}`�jp^
θ
:gbnY�x�ip��i3jk^�[_^ax%o ^aqk~ki jkiC[]Y\[cbn^ax�d0bn^aqpjk^Nd�[_^

jk^ bn^a`]Y\i}`_dg`a����[][_i
[_^ �]vp[]bnY+'t��d�o ^a��iW�°dsb_i�jk^H��vk^�xWdsY\[ dgx�ig[]bn`_dg[
zk

� �ai}q '�$�(g^aY�[��H^a[cbehgi�jk^�qrbn`_i
jtd�`]^a|}Y\hgi"jk^W`]^�dg��Y\x%^aqrbedgfahgi"Y\qrbn^�`_x%^ajkY@$g`_Y\dp� i���vk^�`]^a[_vp��bed"qkiN^�x�ok`]^a|}i�jk^�[]�\xH� i}�\ig[�Y\qrbn^�`c¡
x%^ajkY@$g`_Y�i}[-^��ai}qp[_^a� �k^�qrbn^ax%^aqrb_^�qtd"o ^a`]jtd
jk^�Y�qp�§i}`]xWdgfahgi ����i}q '4$7(g^a� ��jki"[_�\x	�´i}��i�jk^��aY\jpY\jki
��vk^�[_^�`_Y\d	vpbnY��\Y)&�dgjtd otdg`_dHdH^a��Y\x%Y\qtdsf�hgi jk^-��yF��qtdHdsx�i}[cbn`_dHdsbnvkdg� � � (sdg��i}`�jp^

θ
:gb_Y\x%i�bn^�qkjk^

d�jkY\x%Y\q�vkY�`w��i}x;i%dgvkx%^aqrbni�jtd ��� � ^ax%ok`]^a|rdgjkdp�

JE!
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� y ¡�XZ� y dgop`_^a[]^aqrbed"dg��|}vkx�dg[Z��Y\x%Y�bedsfG0O^a[a��uwi}qp�§i}`]x�^Hig�k[_^�`=(sdgjki
^ax 3 u � ���	� �e� 87 � E!�5 �

otdg`_d?i?�´i}x �§vkqk��Y\i}qtdsx�^�q�b_i?jk^a[][_^3^a[]�Ovp^ax�d jk^0^���vtdg�\Y)&�dgfahgi?�0qk^��a^a[][/$g`]Y\i ��vk^�i?[_Y\[cbn^�xWd
o i}[_[]vtd�vkx 'k��bn`]i d7(gdsq�b_^���dsotd�&Pjk^P^��\Y\x%Y\qkdg` ok`ndsb_Y\�adgx�^�qrbn^�b_i6jkd�d-Y\q �tvp�aqk��Y�d-jki}[ ok`_� ¡��avp`_[_ig`_^a[
jki��adgqtdg� ��u�dg[]i��aigq�b_`/$g`]Y\ik�´d�b_�a�aqpY\��d�o´iOjk^Hdsok`_^�[_^aqrbndg`-bed "pdg[ jk^H^�`_`_iWokY\i}`]^a[ �Ovp^�dWjki�XZ� y
�aigq (g^aqk��Y\i}qkdg� �PY�qkjk^ao ^aqpjk^aqrbn^0jkdC^a[]�ai}��~td jki �\Y\x%Y�ds`

A
3§i}v

θ
5 � � �\��xzjkY\[][_ik� dCb_�a��qkY\�adC�§i}Y

ok`]i}o´ig[]bed%otdg`_dW��dgqkdgY\[ Y\qE(sdg`_Y\dgqrbn^�[ qki%bn^�x�o iW^(bniOjtdWdgq�$g�\Y�[_^(`_^�ds�\Y@&adgjtd�^ax 3 u � ���	� �e� 8� � �!�5
[_^ �tds[_^aY\d�qki �ai}qk~p^a�aY�x�^�qrbni(jtd�`_^a[]o´ig[]bed(dgi Y\x%okvk��[_i-jpi(�adgqtdg� � y{[]bnd b_�a��qkY\�ad(dsY\qkjtd�dsok`_^�[_^aqrbnd
i�Y\qk��i}qE(}^�qkY\^�q�b_^�jp^(qp^a�a^�[_[]Y�beds` jk^ vkx;d��]vk[]b_^ ^ax%ok�\`]Y\�ai	jki�okdg`��gx%^�b_`_i

A
3°igv

θ
5 �

�ªi}`�i}vpb_`_i���dsjkik�{i3y ¡�X-� y dgok`_^�[_^�q�bndC�tdsY+"pdN�ai}x%ok��^#"6Y\jtdsjk^��ai}x%okvpbndg�aY�i}qtdg��^�ok`_igokY\��Y�d
|rdgqp~ki}[{^ax bn^�`_x%i}[ jtdZbnd "pd-jk^P^a`]`_i jk^P�kY�b��rdg���ax jk^�x%^a��~ki}`_^�[ ��ds`ndg� bn^a`]�\[cbnY\�adg[ qtd�jkY�[]b_`_Y\�pvkY\fahgi
jk^ [_vp`]bnig[a�¢��[_[]iW[_^�`/$�^#"6ok��i}`ndgjpi%^�x;x�dgY\i}`]^a[�jp^�beds�\~k^�[ qpi�u�dgop��bnvp�\i � �td bn`nd7(g�a[ jk^ [_Y\x	vk��dgf106^�[
�aigx�okv6bedg��Y\i}qtdsY\[a�x�i}[cbn`_dgqkjki�bniOjki�i"ok`_iO�a^�[_[]i�jk^%d��]vp[]bn^�otds`nd
^a[]bnd
b_�a��qkY\�ad
^�i}[�`]^a[]vk��bndgjki}[
jk^�bedsxWdgqp~ki�x���jkY\i�^�jkY�[]b_`_Y\�pvkY\fahgi�jk^ [_vk`cbni}[��

Hp� � ��¡�X-� y ¡�X-� y u � l � y �Z£ �cl�yF��
 � � � � � ����-y

� i�bn`_dg�tdg��~ki�dgok`]^a[]^aqrbedgjpi�^�x 3 � �-£ � � � �D� �����	��� �������E5 ��§i}Yªok`_i}o i}[cbed�i}vpb_`nd�bn���aqkY���d
otdg`_d	jkY�x�Y�qOvpY\f�hsi�jtdHop`_i}otds|rdgf�hsiHjk^-^�`_`_i�qpi�X-� yP�ky{[][ndHbn���aqkY���dp�pdg��vkY�jk^�qki}x%Y\qtdgjkd�jk^�XZ� y
�aigx�`]^�dg��Y\x%^aqrbedgfahgi%[_vtd7(}^s����vk^�[_^�`/$Wjpi}`nd7(sdgqrbn^Hjp^aqkigbndgjtdWo i}`	��¡�X-� yI3§jkiWb_^a`_x%i�^�x�Y�qk|}�\��[
� � # � � 4�5�) �,5 ���tdg[]^aY\d ¡�[]^�qtd�Y\jk��Y�d�jk^	jk^��aY�[nhgi�[_vtd7(}^	otdg`nd 'tqk[-jp^	vk[]i�jtd�[]^afahgi�jk^�`_^�ds�\Y\x%^aqO¡
bedsf�hgi�jki�X-� yP�

� `]^��§^a`]Y\jki
ds`]bnY�|}i�ok`]i}o 06^Hjpi}Y\[ �a`_Y�bn��`_Y\ig[-otdg`_d�i�^a[]bndg� ^a�\^��aY�x�^�q�b_i�jtdW�§vkqkfahgi�jki�jk^��aY�[_i}`
[_vkd�(g^g��x�Y�qkY\x%Y@&adgf�hgi�jki%^a`_`]i�x%�ajpY\i���vtdgjk`%$sbnY��ai 3 l �6y ��jki�b_^a`_x%i%^ax;Y�qk|}�\��[ �M� ����� ����� ��! �3

��! !+#! �65wqtd�^aqrbn`_dgjtd�jki�jkY\[]o´i}[]Y�b_Y)(}i�jp^�jk^��aY�[nhgik�p^(x%Y\qpY\x%Y@&�dsf�hgi(jtd�ok`_i}�kdg�kY\��Y\jtdsjk^Zjk^ ^�`_`_ip�

� isbnY\x%Y@&adgf�hsi�jki"jkY\[]o´i}[]Y�b_Y)(}i�jp^a�aY�[_i}`(dsb_`nd7(}��[�jkd
x%Y\qpY\x%Y@&�dsf�hgi�jtd
bnd "pd�jk^�^a`_`]i�jp^%�pY�b
�%jk^a[]^aqE(}i}�+(OY\jtdNdso´^�qtdg[	okdg`nd
x�iOjkvk�\dgfG0O^a[ ���F� ��� jtdgjkd�d���i}x%ok�\^,"pY�jtdgjk^�jtds[�^��OvkdgfG0O^a[H^�q6¡
(}ig�)(OY\jtds[a�kqthsi%[]^aqkjpiW^aqrbnhgi�jp^(Y�qrbn^a`]^a[][_^(^#"6o´ig`Pqk^a[cbed�[]^afahgi�i�[]^av�jp^a[_^�qE(}i}�+(6Y�x�^�qrbnik�

�Zd	�ªY\|}vk`_d�H6� �(�Zdgop`_^a[]^aqrbedsjki�i	jkY\dg|}`_dgxWd-jp^Z�k��i6��i}[�okdg`nd�d�^a[]�ai}��~td�jpi	[_Y�qtdg�
dk

�O^ax%ok`]^ ¡
|rdgjpi%qpi 'k��bn`]i�jk^ `_^�ds�\Y\x%^aqrbndgf�hgi	�Ovkdgqkjki%jtd�vpbnY��\Y@&adgf�hsiHjtdHbn���aqkY���d ��¡�X-� y �

� ��¡�X-� y�^�x�op`_^a|}d�jk^a��Y\[nhsi ds�k`_vko6bedPotdg`_dPd ^�[_��i}�\~tdPjkig[*[_�\x	�´i}��i}[
ŝk

���ai}qp�§ig`_x%^{x�i}[cbn`_dgjki
qtd�� Y�|}vk`_d Hp�+8}�p^�jk^��aY�[nhgi�[]vtd7(}^ otdg`_dHi�[_Y\qkdg�

dk

v6bnY\��Y@&adgjki	qkdH`_^�ds�\Y\x%^aqrbndgf�hgi�jki�^a��vtdg��Y@&adgjki}`��
XZ^�[]bed��§i}`]xWdp�

dk

�(jkdgjki%o´i}`
dk = ψopt(zk)

3 Hp� �E5
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� Y\|gvk`_^ Hp� �p�¢XZY\dg|}`_dgxWd�jk^ �k�\iO�ai}[Pjpi �r¡�X-� yP�

[_^�qkjki
ψopt(·)

vkx�dH�§vkqkfahgi�qthgi%�\Y\qp^�dg`��
XZ^1'tqpY\qkjki

h
��i}x�i

h = Cf
3 Hp�  E5

qtd"�Ovkdg�
C
�%jk^1'tqpY\jtd"�ai}x%i�d"xWd bn`_Y)&�jk^W��i}qE(}i}��vkf�hsi�jki���dgqtds� � i}�pb_Y\jtd"d�otds`]bnY�` jtd � �-jki

��dsqtdg�
c
�´op`_^1(OY\dgx�^�qrbn^(jk^1'tqpY\jtd�otdg`_dWdWy{��vtdgfahgi �O� � ��^

f
`]^aok`]^a[]^aqrbedWvpx2(g^�b_i}` ��i}qrbn^�qkjki�i}[

Lf

�aiO^1't��Y\^�q�b_^a[ jki 't��bn`]iWd7(sdgqrbn^s� � i6jp^ ¡�[]^	^�q�bnhgiW^,"6ok�\Y��aY�bndg` i�[]Y\qtds�
zk

��vk^	�e~p^a|rd�dsi�jk^��aY�[_i}`
�aigx�i

zk = sH
k h + wH

k f − dH
k b

3 Hp�+8��E5
[_^�qkjki

(·)H
iNb_`ndgqp[_o i}[]b_i0�ai}q �]vp|rdgjki0jk^

(·) ^�i}qkjk^ sk = [sk, sk−1, ..., sk−Lh
]T
��vkx (}^ bni}`

�aigq�b_^aqkjpiH[_��xH�´ig�\i}[ b_`ndgqk[]x�Y�bnY�jki}[a�
wk

vkx (g^�bnig`w�aigq�b_^aqkjpiH`_vk��jki(�k`ndgqp�ai	|}dgvk[_[]Y�dgqpi�jtdsjki	o i}`
wk = [wk, wk−1, ..., wk−Lf

]T
��^

dk

i (g^�bnig`Zjk^([_��xH�´ig�\i}[Pjk^ bn^���bedsjki}[-o ^a��i�`]^a�a^�opbnig` jtdsjkiWo i}`
dk = [dk, dk−1, ..., dk−Lb

]T
��� i}`�'tx

b
�Hi (g^�bnig`-jk^H��i6^#'t�aY�^aqrbn^�[�jki 't��bn`_i�jk^H`]^�dg��Y\x%^aqrbedgfahgi

�aigx
Lb

��i6^#'t�aY�^aqrbn^�[a�
b = [b1, b2, ..., bLb

]T
�

� dg`_d�i}�pbn^�`�d�^#"6ok`]^a[][nhgi qthgi���Y\qk^adg`Wjpi?jk^a��Y\[_ig`�[_vtd7(g^�dg[_[]vkx�^ ¡�[]^0�Ovp^0i}[��aiO^1'k�aY\^�qrbn^a[
:gb_Y\x%i}[�jki}[ 't��b_`_i}[�d7(gdsq�b_^�^"jk^�`]^�dg��Y\x%^aqrbedsf�hgi�[nhsi �aigqk~k^a��Y\jkig[Wo ^a�\i3`_^��a^�opbni}`���bn^�qkjki�[]Y\jki
igb_Y\x%Y@&�dsjki}[�o´^��\iH��`_Y�b_�a`]Y\i	jp^ A��!+#%> �I#!;:�� ����i}v"lNl �6y 3°jki�bn^a`]x�i	^axMY�qk|}���a[�� � � �J��� ��� � �����
����� ��! � ��! !+#! �75 �
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� ^�qrbn`ndsjtd%jpi%jp^a�aY�[_i}`���dgok`]^a[_^�qrbedgjtd%^ax H6�)8��6�ko´iOjk^�[]^a` ^#"6ok`]^a[_[_dWjtd�[_^�|}vkY�q�b_^ xWdgqp^aY\`_d

zk = sk + ηk

3 Hp�+8�8 5

i}qkjp^
ηk

��jk^1'tqpY\jki �ai}x%i-d [_i}x�d jpi-`_vk��jki ok`_i�(}^�qkY\^�qrbn^�jtd ��yF��`_^�[_Y\jpvtdg��^wjki `_vk��jkiZ�(dgvp[_[_Y\dgqki
't��bn`ndsjkik�p[]^aqkjpiWjtdgjpi%o ^a�\d�^#"6ok`_^�[_[_hgi

ηk = qk + b1(sk−1 − dk−1),
3 Hp�+8 ��5

i}qkjp^
qk
�wvpx op`_iO�a^a[][_i�ds�\^�d b/:}`]Y\i ��vk^w��i}x�op`_^a^�qkjk^�iZx%i6jk^��\i jk^w��yF��jp^1(OY\jkiZdgi}[ o9:g[c¡���vk`_[]i}`_^�[a�

iW`]vk�\jpi 't��bn`_dgjkik� d���yF��`]^a[]Y\jkvtds� jp^1(OY\jki�dgi}[ ok`_� ¡��avp`_[_ig`_^a[Z^	d%��y �"`_^a[]Y\jkvkdg� jk^1(OY\jpi�dgi}[ o9:g[c¡
�avp`_[_ig`_^a[���`_^a[]o´^���b_Y)(sdgx%^aqrbn^ jk^�[_�a`]Y�b_i}[ qki��\dgjki�jkY�`_^�Y�bni�jkd�^���vtdgf�hsiWd�[_^�|}vkY\`��

qk =

Lb∑

i=2

bi(sk−i − dk−i) +

Lf∑

i=0

fiwk−i +

δ−1∑

i=0

hisk+δ−i +

Lh∑

i=δ+Lb+1

hisk+δ−i

3 Hp�+8�HE5

uwi}qk[]Y\jk^�`ndgqpjki���vk^0dg[��ai}x%o i}qk^aqrb_^a[Wjpi (}^ bni}`
w

3 y{��vtdgf�hsi Hp�)87�E5�[_hgi�dsx�i}[cbn`_dg[�jp^�`_vp�\jki
�k`_dgqk�aiH�(dsvk[_[]Y�dgqkip�rjk^ x%�ajpY�d�q�vk��dp��i(`_vk��jki 't��b_`ndgjki�bndgxH� �ax o i}[_vpY x%�ajpY�d�q�vk��dp� £ ^#(sdgqkjkis¡ [_^
^ax �ai}qrbed���vk^ dg[{�aigqk[]b_^a��dsfG0O^a[�dgjkigbndgjtdg[{[_hgi [_Y�x�� bn`_Y���dg[ ^ax `]^a��dsf�hgi >�i}`]Y\|}^�x��rd���yF��`_^a[]Y\jkvkdg�
bedsxH�´��x bn^�x x���jkY�d�q�vk��d6���6^ d��avp`=(sd�jk^ `_^�[_o i}[]bnd�jki�jkY\[]o´ig[_Y�b_Y)(gi(jp^ jk^��aY�[nhgi�� []Y\x%��bn`]Y\�ad ^�x
`_^���dgfahgi->�i}`_Y�|}^ax"��i}[Zbn^�`_x%i}[ZjkdW��yF��jk^1(OY\jkd�dgi}[ o9:}[�¡���vk`_[]i}`_^�[Zbedgx	�´��x o i}[][_vkYªx���jkY�d &a^a`]ik�
�6^�qkjki-ds[_[_Y�x��

ηk

b_^a`/$ bedgx	�´��xUx���jkY�dPq�vk�\dp� �Pjpx�Y�bn^ ¡ [_^�dgY\qpjtdP^ax 3 � �-£ � � � �D� �����	�����������E5
��vk^

ηk

bn^�x;jkY�[]bn`]Y\�kvpY\f�hsiHjk^ ok`_ig�tdg�kY��\Y\jkdgjk^ � dgvk[][_Y�dsqtdp�
��igbnY�x�Y)&�dgfahgiWjki�jpY\[_o i}[]Y�bnY+(}i�jk^�jp^a�aY�[nhgi
[]vtd7(}^g� ��i}qp�§i}`]x�^Hi
��`_Y�b_�a`]Y\i�jk^�isbnY\x%Y@&adgf�hsiWjk^

x%Y\qkY�x�Y)&�dgfahgi�jpiWy�lN� � i}�6bnY\jkdH�ai}x

ψopt(zk) =
�

[sk|zk],
3 Hp�+87J 5

qtd���vtdg�*�
[X|Y ]

`]^aok`]^a[_^�qrbedWi (sdg�\ig`�^a[]o´^�`ndgjki%jk^
X
�ai}qkjpY\�aY�i}qtdgjpi�d

Y
�

uwi}qk[_Y�jk^a`_dgqkjki bniOjtdg[ ds[*[_vko i}[_Y�fG0O^a[*�§^aY�bedg[ok`_^#(6Y\dgx%^aqrbn^¢^{jk^�[_^aqE(gi}�)(g^aqkjki-dsbn`_d�(g�a[ jtdP`_^�|}`nd
jk^���d7<}^�[-d%y¢��vtdsf�hgi Hp�)8GJk�t�e~k^a|}d ¡�[]^ >�[_^a|gvkY\qrbn^(^#"6ok`]^a[][nhgi�okdg`nd���dg`_dg��b_^a`]Y@&�ds` d�i}o ^a`_dgf�hgi%jki
jk^��aY\[]i}`
[_vtd7(g^g�(d ��vtds��� (�$g��Y\jtd�otds`nd?��vtdg�\��vk^�`���i}qk[cbn^a�\dgf�hsiG��Y\qk^adg`�jk^3jkvtdg[
jkY�x�^�qk[%0O^a[
^
[_��xH� i}�\i}[w^a��vkY\op`_i�(�$�(g^aY�[a�

ψopt(zn) =

∑

S∈A S exp
[
−S∗S+z∗nS+S∗zn

σ2
z

]

∑

S∈A exp
[
−S∗S+z∗nS+S∗zn

σ2
z

] ,
3 Hp�+8 � 5

i}qkjp^ A �%i���i}q �]vkqrb_i�jk^�[_�\x	�´i}��i}[�jtd
�ai}qp[]bn^���dgfahgi�v6bnY\��Y@&adgjtdp�*[]^aqkjki�qki��adg[_i�^a[_o ^a���)'t��iNjki
l
¡��;�-l!`]^aok`]^a[]^aqrbedgjpiWo ^a��d�y{��vtdgfahgi-H6� !H^

σ2
z

� d (sdg`]Y �gqk��Y�d	jkd (sdg`]Y $7(}^��
zk

�
� �



� (sdg��i}`(jtd (sdg`_Y �gqk�aY\d"jp^
zk

�
σ2

z

�{o´iOjk^W[]^a`H^�[]b_Y\x�dgjki�jp^�xWdsqk^aY�`nd�`]^a��vk`_[]Y)(sdNjkvk`_dgqrbn^�i
ok`]i6��^a[_[]i�jp^(b_`_^aY�qtdgx%^aqrbni�^�b_`ndgqk[]x�Y�[_[_hgik�kjtd�[]^a|}vkY�qrbn^ xWdsqk^aY�`nd

σ̂2
k+1 = λσ̂2

k + (1 − λ)|yk − ŝk|2
3 Hp�+8��E5

i}qkjp^
λ ∈ (0, 1)

`]^aok`]^a[_^�qrbed�vpxM�°dsbnig`Pjk^ ^a[_��vk^��aY�x�^�q�b_ik�

Hp� �6� �p� � u � �	�O��X-y���� ����yF��� �����Z�D� � � � � y � ��¡�X-� y
� ��¡�XZ� y�dgok`]^a[]^aqrbed(�ai}x%i o´i}qrb_i(o i}[]Y�bnY+(}ik�r^�x `_^���dgfahgi >g[{bn���aqkY���dg[�dgok`]^a[]^aqrbedgjkdg[�dgqrb_^a`_Y ¡

i}`]x�^�q�b_^g�6i	�°dsbni	jk^-qthgi	[_^a`wqk^a��^a[_[%$g`_Y�i�d��]vk[cbedg`�op`_^1(OY\dgx�^�qrbn^-qk^�qk~�vkxMokdg`��gx%^�b_`_i�otdg`nd	d	[_vtd
dgok��Y\�adgf�hgip�6��i}x�i	�-i���dg[]i�jki��\Y�x�Y\dg`

A
otdg`_dHd	bn���aqkY���d�y ¡�X-� y �k�ªi}`�igvpbn`]i���dgjkip�6^�[_[nd�b_�a�aqpY\��d

dgok`]^a[]^aqrbed�vkx�d	xWdsY\i}`��ai}x%ok��^#"6Y\jtdsjk^-�aigx�okv6bedg��Y\i}qtds� ����vk^(dgvkx%^aqrbedH[]Y\|}qkY+'t��d bnY)(sdgx%^aqrb_^ ��i}x
iNdsvkx�^�qrbni"jtd�i}`]jk^ax jkd��aigqk[]b_^a��dsf�hgi�vpbnY��\Y@&adgjtdp�*��i}qp�§i}`]x�^%dgop`_^a[]^aqrbedsjkiNqtd�y¢��vtdsf�hgi Hp�)8 � �
�Z���ax jkY�[_[]ik� i��7$g���avk��i�jtd"x�� bn`]Y\��d
jk^�jk^a��Y\[nhsi�[_vkd�(g^�jk^�o´^�qkjk^�jtd (sdg`_Y �gqk�aY\d

σ2
z

� ��v �]i (sdg��i}`
jk^#(}^([_^a` ^�[]bnY�xWdsjki�`_^a��vk`_[]Y)(sdgx%^aqrbn^s�

� v6bn`nd jkY)'k�avk��jtdgjk^9dgok`]^a[_^�qrbedgjtd o ^a�\d+b_�a��qkY\�ad ^a[cb6$ `]^a�\dg�aY�i}qtdgjtd > Y�qk[]bndg�kY��\Y\jkdgjk^ jtd
x%��bn`]Y\�adN|}^a`_dgjtd0o´^���d0y{��vtdgfahgi H6�)8 � otds`nd0�ai}qrb_^a��dsfG0O^a[ 8�� ¡��	��l ^ ��Js¡��;�-lC� jtdsjki}[�i}[ (sd ¡
�\ig`_^a[��kdgY+"6i}[�i}�6bnY\jpi}[�qki3�7$g���avk��i0jk^

σ̂2
k

� y{[]bn^
o i}qrbni3[_^�`/$�x�^��\~ki}`	^#"6ok�\ig`ndgjki�qkiCu�dgop��bnvp�\i
� �

� i�b_`ndg�kdg�\~ki�dgok`]^a[]^aqrbedgjpi0^ax 3 ��� � �F� �-�D�6��
�� �  £¢�F8� � ��E5�bndgxH� �ax �§i}Y¢^�x�ok`]^a|rdsjtd�d
y{��vtdgf�hsi Hp�+87J�otdg`_d 'tqk[ jk^ jk^a`cbn^a`]x�Y�qtdgfahgi�jk^��§vkqkfahgi�jp^(jp^a�aY�[nhgi%qthgi ¡��\Y�qk^�ds`wotdg`_d�`_^�ds�\Y\x%^aqO¡
bedsf�hgi�[]vtd7(}^g� � i�^aqrbedsq�b_ik� qki�`_^ �§^a`]Y\jki�bn`_dg�tdg��~kiW�§i}YªvpbnY��\Y)&�dgjki�vkx�dW�§vkqkf�hsi"��vk[]b_i
jkY��§^�`_^aqrb_^g�
dgok`]i7"pY�xWdsqkjki�i%dg�\|gi}`_Y�bnx%i�l �Z�)�Ovp^(x%Y\qpY\x%Y@&�d(i%y�l�� ^aqrbn`]^

s(k)
^
d(k)

�
dk = ψopt(sk)

�

Hp� H u�¡�X-� yA¡�X-� y u � l � yF�.
�� � � � � X-y � � 
 � �Zuw��� ��� � y �-£*�cl�y���
 � � � �

y¢x 3 � y��
 y�� ������� 8 5�ok`]i}o 06^ ¡�[_^�vkx�d b_�a��qkY\�ad otdg`_d d bn^aq�vtds`ªi}[ ^��§^�Y�b_i}[ªjkd `_^adg�\Y�x�^�qrbedgfahgi
jk^N^�`_`]i}[�dsb_`nd7(}��[�jtd�Y\qk��i}`_o i}`_dgf�hgiCjk^Nvkx jk^��aY\[]i}`�jk^�[ndg��jtdg[WY�qrbn^a`]x�^�jkY $s`_Y�ds[%qkd�[_^afahgi?jk^
`_^adg�\Y�x�^�qrbedgfahgi�jki�X-� y)�aigq �]vkqrbedgx%^aqrb_^���i}x�i�^�x�op`_^a|gi�jk^ vkx�d ��`_^�[]bn`]Y\fahgi�jk^�qpi}`_x�d��-qki}[
�aiO^1'k�aY\^�qrbn^a[�qki 'k��bn`]i�jp^�`]^�dg��Y\x%^aqrbedgfahgik��y{[]bed"bn�a��qkY\�ad���dg��vkY¢jk^aqpi}x�Y�qtdgjtd
jk^Wu�¡�X-� y � jki
bn^�`_x%i}[P^axMY\qk|}���a[ 2 #� ��� ! ��� � �3
04-5�)��

� ok`]Y\qk���\okY�i�jk^�[]b_^�ok`_iO�a^�jkY\x%^aqrbni����ai}xH�pY\qtdg`	dg[C(sdgqrbeds|}^aqk[�jp^�jkvtdg[Hb_�a��qkY\�adg[ �%$N^#"6Y�[c¡
bn^�qrbn^a[ otds`nd�i}�pb_^a`�vkx�d�x�^��\~kig`nd�dgjkY��aY�i}qtdg� jk^�jk^�[_^ax%o ^aqk~kip� �Zd
� Y\|gvk`nd Hp�  ���dgok`]^a[]^aqrbedgjpi
i
jkY�ds|}`ndgx�dWjk^��p�\iO�ai}[�[]Y\x%ok�\Y+'t��dgjpiWotdg`_d
d�b_�a��qkY\�ad�u�¡�X-� yP� � ds`nd
d�jk^a��Y\[nhsi"��i}x []�\xH� i}��i}[
Y\qrb_^a`_x%^ajpY $g`]Y\i}[ �§i}YtvpbnY��\Y)&�dgjtdZd b_�a�aqpY\��d y ¡�XZ� y�dgok`]^a[]^aqrbedgjkd�^ax 3 u � ����� �e�48� � E!�5ª^ jkY\[]�avpb_Y\jtd
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� Y�|}vk`]^;Hp�  p��XZY�dg|g`ndgx�d	jk^ �k��i6��i}[Potdg`_d%ds[ b_�a��qkY\�adg[ jk^ �ai}xH�kdsbn^ d�ok`]i}otdg|rdsf�hgi�jk^ ^a`]`_i}[��
vpbnY��\Y)&�dgqkjpiHi�u�¡�X-� yP�

qtd�ok`]Y\x%^aY\`_d []^af�hsi�jk^�[]b_^ �adgok��bnvk��ik�g^P[]^ �pvk[_��i}v�^�x 3 ��y¢X	����� � ��87 � E!�5ª^ 3 l � 
��Zy �+�48� � �!�5
d�x�isbnY)(sdgfahgiHotds`nd�i�jk^a[]^aqE(}i}�+(OY\x%^aqrbni%jtd�`_^a[cbn`]Y\f�hsi%jp^(o igb_�aqk��Y�dHqtd�`_^adg�\Y�x�^�qrbedgfahgi�jki%X-� yP�

y¢x 3 �wy�X����	��� ��8� � E!�5*i dgvpbnig` ^#"6o 06^�dg[ (sdgqrbedg|g^aqk[{ok`]i�(}^aqpY\^aqrb_^a[¢jtdZ`]^a[]b_`_Y�f�hgi-Y�x�o i}[cbed
>�[_^�f�hgi
jk^�`]^�dg��Y\x%^aqrbedsf�hgi�jki
X-� yP��jk^�x�igqk[]b_`ndgqkjpi��Ovp^g� dgo ^a[_dg`�jk^g�qki
��dg[]ik�*dgvkx%^aqrbndg`-jk^
x�dgqk^aY�`nd�x%i6jk^�[]bnd�d ok`_ig�tdg�kY��\Y\jkdgjk^�jk^ ^a`]`_i(jk^ �kY�ba�O^�[]b_^ ok`]i6��^ajkY�x�^�qrbni(jkY\x%Y\q�vkYk��i}qk[]Y\jk^�`nd7(}^���¡
x%^aqrbn^ i�bedgx�dgqk~pi%x%�ajpY\i�jki}[ []vk`]b_i}[a�

�G`]^a[]b_`_Y�f�hgi qki�'t��bn`]i jk^�`_^adg�\Y�x�^�q�bndgf�hsi jpi�u�¡�XZ� y
b̃
�wi}�6bnY\jkd d otdg`cbnY\` jkig[ (sdg�\ig`_^a[ :gb_Y\x%i}[

3°[]^a|}vpqkjki0iN��`_Y�b_�a`]Y\i�jp^ �=Y\^�qk^a`/5(otdg`_d�i}[��aiO^1't��Y\^aqrb_^a[�jki 'k��bn`]i�jk^W`_^�ds�\Y\x%^aqrbndgf�hgi"jki0XZ� y
�aigq (g^aqk��Y\i}qkdg�

(b)
�t[]^aqkjpi�^,"pop`_^a[][ndWjkd�[]^a|}vpY\qrbn^ x�dgqk^aY�`ndp�

b̃ =
√
γb

3 Hp�+8 !�5

i}qkjp^
γ
�(i%otdg` �gx%^�bn`]i���vk^(�aigq�b_`_i}�\d�d%`]^a[]b_`_Y�f�hgi%qtd�qki}`_x�dp�ko iOjk^aqkjpi�dg[][_vkx%Y\` (sdg��i}`_^�[ ^�qrbn`_^

0 ≤ γ ≤ 1
�¢� dg`_d

γ = 1
i�u�¡�X-� y?d bnvtd(�ai}x%i	vkx X-� yA��i}qE(}^�qk�aY�i}qtdg� ^Zotds`nd

γ = 0
�§vkqk��Y\i}qtd

�aigx�i�vkx;^���vtdg�\Y)&�dgjpi}`��\Y�qk^�ds`a�
XZY�dgqrb_^ jtd(y{��vtdgf�hsi Hp�+8 ! ^ ��i}qk[_Y�jk^a`_dgqkjki	d(b_`ndgqk[]x�Y�[_[_hgi jk^ []Y\qtdsY\[¢�ai}x�^�qk^a`]|}Y�d qki}`]xWds�\Y�¡

&�dsjtdp�rbn^�x�¡ [_^ �Ovp^Zd o´isbn�aqp�aY�d jtd [_^�f�hgi�jk^ `]^�dg��Y\x%^aqrbedsf�hgi jki	u�¡�X-� y�^ax bn^�`_x%i}[¢jtd o´igb_�aqk��Y�d
jki%X-� yG�ai}qE(}^�qk�aY�i}qtdg� � jtdgjkd�o i}`��

‖b̃‖2 = γ‖b‖2 3 Hp�+8��E5
� �



uwi}x i�vp[_i
jtdW`]^a[]b_`_Y�f�hgik�i}[-^��§^�Y�b_i}[-jtdgqpi}[_i}[Zok`_i�(}iO��dsjki}[�o i}`Zjk^��aY�[%0O^a[�^a`]`ndgjkdg[-qtdg[�jp^ ¡
�aY�[%0O^a[��§vpb_vk`nds[ []^a`_hgi%dsbn^�qOvkdgjki}[�� ^�xM`]^a��dsf�hgi%dgi���vk^ iO�ai}`]`_^�qki�X-� y �ai}qE(}^�qk�aY�i}qtdg� ����vkdgqkjki
dg[�jk^a��Y\[=06^�[�[_hgi	��i}`_`]^�beds[a�Oo´i}`¢i}v6bn`_i���dgjpik�ri	��i}xH�tdsb_^�>���yF�%[]^a`/$(ok`_^��]vkjkY���dgjkip� �Zo ^a[_dg`wjkY�[_[]ik�
i}[ dgvpbnig`_^a[ jtdZok`]i}o´ig[]bedZdg`_|}vpx�^�q�bndgx+^Pdgok`]^a[]^aqrbedgx `_^�[_vk��bedgjkig[ jk^�[]Y\xHvp��dgfahgi x%i}[cbn`ndsqkjki-��vk^
dg[ (sdgqrbeds|}^aqk[ ��vtdgqpjki�jtdg[ jk^a��Y\[=06^�[P^a`_`_dgjtdg[ []vko´^�`ndgxMdg[Pjk^�[=(sdgqrbedg|g^aqk[ ��vtdgqkjki%jtdg[Pjp^a�aY�[%0O^a[
�aig`_`_^ bedg[��

� dg`_d3[]^"vp[ndg`%dg[�jkvtds[�b_�a��qkY\�adg[�^�x �aigq �]vkqrbni3�
ok`_^��aY\[]iC^�[_��i}�\~k^�`�i}[ (gds�\i}`]^a[�jk^
A
^
γ

3°qpi���dg[]i �;� � ^0�	��l 5�i}v
θ
^
γ
3§qki���ds[_i?�F� � 5 ��y{[_[]^a[�otdg` �gx%^�bn`]i}[�[nhgi jk^�b_^a`_x%Y\qkdgjki}[

^ax%okY�`_Y\�adgx%^aqrbn^s� ���kvk[]��dCjp^1(}^�`_Y\d3[]^a`��ai}q��]vkqrbedp��o´i}`]�ax"�¢^ax `_d�&�hgi�jtd0^��\^1(sdgjkd3��i}x�op�\^#"6Y ¡
jtdgjp^���i}x�opvpbedg��Y\i}qkdg� jk^��ai}`]`_^aqrb_^�jk^�[]b_^Wok`]i6��^ajkY�x�^�q�b_ik� i}[ ok`%:gok`_Y�i}[(dgvpbnig`_^a[ `]^a�aigx�^�qkjtdgx!d
`_^adg�\Y)&�dgfahgi�jk^ ok`]i6��^a[_[]i}[ jk^ �kvk[_�ad%Y�qkjk^�o´^�qkjk^aqrb_^a[Zokdg`nd�jk^ bn^a`]x�Y�qtdg`

A
^
γ
�

� � Y\|gvk`nd Hp�)87� Y\��vk[]b_`ndCi ^��§^aY�bni�jpi (gds�\i}`%jk^
θ
qpi?jk^a[]^ax%o´^�qk~ki?jki u�¡�X-� y otdg`ndCvkx

^a[]��vk^ax�d�jk^�x�iOjkvk�\dgf�hsi����F� ���*y{[_[_^�[ `_^a[]vk��bndgjki}[-�§ig`ndgx i}�pb_Y\jki}[Zo´i}` [_Y�xHvk��dsf�hgi�jp^%l�i}qrbn^
u�dg`]�\ik�r��i}qk[_Y�jk^a`_dgqkjki vkx�d�xWds[_[nd�jk^ jtdsjki}[¢jk^

1, 536×106 [_��xH�´ig�\i}[ bn`ndsqk[_x%Y�b_Y\jki}[��}jkY+(6Y�jkY\jpi}[
^ax

1000
�k��i6��i}[-Y\qpjk^ao ^aqkjp^aqrbn^�[a� ��dgjkd�vkx jk^��\^�[-�ai}x

512
[_�\x	�´i}��i}[ jk^Hbn`]^aY\qkdgx�^�qrbni�^

1024
[_��xH� i}�\i}[�jk^�Y�qp�§i}`_x�dgfahgi	^-�adgqtdg�´Y\qE(sdg`_Y\dgqrbn^ �av �_dH`]^a[_o i}[cbed�dgi�Y\x%okvk��[_i��ai}qE(}ig�\vk��jtd	�aigx;dHjki
't��bn`_iWd7(gdsq�b_^	jki�X-� y=�	jtdgjkdWo´ig`

h = [1 − 0, 6 − 0, 3, −0, 2, −0, 2 − 0, 1]T
��� ��� �+qtd

^aqrb_`ndgjtd�jki�`_^��a^�opbni}` �§i}Y '."kdsjtd%^�x � j �Z�
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� Y�|}vk`]^ Hp�)87�p� 
 d "kd�jk^(^a`]`_i�qki}`]xWds�\Y@&adgjtd	okdg`nd�dHbn���aqkY���d�u�¡�X-� y 3
γ = 1, 1◦ ≤ θ ≤ 15◦

5 �

uwi}x i (gds�\i}` jp^
γ = 1

�r�§i}Y.(gds`_Y�dsjki�i (sdg��i}` jki �gqk|gvk�\i jk^ `_^�[]b_`_Y\fahgi
θ
qki�Y�qrbn^a`D(sdg�\i

[1, 15]
�
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^ax�|}`ndsvk[a��ig�pbn^�qkjkis¡ [_^H^�q�bnhgi
i�x�^��\~kig` �gqp|}vk�\i�d�[_^a`ZvpbnY��\Y@&adgjki�qtdWbn���aqkY���dp� �Zd��ªY\|}vk`_d Hp�+8��
i}�k[]^a`D(gd�¡�[_^P��vk^ otds`nd-i���ds[_i jk^a[cbed�[_Y�xHvk�\dgf�hgi i	(sdg�\i}`ªjk^

θ
i}�pb_Y\jki �§i}Ypjk^

11
|}`ndsvk[a� � ok`=:�"6Y�x�i

otdg[][_i"� ' "pdg` i �sqk|}vk��i
θ
qpi (sdg��i}`	:gb_Y\x%ik��^ax `_^a�\dgf�hsi >�bnd "pd"jk^�^�`_`_ip�*^ (sdg`]Y�dg`

γ
jk^

0
dsbn�

1
�p�ai}x&Y\qk��`_^ax%^aqrb_i%jp^

0, 1
� � [ `_^�[_vk��bedgjpi}[Pi}�pb_Y\jki}[w^a[]bnhgi�x�ig[]bn`_dgjki}[Pqkd%�ªY\|}vk`_d Hp�+8�8}��� ^a[]bnd
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� Y�|}vk`]^ Hp�)8�8}� 
ªd "pd%jk^ ^�`_`_i%qki}`]xWds�\Y@&adgjtd(otdg`nd%dHbn���aqkY���d%u�¡�X-� y 3
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Módulo DF - Detecção de erros de equalização

LMS 1

LMS 2

Teste estatístico

Receptor
Símbolo estimado

Sinal do
Transmissor
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d�ok`_^�[_^aqpf�d�jp^(^�`_`]i�jk^(`_^��a^�o´fahgi��(dgop`_^a[]^aqrbedsjkiWqtd%� Y�|}vk`nd Jk�+8}� � `]^��§^�`_Y\jpi�ok`]i6��^ajkY�x�^�qrbni�[_^
�tdg[]^aY\d�qtd�`_^adg�\Y)&�dgfahgi�jk^�vkx bn^�[]bn^�jp^�~kY\o :gbn^�[_^�[a�*i}�k[]^a`D(gdsqkjki"d�[ndg��jtdWjki}[�jpi}Y\[-^�[]b_Y\x�dgjki}`]^a[
jk^�[_o i}��dg`]Y@&adgjki}[ jtd � �-jki���dgqkdg� �
y{[]b_^a[H^�[]b_Y\x�dgjki}`]^a[(vpbnY��\Y@&adgx ��i}x%i�[_^�� �k�aqk��Y�d�jp^W`_^ �§^a`]�aq6¡
�aY\d�dW[]^a� �k�aqp�aY�d�jp^H[_��xH�´ig�\i}[ jk^��aY\jpY\jki}[ o´^��\i�`]^a��^aopb_i}`a��^��ai}x%i�i}�p[_^a`D(sdgf�hgi�iW[_Y\qkdg�ªop`_^a[]^aqrbn^
qtd"^aqrbn`_dgjtd�jk^�[]b_^�x�^�[_x%i�`]^a��^aopb_i}`a� � ^�[]beds[	�aigqkjkY\f106^�[	��`nd�&�iE$7(}^a��d�'t`]xWds`(��vk^s� [_^�dg[�^�[]b_Y�¡
x�dsbnY+(gds[(|g^a`ndsjtdg[	[]^�dgok`]i7"pY�xWdsx�� ok`_i�(sd7(}^��\x%^aqrbn^�^�[]b_^�`_^��a^ao6bni}`H^�[]b/$�i}o ^a`ndsqkjkiNjk^�xWdsqk^aY�`nd
dgjk^���vtdgjtdp�w�ªi}` i}vpb_`_i%��dgjpik�k[_^�^a[][ndg[ ^a[cbnY\x�dsb_Y)(sdg[P[nhsi�� ^ax�jkY�[]b_Y\qrbedg[ Y�[]bni�[]Y\|}qkY+'t��d���vk^�o´iOjk^
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��igY ok`_igo´i}[cbni�qtd�x%^a[]xWd�`]^��§^a`]�aqk��Y�d�vkx b_^a[cbn^�jk^�~kY�o9:gb_^a[]^a[ �tdg[]^�dgjki
qtd�i}�p[_^a`D(sdgf�hgi"jki
��vtdgjk`_dgjki�jki�x :6jkvp�\iHjtdHjpY��§^a`]^aqkfad�^aqrbn`]^�ds[P^a[]b_Y\x�dsbnY+(sdg[wjtd � ��jpi%�adgqtdg�´i}�pb_Y\jtdg[Po ^a��i}[�jkigY\[
^a[cbnY�xWdgjpi}`_^�[a�kjtdsjki�o i}`

xk = ‖ĉ1(k) − ĉ2(k)‖2 =
Lc−1∑

i=0

|c1,k
i − c2,k

i |2 3 Jk�+8 5

^ax �Ovp^
ĉ1(k) = (c1,k

0 , ..., c1,k
Lc−1)

T
^

ĉ2(k) = (c2,k
0 , ..., c2,k

Lc−1)
T
[nhgi"`_^�[_o ^a� bnY)(sdgx%^aqrb_^�ds[(^�[]b_Y�¡
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x�dsbnY+(gds[�jtd � � jkiN�adgqtdg��i}�pbnY�jtdg[Hqpi @�¡��a[]Y\x%i�Y�q�b_^a`D(gds�\i�jp^�[_�\x	�´i}��i�o ^a��i}[	jpi}Y\[�ds�\|}i}`]Y�b_x�i}[
dgjtdsopbedsb_Y)(gi}[a�k^

Lc

��i%q �kx%^a`_i�jk^ ��i6^#'t�aY�^aqrbn^�[ jtd � ��jki%��dsqtdg� �
�Z[ ^a[cbnY\x�dsb_Y)(sdg[w�§i}`]qk^a��Y\jtds[Po´^��\i}[P^�[]bnY�xWdsjki}`_^�[Po´iOjk^�x;[_^�` ^�[_��`_Y�bndg[ �ai}x%i

ĉ1(k) = c(k) + e1(k)
3 Jk� ��5

ĉ2(k) = c(k) + e2(k)
3 Jk� HE5

[_^�qkjki
e1

^
e2

(}^ bni}`]^a[�ds�\^�d b/:}`]Y\i}[Pjk^
Lc

�ai}x%o´igqk^aqrbn^�[Z��vk^Hx%iOjk^a�\dgx;i}[ ^a`_`]i}[Zjp^	^a[cbnY�xWdgfahgi
�aig`_`_^�[_o i}qkjk^�qrbn^a[��

uwi}qk[_Y�jk^a`_dgqkjki�i	vk[]i	jk^ ^a[cbnY�xWdgjpi}`_^�[�jk^�[_o i}��ds`_Y@&adgjki}[���d�ok`]^a[]^aqkfad	jk^Z`]vk�\jpi	dgjpY�bnY+(}i |rdgvp[c¡
[_Y\dgqki
�aigx (}^�b_i}`(x���jkY�d�q�vk��i�^�i"^ax%ok`_^�|}i�jp^%[]^a� �k��qk�aY\d�jk^�`_^ �§^a`_��qk�aY\d"[]^ax ^�`_`_ig[a� o´iOjk^ ¡ [_^
dgjkx%Y�b_Y\` ��vk^ dg[��ai}x%o i}qk^aqrb_^a[�jki}[ (}^ bni}`]^a[�ds�\^�d b/:}`]Y\i}[

e1

^
e2
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Λ1

^
Λ2

�
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bnY���d�jk^�bn^�[]b_^g�
X = xk

o´iOjk^�[]^a` ^#"6ok`_^�[_[_d��aigx�i

X =
L−1∑

i=0

αi
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^axm��vk^(��dgjkd�vkx�d�jtds[�� �Z[
αi
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f(αi) =







1
αi
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−αi

αi

) �totdg`nd
α ≥ 0

^
i ∈ [0, L− 1]

0
�
α < 0
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αi = Λ1(i, i) + Λ2(i, i),
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−X
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�totds`nd
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d
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uwi}qk[_Y�jk^a`_dgqkjki ��vk^ d-ok`]i}�tdg�pY\�\Y�jtdgjk^�jk^��°dg��[_i�ds��dg`]x�^
PFA

�PY\|}vtds� >-ok`]i}�tdg�pY\�\Y�jtdgjk^�jk^P��vk^
d-� ��� []vko´^�`_^%i
�\Y\x%Y�ds` jp^%jp^a�aY�[nhgi
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PFA , Pr(X > λ) =
L−1∑

k=0

Πk exp

(

− λ

αk

)
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αmin ln
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L× C

PFA
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≤ λ ≤ αmax ln
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PFA
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αmax

^
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C

jtdgjkd�o i}`
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ŝk

�
`_^adg�\Y�x�^�q�bndgjkiNqkd3��q�b_^a|}`_dp�Au�dg[]iC[]vko ^a`_^"i��\Y�x�Y\dg`
λ1

i3�p�\iO�ai0jk^ ��x%^ajkY�jtd
jk^N��i}xH�td bn^ �"jtd?� Y\|gvk`nd Jk� HC`_^�ds�\Y@&adCvkx�d jk^��aY�[nhgi�o i}`�[]�\xH� i}��i}[�Y\qrbn^�`_x%^ajkY@$g`_Y�i}[a�Uu�dg[_iAd
(sdg`_Y@$7(}^a� jk^	b_^a[cbn^H[]vko´^�`_^

λ2

�
λ3

i}v
λ4

�dg�\��xmjtdWjk^��aY\[_hgi�o i}` [_�\x	�´i}��i}[ Y\qrbn^�`_x%^ajkY@$g`_Y�i}[a�t[]^a`/$
^ax%ok`]^a|rdgjkd-vkxWd-`]^a[cbn`_Y�f�hgi jk^Po igb_�aqk��Y�d�dgi�[]�\xH� i}�\iZjk^�b_^a��bndgjkik�r[]^aqkjpi�^�[]bed�`]^a[]b_`_Y�f�hgi�behsi�xWdgY�[

���



0 500 1000 1500
0

0.5

1

1.5

2

2.5

3
x 10

−3

Iterações

X
k

Variável X
k

λ
1

λ
2

λ
3

λ
4

� Y�|}vk`]^	Jk� Jk� ��dg`_Y@$7(}^a�*jp^ b_^a[cbn^(dgi��\i}qp|}i�jk^ vkxM�k��i6��i��ai}x%ok�\^ bni�otds`nd�`nd�&ahgi�jk^
Eb/N0

jk^
�gj �=^ x�iOjkvk�\dgf�hgiCJs¡c�	��l

[_^#(}^�`nd���vtdsq�b_i�x�dgY�i}`w�§i}`Pi (sdg�\ig`�jki��\Y�x�Y\dg`�[]vko ^a`ndsjkik�
� (sdgqrbedg|g^ax"� jki�o´i}qrb_i�jk^ (6Y�[]bnd��ai}qp�a^aY�bnvtds� � jtd"b_�a�aqpY\��d�X-� ¡�XZ� y�[_i}�k`]^�d
bn�a��qkY\�ad0u�¡

X-� yP� dgop`_^a[]^aqrbedsjtd"qkd �6^�f�hgi Hp� Hp�*`_^�[_Y�jk^�qki��°dsbni
jk^���vk^s�ªqki
�adg[_i"jki�u�¡�X-� y �*i (sdg��i}`-^ax�¡
ok`]^a|rdgjpiCotds`nd3dC`_^�[]b_`_Y\fahgi3jk^�o igb_�aqk��Y�d

γ
� ' "6ik�w[]^aqkjki vpbnY��\Y@&adgjki0^�x

100%
jki}[�[_��xH�´ig�\i}[

`_^adg�\Y�x�^�qrbedgjkig[a�{[_^��_dgx ^��\^�[ 
��aigq '4$7(}^�Y\[ #�i}vAqthgik� � jpY��§^a`]^aqk��Y�dg��jki3X-� ¡�X-� y ^�[]b/$�qkd3dsok�\Y ¡
��dsf�hgi
jtd�X-� otds`nd�^a[cbnY�okvk��ds`-i�qk�)(g^a�{jk^ 
��ai}q.'�dg�kY��\Y\jkdgjk^�#(jpi�[_�\x	�´i}��i�jk^ bn^a� bedgjpik� dgok��Y\��dsqkjki
vkx�d0x�^�jkY\jtdNx�dgY�[�[_^1(g^a`_dCi}v xWdsY\[H�k`_dgqkjtd6��jk^�dg��i}`_jki���i}x iB(gds�\i}`HjkdB(sdg`]Y $7(}^���jk^
bn^a[cbn^
|}^�`ndgjtd6�

y¢x `_^���dgfahgi�dgi y ¡�XZ� yP�rd�(sdgqrbedg|g^ax jkdZbn�a��qkY\�ad�X-� ¡�X-� yP�}jki�o i}qrbni�jk^ (OY�[]bed �ai}qk��^aY�bnvtdg� �
^a[cb6$(qtd(o i}[][_Y\�pY\�\Y�jtdgjk^wjk^ ^,"6^a�av6bedg`wd(^�[_�aig�\~td(jk^ []�\xH� i}��i}[ Y\qrb_^a`_x%^ajpY $g`]Y\i}[{��i}x �tdg[]^Zqtd ����i}q6¡
'�dg�pY\�\Y�jtdgjk^ �Hdsbn`]Y\�kvp�\jtd�dgi"[_��xH� i}�\i�jk^��aY�jkY\jkip� � bn���aqkY���d"y ¡�X-� y b_^ax ��i}x�i"��ds`ndsb_^a`_��[]b_Y\��d
d
^a[]�ai}��~tdHjki}[ (gds�\i}`]^a[wjpi}[��\Y�x�Y\dg`_^�[a�

A
i}v

θ
�k��i}x �tdg[_^�^�x&vpxWd	|g`ndgqkjp^-xWds[_[nd�jk^�Y\qp�§ig`_x�dgf�hgip�

jk^N�§i}`]xWd3��vk^3dgi 'tqtds�-i (sdg�\i}` :gbnY�x�iC^a[]�ai}��~kY\jki �0i?x�^��\~ki}`%otdg`_d?d ��x�dgY\i}`]Y�d�� � � X-� ¡
X-� yP�*o i}`�[_vkd (}^1&g� i}o ^a`nd�[]�\xH� i}�\i
d�[]�\xH� i}�\ip��^a[cbedg� ^a��^a�a^�qkjki�otdg`nd��adgjtd
[_�\x	�´i}��i�vkx |g`ndgv
jk^ ����i}q '�ds�kY\��Y\jtdgjp^ �(^	o´iOjk^Hvk[_dg`�^a[cbed�Y\q6�§i}`_x�dgf�hsi�otds`nd�jk^��aY\jpY\`-o ^a��i�^ax%ok`_^�|}i�jk^H[]�\xH� i}��i}[
Y\qrb_^a`_x%^ajpY $g`]Y\i}[�i}v�qkhgik�

��H



�Zdg[ jkvtds[ b_�a��qkY\�adg[a�sy ¡�X-� y"^�u�¡�X-� yP�$i d��]vk[cbn^¢jk^¢[_^�vk[ otdg`��sx�^ bn`_ig[��\^#(gdP^�xU�ai}qp[_Y\jp^a`ndsf�hgi
100%

jki}[H[]�\xH� i}��i}[�^�qE(}i}�+(6Y�jki}[Hqkd�bn`_dgqk[_x%Y\[][nhgip� jk^W�§i}`]xWd�d�Y\x%o´ig`(x%^a[]x�i�bn`nd bedgx%^aqrbniNd
bniOjki}[�� � iN��ds[_iNjkiNy ¡�X-� y+^a[cbn^W�°dsb_i�qthsi��e~k^�|rd0d�[_^�`	vkx dg|}`_d7(gdsq�b_^g� o i}Y�[	d"^a[_��i}�\~kd�jki}[
�\Y�x�Y\dg`_^�[a�6jk^ �a^a`cbed��§i}`_x�dp� �%$���vpxWd�x�dgqk^aY�`nd�jk^(o´^�qtdg��Y@&�ds`�i}[ [_�\x	�´i}��i}[�x%^aqkig[ ����i}q '4$7(g^aY\[ �s�
� iA�adg[_i jkiGu�¡�X-� y&bniOjki}[�i}[
[]�\xH� i}�\ig[a� �ai}q.'4$7(}^aY�[
i}v9qkhgik�Z[_hgiAo´^�qtdg��Y@&�dsjki}[�jtd?x%^a[]xWd
x�dgqk^aY�`ndp� � vpbn`_d%jp^a[=(sdgqrbndg|}^axmjkiWu�¡�XZ� y)^a[cb6$�qpi��°dsb_i%jp^���vk^�otdg`nd (sdg�\ig`_^a[ dg��bni}[ jtd�`nd�&�hgi
Eb/N0

d%`]^a[cbn`_Y�f�hgi%Y\x%o i}[]bndp�k�aigqp�§i}`_x%^ [_^�`/$Wdsok`_^�[_^aqrbndgjkiWqpi�u�dgok��bnvk��i � �t��Y�|}vtdg��>�vkqkY�jtdgjk^s�
i}v�[]^��_dp�}vpx []�\xH� i}�\ip�so i}` x�dgY�[ `nds`_i-��vk^�[]^��_dp�}�§ig`ndZjkig[ otdgjk`_hgi-qthsi�[_ig�§`]^a`/$ `_^a[cbn`]Y\f�hsi dg�\|}vpxWdp�

� X-� ¡�X-� yP�po i}`�[]vtd (}^1&g� dsbn`]Y\�kvpYd���dsjtdH[_��xH�´ig�\i	jp^a�aY�jkY\jpik�pY�qkjkY)(OY�jkvtdg��x�^�q�b_^g�OvkxM|g`ndgv
jk^���i}q '�dg�pY\�\Y�jtdgjk^s� ����vtdsq�b_Y\jtdsjk^
jk^
dgfG0O^a[�jkY��§^a`]^aqrbn^�[a��(gds`_Y�dsqkjki0jk^�[_jk^"dgf106^�[�xWdgY�[H�k`_dgq6¡
jtdg[Hdsbn�WdgfG0O^a[�xWdgY�[�[]^1(g^a`nds[a�¢[_^�`/$N�\Y�x�Y�bedgjkd�o´^���d���vtdsq�b_Y\jtdsjk^�jk^��\Y\x%Y�ds`_^a[

λi

��vk^�[]^�jk^�[_^��_d
^ax%ok`]^a|rdg`��(XZ^a[cbed��§i}`_x�dp�[]�\xH� i}��i}[ o i}vk��i��ai}q.'4$7(}^aY�[a� Y\qpjk^ao ^aqkjp^aqrbn^�x�^�q�b_^�jtd�`nd�&ahgi

Eb/N0^ax%ok`]^a|rdgjkdp�o i6jp^a`nhsi�[_ig�§`]^a`�dsfG0O^a[-x�dgY\[ [_^#(}^�`ndg[��*�ai}x%i�`_^�[]b_`_Y\f106^�[-x�dgY\[ `_Y�|}i}`_ig[ndg[��o i6jk^�qkjki
�e~k^�|rdg` dsbn� >�qthgi�vpb_Y\��Y@&�dsf�hgiHjpi%[]�\xH� i}��i�qtd�`_^�ds�\Y\x%^aqrbndgf�hgi	jkiWXZ� yP�

Jk� �6� �p�)8 � �	� �����-y¢£ XZy 
 yF�.
 y5y £*�cl����	� yF�N�9�	��� � XZ� ¡�X-� y y�l��F� y�� �ZX � y�l
u �����Z�D������� �	� ���	��
 yF�

� ^a[cbn^�bn`_dg�tdg��~kik� ok`_i}o �}[�¡�[_^�vkx�d?qki�(sd (sdg`]Y $7(}^���jk^0bn^a[cbn^3otdg`_d `]^�dg��Y@&�ds`�d?jk^�b_^af�hsiJjki
^a`]`_i�jp^�^a��vtdg��Y@&�dsf�hgik��� qki�(sd�jk^#'tqkY\fahgi (OY\[_dW�°dg�aY��\Y�bedg` dWig�pbn^�qkf�hgi
dsqtdg�\��bnY���d�jki}[-��Y\x%Y�dg`]^a[Pjk^
�aigx�otds`ndgfahgi

λi

dWotds`]bnY�` jkd
PFA

jk^a[]^��_dgjkdp��x�dgqrbn^aqpjkik�qpi�^aqrbedsq�b_ik�*dg[Z�´irds[Z��ds`ndg� bn^a`]�\[cbnY\�adg[
jk^ jk^ bn^a��f�hgi�`_^#(}^a�\dgjtdg[ o ^a�\dg[ (sdg`_Y@$�(g^aY�[Pjk^�bn^a[cbn^ jtdg[ y{��vtdgf106^�[�Jk�+8 ^ Jk�)8��6�

XZ^1(OY\jpi�>��tdsY+"pdP�ai}x%ok�\^,"6Y\jtdgjp^ �ai}x%okvpbndg�aY�i}qtdg�sjki dg�\|gi}`_Y�bnx%iw£ l ��^¢dgi �´igx jk^�[_^ax%o ^aqk~ki
`_^#(}^���dgjki3o i}`Hbn`_dg�tdg��~ki}[�dgqrbn^�`_Y�i}`_^�[ 3°X	���� 
 yP� �������E5	qkdCdgop�\Y\�adgf�hsi0jki3dg�\|}ig`_Y�b_x�iN£ªl � >

bn���aqkY���dHXZ�w�kd	qpi (sd�(sdg`]Y $7(}^��jk^ bn^a[cbn^Z�§igY´jk^�[_^�q (gi}�)(OY�jtdH^a[]o´^��aY)'k��dgx%^aqrbn^�okdg`nd	^�[]b_^�dg�\|gi}`_Y�bnx%i
jk^;'t��bn`nds|}^ax"�

�Z[ dsb_vtdg�\Y)&�dgf106^�[Zjkig[-�aiO^1't��Y\^�q�b_^a[ `_^adg�\Y)&�dgjkd�o ^a�\ig[�dg�\|gi}`_Y�bnx%i}[ £ªl �6[a�*`]^a[_o i}qk[%$7(}^aY�[ o´^���d
Y\jp^aqrbnY+'t��dgfahgi�jki���dgqkdg�*qki�x :Ojkvk��i�X-�w�to i6jp^axM[]^a` jk^�[_�a`]Y�bndg[ o´i}`
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‖ϕk‖
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= |µ2ε
∗
2,k − µ1ε

∗
1,k|
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µ2ε
∗
2,k − µ2ε

∗
1,k

��x%iOjk^a�\dgjkiHo i}`�vkx�d�(sdg`]Y $7(}^��*dg�\^adsb/:g`_Y�d	�(dsvk[_[]Y�dgqtd6�pjkvk`_dgqrbn^
i�o ^a`_��i6jpiHjk^-bn`]^aY�qtdgx%^aqrbniHigv��Ovkdgqkjki�qthgi�~�$H^a`_`]i}[�qtd�jk^ bn^��af�hsik�¢��[]bniH�°ds�aY\��Y�bnd([]i}�k`_^�x�iOjki�d
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µ2ε
∗
2,k − µ1ε

∗
1,k ∼ N (0, σ2
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i}qkjp^
σ2

x = µ2
1J1,k + µ2

2J2,k
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^
Ji,k

��jk^#'tqkY�jki���i}x%i
Ji,k = E[|εi,k|2].
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��vtdgqrbni
J2,k
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Ĵ1,k

^
Ĵ2,k

� ^a[_o ^a`_d ¡�[]^�i}�pb_^a`�vkx�d��´ird�^�[]b_Y\x�dsbnY+(gd%jk^a[][_^�[�(sdg�\ig`_^a[Zjk^�^a`]`_i
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^a[cbnY�xWdsb_Y)(sdg[�jp^

J1,k

^
J2,k

dgi 'tqtdg��jpi%b_`_^aY�qtdgx%^aqrbni�jpi}[ �aiO^1't��Y\^aqrb_^a[ jki�^���vtdg�\Y)&�dgjpi}`a�
XZ^aqkisbedgqkjpis¡�[]^	o i}`

Ĵ1,k

^
Ĵ2,k

dg[ ^�[]b_Y\x�dsbnY+(gds[Pjk^
J1,k

^�jk^
J2,k

��bn^ax�¡�[]^�vpxWd�^a[cbnY\x�dsb_Y)(sd
jk^

σ2
x

��dgi 'tqkdg�*jki�bn`]^aY\qkdgx�^�qrbnik�kjkdgjtd�o´ig`a�
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ε1,k

^
ε2,k

jtd
y{��vtdgf�hsi Jk�+8���qthgi�bn��x;jkY\[cbn`]Y\�kvkY�f�hgi�|}dgvk[_[]Y�dgqkd%jk^ x%�ajkY\d�qOvp��d�^�ds[ �e~kdgqk�a^�[Zjk^

Xk

dg[_[]vkx%Y\`
(sdg�\ig`_^a[�x�dgY\[�^��\^1(sdgjpi}[�[_hgi x�dgY�i}`_^�[a� � [_[]Y\x [_^�qkjkik�Pd3i}�k[]^a`=(sdgfahgi�jk^�[_[_d (sdg`_Y@$�(g^a� o ^a`_x%Y�b_^
Y\q6�§^a`_Y�`�[_ig�k`_^(d��ai}q.'�dg�kY��\Y\jkdgjk^-jki�[]�\xH� i}�\i�jp^�bn^���bndgjkik�

XZY�dgqrb_^�jki dg�aY�xWd0^,"po i}[cbnik��o iOjk^ ¡ [_^"�ai}qk��^a� ^a`�vkxzbn^a[cbn^�^a[]bndsbn��[]b_Y\�ai3�tdg[]^�dgjpi qtd3�ai}x�¡
otdg`_dgf�hsi0jtd (gds`_Y $7(g^a�

Xk

��i}x vkx �\Y�x�Y\dg` ^ajk^#'tqkY\`�dNop`_i}�tds�kY\��Y\jtdgjp^Wjk^��°dg��[_i�dg�\dg`_x%^ 3
PFA

5

�aig`_`_^�[_o i}qkjk^�qrbn^(o´i}`
PFA = Pr [Xk > λi|

dsvk[_��qk�aY\d%jk^ ^�`_`_ig[
]

3 Jk� ����5
� ds`ndNd�b_�a�aqpY\��d�X-� ¡�XZ� y���jk^�Y�q�b_^a`]^a[_[]^�[_^�^�[]b_Y\okvk�\dg`(xWdgY�[�jp^�vkx��\Y\x%Y�ds`a� ��dgjkd���vtdg�w`]^a�\d ¡
�aY�i}qtdgjpi�d-vkxI(sdg��i}` jp^

PFA

jkY��§^�`_^aqrb_^g�rjk^��§i}`]xWd ��vk^ d-��dgjtd-��Y\x%Y�dg`
λi

[_vpo´^�`ndgjki�vpxWd-x%^ajkY�jtd
dgjk^���vtdgjtd�jk^H��i}xH�td bn^ >�ok`]i}otdg|}dgf�hgiWjk^H^a`]`_i�[]^��_d�[_^��\^��aY\igqtdgjtdp� X ^aqkigbndgqkjki
o i}`

λi

i-(sdg��i}`
jki��\Y�x�Y\dg`��Ovp^�[]^(��vk^�` ^a[]b_Y\okvp��dg`��pbn^�x�¡ [_^g�

PFA = 2Q

(
λi

σx

)

,
3 Jk� ��HE5

[_^�qkjki�d��§vpqkf�hgi
Q(·) jk^1'tqpY\jtd�o i}`a�

Q(x) =
1√
2

∫ ∞

x

e
−u
2 du.
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X-dgY �ko i6jk^ ¡�[]^(^,"6ok`_^�[_[nds` i (sdg�\ig`�jki%�\Y\x%Y�ds`���i}x�i

λ = σxQ
−1

(
PFA

2

)
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qtdH��vtdg�
Q(·)−1 � dHY�qE(}^a`][nd�jtd	�§vkqpf�hgi Q(·) ��uwi}qp[_Y\jp^a`ndsqkjkis¡ [_^-i�^�x�ok`]^a|}i�jkdH^a[]b_Y\x�dsbnY+(sd σ̂x

�
bn^�x�¡ [_^

λ̂ = σ̂xQ
−1

(
PFA

2

)
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PFA
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ok`_^��aY�[_i3^a[]bndg� ^a�\^��a^�`Wd���vtdgqrbnY�jtdgjk^
jk^

�\Y�x�Y\dg`_^�[a�}ig[F(sdg��i}`_^�[�jp^
PFA
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^#"6^�x�ok��ik�td�`_^�jkvkfahgi�jp^(op`_i}�tds�kY\��Y\jtdgjp^-jk^ ^a`]`_i�i}v�d�`]^ajkvpf�hgi%jki�bedgx�dgqk~pi%x%�ajpY\i�jk^ [_vp`]bnip�
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�ai}xH�kdsbn^ >
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jk^�bn���aqkY���dg[ dg��Y\x�dHx�^�qk�aY�i}qtdgjkdp�

uwi}x�i?jpY\[_��vpbnY�jki�ok`]^1(OY�dsx�^�q�b_^0[_^�`/$Adgjkx%Y�b_Y\jkiCi?vk[_iAjk^N��vtd bn`_iA��Y\x%Y�dg`]^a[a� � i?��vk^�[_^
`_^ �§^a`]^�d
`]^a[cbn`_Y�f�hgi
dsjkigbed�¡�[_^�vpx jk^���dgY�x�^�q�b_i�^#"6o i}qk^aqp�aY�ds�{otdg`nd�o ^aqkdg�\Y)&�dg` xWdgY�[-vkx�[_�\x	�´i}��i
�aigxMx%^aqki}`P��i}q '�ds�kY\��Y\jtdgjp^g� X ^a[]bnd��§ig`_x�dp�pjk^#'tqk^�x�¡ [_^ i}[ (sdg�\ig`_^a[wjtdg[ `_^�[]bn`]Y\f106^�[

γi

dsjkigbedsjtdg[
o ^a��dHb_�a�aqpY\��d�X-� ¡�X-� yG�ai}x%i

γi = exp(−αi) 3 Jp� ��!�5
i}qkjp^

α
�Pi�otdg`��sx�^ bn`_i	'."kdsjki �ai}x%i

α = −log(0, 9)
� uw`_Y�d�¡�[_^�dg[_[]Y\x vpxWdZ�§i}`]xWd jk^P[_^��\^a��Y\i}qkdg`

i}[ (sdg��i}`_^�[�jtdg[P`]^a[]b_`_Y�fG0O^a[
γi
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λ2

�
λ3

^
λ4

�{��[][_i%[_^ dgok��Y\�ad�bedgx	�´��x
qki���dg[]iNjk^WvpxWd
^1(g^aqrbnvtds�Pdgx%ok�\Y\dgf�hgi�jkd���vtdgqrbnY�jtdgjk^�jk^W��Y\x%Y�dg`]^a[

λi

�ª[_^ax%ok`]^W`_^�[_o ^aY�bedgqkjpik�
�aigx ^a[cbedg[%jk^1'kqkY\f106^�[a��d0Y�jk�aY\dNjk^���vk^
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i
��xWdgY�[

�k`_dgqkjtd�[_^�`/$%d�`]^a[cbn`_Y�f�hgi%dgjpigbedgjkdp�
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�
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α
5 �C� Y���dNdg[][_Y�x �°dg��Y\�\Y�bedgjpi�i

bn`_dg�tdg��~ki�jk^�d��]vp[]bn^�jk^�otds`��gx%^�b_`_i}[-jpi"op`_iO�a^ajpY\x%^aqrbni
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otdg`_d0^a[]bnd dg� i}`]jtdg|}^�x �"dN�§i}`_x�d0jk^ (gds`_Y�dsf�hgi0^,"po i}qk^�qk�aY\dg� dg[][_vkx%Y\jtd0o ^a�\d3y{��vtdgfahgi Jk� ��!6�
`_^ �t^�b_Y\qkjpi�jk^�xWdsqk^aY�`nd	[]Y\x%ok�\^�[;3°��i}x;dso´^�qtdg[Pvkx&otdg`��sx�^ bn`_iE5�dHY\jp�aY�d�jk^ dgvkx%^aqrbeds`PdH`_Y�|}Y\jk^1&
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Jk� H u � ���6��X-y���� ��� yF���ª�����Z�D�
X � u �Z� ��
�Z£ �

� ^a[cbn^%��dgop��bnvp�\i��§i}Y{jkY�[_�av6bnY\jkd"d�bn���aqkY���d
jk^%jk^�b_^a�afahgi�jp^%^�`_`]i}[��kdg[_^adgjtd�^�x jkY+(}^a`][_Y�jtdgjk^
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Livros Grátis
( http://www.livrosgratis.com.br )

 
Milhares de Livros para Download:
 
Baixar livros de Administração
Baixar livros de Agronomia
Baixar livros de Arquitetura
Baixar livros de Artes
Baixar livros de Astronomia
Baixar livros de Biologia Geral
Baixar livros de Ciência da Computação
Baixar livros de Ciência da Informação
Baixar livros de Ciência Política
Baixar livros de Ciências da Saúde
Baixar livros de Comunicação
Baixar livros do Conselho Nacional de Educação - CNE
Baixar livros de Defesa civil
Baixar livros de Direito
Baixar livros de Direitos humanos
Baixar livros de Economia
Baixar livros de Economia Doméstica
Baixar livros de Educação
Baixar livros de Educação - Trânsito
Baixar livros de Educação Física
Baixar livros de Engenharia Aeroespacial
Baixar livros de Farmácia
Baixar livros de Filosofia
Baixar livros de Física
Baixar livros de Geociências
Baixar livros de Geografia
Baixar livros de História
Baixar livros de Línguas
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